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Preface 

The  VVigner  Symposia  series  emerged  from  an  International  Symposium  "On  Space  Time 
Symmetries",  held  in  College  Park.  Maryland.  1988  organized  by  Y.S.  Kim  and  VV.  Zachary 
and  commemorating  the  .50'th  anniversary  of  Wigner's  fundamental  paper  "On  the  Unitary 
Representations  of  the  Inhomogenous  Lorentz  Group".  That  .symposium  covered  various 
areas  of  physics,  of  theoretical  and  mathematical  physics  to  which  Eugene  Paul  VVigner 
has  contributed.  It  has  shown  how  new  and  fruitful  ideas  connected  with  symmetries  for 
a  mathematical  modelling  of  comple.x  physical  systems  developed  under  the  influence  of 
VVigners  work.  The  meeting  displayed  the  unity  of  physics  and  it  was  this  impression 
which  gave  the  idea  to  have  a  VVigner  Symposium  .seties  (VVTGSYM  series)  a  remarkable 
momentum. 

The  II.  International  VV'igner  Symposium,  .luly  16-20.  1992.  was  organized  jointly  by 
the  Arnold  Sommerfeld  Institute.  Technical  University  of  Clausthal  and  the  Department 
of  Mathematics.  Florida  .Atlantic  University.  Boca  Raton,  with  H.D.  Doebner.  Clausthal. 
and  F.  Schroeck.  Jr..  Boca  Raton,  as  organizers  and  VV.  Scherer.  Clausthal.  as  scientific 
secretary. 

Following  the  idea  of  the  symposia  to  discuss  new'  developements  in  physics  centered 
around  fundamental  questions  topics  with  emphasis  on  theoretical  and  mathematical  physics 
were  chosen  and  new  frontiers  like  neuronal  networks  and  quantum  holography,  whose 
origins  can  be  traced  back  to  Wigner's  work,  where  included.  The  aim  was  to  show  the 
unity  of  different  parts  in  physic.s  and  to  demonstrate  the  power  of  argunttmts  which  are 
directly  or  indirectly  related  with  mathematical  realizations  of  symmetries.  In  this  spirit 
the  topics  discussed  in  the  symposium  and  appearing  in  this  volume  where 

•  Foundations  of  Quantum  Mechanics 

•  General  group  Theoretical  and  Quantization  .Methods 

•  Coherent  States 

•  Berry  Pha.ses 

•  Phase  Space  and  VVigner  Distributions 

•  Applications  of  Quantum  .Mechanics;  From  Channel  Spare  to  VVigner  Crystal 

•  Quantum  Fields  and  Particles 

•  C'-Algebraic  and  Methods 

•  Differential  Geometric  Methods 

•  Nonlinear  Partial  Differential  Equations.  Dynamical  Systems  and  .Neural  Networks. 

The  volume  collects  plenary  contributions  and  furthermore  132  research  articles.  Be¬ 
cause  of  the  limited  page  number  of  the  volume  we  were  not  able  to  include  all  the  material 
pre.sented  at  the  symposium.  VV'e  regret  this.  For  the  selection  of  the  articles,  there  was  a 
refereeing  procedure  through  the  members  of  the  advisory  committee. 


ihe  symposium  was  made  possible,  through  support  of  the  following  institutions  and 
agencies 

International  Union  for  Pure  and  Applied  Physics 
International  .Association  for  Mathematical  Physics 
The  United  States  Office  of  Naval  Research. 

The  uepartment  of  MatheiVi»itico  at  Florida  Atlantic  University 

The  Division  of  Sponsored  Research  at  Florida  Atlantic  University 

Niedersachsisches  Ministerium  fiir  Wissenschaft  und  Kultur 

Deutsche  Forschungsgemeinschaft 

Alexander  von  Humboldt  Stiftung 

Deutscher  .Akademischer  .Austauschdienst 

Fritz-Thyssen  Stiftung 

Stifterverband  der  Deutschen  Wissenschaft 

Technical  University  of  Clausthal 

Arnold  Sommerfeld  Institut  at  the  Technical  University  of  Clausthal 
Zentrum  fiir  Technologietiansfer  und  Weiterbildung  der  TV  Clausthal 

We  are  very  grateful  for  this  support  which  in  particular  made  it  po.ssible  to  have  among 
the  participants  many  physicists  and  mathematicians  from  different  parts  of  Eastern  Europe. 
The  timing  of  the  symposium  placed  it  in  a  period  of  breathtaking  historic  changes  in  Europe 
and  this  gave  the  II.  Wigner  Symposium  a  unique  flavour. 

Last  but  not  least  we  would  like  to  thank  members  and  coworkers  and  especially  the 
students  of  the  Arnold  Sommerfeld  Institute  for  their  help  in  organizing  this  conference. 

Special  thanks  are  due  to  E.M.  Herms  for  his  dilligent  work  before  and  during  the 
symposium,  to  T.  Miiller  for  his  invaluable  help  in  preparing  these  proceedings  and  to  the 
conference  secretary  Susanne  Gottschlich  whose  patience,  reliability  and  efficiency  deserve 
a  good  deal  of  credit  for  the  success  of  the  11,  International  Wigner  Symposium. 


H.D.  Doebner 
F.  Schroeck,  Jr. 
W.  Scherer 


Eugene  P.  Wigner 


Princeton,  NJ 
USA 


•July  7.  i991 


To  the  Participants  of 
the  Symposium  in  Goslar 


Greetings  from  Princeton! 

I  am  grateful  to  the  Organizers  of  the  Second  International  Wigner  Symposium  for 
inviting  me  to  come  to  Germany.  I  would  love  to  go  there  and  to  be  among  the  participants. 
I  feel  fine  and  strong,  and.  most  of  all.  I  am  eager  to  discuss  physics  with  you.  However, 
my  physician  tells  me  that  I  must  not  travel  to  Europe.  I  asked  him  why.  His  explanation 
was  that  I  might  get  sick  there.  How  many  of  you  have  become  sick  there?  1  disagree  with 
him.  and  I  would  still  like  to  join  you. 

1  also  disagree  with  tiie  Organizers  of  the  Symposium  on  the  title  of  the  meeting.  It 
is  quite  remarkable  that  we  now  have  a  conference  series  in  which  fundamental  problems 
in  physics  are  discussed  irrespective  of  which  branch  of  physics  one  pursues.  However,  this 
issue  should  not  be  associated  with  any  particular  person.  Physics  belongs  to  all  physicists, 
not  to  any  single  individual. 

.As  some  of  you  know,  I  was  born  and  raised  in  Hungary  and  studied  in  Germany.  I 
learned  German  before  English.  I  would  therefore  love  to  write  this  letter  in  German, 
but  am  writing  in  English  at  the  retiuest  of  the  Symposium  Organizers.  Indeed,  when  1 
was  spending  my  post-doctoral  years  In  Berlin  in  the  1920s.  part  of  my  job  was  to  visit 
Goettingen  regularly.  I  used  to  be  on  the  steam-driven  train  going  through  the  region 
where  the  Symposium  is  being  held.  Goslar  at  that  time  was  known  as  a  town  with  dean 
air.  .Arnold  Sommerfeld  used  to  work  at  Glausthal.  1  assume  that  the  rail  service  between 
Goettingen  and  Berlin  is  now  available  after  a  long  pause.  I  would  really  like  to  be  on  that 
train  again. 

I  read  the  Symposium  poster  very  carefully.  The  topics  of  the  Symposium  appear  to 
include  many  different  subjects.  I  assume  that  they  are  discussed  at  one  scientific  meeting, 
because  they  are  based  on  the  same  .set  of  fundamental  principles.  It  is  quite  possible  that 
not  everybody  realizes  this  point.  However,  the  direction  of  one's  research  effort  should  be 
toward  the  view  that  there  is  only  one  physics,  not  toward  further  division  of  the  subject. 

If  you  are  not  able  to  appreciate  this  poiitt.  you  do  not  have  to  disagree  with  me  too 
much.  There  is  yet  another  avenue  for  working  toward  the  same  goal.  Eortunately.  the 
same  set  of  theoretical  methods  can  be  applied  to  many  different  branches  of  physics.  For 
instance,  group  theory  is  applicable  to  atomic,  nuclear,  particle,  and  condensed  matter 


physics.  My  younger  colleagues  are  telling  me  that  group  theory  plays  an  important  role 
in  modern  optics.  Those  group  theoretical  methods  are  based  on  the  same  group  theory. 
If  the  theoretical  methods  for  different  branches  of  physics  are  the  same,  and  if  physicists 
are  able  to  appreciate  this,  then  it  would  be  easier  for  them  to  see  that  there  is  only  one 
physics. 

While  I  was  able  to  build  my  intellectual  background  first  in  Hungary  and  then  in 
Germany.  I  would  say  that  I  had  the  most  productive  years  in  the  United  States  of  America. 
Indeed.  I  am  grateful  to  Princeton  University  for  providing  such  a  wonderful  environment 
in  which  to  live  and  work.  During  my  years  here.  I  have  met  many  outstanding  students 
and  colleagues.  However,  I  should  also  mention  two  of  my  fellow  Hungarian- born  physicists 
with  whom  I  maintained  very  close  contact  while  in  the  United  States.  They  are  John  von 
Neumann  and  Edward  Teller.  Their  contributions  to  science  are  well  known.  I  am  grateful 
to  them  for  their  unfailing  friendship.  I  still  call  Edward  Teller  whenever  I  have  problems 
which  I  cannot  solve  alone. 

.4s  for  von  Neumann.  I  have  a  story  to  tell.  It  is  my  understanding  that  this  Sym¬ 
posium  was  generated  from  a  topical  meeting  held  at  the  University  of  Maryland  in  1988 
to  commemorate  the  50th  anniversary  of  the  paper  which  I  wrote  on  the  inhomogeneous 
Lorentz  group  in  1937  and  wlTh  was  published  in  1939  in  the  .4nnals  of  Mathematics. 
I  originally  submitted  this  article  to  one  of  the  prestigious  journals  in  mathematics  (not 
the  ,4nnals),  which  rejected  my  paper.  At  that  time,  von  Neumann  was  the  editor  of  the 
Annals  of  Mathematics.  Knowing  'hat  my  article  was  rejected,  von  .Neumann  invited  me 
to  publish  the  paper  in  the  Annals.  This  means  that  your  Symposium  owes  a  great  deal  to 
von  Neumann. 

I  am  very  nappy  to  hear  that  the  Organizers  of  this  Symposium  made  a  special  effort 
to  invite  many  physicists  from  the  Eastern  European  countries.  There  must  be  many 
Hungarians.  For  the  reasons  mentioned  above,  Hungary  should  be  given  an  opportunity  to 
host  one  of  the  future  meetings  of  this  Symposium  series. 

Even  though  I  cannot  go  there,  I  feel  as  if  I  am  there.  Enjoy  the  meeting,  and  enjoy 
Germany.  My  thanks  to  the  Organizers  of  the  Symposium,  and  my  thanks  to  all.  1  am  with 
you! 


Yours  truly. 


Eugene  Wigner 
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THE  PHILOSOPHY  OF  EUGENE  P.  WIGNER 


Gerard  G.  Emch 

Department  of  Matliematics.  University  of  Florida.  Gainesville  FL  32611  (US.-V) 


To  the  richly  diverse  audience  I  am  to  address  this  evening  I  must  say.  from  the 
onset,  that  this  lecture  cannot  be  the  authorized  summary,  or  even  a  critical  account, 
of  a  philosophical  treatise  systematically  articulated  ))y  Wigner  himself:  unfortunately, 
no  such  sum  exists  at  this  time.  Consequently,  this  lecture  will  rather  be  an  attempt  to 
collect  and  capture  the  common  themes  that  run  through  the  vast  composition  offered 
by  Wigner 's  contributions  to  our  science. 

Almost  by  its  \'ery  nature,  any  such  attempt  will  be  colored  by  one's  own  personal 
encounters.  I  first  met  Wigner  at  the  .\.4T0  1902  Summer  School  in  Istanbul  where  Jtxsef 
Jauch.  my  thesis  adviser,  had  sent  me  "to  learn  the  World".  Feza  Gttrsey  had  assembled 
there  a  most  impressive  collection  of  lecturers:  several  of  them  were  subsequently  elected 
members  of  national  Academies  and/or  awarded  Nobel  prizes;  more  importantly,  they 
all  made  themselves  immediately  accessiltle.  ll'igner  was  one  ..f  ihem.  In  my  first 
conversation  with  him,  I  started  by  trying  to  de.scribe  to  liim  the  place  of  superselection 
rules  in  the  Geneva  programme  on  the  foundations  of  quantum  mechanics,  freely  using 
the  language  of  projective  geometry  and  lattice  theory  I  had  just  learned.  Wigner 
however  soon  interrupted  me  with  one  of  his  inimitable  remarks:  "You  known.  I  am 
a  very  ignorant  man:  you  must  start  at  the  beginning":  he  then  proceeded,  that  very 
afternoon,  to  administer  to  me  a  3-hour  oral  qualifying  examination  !  Needless  to  say.  1 
came  out  wishing  I  was  that  "ignorant":  it  must  be  said  also  that  Wigner  had  brought 
me.  patiently  but  firmly,  to  what  should  have  been  the  center  of  my  argument.  The 
next  year,  the  Committee  of  my  doctoral  defense  at  the  University  of  Genera  com])rised 
Wigner  s  long-time  collabcrrator  Valentine  Bargmann.  Like  Wigner.  he  too  first  gave  me 
his  own  private  examination  to  make  sure  that  the  mathematical  results  I  had  obtained 
were  not  hiding  the  physics  of  the  problem.  .4s  he  then  offered  me  to  spend  a  year 
as  a  postdoctoral  research  associate,  at  Princeton,  close  also  to  the  group  of  another 
of  Wigner's  long-time  colleagues.  .Arthur  Wightman.  I  was  thoroughly  trained,  at  first 
only  as  a  subject,  to  the  gentle  art  of  the  m.aieutie  which  Wigner  practiced  with  such 
mastery.  .Just  recently.  I  had  another  encounter  with  Wigner,  this  time  with  abotit 
80  of  his  papers  which  I  was  asked  to  annotate  for  the  forthcoming  edition  of  Wigner's 
Complete  Works  .\rthur  Wightman  and  .lagxlish  Mehra  are  preitaring  for  Springer:  most 
of  the  papers  I  read  at  this  occasion  ap])eared  in  print  after  the  1950's, 

From  these  perspectives  I  want  to  propose,  as  a  sort  of  working  hyitothesis  for  this 
evening,  that  three  main  threads  are  braided  in  the  development  of  Wigner's  thoughts: 
(1)  the  guidance  provided  by  invariance  principle.*:  (2)  the  elusive  role  of  confciou.tne.** 
in  physics;  and  (3)  the  uncomfortable  re *pnn.nhilitie)  of  the  scientists. 
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One  way  to  gain  entry  in  what  will  ultimately  be  known  as  "Wigiicr's  philosophy  "  is 
to  train  one's  sight  first  to  his  contributions  to  mathematical  physics,  noting  immedi¬ 
ately  that  in  the  course  of  Wigner’s  life,  the  very  territiny  of  mathematical  physics  has 
drastically  changed:  and  this,  to  no  small  part,  due  to  Wigner  s  own  inflttence. 

In  the  experience  of  most  students  in  my  generation,  Wigner's  name  was  first  as¬ 
sociated  to  the  extraordinary  success  met  by  the  systematic  exploitation  of  invariance 
principles  for  the  theory  of  elementary  particles,  first  the  atmiis.  and  then  ever  more 
subtle  subatomic  particles.  An  early,  but  archetypical.  rej)resentative  of  this  approach  is 
Wigner's  1931  book:  Gruppentheorie  und  Ihrc  Anwendungen  in  der  Quanttnmechamk- 
der  Atomspektren.  Soon  afterwards,  another  seminal  contribution  appeared:  his  1939 
paper  On  Unitary  Representations  of  the.  Inhomogeneous  Lorentz  Group. 

It  would  be  tempting  to  dwell  on  their  specific  physical  or  mathematical  merits. 
Resisting  this  temptation  here.  I  will  focus  along  the  following  lines  my  commentaries 
on  these  two  pioneering  works:  (a)  the  novelty  of  their  teehnieal  sophistication;  (b) 
their  philosophical  background:  and  (c)  some  of  the  events  that  moved  these  itleas  to 
the  foreground  of  the  foundations  of  our  science. 

My  first  commentary  focuses  on  what  Wigner  later  called  the  “unrea.sonable  effective¬ 
ness  of  matheriirttic.s  in  the  natural  sciences  "  (1960).  Other  creative  scientists  reflected 
also  on  this  puzzling  effectiveness:  Ein.stein.  in  his  lecture  On  the  Methods  of  Theoretical 
Physics  (1933):  von  Neumann,  in  his  essay  The  Mathematician  (1947):  or  Bochner.  in 
his  book  The  Role  of  Mathematics  in  the  Rise  of  Science  (1966).  .A.s  Wigner  phrased  it. 
one  could  marvel  on  how  it  came  about  that  "we  got  something  out  of  the  equations  that 
we  did  not  put  in".  Lest  we  may  be  led  to  think  that  this  runs  away  from  the  positivist 
tenets  that  the  Founders  of  quantum  mechanics  often  acknowledged  were  prevalent  in 
their  motivations,  and  that  this  renewed  emphasis  on  the  power  of  abstract  thought 
could  open  to  a  reincarnation  of  a  panlogism.  a  la  Leibnitz,  we  should  note  three  twists 
which  Wigner  suggested  we  put  to  this  overly  simide  idea.  The  first  of  these  twists  was 
that  we  should  not  view  this  success  as  a  manifestation  of  the  power  of  abstract  thought 
but  of  the  power  of  abstraction  inherent  to  science,  and  most  importantly  to  its  trans¬ 
mission:  the  equations  are  a  manifestation  of  a  deeper  substrate,  namely  the  invariance 
principles  which  Wigner  characterized  as  "the  laws  that  the  laws  of  nature  must  obey". 
Even  though  the  contents  of  Noether's  theorem  in  classical  mechanics,  or  of  Stone's 
theorem  in  quanttim  mechanics,  fitted  in  this  characterization,  it  should  neverthele.ss  be 
remembered  that  many  in  the  physics  community  -  and  among  them,  some  otherwise 
well  enlightened  spectroscopists  -  were  so  unprepared  for  such  a  systemic  onslaught, 
that  they  referred  to  the  disciples  of  this  view  as  the  "Gruppenpest".  The  second  twist 
was  that  we  often  conveniently  forget  how  we  chose  the  domain  of  applicability  of  our 
theories:  the  roulette  wheel  does  not  violate  the  laws  of  mechanics  but.  as  Hadamard 
pointed  out  already  at  the  end  of  the  nineteenth  century,  the  serene  predictability  of 
mechanics  evaporates  when  one  considers  non-linear  systems  with  sensitive  dependence 
on  initial  conditions.  The  third  twist  was  that  any  discussion  on  the  internal  beauty 
and  self-consistency  of  a  physical  theory  is  to  be  checked,  not  only  against  the  experi¬ 
mental  data  the  collection  of  which  is  suggested  by  the  theory,  but  also  against  those 
data  that  may  seem  to  lay  outside  its  immediate  purview.  Wigner's  comments  were 
not  put  forward  as  mere  speculations  on  the  essence  of  the  process  of  theorizing:  they 
reflected  his  own  sustained  interest  in  the  Cf)mpeting  models  of  nuclear  physics  as  well 
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as  of  his  repeated  attempts  to  look  for  a  world  picture  that  would  encompass  physics 
in  harmony  with  other  sciences,  such  as  psychologj'. 

Let  me  also  recall  that  while  many  physicists  may  have  been  neither  ready  for,  nor 
comfortable  with,  the  new  mathematization  of  their  science  heralded  by  Wigner’s  pre¬ 
eminent  use  of  symmetries,  it  is  true  that  neither  were  most  mathematicians  inclined  to 
look  in  that  corner  fortunately  some  of  the  best  were.  e.g.  von  Xeumann.  W  igner  s 
1939  paper  on  the  Lorentz  group  had  undoubtedly  its  roots  in  physics,  specifically  in  the 
work  of  Dirac  and  of  Majorana.  but  Wigner  himself  warned  that  "the  difference  ...  lies 
...  mainly  in  its  greater  rigor ".  a  concern  that  one  hears  more  often  from  mathemati¬ 
cians.  The  paper,  published  in  the  Armais  of  Mathematics .  showed  a  sure  professional 
knowledge  of  some  of  the  exciting  mathematics  of  tlie  time,  in  particular  of  the  lines 
of  research  opened,  just  about  then,  by  Murray  and  von  Neumann  and  by  Haar.  to 
mention  only  two  of  the  most  difficult,  and  mathematically  pregnant,  works  cited  in 
the  paper.  In  his  paper,  Wigner  did  work  out  from  scratch  two  main  problems,  both 
of  which  needed  quite  some  time  before  they  could  be  integrated  in  the  standard  body 
of  mathematics.  The  first  was  the  theory  of  projective  representations,  which  was  later 
systematically  developed  by  Bargmann  (1954),  and  ran  now  be  seen  as  an  early  example 
of  the  theory  of  equivalence  of  (group)  extensions,  as  formalized  for  instance  in  the  book 
of  Cartan  and  Eilenberg  (1956).  The  second  was  the  genuine  generalization  to  a  Lie 
group  of  the  theory  of  induced  representations  of  discrete  groups  which  had  been  elabo¬ 
rated  originally  at  the  turn  of  this  century  by  Frobenius  and  Schur.  Wigner's  extension 
of  this  theory  found  its  general  setting  thanks  to  the  work  of  Mackey  in  the  1950'5; 
that  general  setting  in  turn  was  used,  both  by  Wigner  and  by  Gelfand.  to  systemize  the 
study  of  the  special  functions  of  classical  analysis.  This  progression  provides  a  concrete 
case  study  in  which  Wigner's  aphorism  could  be  reversed:  one  could  indeed  equally  well 
marvel  at  the  amount  of  nice  mathematics  that  came  out  from  so  specific  a  physical 
problem  as  the  enumeration  of  all  systems  that  are  elementary  relatively  to  one  very 
particular  group  of  invariance.  Upon  looking  at  these  developments,  one  could  almost 
be  tempted  to  conclude  once  again  that  Nature  had  chosen  the  best  possible  group  for 
the  purpose  of  eliciting  the  imagination  of  mathematicians  ! 

To  continue  my  discussion  of  Wigner  seminal  contributions  to  the  use  of  invariance 
principles,  namely  their  philosophical  background.  I  will  try  to  rely  on  Wigner’s  own 
testimony,  even  though  it  came  as  an  a  posteriori  reflection. 

I  think  it  is  fair  to  say  that  Wigner's  original  works,  and  his  later  comments  about 
the  positions  to  which  they  have  led  him.  [daced  him  squarely  among  the  Natural 
Philosophers,  a  lineage  that  started  in  the  17th  century,  gained  wide  currency  in  the 
Enlightenment,  and  then  led  -  in  part  as  a  reaction  to  the  19th  century  s  sometimes 
extreme  enthusiasms  bordering  on  arrogance  -  to  the  painstaking  vigilance  of  the  pos¬ 
itivist  school.  Some  of  the  positivist  methodology  was  certainly  part  and  parcel  of  the 
intellectual  training  of  quantum  mechanics'  Founders;  however,  we  sometimes  tend  to 
forget  that  they  had  to  readjust  seriously  some  of  the  positivists'  conclusions.  Listen  to 
Wigner:  "The  first  physics  book  1  read  said:  Atoms  and  molecules  may  exist,  but  this 
is  irrelevant  from  the  point  of  view  of  physics:  and  this  was  entirely  correct  -  at  that 
time  physics  dealt  only  with  macroscopic  phenomena  and  Browmian  motion  was  sort 
of  a  miracle".  While  classical  mechanics  also  stood  for  some  drastic  revisions  as  w'ell, 
Wigner  credited  its  methodology  with  one  major  achievement:  the  separation  between 
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the  accidental  -  the  initial  conditions  -  an<l  the  expression  of  regularities  -  the.  laws  of 
motion.  He  traced  back  the  implementation  of  this  basic  tlistinction  to  Newton,  whom 
he  contrasted  with  Kepler,  noticing  about  the  latter  that  although  "we  owe  [him]  the 
three  precise  laws  of  planetary  motion,  [he]  tried  to  explain  also  the  [individual]  sizes 
of  the  planetary  orbits  and  their  periods",  .4s  for  the  otht'r  beacons  Wigner  recog 
nized,  he  gave  us  a  list  in  his  paper  on  Two  Kinds  of  Reality  (1964);  seminal:  Freud, 
Poincare  and  Hadamard:  authoritative:  Heisenberg,  Schrddinger.  von  Neumann,  Lon¬ 
don  i;  Bauer,  and  Einstein:  challenging:  Bridgman  and  Margenau.  I  am  jtrepared  to 
accept  that  the  importance  of  this  list  is  c(jnte,xtvtal:  it  has  however  the  value  to  be 
as  explicit  and  concise  a  testimony  as  we  have:  there  is  thus  some  sense  in  trying  to 
understand  why  these  names  are  so  singled  out;  and  not  others;  individually,  or  even 
as  they  are  aggregated  in  these  three  groups.  If  you  do  not  want  to  <lo  this  entirely  on 
your  own.  I  can  assure  you  that  the  paper  makes  good  reading. 

Finally.  Wigner  s  1939  paper  on  the  Lorentz  group  was  much  more  than  a  mere  tour 
de  force:  it  prompted  a  new  line  of  enquiries  in  theoretical  physics,  especially  visible 
after  1955:  the  spectacularly  successful  formulation  of  conservation  laws  for  generalized 
charges;  the  repercussions  of  the  discovery  of  parity  violation:  ami  the  exploration  of  an 
axiomatic  theory  of  quantum  fields  in  interaction. 

More  could  be  said  on  this  first  thread  in  W’igner's  thoughts:  the  synthetic  power 
of  invariance  principles:  but  we  need  to  turn  now  to  the  second  of  these  threads;  the 
elusive  role  of  consciousness  in  physics. 

The  late  1950's  and  early  1960's  mark  the  time  when  W  igner.  upon  revisiting  the 
basic  structures  of  quantum  mechanics,  started  to  express  publicly  his  doubts  on  the 
philosophical  underpinnings  of  the  enterprise.  From  an  epistemological  point  of  view, 
we  should  distinguish  three  prohlern.s.'  (a)  the  liitjitations  of  the  formalism  of  quan¬ 
tum  mechanics:  (b)  the  limitations  to  its  interpretation:  and  (c)  the  limitations  on  its 
purview. 

I  happen  to  think  that  the  u»ider,standing  of  why  it  is  so  har<l  nowadays  to  question 
the  foundations  of  quantum  mechanics  requires  some  awarene.ss  to  the  history  of  its 
development.  In  a  very  real  sense,  quantum  mechanics  is  a  solution  which  came  before 
the  problem.  In  the  first  quarter  of  our  century,  sohttions  like  the  Bohr  atom:  the 
photon  (a  particle  in  Einstein's  photoelectric  effect;  both  a  particle  and  a  wave  in 
Einstein's  fluctuation  formula  for  the  electromagnetic  radiation);  the  phonon  (exi>lnining 
the  temperature  dependence  of  the  specific  heat  in  solids):  all  came  as  their  own  answers, 
widely  separate  and  certainly  very  pragmatic.  The  crisis  was  around  the  corner,  and 
it  came  to  a  head  in  the  late  1920  s,  when  an  apparently  general  and  self-consistent 
theory  came  into  existence  through  the  labors  of  Heisenberg,  of  Schrtklinger.  and  of 
Born,  The  theory  could  commend  itself  to  the  physicists  by  its  good  predictive  power. 
The  mathematicians  soon  could  recognize  a  definite  structure  in  the  pre.sentation  von 
Neumann  made  of  it  in  his  Mathematische.  Grundlagen  der  Quantenmechanik  (1932). 
And  still,  some  of  the  fundamental  features  of  the  theory  were  in  direct  conflict  with 
the  tenets  of  the  rest  of  physics,  what  is  called  today  classical  ])hysics.  Wigner.  who 
was  born  in  1902.  came  of  age  in  the  midst  of  these  events.  We  already  discussed  this 
evening  his  contribution  to  some  of  the  successful  developments  of  (|uantum  mechanics 
in  the  second  quarter  of  the  century.  It  is  now  time  to  address  what  he  increasingly  saw 
as  some  fundamental  shortcomings  of  its  formalism. 
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Back  in  his  Gottingen  days,  Wigner  had  questioned  some  of  the  pragmatic  bases  of 
quantum  mechanics  when  he  worked  with  Jordan  and  von  Neumann  On  an  Algebraic 
Generalization  of  the  Quantum  Mechanical  Formalism  (1934).  That  paper  however  was 
mathematically  too  much  ahead  of  its  time,  and  it  came  to  life  only  in  the  work  of  Segal 
(1947).  and  of  Haag  ic  Kastler  (1964).  This  line  of  research  was  prompted  in  pait  by 
the  indirect  meaning  of  the  Hilbert  space  in  which  the  wave  hinctions.  or  state  vectors, 
are  supposed  to  "live this  gap  has  bothered  Wigner  much  Ijeyond  this  early  paper.  He 
even  entertained  some  questions  as  to  whether  the  Hilbert  s])are  of  quantum  mechanics 
should  be  constructed  on  the  complex  numbers,  rather  thati  on  some  other  field;  that 
question  was  largely  laid  t<r  rest  by  the  Geneva  school  in  the  1960  s.  Wigner  s  later 
criticisms  of  the  formalism  expressed  his  tineasiuess  with  the  amliiguities  tolerated  in 
the  objective  status  of  the  wave  function.  They  evolved  in  i>:irt  around  tlw  heretofore 
unciuestioned  validit.v  of  the  superposition  [irinciple.  a  concept  liorrowetl  directly  from 
the  classical  theory  of  differential  etiuations.  His  answer,  olitained  in  collaboration  with 
Wick  and  Wightman  ( 1932).  was  that  the  super])osition  i)rinci]>le  is  not  unconditionally 
valid  in  quantum  mechanics,  and  fails  to  hold  in  the  presence  of  .mper. •‘election  rule.i. 
This  led  also  to  the  new  concept  of  esfeitUal  observahle.i.  i.e.  non-lrivial  observaWes  that 
are  compatible  with  all  other  observtibh's,  and  behave  therefore  as  classical  observaliles 
do.  These  are  specific  examples  of  the  observables  Wigner  had  singled  out.  in  a  pajier 
of  the  same  year  (1932).  as  those  that  aic  precist  ly  measurable:  "no  oitservable  which 
does  not  commute  with  the  additive  conserved  qitantities  (such  as  linear  and  ai.gular 
momentum,  or  electric  charge)  can  be  measured  precisely'  .  Referring  to  the  obser'  ibles 
that  do  not  satisfy  this  stringent  re<(uirement,  he  adds:  "in  order  to  incre;..se  the  accuracy 
of  the  measurement  one  has  to  use  a  very  large  apparatus  ".  This  argument  was  later 
refined  by  .Araki  A;  Aanase  ( 1960 )  and  reiieatedly  revisitetl  by  W  igner  to  emjtha.  ..e  the 
ponitiinst  retpiirement  that  the  elements  of  the  formalism  nnist  have  direct  em])irical 
meaning. 

Wigner  found  it  niost  tlisturliing  that  ii  reconciliatioit  M’enietl  ><>  elusive  betcveen  the 
(luanfum  measuring  process  and  the  Born  statistical  interpretiitioii  of  the  wave- function, 
especially  so  since  both  were  integral  parts  of  the  "orthodox  theory,  its  pre.sented  in 
the  books  of  von  Neumann  ( 1932)  and  of  London  ic  Btiuer  (  1939).  "This  interpretation 
states  that  the  wave-function  does  not  deserilte  reality  Imt  is  merely  a  tool  to  determine 
the  statistical  relations  between  successive  olxservations.  I  must  admit,  however,  that  1 
am  not  satisfied  with  this  interpretation  . 

Wigner  did  not  .seem  to  have  entertained  serioitsly  any  theory  of  hidden  runahle.* 
postulating  a  classical,  as  yet  unattainable,  sulxiuatitnm  desct  il>tion.  .As  far  its  I  can 
make  up.  such  constructions  did  not  ajtpeal  to  him  as  jtroposals  that  would  address 
squarely  his  problem.  The  experimentitl  evidence  lat<  r  obtainetl  by  .Aspect  (1983).  on 
the  basis  of  Bell's  ine<tualities  (1965  A;  6).  have  born  <mt  Wigner  s  presumption. 

His  problem  was  then  with  the  collapse  of  the  wave- packet,  and  the  infinite  regression 
in  von  Neumann's  description  of  the  quantum  measuring  process.  These  led  him  to  con¬ 
jure  up  the  archetypical  Wigner  '^  friend  in  order  to  illustrate  th*’  "dreailful  solipsisms 
to  which  one  would  be  cornered  by  a  strict  adherence  to  the  "orthodox  interpretation. 
The  difficulties  to  which  Wigner  drew  attention  were  of  three  kitids.  Firstly,  the  word 
"reality"  was  used  too  lightly.  Secondly,  the  active  particiiiation  of  the  observer  was 
not  properly  taken  into  account.  Thirdly,  the  orthodox  faith  appeared  inadequate  to 


explain  explicitly  liovv  an  intrinsically  statistical  description  could  ajtply  to  a  single  sys 
tern  or  particle.  Together  with  these  three  difficulties,  he  later  listed  a  fourth,  when  he 
learned  of  the  diligent,  and  yet  original,  remark  made  hy  Zeh  (1970)  on  how  qur  rum 
fiuctuations  made  illusory  any  abstraction  involving  suppo.sedly  isolated  systems, 

.4.11  these  difficulties  seemed  to  ha\e  conspired  to  turn  \\  igiier  tftwards  demands 
that  the  phenomena  of  core.icioit.tnc.i.i  be  taken  into  account  more  genuinely  when  the 
foundations  of  the  natural  sciences  are  discussed.  This  increasingly  became  for  him  a 
preeminent  theme  of  personal  and  public  reflections.  1  like  to  illustrate  the  direction 
taken  b.v  his  speculations  by  two  quotes  from  his  Ranarks  on  the  -Body  Question 

(1961):  “regions  of  enquiry,  which  were  long  considered  to  he  outside  the  province  of 
.  cience.  were  drawn  into  this  province  ...  The  best  known  example  is  the  interior  of 
the  atom,  which  was  considered  to  be  a  meta])hysical  subject  ...  When  the  province 
of  physical  theory  was  extended  to  eiicomirass  inicroscoj)!*'  phenomena,  through  the 
creation  of  quantum  mechanics,  the  concept  of  ronscionsness  came  to  the  fore  again:  it 
was  not  pos.sible  to  formulate  the  laws  of  quantum  mechanics  ia  a  fully  consistent  way 
without  reference  to  consciousness".  For  W'igner.  th<‘re  was  an  unresolved  ideological 
jump  between  classical  and  quari  am  theory.  The  shadows  on  the  wall  were  not  affected 
by  whether  the  platonic  philosopher  ob.served  them  or  not:  the  <'lassical  physicist  thought 
that  he  could,  at  least  in  principle,  rig  his  measuring  devices  in  such  a  manner  as 
to  make  arbitrarily  .small  any  inflvience  his  meastirements  might  hace  on  the  system 
under  investigation:  a  clean  separation  between  tlie  observer  an<l  the  observed  was  a 
justifiable  abstraction.  Contrast  this  with  W’igner  s  own  words  concerning  the  situation 
encountered  in  quantum  mechanics:  “even  thovigh  the  dividing  line  between  the  observer 
...  and  the  observed  ...  can  be  shifted  ...  if  cannot  he  eliminated."  W  igner  rebelled 
against  the  idea  that  the  description  of  the  quantum  lueasming  process  involved,  in 
the  "orthodox"  theory,  a  uniquely  different  scheme  than  that  provided  by  the  usual 
evolution  equation-s  written  to  describe  an  isolated  (juaiitnin  system:  such  a  theory 
had  to  be  incomplete,  and  it  was  condemned  to  be  incoinplefe  as  knjg  as  the  nde  of 
consciousness  was  neglected. 

The  last  batch  of  philosophical  critici.sms  W’ignv  lirected  to  (|uantmn  mechanics 
concerned  its  purview,  especirilly  it.s  connection  with  the  theory  of  relativity.  Here 
again  the  first  problems  on  which  lie  would  draw  our  attention  are  the  empirical  liasis 
for  the  most  primary  concepts:  the  existence  of  a  position  operator,  the  subject  of  his 
early  work  with  Newton  (1949).  or  the  limitations  his  work  with  Salecker  (196S)  had 
shown  to  be  imposed  by  quantum  theory  on  the  measurement  of  space  time  distances  on 
small  scales,  necessary  to  a  direct  experimental  determination  of  metrics  and  curvatures. 
He  also  rejieatedly  protested  (at  least  as  late  as  1986)  that  a  relativistic  formulation 
of  the  quantum  measureini'iit  proce.ss  would  need  some  serious  readjust ements  sir  'e, 
in  order  to  he  satisfactory,  it  would  in  particular  have  to  clarify  how  two  observers  in 
relative  motion  could  agree  on  the  meaning  of  the  collajise  of  the  state  vector.  On 
.such  developments  as  the  relativistic  theory  of  quantum  fields,  he  professed  a  cautious 
optimism:  while  he  agri'i'd  that  there  was  a  “great  iliffiTi’iice  betwei'H  the  relation 
of  special  relativity  and  quantum  theory  on  llie  one  hanil.  and  general  relativity  and 
quantum  theory  on  the  other",  he  was  pleasi’d  to  note  that  "it  is  at  least  possible  to 
formulate  the  requirements  of  sjtecial  relativistic  invariance  for  quantum  theories  and  to 
a-scertain  whether  these  re()uirements  are  met.  The  fact  that  the  answer  is  more  nearly 


no  than  yt'.*.  t}iat  (inantimi  merhanirs  has  not  yet  been  fully  adjusted  to  the  postulates 
of  the  special  theory  [of  relativity],  is  perhaps  irritating.  If  does  not  alter  the  fact  that 
the  question  of  consistency  of  the  two  theories  ...  by  now  has  more  nearly  the  a.spect 
of  a  puzzle  than  that  of  a  problem  ( 1937).  My  itoint  in  this  long  quotation  is  not  to 
argue  whether  that  situation  has  fundamentally  changed  in  llie  intervening  33  years, 
but  rather  to  illustrate  how  Wigner,  the  idiilosoiiher  of  science,  was  perennially  looking 
for  the  full  consistency  of  the  broadest  [ticture  and  the  general  sense  one  had  to  find 
beyond  specific  computations  and  particular  schemes. 

This  last  remark  brings  me  to  the  third  thread  that  runs  through  Wigner  s  thoughts: 
the  responsibility  of  the  scientist.  He  saw  it  Ixjth  as  a  task  internal  to  the  scientific 
community,  and  one  that  reaches  outside  this  community. 

Wigner  s  active  scientific  life  ran  through  a  period  that  saw  extraordinary  changes 
in  the  way  science  was  dotie.  One  of  the.se  changes,  he  denounced  as  the  balkanization 
of  scitnce  that  accomitanied  i's  growth.  Several  of  his  public  adilresses  in  the  1970  s 
were  admonitions  pleading  for  a  reaction.  Reflectitig  about  the  nature  of  science  when 
he  etitered  the  arena,  he  commented:  "It  was  possible  at  the  time  to  know  physics: 
today  it  is  difficult  to  know  nuclear  physics  ...  During  my  work  on  nuclear  chain  reac¬ 
tions,  I  already  became  scared  by  the  increasing  specializatitni":  he  had  indeed  notetl 
one  dreaded  result  of  this  spf'cialization:  "The  ])roblem  of  comnninication  is  not  only 
external  to  physics:  it  threatens  also  to  dev  elop  into  an  internal  one”.  With  others,  such 
as  Alvin  Weinberg,  he  then  advocated  a  remedy  that  is  worth  thinking  about  again:  "to 
write  our  articles  for  a  less  specialized  readerslu]).  to  devote  more  time  and  energy  to 
the  compo.sition  of  reviews  and  to  retiding  of  more  of  the  reviews  covering  the  results  of 
sister  sciences”,  lest  we  fail  to  recognize  that  "scietict-  is  an  edifict'.  not  ii  pile  of  bricks  . 

The  growth  of  science  has  not  been  only  in  a  diversification  of  interests;  it  has  al.so 
involved  increasing  public  funding  of  large  scientific  projects  -  the  so-called  big  science 
of  national  or  international  laboratories  as  well  as  the  approiiriations  of  vast  re.sources 
to  harness  or  control  its  applications  Both  needed  some  explaining  to  the  pultlic  and 
some  listening  to  the  politicians.  Even  though  our  purpose  this  evening  was  to  focus 
on  Wigner  the  philosopher  in  science,  we  should  want  to  remember  that  the  scientific 
enter[)rise  has  known  also  another  Wigner.  the  policymaker  for  science.  While  I  am  not 
sure  that  this  is  an  etitirely  dilferent  story,  it  is  probably  not  one  you  still  want  to  hear 
tonight. 
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THE  PROBLEM 

In  quantum  mechanics,  not  all  physical  quantities  can  be  simultaneously 
‘objective,’  i.e.,  for  a  system  in  a  given  quantum  mechanical  pure  state,  not  all 
physical  quantities  of  the  system  can  have  determinate  values  in  the  state  - 
no  assignment  of  values  to  all  quantities  is  consistent  with  the  quantum 

mechanical  functional  relationships  holding  between  these  quantities. 
Quantities  that  are  not  objective  in  a  given  state,  i.e.,  quantities  whose  values 
are  indeterminate  (not  merely  uncertain  or  unknown),  somehow  become 

objective,  or  obtain  (or  manifest)  determinate  values,  when  measured,  while 
other  quantities,  correspondingly,  become  nonobjective. 

A  classical  system  is  described  in  terms  of  a  commutative  algebra  of 
physical  quantities.  These  quantities  are  all  real-valued  functions  on  the 

phase  space  of  the  system  and  take  values  at  all  times,  even  when  the 
system  is  interacting  with  other  systems.  A  physical  quantity  is  a  magnitude 
associated  with  a  set  of  possible  values.  An  idempotent  quantity  has  only 

two  possible  values,  0  or  1.  The  algebra  of  physical  quantities  can  be 
generated  from  the  subalgebra  of  idempotent  quantities,  roughly  because 
each  quantity,  e.g.,  position,  corresponds  to  a  set  of  idempotents,  in  this  case 
the  set  of  characteristic  functions  on  phase  space  that  assign  0,  1  values  to 
subsets  associated  with  different  ranges  of  position  values.  To  assign  a  value 
to  the  position  of  a  particle  is  equivalent  to  assigning  a  1  to  every  range  of 
positions  containing  the  value  and  a  0  to  every  other  range  of  positions,  or 
assigning  the  truth  values  ‘true’  and  ‘false’  to  the  corresponding  propositions. 

I  shall  refer  to  the  algebra  of  idempotent  physical  quantities  of  a  system 
as  the  ‘property  structure’  of  the  system.  The  property  structure  of  a 
classical  system  is  a  Boolean  algebra.  It  represents,  through  its  ultrafilters,  all 
possible  ways  in  which  the  system  can  manifest  its  properties,  or  all  possible 
ways  in  which  the  properties  of  the  system  can  fit  together  as 
simultaneously  determinate. 

The  transition  from  classical  to  quantum  mechanics  involves  the 
transition  from  a  commutative  algebra  of  physical  quantities  to  a 
noncommutative  algebra,  equivalently  the  transition  from  a  Boolean  to  a 
non-Boolean  algebra  of  idempotent  quantities  or  properties.  This  is,  in  effect. 
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the  formal  significance  of  quantization.  The  non-Boolean  property  structure 
of  a  quantum  mechanical  system  can  be  represented  as  a  partial  Boolean 
algebra  -  a  family  of  Boolean  algebras  that  are  ‘pasted  together’  in  a  certain 
way  by  identifying  common  elements. 

Consider,  for  example,  a  quantum  mechanical  system  associated  with  a 
3-dimensional  Hilbert  space,  K3.  Each  set  of  three  orthogonal  1-dimensional 
subspaces  defines  an  8-element  Boolean  algebra  generated  by  these 
subspaces  as  atoms  of  the  algebra.  The  algebra  contains  the  three  atoms,  the 
three  planes  spanned  by  these  atoms  pairwise,  together  with  the  zero 
element  (0)  corresponding  to  the  null  subspace,  and  the  unit  element  (1) 
corresponding  to  the  whole  3-dimensional  space.  It  is  isomorphic  to  the 
corresponding  algebra  of  projection  operators,  representing  the  idempotent 

magnitudes  of  the  system.  Evidently,  some  of  these  8-element  Boolean 
algebras  have  elements  in  common.  For  example,  if  we  fix  a  1 -dimensional 
subspace  JCi,  and  consider  two  choices  for  the  remaining  pair  of  orthogonal 
lines  -  any  initial  pair  ]C2,K.3  orthogonal  to  ‘iC\,  and  any  other  pair  ]C2  >K,3 
orthogonal  to  K,  1  -  then  the  two  8-element  Boolean  algebras  are  pasted 

together  at  the  elements  0,  1Ci,3Ci-,  1,  where  3C|-^  represents  the  plane 
orthogonal  to  ICi. 

There  are  two  notions  of  state  in  classical  mechanics:  (1)  the  state  s  as  a 
point  in  phase  space,  assigning  values  to  all  dynamical  quantities,  and  (2)  the 
state  w  as  a  probability  measure  on  phase  space.  The  first  notion  of  state 
(call  this  a  ‘property  state’)  selects  an  ultrafilter  of  properties  in  the  Boolean 
property  structure  B  (isomorphic  to  the  set  of  Borel  subsets  of  phase  space), 
associated  with  propositions  (assigning  ranges  of  vaues  to  the  dynamical 
quantities)  that  are  true  in  s.  This  ultrafilter  corresponds  to  the  properties  or 
propositions  represented  by  subsets  of  phase  space  containing  s  -  these  are 
the  properties  possessed  by  the  system  in  the  state  s.  Properties  represented 

by  subsets  of  phase  space  not  containing  s  are  not  properties  of  the  system 

in  the  state  s.  Equivalently,  s  defines  a  2-valued  homomorphism  on  B,  with  1 
corresponding  to  ‘true’  or  ‘possessed,’  and  0  corresponding  to  ‘false’  or  ‘not 
possessed.’  The  second  notion  of  state  (call  this  a  ‘statistical  state’)  assigns 
probabilities  to  elements  of  B  or,  equivalently,  to  the  ultrafilters  or  2-valued 
homomorphisms  defined  by  the  property  states  (hence,  to  the  different 
possible  ways  in  which  the  properties  of  the  system  can  fit  together  as 
simultaneously  determinate). 

The  property  structure  of  a  quantum  mechani<'al  system,  L,  is  not 
embeddable  into  any  Boolean  algebra  (except  in  the  special  case  of  system 
with  a  2-dimensional  Hilbert  space).  This  means  that  there  are  no  2-valued 
homomorphisms  on  L  in  the  general  case,  and  the  quantum  state  is  defined 
as  a  generalized  statistical  state  assigning  probabilities  to  elements  of  L.  We 
can  express  the  difference  between  B  and  L  this  way;  All  the  elements  of  B 
can  be  determinate  or  objective  simultaneously,  i.e.,  every  element  can  have 
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a  definite  truth  value  at  all  times,  and  the  different  possible  sets  of  truth 
values  correspond  to  the  different  classical  property  states.  This  is  not  the 
case  for  a  quantum  mechanical  property  structure  L  that  is  not  embeddable 
into  a  Boolean  algebra  -  only  a  proper  subset  of  elements  of  L  can  be 
objective  at  any  particular  time. 

The  question  I  want  to  consider  here  is  this;  What  principles  govern  the 
selection  of  a  subset  of  properties  as  objective  or  determinate,  given  that  the 
properties  of  a  quantum  mechanical  system  can  not  all  be  determinate 
simultaneously  (on  pain  of  contradiction)?  In  effect,  different  interpretations 
of  quantum  mechanics  involve  different  principles  of  objectivity,  different 
proposals  for  defining  the  objective  or  determinate  physical  quantities  for  a 
system  in  a  given  quantum  state. 

A  PROPOSAL 

The  proposal  sketched  below  is  presented  as  capturing  certaiii  minimal 
aspects  of  what  we  require  of  a  notion  of  objectivity,  however  we 
understand  this  notion  in  a  metaphysical  sense.  Just  as  classical  mechanics 
does  not  select  what  propositions  are  true  and  what  propositions  are  false,  or 
what  the  values  of  physical  quantities  ate  -  the  theory  only  tells  us  how 
given  values  are  transformed  dynamically,  or  places  restrictions  on  the 
values  of  certain  quantities  given  the  values  of  other  quantities,  which 
ultimately  come  from  catside  the  theory  -  so  quantum  mechanics  cannot  be 
expected  to  select  what  quantities  are  objective,  i.e.,  what  quantities  have 
determinate  values.  What  the  theory  ought  to  be  able  to  do  is  show  how 
objectivity  is  transformed,  i.e.,  given  that  certain  (Boolean  algebras  of) 
properties  are  objective  (and  this  information  ultimately  has  to  be  stipulated 
or  come  from  outside  the  theory),  the  theory  ought  to  yield  information 
about  what  other  properties  are  objective,  or  place  certain  limits  on  what  can 
be  taken  as  objective,  or  show  how  the  set  of  objective  properties  is 
transformed  dynamically. 

If  the  quantum  state  of  an  isolated  system  S  is  represented  by  a  vector 
V  e  }ts,  and  no  properties  are  designated  as  objective,  the  proposal  is  to  take 
the  objective  properties  of  the  system  as  the  partial  Boolean  subalgebra  in  L 
consisting  of  the  set  of  Boolean  subalgebras  {B,,,}  that  intersect  in  the  Boolean 
subalgebra  generated  by  the  atoms  Py  and  Py-^,  where  Py  is  the  projection 
operator  onto  the  1 -dimensional  subspace  spanned  by  y  and  Py-*-  is  the 
projection  operator  onto  the  orthogonal  complement  of  this  subspace  in  tts-  1 
shall  refer  to  the  set  of  Boolean  subalgebras  {By}  generated  by  a  vector  \|;  in 
this  way  as  the  ‘fan’  defined  by  y.  Take  the  property  state  of  the  system  as 
the  ultrafilter  generated  by  y  in  the  fan. 

It  is  evident  that  (i)  any  two  algebras  in  the  fan  intersect  in  an  algebra 
in  the  fan,  (ii)  all  the  algebras  in  the  fan  have  the  same  minimum  and 
maximum  elements  (corresponding  to  the  null  space  and  the  whole  Hilbert 
space,  respectively),  (iii)  for  any  element  or  pair  of  elements  in  the  fan  that 
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belong  to  the  intersection  of  two  algebras  in  the  fan,  the  orthocomplements 
and  the  infima  or  suprema  (Boolean  meets  or  joins)  taken  with  respect  to  the 
two  algebras  coincide,  and  finally  (v)  for  any  n  elements  in  the  fan,  such  that 
for  every  pair  of  these  elements  there  is  an  algebra  in  the  fan  containing  the 
pair,  there  exists  an  algebra  in  the  fan  containing  all  n  elements.  These 
conditions  define  the  ‘pasting’  required  for  a  set  of  Boolean  algebras  to  form 
a  partial  Boolean  algebra. 

Notice  that  all  the  elements  of  the  Boolean  algebras  in  the  fan  are 
assigned  0,i  probabilities  by  y,  and  no  other  elements  in  L  are  assigned  0,1 
probabilities  by  y.  So  y  defines  a  2-valued  homomorphism  on  the  fan,  even 
though  the  elements  in  the  fan  are  not  all  mutually  compatible  in  the 
technical  sense  of  quantum  mechanics  -  the  different  compatible  subsets 
form  the  different  Boolean  subalgebras  in  the  fan.  In  other  words,  a  fan  is  a 
partial  Boolean  algebra  of  properties  that  can  all  be  taken  as  mutually 
objective  or  determinate  without  violating  the  quantum  mechanical 
functional  relationships  holding  betwen  the  projection  operators 
representing  these  properties.  Notice,  also,  that  every  Boolean  algebra  in  the 
fan  that  is  nonmaximal  in  L  is  a  subalgebra  of  a  Boolean  algebra  in  the  fan 
that  is  maximal  in  L.  So  the  fan  is  completely  specified  by  the  set  of  maximal 
Boolean  algebras  in  the  fan. 

If  the  quantum  state  of  the  system  is  y  and  some  Boolean  subalgebra  B 
in  L  is  designated  as  objective,  then  the  proposal  is  to  take  the  objective 
properties  of  the  system  as  the  properties  in  the  set  of  Boolean  subalgebras 
{By)/B,  where  By/B  is  defined,  for  each  By,  as  the  extension  of  B  obtained 
by  completion  from  B  and  the  elements  in  B  y  that  are  compatible  (in  the 
technical  sense  of  quantum  mechanics)  with  B.  That  is,  for  each  By  in  {By}, 
we  add  to  B  everything  in  By  that  is  compatible  with  B,  together  with  meets, 
joins,  and  complements,  and  reject  the  remaining  elements  in  By.  (So  the 
operation  ‘/’  is  a  kind  of  conditionalization  of  (By)  with  respect  to  B.) 

If  B  is  generated  by  n  atoms  P,,  where  the  P;  are  projection  operators 
onto  n  mutually  orthogonal  subspaces  K-i  that  span  the  Hilbert  space  of  the 
system,  then  (as  I  shall  demonstrate  below)  the  maximal  Boolean  agebras  in 
the  set  {By}/B  all  intersect  in  the  Boolean  algebra  generated  by  the  atoms 
(Oi,  Pi-Oi),  i  =  1,  ...,  n,  where  Oj  is  the  projection  operator  onto  the  1- 
dimensional  subspace  or  ray  that  is  the  projection  of  y  onto  K-i,  and  Pi-Oj  is 
the  projection  operator  onto  the  relative  orthocomplement  of  this  ray  in  K,. 
It  follows  that  {By)/B  is  also  a  partial  Boolean  algebra,  a  (generalized)  fan  of 
properties  of  L.  Again,  every  Boolean  algebra  in  the  fan  that  is  nonmaximal 
in  L  is  a  subalgebra  of  a  Boolean  algebra  in  the  fan  that  is  maximal  in  L,  so 
the  generalized  fan  is  also  completely  specified  by  the  set  of  maximal 
Boolean  algebras  in  the  fan. 
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Take  the  property  state  of  the  system  as  one  of  the  ultrafilters  in 
generated  by  the  Oi,  for  some  i  =  I,  n.  This  is  consistent  with  the  property 
state  defined  by  y  in  the  simple  fan  |Byl,  in  the  sense  that  properties  that 
belong  to  the  intersection  of  an  algebra  in  {Byl/B  and  an  algebra  in  (By) 
retain  their  status  of  belonging,  or  not  belonging,  to  the  property  state  (i.e., 
elements  that  survive  the  transition  from  (By)  to  (Byl/B  retain  their  truth 
values).  So,  as  in  the  simple  fan,  the  property  states  define  2-valued 
homomorphisms  on  the  generalized  fan,  even  though  the  elements  in  the  fan 
are  not  all  mutually  compatible,  i.e.,  the  generalized  fan  is  also  a  partial 
Boolean  algebra  of  properties  than  can  be  taken  as  mutually  objective  or 
determinate,  without  violating  the  quantum  mechanical  functional 
relationships.  The  Born  rule  for  the  probabilities  defined  by  y  can  now  be 
interpreted  as  specifying  probabilities  in  the  classical  (Kolmogorov)  sense  for 
the  different  property  states  (ultrafilters)  in  (Byl/B. 

In  the  following  section,  I  shall  show  that  this  proposal  leads  to  a 
reformulation  and  solution  of  the  measurement  problem. 

MEASUREMENT 

Consider  a  measurement  as  an  interaction  between  two  quantum 
systems,  the  object  system  S  and  the  measuring  instrument  M.  Suppose  the 

indicator  quantity  R  ('pointer  reading’)  of  M  is  designated  as  objective  (by 

requiring,  say,  that  superselection  rules  apply  to  M,  which  we  can  represent 
formally  by  stipulating  that  R  is  in  the  center  of  the  algebra  of  physical 
quantities  of  M  and  so  commutes  with  all  physical  quantities  of  M).  Then  it 
follows  from  the  above  proposal  that  the  Boolean  subalgebra  of  measured 
properties  of  S  and  indicator  properties  of  M  is  selected  as  objective  in  the 
property  structure  L  of  the  composite  system  S+M.  So  if  the  indicator 

quantity  of  the  measuring  instrument  M  is  objective,  it  follows  that  the 
measured  quantity  of  S  becomes  objective  in  virtue  of  the  correlations 

induced  by  the  measurement  interaction. 

As  usual,  assume  that  the  measurement  interaction  between  S  and  M 
results  in  the  state  transition  y®po  =  2iciai®po  a  =  Zciai®pi,  where  y  = 
SciOi  e  rts  is  the  initial  (pure)  state  of  S,  po  e  Hm  represents  an  eigenvector 
of  the  zero  value  of  the  indicator  quantity  R  of  M,  oj  are  eigenstates  of  the 
measured  quantity  A  of  S,  and  pi  are  eigenstates  of  R.  Then  the  objective 
Boolean  algebras  are  those  in  the  set  (B(,1/Br,  where  Br  is  the  Boolean 
algebra  generated  by  the  indicator  properties  I®Pi,  i  =  1,  ...,  n  as  atoms,  the 
Pi  being  projection  operators  onto  the  n  subspaces  of  Km  corresponding  to 
the  n  distinct  eigenvalues  of  the  indicator  quantity  R. 

In  general,  K  m  and  the  subspaces  corresponding  to  the  projection 
operators  Pj  will  be  oo-dimensional.  To  illustrate  the  construction  (BoI/Br,  it 
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suffices  to  take  Hs  and  Hm  as  3-dimensional.  All  significant  formal  features 
of  the  general  case  are  present  in  the  3x3-dimensional  case. 

Consider,  for  the  moment,  a  maximal  measurement,  i.e.,  three  indicator 
values  for  the  three  eigenvalues  of  A.  B  r  is  the  8-element  nonmaximal 
Boolean  subalgebra  in  L  generated  by  the  three  atoms  l®Pi  (where  each 
projection  operator  Pj,  i  =  1,  2,  3,  projects  onto  a  1 -dimensional  subspace  or 
ray  in  Hm  spanned  by  the  vector  pi).  The  final  state  a  =  Eciai®pi  defines  a 
fan  of  Boolean  subalgebras  (Bol  in  L  that  intersect  in  the  Boolean  subalgebra 
generated  by  the  atoms  P,,,  Po-^. 

Some  of  the  Boolean  algebras  in  the  fan  are  generated  by  the  atoms 
corresponding  to  the  six  orthogonal  vectors  ai®pj,  i  *  j,  that  span  a  6- 
dimensional  subspace  ICeHs+M  orthogonal  to  a,  and  three  orthogonal  vectors 
a,  ((),  X,  where  <[),  x  nre  any  two  vectors  orthogonal  to  o  in  the  3-dimensional 
subspace  JC-*-  orthogonal  to  1C.  Consider  any  one  of  these  algebras.  Call  it  Be*. 
What  is  Bo*/Br? 

The  six  rays  (spanned  by  the  vectors)  ai®pj  in  1C  are  all  compatible  with 
B  R  -  taking  the  Boolean  meet  of  a  ray  with  an  atom  in  B  r  yields  the  ray  or 
the  null  element.  So  these  elements  all  belong  to  Be*/BR,  i.e.,  the  atoms  Pjj,  i 
j,  belong  to  Ba*/BR,  where  Pjj  is  the  projection  operator  onto  the  ray 
spanned  by  ai®pj.  None  of  the  rays  o,  (j),  x  are  compatible  with  Br.  But  Pa  +  P^ 
-t-  =  Pli  -I-  P22  +P33  =  Pjc-*-.  where  Pji  is  the  projection  operator  onto  the  ray 

ai®pi,  is  compatible  with  I®Pi,  i  =  1,  2,  3,  hence  with  Br.  Taking  the  meet  of 
this  element  with  I® Pi,  i  =  1,  2,  3,  yields  the  three  remaining  atoms  of  the 
maximal  Boolean  subalgebra  Ba.r.  generated  by  the  atoms  Pjj,  i  =  1,  2,  3;  j  = 
1,  2,  3. 

So  (Bo}/Br  contains  Ba.r-  The  question  now  is  whether  there  are  other 
Boolean  subalgebras  in  {BoI/Br.  I  shall  show  that: 

(1)  No  other  maximal  Boolean  subalgebra,  Br.r,  generated  by  the  atoms 
Qij,  where  Qjj  is  the  projection  operator  onto  the  ray  PiOpj,  i  =  1,  2,  3;  j  =  1,  2, 
3,  with  Pi  derived  via  a  unitary  transformation  from  {ai},  belongs  to  1Bo)/Br. 

(2)  There  are  other  maximal  Boolean  subalgebras  in  (BoI/Br,  but  while 
they  all  contain  the  subalgebra  of  indicator  properties  of  M  (by  construction), 
none  contain  any  nontrivial  subalgebra  of  properties  of  S.  I  shall  refer  to 
such  subalgebras  as  ‘nonseparable.’ 

(3)  The  only  nonmaximal  Boolean  subalgebras  in  {Bo1/Br  are  all 
subalgebras  of  Ba,r,  or  subalgebras  of  one  of  the  nonseparable  algebras. 

(4)  All  the  maximal  Boolean  subalgebras  in  {BoI/Br  intersect  in  the 
nonmaximal  Boolean  subalgebra  generated  by  the  atoms  (Pu.  P21  v  P31,  P22. 
Pl2v  P32,  P33.  Pl3v  P23)>  where  the  Pii  are  the  projection  operators  onto  the 
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1 -dimensional  subspaces  or  rays  that  are  the  projections  of  o  onto  the 
subspaces  defined  by  I®Pi,  i  =  1,  2,  3.  and  the  Pjj  v  P|ti  are  the  projection 
operators  onto  the  relative  orthocomplements  of  these  rays  in  the 
corresponding  subspaces. 

To  see  this,  consider  the  speciai  case  where  Bb,r  is  generated  by  the 
atoms  Qij,  where  Qjj  is  the  projection  operator  onto  the  ray  Pi®pj,  i  =  1,  2,  3;  j 
=  1,  2.  3,  with  pi  defined  by  the  transformation  in  Ms: 

Pi  =  ai  P2  =  1/V2(a2 -I- 03)  p3  =  1/V2(a2  -  03) 

Can  we  generate  the  required  nine  atoms  Pi®pj,  i  =  1,  2,  3;  j  =  1,  2,  3, 
from  some  (maximal)  Boolean  subalgebra  in  the  fan  (Bd  via  /Br?  Call  this 
hypothetical  algebra  Bo’-  It  must  be  related  to  Bo*  (any  one  of  the  algebras 
labelled  Bo*  above)  by  unitarily  transforming  (‘rotating’)  some  or  all  of  the 
vectors  ai®pj,  i  j,  <[>,  x,  about  o,  i.e.,  the  atoms  of  Bo’ correspond  to  vectors 
that  are  linear  superpositions  of  ai®pj,  i  j,  (ji,  X- 

The  nine  atoms  of  Bb.r  we  want  correspond  to  the  vectors: 

Pl®pl=ai®pi  Pl®p2=ai®p2  Pl®p3=  ai®p3 

p2®pi  =  l/V2(a2+a3)®pi  P2®p2=l/'^2(a2+a3)®p2  P2®P3=l/V2(a2+a3)®p3 

P3®pl  =  l/V2(a2-a3)®pi  P3®p2=l/V2(a2-a3)®p2  P3®p3=l/V2(a2-a3)®p3 

The  only  atoms  in  this  list  that  could  belong  to  an  algebra  Bo’  derivable 
in  this  way  from  some  Bo*  are  the  four  atoms  corresponding  to  the  vectors 
Pi®p2.  Pi®P3  (these  belong  to  Bo*)  and  P2®pi,  p3®Pi  (these  can  be  obtained 
from  Bo*  by  rotating  a2®pi  and  03® pi  through  45°  in  the  plane  spanned  by 
a2®pi  and  a3®pi).  These  atoms  are  all  compatible  with  the  atoms  I®Pi  of  Br, 
The  remaining  five  atoms  correspond  to  vectors  that  all  involve  a  term 
of  the  form  ai®pi  and  so  cannot  be  derived  by  a  unitary  transformation  of 
the  eight  vectors  ai®pj,  i  *  j,  i|i,  x  the  plane  orthogonal  to  o,  since  ai®pi  does 
not  lie  in  this  plane  (assuming  none  of  the  coefficients  of  o  are  zero).  These 
atoms  would  have  to  be  generated  from  nonatomic  elements  of  Bo 
corresponding  to  multidimensional  subspaces  that  are  orthogonal  to  the  span 
of  Pi®P2,  Pi®P3,  P2®Pl.  P3®pl,  and  also  compatible  with  the  atoms  I®Pi  of  Br, 
by  taking  the  Boolean  meets  of  these  elements  with  I®Pi,  i  =  1,  2,  3  (i.e.,  by 
intersecting  the  corresponding  subspaces).  But  the  only  element  of  Bo 
satisfying  this  condition  is  the  element  corresponding  to  the  5 -dimensional 
subspace  orthogonal  to  the  span  of  Pi®p2,  Pi®p3,  P2®Pi.  P3®pi-  Since  Pi  =ai 
and  the  span  of  P2®pi,  P3®pi  is  the  span  of  a2®pi,  a3®pi,  this  is  the  subspace 
spanned  by  ai®p2,  ai®p3,  a2®p  1,  a3®p  1.  So  the  orthogonal  subspace  is 
spanned  by  the  vectors  a2®P3,  a3®P2,  o,  X.  equivalently  by  a2®P3,  a3®p2, 
ai®p  1,  a2®p2,  a3®p3.  Intersecting  this  subspace  with  the  subspaces 
corresponding  to  I®Pi,  i  =  1,  2,  3,  yields  the  ray  ai®pi  (=  Pi®pi)  and  the 


elements  corresponding  to  the  two  planes  spanned  by  a2®P2.ot3®P2 
(equivalently  P2®p2.  P3®P2)  and  a2®p3,  a3®p3  (equivalently  P2®P3.  P3®P3)-  So 
we  generate  a  nonmaximal,  7-atom  Boolean  subalgebra  of  Bb.r,  with  5  atoms 
corresponding  to  the  rays  Pi® p i ,  p i®p2,  Pi®P3,  P2®P I.  P3®p  1  and  2  atoms 
corresponding  to  the  planes  spanned  by  p2®P2>  P3®P2  and  P2®P3.  P3®P3- 

If  we  keep  no  vector  fixed  in  the  transformation  from  (ai)  to  (Pjl,  then 
none  of  the  atoms  in  Bb.r  could  belong  to  an  algebra  Bo  derivable  from  Bo* 
by  unitarily  transforming  the  vectors  orthogonal  to  o,  and  no  nontrivial 
subalgebra  of  such  a  maximal  Boolean  subalgebra  is  in  {Bo1/Br. 

In  the  nxn-dimensional  case,  we  can  keep  more  than  one  vector  fixed  in 
the  transformation  (i.e.,  either  one  vector  fixed,  or  two  fixed,  etc.)-  Consider  a 
unitary  tranformation  from  [aj}  to  IPjl  where  (i)  ai  =  Pi,  or  (ii)  ai  =  pi,  02  = 
P2,  etc.  In  case  (i),  the  n-I  vectors  Pi®pj  (j  =  1,  —  n)  and  the  n-I  vectors  Pi®pi 
(i  =  1,  ...,  n)  can  all  be  derived  from  Bo*  by  a  unitary  transformation  in  the 
plane  orthogonal  to  a.  This  yields  2(n-l)  vectors.  The  remaining  atoms  of  Bb.r 
all  correspond  to  vectors  that  are  expressible  as  linear  superpositions  that 
include  a  term  of  the  form  ai®pi,  which  does  not  belong  to  the  subspace 
orthogonal  to  o  and  so  cannot  be  derived  in  this  way.  In  case  (ii).  the  same 
2(n-l)  vectors  can  be  derived  by  unitary  transformation  in  the  plane 

orthogonal  to  o,  but  now  the  n-2  vectors  P2®pj(j  =  3 .  n)  and  the  n-2 

vectors  Pi®p2  (i  =  3,  ...,  n)  can  also  be  derived  in  this  way,  yielding  2(n-l)  + 
2(n-2)  vectors.  And  so  on.  In  each  case,  the  remaining  atoms  of  Bb.r  all 
correspond  to  vectors  that  are  expressible  as  linear  superpositions  that 
include  a  term  of  the  form  ai®pi  and  so  cannot  be  derived  in  this  way.  We 
can  generate  the  atoms  corresponding  to  (i)  P i®p  1,  or  (ii)  Pi®p  1 ,  P2®P2.  or  ... 
by  intersecting  the  subspace  orthogonal  to  the  span  of  the  (i)  2(n-l),  or  (ii) 
2(n-l)  +  2(n-2),  or  ...  vectors  with  the  subspaces  corresponding  to  the  atoms 
(i)  I®Pi,  or  (ii)  I®Pi,  I®P2,  or  ...  of  Br.  But  intersecting  this  subspace  with  the 
subspaces  corresponding  to  the  remaining  atoms  of  B  r  in  each  case  yields 
elements  corresponding  to  multidimensional  subspaces,  i.e.,  to  the  Boolean 
join  of  atoms  in  Bb.r.  So,  while  (BoI/Br  contains  the  maximal  Boolean 
subalgebra  Ba.r.  it  does  not  contain  any  other  maximal  Boolean  subalgebra 
Bb.r.  where  B  is  incompatible  with  A. 

There  are,  clearly,  other  maximal  Boolean  subalgebras  in  (BoI/Br.  The 
nonmaximal  Boolean  subalgebras  considered  above  were  all  derived  from 
maximal  Boolean  subalgebras  Bo  by  /Br,  where  Bo’  differs  from  Bo*  by  a 
unitary  transformation  in  the  plane  orthogonal  to  o  in  which  (for  the  case  of 
a  3-dimensional  Hilbert  space)  (a)  the  vectors  ai®p2  and  ai®p3  are  unaltered 
by  the  transformation,  (b)  the  vectors  a2®pt  and  a3®pi  are  rotated  in  their 
plane,  and  (c)  the  remaining  vectors  CX2®P3,  a3®p2.  iji,  X  ^re  transformed  in 


some  way  (or  some  permutation  of  the  transformation  described  in  (a),  (b), 
(c),  corresponding  to  which  vector  is  kept  constant  in  the  transformation 
from  {oi}  to  {Pj}). 

Consider,  now,  the  maximal  Boolean  subalgebra  Bo”  in  the  fan  (Bol  that 
differs  from  (any  one  of  the)  Bo*  by  the  transformation  in 
P2®pi  =  1/V2(a2®pi  +a3®Pl)  P3®pl  =  1/V2(a2®pi  -a3®pi) 

In  other  words,  B  o”  is  generated  by  the  atoms  a  i®p2,  a i®p3,  P2® P  i , 
«2®P3,  P3®Pl.  ct3®P2,  o.  it>.  X-  The  atoms  corresponding  to  the  six  vectors  ai®p2, 
“1®P3,  P2®pi,  a2®P3,  p3®Pl.  ot3®p2  are  all  compatible  with  I®Pi,  i  =  1,  2,  3.  As 
before,  Po  +  P())  +  Px  =  Pll  +  P22  +P33  =  Pk'’"  's  compatible  with  I®Pi,  i  =  1.  2,  3, 
hence  with  Br.  Taking  the  meet  with  I®Pi,  i  =  1,  2,  3,  yields  the  three  atoms 
Pll>  P22.  P33  associated  with  the  vectors  ai®pi,  a2®p2.  a3®p3-  So  Bo”/Br  is  the 
maximal  Boolean  subalgebra  B  *  generated  by  the  atoms  corresponding  to 
the  vectors  ai®pi,  oi®p2.  ai®P3,  P2®P1.  a2®P2.  ot2®P3.  P3®Pl.  ct3®p2,  a3®p3. 

Algebras  like  B*  contain  the  subalgebra  of  indicator  properties  of  M  by 
construction,  but  do  not  contain  any  nontrivial  subalgebra  of  properties  of  S. 
Evidently,  the  nonmaximal  Boolean  subalgebras  in  {BqI/Br  are  all 
cubalgebras  of  Ba.Ri  or  subalgebras  of  nonseparable  algebras  like  B^.  For 
example,  the  nonmaximal  Boolean  subalgebra  with  five  atoms  corresponding 
to  the  rays  Pi®pi,  pi®p2,  Pi®P3,  P2®Pl.  P3®Pl-  and  two  atoms  corresponding 
to  the  planes  spanned  by  P2®P2.  P3®P2.  and  p2®P3.  P3®P3.  where  Pi  =  ai,  P2  = 
l/'/2(a2  +  03),  P3  =  1/V2(a2  -  as),  is  a  subalgebra  of  B*,  because  the  plane 
spanned  by  P2®P2.  P3®P2  's  spanned  by  a2®p2.a3®p2  and  the  plane  spanned 
by  P2®P3.  P3®P3  is  spanned  by  a2®p3,  a3®p3.  It  should  now  be  clear  that  the 
different  maximal  Boolean  subalgebras  in  {Bo}/Br  all  contain  the  three  atoms 
Pii,  i  =  1,  2,  3,  corresponding  to  the  projections  of  the  state  cr  onto  the  three 
3-dimensional  subspaces  defined  by  the  projection  operators  I®Pi,  with  the 
remaining  six  atoms  corresponding  to  projection  operators  onto  (mutually 
orthogonal)  1 -dimensional  subspaces  that  span  the  planes  orthogonal  to  the 
Pii  in  these  3-dimensional  subspaces. 

Similar  considerations  apply  to  nonmaximal  measurements.  To  illustrate, 
it  suffices  to  consider  a  3-dimensional  Hilbert  space  for  S  and  a  2- 
dimensional  Hilbert  space  for  M.  The  measurement  interaction  correlates, 
say,  the  first  and  second  eigenvalues  of  the  measured  quantity  A  of  S  with 
the  first  indicator  value  (+),  and  the  third  eigenvalue  of  A  with  the  second 
indicator  value  (-),  resulting  in  the  final  state  a  =  (ciai  +  C2a2)®p+  +  C3a3®p-. 
The  maximal  Boolean  subalgebras  in  {BoI/Br  are  6-atom  Boolean 
subalgebras  that  all  coincide  on  the  4-atom  Boolean  subalgebra  generated  by 
the  two  atoms  corresponding  to  the  two  rays  a®p  +  ,a3®p.,  where  a  is  the 
normalized  projection  of  V|f  onto  the  plane  spanned  by  aj  and  ai,  and  the  two 
planes  spanned  by  a3®p+,  a'®p+  and  by  ai®p.,  a2®p-  (equivalently,  by  a®p.. 
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a'®p.),  where  a'  is  orthogonal  to  a  and  03  in  Its-  The  different  6-atom 
algebras  correspond  to  different  decompositions  of  the  two  planes  as  the 
span  of  orthogonal  rays. 

Quantum  mechanics  is  conceptually  puzzling  because  the  theory 
introduces  statistical  states  without  explicitly  relating  these  states  to 
property  states.  The  core  dificulty  in  the  way  of  defining  property  states  for 
a  quantum  mechanical  system  is  the  objectivity  problem.  An  interpretation 
of  quantum  mechanics  should  say  something  about  property  states,  either  by 
introducing  new  structures  (as  in  a  hidden  variable  theory),  or  by  proposing 
some  way  in  which  quantum  mechanics  can  be  understood  as  sustaining  a 
conception  of  property  states  that  resolves  the  objectivity  problem. 

The  proposal  sketched  above  is  presented  as  a  minimal  interpretation 
that  suggests  a  reformulation  and  solution  of  the  measurement  problem.  It  is 
traditional  to  see  the  measurement  problem  as  that  of  explaining  how 
Schrodinger’s  cat  can  avoid  the  embarrassment  of  having  its  properties  of 
being  alive  and  being  dead  become  nonobjective  after  an  interaction  that 
correlates  these  properties  with  certain  properties  of  a  microsystem.  The 
problem  arises  because  the  assumption  that  the  cat  is  determinately  alive  or 
determinately  dead  (i.e.,  that  these  properties  are  objective)  is  inconsistent 
with  the  assumption  that  the  only  objective  properties  of  the 
cat+microsystem  are  those  assigned  probability  1  or  0  by  the  state  of  the 
composite  system  (i.e.,  the  properties  in  the  simple  fan  defined  by  the  state). 
But  if  we  take  the  objective  properties  of  the  cat-t-microsystem  as  those  in  the 
generalized  fan  where  a  is  the  final  state  of  the  cat+microsystem 

after  the  interaction,  then  we  can  consistently  maintain  that  the  state  of  the 
composite  system  is  a  linear  superposition  of  tensor  product  states  over  alive 
and  dead  states  of  the  the  cat  after  the  interaction,  and  that  the  cat  is 
determinately  alive  or  determinately  dead. 

What  has  been  shown  is  that  quantum  mechanics  can  sustain  a 
consistent  notion  of  objectivity.  If  we  assume  that  some  designated 
subsystems  in  a  quantum  mechanical  universe,  including  cats  and  systems 
that  can  function  as  measuring  instruments,  are  characterized  by  nontrivial 
Boolean  subalgebras  of  properties  that  are  always  objective  (i.e.,  compatible 
with  all  other  subalgebras  in  L),  then  we  see  how  properties  (of  other 
subsystems)  that  are  nonobjective  at  a  particular  time  can  become  objective 
in  interactions  that  correlate  these  properties  with  the  objective  properties 
of  the  designated  subsystems.  There  remains  something  like  a  problem  of 
boundary  conditions  or  initial  conditions:  providing  an  account  of  those 
physical  systems  that  are  characterized  by  nontrivial  Boolean  algebras  of 
properties  that  are  always  objective.  But  this  latter  problem,  surely,  is  not 
the  measurement  problem. 
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The  Quantum  Theory  of  Unsharp  Measurements 


Pai  L  Brst'H 

Institut  fiir  Theoretische  Physik.  I  niversitat  zu  Koln.  Germany 


Quantum  meciianics  allows  for  an  observable  concept  more  general  than  selfad joint  operators; 
both  theoretical  inconsistencies  as  well  as  new  experintental  developments  require  an  analysis 
in  terms  of  general  POX'  measures  rather  than  only  spectral  IPX')  measures  Some  of  the 
ensuing  achievements  in  the  quantum  theory  of  measurement  of  such  unsharp  observables 
are  reviewed  with  particular  emphasis  put  on  new  experimental  possibilities. 


1.  Introduction 

Ordinary  quantvtm  mechanics  is  incomplete  in  that  it  is  based  on  too  narrow  a 
concept  of  observable.  Due  to  this  limitation  the  theory  had  been  facing  conceptual 
and  interpret  a  tional  problems.  For  the  same  reason,  appropriate  tools  were  lacking  for 
an  adequate  description  of  variou.s  physical  phenomena.  .4bout  twenty  years  ago  sev¬ 
eral  lines  of  research  have  independently  induced  th<‘  consideration  of  the  most  genera! 
notion  of  observables  which  is  compatible  with  the  probabilistic  structure  of  ()uantum 
mechanics.  Obserx'ables  are  to  be  descriljed  as  effect  valued,  or  positive,  operator  valued 
(POV)  measures,  representing  generally  unsharp  observables  and  containing  ordinary 
{sharp  observables  as  special  cases  (spectral  measures).  Some  of  the  arguments  will  be 
reviewed  which  show  the  physically  compelling  nattire  of  this  generalization.  A  survey 
of  applications  will  be  given  which  have  been  worked  out  in  various  fields  of  quantum 
physics,  like  measurement  theory,  stochastic  |)rocesses.  quantum  optics,  signal  detec¬ 
tion.  stochastic  quantum  mechanics,  and  others.  In  particular,  the  existence  of  phase, 
space  representations  of  quantum  mechanics,  of  sta.tistic.ally  complete  observables  and  of 
joint  measurements  of  noncommuting  quantities,  as  well  as  further  unexpected  results, 
provide  a  clear  illustration  of  the  idea  of  unsharpness  inherent  in  the  new  conception  of 
quantum  observables. 


2.  Unsharp  Observables  in  Quantum  Physics 

The  most  remarkable  point  about  unsharp  oliservables  in  quantum  mechanics  is 
that  they  have  not  been  introduced  in  order  to  account  for  measurement  inaccuracies 
within  the  theory:  on  the  contrary,  the  term  unsharpness  is  intended  to  reflect  an 
ingenious  exploitation  of  genuine  quantum  indeterminacies.  which  has  led  to  unexpected 
resolutions  of  longstanding  theoretical  problems  as  well  as  new  a|)plications  of  quantum 
mechanics. 
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2.1  Definition  of  subject. 

The  quantum  theory  of  unsharp  measurements  shall  he  un<lerstoo<l  just  as  Hilbert 
space  quantum  merhanirs  based  on  general  observables,  inehiding  measurement  theory. 
Obserrables  are  to  be  represented  generally  as  [rositive  o])erator  valued  ( P()\  ).  or  effect 
valued  measures.  The  formal  difference  between  projection  valued  (P\  ).  or  spectrtd 
measures  and  others  corresponds  to  the  distinction  between  sharp  (ordinary)  and 
"unsharp"  ob.servables. 

2.2  What  is  an  observable. 

The  formal  repre.sentation  of  an  observable  shoidd  account  for  the  statistics  of  a 
given  experiment.  In  other  words,  it  should  allow  one  to  ])redict  the  iirobabi'ity  distribu¬ 
tions  of  measurement  outcomes  for  any  given  state.  Together  with  th<‘  linear  structure 
of  quantum  mechanics,  this  operational  re<iuirement  fixes  the  notion  of  olrservable  in 
the  sense  of  a  POV  measure  [Lud83,  BusST.  BLM911: 

(1)  E -.i: S{H).  X^E(X). 

with  (O.S)  denoting  a  measurable  space,  the  value  space  of  the  measttrernent  under 
consideration.  £{'H)  =  {o  6  Ei/H)  ■  O  <  a  <  1}  the  set  of  effects,  and  E  satisfying  the 
usual  measure  postulates  (positivity,  normalization,  cr-additivity ).  The  probability  for 
an  outcome  in  X  €  H  in  state  p  is  given  by  the  familiar  trace  formula: 

(2)  £,(.Y)  =  rr[p-£(A-)]. 

.4s  emphasized  above,  unsharpness  of  observables  does  not  merely  account  for  a  kind  of 
classical  measurement  inaccuracy;  rather  it  is  intended  to  cover  also  ciuantum  mechan¬ 
ical  indeterminacies  of  measurement  outcomes  which  arise  from  the  quantum  features 
of  measuring  devices.  Thus,  there  are  tyitically  two  cases:  First,  an  unsharp  observable 
may  be  a  kind  of  approximation  to  some  sharp  observable;  in  that  case  the  interpreta¬ 
tion  of  unsharpness  as  inaccuracy  or  indeterminacy  d<'pend.s  on  the  construction  of  the 
apparatus.  Secondly,  there  are  unsharp  observables  with  no  sharp  counterpart.  It  is 
this  class  of  general  observables  which  opens  up  new  theoretical  and  experimental  possi¬ 
bilities.  .Among  them  one  finds  joint  ob.servables  for  noncommuting  sets  of  observables, 
such  as  the  phase  space  observable  reviewed  below. 

2.3  Measurement  theory. 

Both,  the  theoretical  analysis  of  experiments  as  well  as  the  operational  character¬ 
ization  of  theoretical  concepts,  require  the  machinery  of  quantum  measurement  theory 
[BLM91].  In  the  quantum  theory  of  measurement  the  measuring  device,  or  part  of  it. 
is  treated  as  a  quantum  mechanical  system.  .4  measurement  consists  of  an  interaction 
of  finite  duration  between  the  object  system  S  (Hilbert  s])ace  Hs)  ftt'l  a))paratus 
A  (Hilbert  space  'Ha)~  followed  by  a  registration  of  the  [rointer  olt.servable  Pa  of  A. 
The  mea.surement  coupling  T  [a  linear  state  transformation  on  T(Pls  TiA)-  'I'f  state 
space  of  the  compound  system  5  -)-  2l]  is  supposed  to  establi.sh  correlations  between 
the  observable  E  to  be  measured  and  the  pointer  observable  such  that  the  probability 
reproducibility  condition  [BLM91]  holds  for  p,  pA  being  the  initial  states  of  S  and  A. 
X  &E: 

(3)  £^(A-)  =  rr[p£(.Y)]  =  rr[\-(P  /M)  /  :£4(A')]. 
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Here  it  is  assuuir^l  that  the  value  spaces  of  E  and  P_a  coinrid*'.  An  f-ineasnreiiient 
may  be  summarized  as  the  quadruple  .Id  =  {Ha-  Pa-  )  ■  Given  such  an  .\d.  the 

measured  observable  E  is  uniquely  determined  '  y  (1).  The  physical  problem  in  devising 
a  measurement  of  a  given  observable  E  consists  of  constructing  a  suitable  apjjaratus 
{'Ha-  Pa- Pa)  and  finding  a  suitable  interaction  (G)  such  that  (3|  is  satisfie<i. 

Besides  the  probabilistic  aspects  of  a  measurement,  which  are  related  to  the  deter, 
mination  of  the  state  prior  to  measurerarnt.  it  will  be  of  interest  to  find  out.  or  control, 
the  influence  of  the  measurement  on  the  system,  that  G.  the  state  change  due  to  meas¬ 
urement.  .Agatn.  it  turns  out  that  the  final  object  ^tate  is  fi.xed  by  .Vf.  In  fact,  for  an_\ 
A  €  H  there  exists  a  unique  state  transformation  2(A'|  satisfying  the  following  for  all 
states  p.  all  effects  o  t 

(4)  Tr[o-I(X)(p)]  =  Tr[V[,,  P^(A-)j. 

This  formula  follows  from  the  fart  that  after  normalization  by  the  factor  Tr\J{  A'  )i/0:  it 
gives  rise  to  the  appropriate  post-measurement  conditional  inobabilities  for  the  obji-rt 
system.  The  mapjnng  A  J(A')  constitutes  a  state  traiisformatic .n  (or  operation)  val¬ 
ued  measure,  in  short:  the  imluced  by  the  mi'asun'mi'iit  .M.  The  measured 

observable  E  is  associated  to  the  instrument  I  in  ;i  nni<iue  way  vi;i  the  condition 

(5)  rr[p-E(A-|]  =  rr[7(  A  )(/<)]. 

which  is  stipulated  to  hold  for  arbitrary  states  />,  all  sets  .V. 

2.4  Three  levels  of  measurement  theory. 

The  quantum  theory  of  unshari)  nK’asurement  can  ;md  has  been  appli('d  on  thnv 
levels  of  abstraction.  On  Uvrl  ont .  th  '  :d)stract  scheme  of  measurement  theory  is 
employed  to  yiehl  an  oper.itional  characterization  of  the  basic  concepts  of  (jiiantum 
mechanics  [KraS3j.  In  particular,  two  ways  of  interitretiiig  unshari)  observables  have 
been  spelled  out  in  a  .  •stematic  and  rigorous  manner:  Either  one  may  refer  to  un¬ 
sharp  measurement  values  such  that  the  corresponding  unsharp  observable  'onstitutes 
a  coarse  grained  version  of  some  sharp  observable.  This  type  of  quantum  unsharp- 
ness  must  necessarily  be  built  into  position  tind  momentum  in  order  to  achieve  their 
joint  meastirability  (Section  3).  Thus.  r  example,  unsharp  position  is  obtaini’d  l)y 
convolution  of  sharp  position  E*^  w  th  <i  confiilence  function  f. 

Ef  ( A- )  =  \  .V  rf{Q).--  I  E^\  X  -f  .r )/( ,c )  r/r. 

(6)  Q  =  j  xE^id.r)  =  I  .rE*/{.l.r). 

The  underlying  idea  of  coarse  graining  of  oh.servables  has  been  analyzed,  for  '"stance, 
ill  [Dav76.  Lud83.  .\IM90a.  PrttSC.  Schr9‘2).  The  second  interpretation  of  tins  .  jp  ob¬ 
servables  lea  1'  to  a  relaxation  of  the  well-known  measurement  thernetical  notions  of 
ideality,  predictaliility,  and  ri'peatability  |Dav7G].  In  this  way  one  obtains  a  generaliza¬ 
tion  of  the  famous  Einstein-Podolsky- Rosen  criterion  of  reality  [EPR3oj  into  a  criterioti 
of  unsharp  reality  which  allows  for  a  realistic  individu.d  interpretation  of  quantum  me¬ 
chanics  pertaining  to  general  observaliles  jBusSoa,  BL89j. 
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The  "classical"  topics  of  the  quantum  theory  of  measurement  are  the  fundamental 
problems  arising  with  a  quantum  mechanical  formulation  of  the  measurement  process. 
This  part  of  measurement  theory  typically  entails  both  level-one  as  well  as  level-two 
questions.  On  the  abstract  level  one  has  found  deep  incompatibilities  between  the 
dynamical  description  [BCL90]  and  the  objectification  of  measurement  outcomes,  which 
can  be  formalized  in  terms  of  rigorous  no-go  theorems;  for  a  .systematic  review,  cf. 
[BCL91].  It  seems  that  the  only  way  out  of  these  difficulties  within  quantum  mechanics 
is  an  approximate  one  which  makes  use  of  features  of  concrete  quantum  mechanics.  The 
basic  task  consists  of  understanding  the  quasi-classical  level  of  quantum  mechanics, 
which  again  has  been  seen  to  require  general  —  namely  macroscopically  unsharp  — 
observables  [Omn90.  BLM91]. 

Further  topics  of  level-two  measurement  theory  are  concrete  physical  problems  and 
model  considerations.  Investigations  are  concerned  with  litnitations  and  conceptual 
problems  of  conventional  quantum  mechanics  [BCL90.  0za91.  BLM91].  but  also  with 
analysis  of  new  theoretical  and  experimental  possibilities.  In  both  areas  considerable 
progress  has  been  made  on  the  basis  of  general  observables  [BGL89].  An  interesting 
recent  example  is  the  operational  definition  of  phase  observables  (Gra89.91a].  It  is 
well  known  that  in  ordinary  quantum  mechanics  there  exists  no  selfadjoint  operator 
corresponding  to  a  phase  quantity  conjugate  to  some  number,  or  spin  observable.  Re¬ 
markably  a  phase  ran  be  defined  in  the  sense  of  a  P0\'  measure,  which  therefore  must 
constitute  an  intrinsically  unsharp  observable.  In  the  same  way  the  known  obstacles 
against  defining  time  observables  fall  awav  if  P0\'  measures  are  taken  into  account 
[Hol82l. 

Finally,  level-three  measurement  theory  is  devoted  to  establishing  the  connection 
with  real  experimentation.  Concerning  the  analysis  of  actual  experiments,  is  important 
to  note  that  a  complete  definition  of  a  measurement  is  to  be  btised  on  equations  (3)-(5): 
in  fact,  these  conditions  provide  a  complete  specification  of  the  observable  measured 
as  well  as  the  ensuing  state  changes.  In  the  quantum  optics  literature  one  usually 
finds  a  weaker  condition,  namely,  equality  of  first  moments  of  E  and  Pa  instead  of  the 
full  probability  reproducibility  (3).  However,  this  procedure  does  not  specify  a  unique 
POV  measure  but  rather  a  whole  class  of  them.  In  order  to  draw  as  much  information 
as  possible  from  the  statistics  of  a  given  experiment,  one  must  pursue  the  theoretical 
analysis  far  enough  so  as  to  determine  the  full  observable  measured.  This  programme 
has  been  applied,  for  instance,  to  optical  homodyne  and  heterodyne  detection  [Bar91. 
Gra91b.c.  MM91].  or  new  polarization  and  interferometry  experiments  [Bus87.  BS89. 
M\I90b].  Specification  of  the  scheme  given  l>y  th'’  quadruple  M  not  only  allows  one  to 
determine  the  observable  actually  measured  in  a  certain  exjterimental  setup,  but  also 
shows  how  to  modify  the  setup  in  order  to  approach  the  intended  observable.  In  this 
way  one  may  determine  precisely  the  kind  of  information  which  a  real  Stern-Gerlach 
device  yields  with  respect  to  some  spin  component;  the  actual  magnetic  field  interaction 
allowed  by  Maxwell's  equations  anti  the  irreducible  spreading  of  wave  packets  allow  only 
for  the  definition  of  some  unsharp  spin  observable  [BS89.  SM91]. 

In  the  sequel  (Section  3)  some  samples  of  level-two  anti  level-three  activities  and 
achievements  are  briefly  revisited. 
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3.  Some  Applications  of  General  (Unsharp)  Observables 

3.1  Recent  developments  in  abstract  theory. 

General  observables  have  been  introduced  and  applied  independently  in  various 
branches  of  quantum  physics.  A  rather  comprehensive  survey  of  the  literature  up  to 
1988  can  be  found  in  [BGL89].  Therefore,  apart  from  citing  the  relevant  monographs, 
main  attention  is  focussed  on  the  more  recent  publications  in  the  following  account. 
One  may  distinguish  at  least  three  broad  groups  of  activities. 

Operational  quantum  mechanics  comprises  various  approaches  towards  an  axiomatic 
reconstruction  of  the  theory,  such  as  quantum  logic  [Mit78.  Pir76].  manu^J  approach 
[FS90]  or  operational  and  statistical  foundations  [Dav76,  Hol82.  Lud83].  In  the  past 
decade  some  progress  has  been  made  in  clarifying  the  connections  between  these  ap¬ 
proaches.  which  started  out  from  fairly  distinct  points  of  view.  For  instance,  the  precon¬ 
ditions  of  quantum  logic  can  be  formalized  within  the  operational  approach  [FPR83. 
LB85].  The  manual  approach  has  been  applied  to  yield  a  motivation  of  general  ob¬ 
servables  in  the  spirit  stochastic  quantum  mechanics  [FS90j.  .As  a  last  example,  the 
quantum  logical  question-proposition  system  has  been  given  a  new  realization  in  terms 
of  the  set  of  quantum  mechanical  effects  [CX90]. 

Stochastic  quantum  mechanics  originated  from  an  attempt  to  formulate  quantum 
mechanics  on  phase  space,  which  amounts  to  introducing  a  quantization  necessarily 
involving  the  idea  of  fuzzy,  or  stochastic  localization,  hence  general  observables  (.AliS5. 
Pru86.  Schr92].  The  ensuing  technique  of  defining  concrete  observables  as  systems  of 
covariance  (generalized  systems  of  imprimitivity )  of  some  kinematical  group  applies 
not  only  for  the  Galilei  group,  but  also  in  the  case  of  the  Poincare  group  [Bro91].  In 
recent  years  it  was  found  that  also  other  quantization  procedures  can  be  formulated  and 
generalized  in  a  natural  way  on  the  basis  of  general  POV  measures  [.Ali91.  .AD87.90. 
AE86].  Finally.  new  efforts  have  been  made  to  reconcile  (piantum  physics  and  gravity 
on  the  basis  of  the  conception  of  stochastic  localization  in  quantum  space  time  [Pru90]. 

Quantum  statistics  summarizes  efforts  arising  from  practical  needs  of  generalizing 
classical  probability  theory  to  quantum  mechanics.  The  resulting  methods  —  ciuan- 
tum  stochastic  processes,  theorj'  of  repeated  and  continuous  measurements,  quantum 
stochastic  calculus  —  have  been  applied,  among  others,  to  photon  statistics,  qucuitum 
detection  [Bar91.  Gra91b,  Hol9l].  signal  processing  [Schr91a.bj  and  relativistic  quan¬ 
tum  mechanics  [Den9l].  .Among  the  classical  monographs  devoted  to  these  subjects  are 
[Dav76],  [Hel76]  and  [Hol82]. 

After  this  brief  literature  survey  a  few  issues  shall  be  reviewed  in  some  detail,  illus¬ 
trating  some  of  the  basic  new  features  of  the  quantum  theory  of  unsharp  measurements. 

3.2  Coexistence,  informational  completeness. 

.An  observable  E  may  he  called  coarser  than  another  one  F  if  the  range  of  E  is 
contained  in  the  range  of  F.  F  can  be  called  a  refinement  of  E.  If  a  collection  of 
observaV)les  E,  possesses  a  common  refinement  F  then  these  observables  ar<'  called  co¬ 
existent.  F  constituting  a  joint  observable  for  them.  In  fart.  F  yields  a  joint  probability 
distribution  for  the  E,  in  any  state,  so  that  a  measurement  of  F  must  be  regarded  as 
a  joint  measurement  of  the  E,.  If  the  E,  are  ordinary  observables  (spectral  measures), 
then  their  coexistence  is  equivalent  to  commutativity  [KraS3].  Remarkably,  there  exist 
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coexistent  noncoinmuting  families  of  POV  measures.  In  general,  for  a  pair  of  noncom¬ 
muting  ordinary  observables  there  exist  unsharp  versions  which  are  coexistent.  This 
will  be  illustrated  for  the  position-momentum  case  below. 

Joint  observables  yield  more  probabilistic  information  than  their  marginal^  rtlonc 
Would.  The  extreme  cast  Occurs  if  an  obserr-able  F  allows  a  complete  specification  of 
the  state  prior  to  measurement.  That  is,  states  are  separated  by  their  probability  dis¬ 
tributions.  Such  observables  are  called  informationally,  or  siaUsiically  complete.  They 
play  an  important  role  in  introducing  classical  representations  of  quantum  mechanics. 

It  is  well  known  that  no  ordinary  observable  is  statistically  complete.  Thus,  statis¬ 
tically  complete  observables  are  necessarily  unsharp  ob,scrvables.  Moreover,  they  do  not 
admit  repeatable  (that  is,  preparatory)  measurements  [BLS9].  These  facts  can  be  par¬ 
ticularly  clearly  illustrated  in  the  case  of  spin-^  observables.  First  of  all.  the  statistics 
of  a  complete  measurement  in  two-dimensional  Hilbert  space  must  yield  three  indepen¬ 
dent  numbers  in  order  to  determine  the  state.  Hence  such  an  experiment  must  have  at 
least  four  outcomes  (taking  into  account  one  normalization  condition).  A  four- valued 
observable  in  a  two-dimensional  Hilbert  sjtace  cannot  be  a  sjiectral  mea.snre  since  there 
are  no  four  orthogonal  projections  available. 

Far  from  being  merely  theoretical  ideas,  coexistence  and  informational  completeness 
are  well  accessible  possibilities  in  present  day  technology.  Joint  measurement  schemes 
providing  complete  statistics  have  been  proposed  for  polarization  obsermbles  and  other 
complementary  pairs  [Bus8“.  BS89].  Simultaneous  mea.surements  of  path  and  interfer¬ 
ence  observables  have  been  performed  in  a  photon  split-lieam  device  [MPSS7.  BusS7]  and 
similarly  in  neutron  interferometry  [MM90,  RSZ90].  Using  the  tools  of  quantum  meas¬ 
urement  theory,  the  determinative  and  preparatory  abilities  of  quantum  non- demolition 
measurements  of  quantum  optical  phase  space  observables  have  been  shown  to  be  opti¬ 
mally  balanced  [BL90].  There  are  a  lot  of  quantum  optical  experimental  setups  awaiting 
a  closer  measurement  theoretical  analysis,  some  Iteing  done  with  very  satisfactory  results 
(as  cited  earlier) 

3.3  Classical  representations  of  quantum  mechanics. 

The  striking  differences  between  cjuantum  and  classical  mechanics  have  induced 
several  interesting  attempts  to  reformulate  quantum  mechanics  in  a  classical  language. 
•Among  these  approaches  are  the  famous  Wigner  distribution  [\\ig32].  the  path-integral 
method,  various  hidden- variable  theories,  or  stochastic  quantization  (references  can  be 
found  in  [BLM91]).  Formally,  also  the  starting  point  of  .^tocha.'tic  quantum  me.chanic..-< 
is  the  same  tis  that  of  Wigner's  approach:  the  linear  embedding  of  quantum  states  into 
a  space  of  phase  space  distribution  functions.  This  procedure  can  be  .systematically 
generalized  in  the  following  way  (see  also  [Bug9lj  and  [Stu9l]). 

Any  observable  E  :  D  — ♦  ClH)  on  (fl.S)  induces  a  mapping  from  the  quantum 
states  to  classical  probability  measures  on  fl. 

(7)  Ve:  p  £’p.  E,(X]  =  rr[p-£(A')]. 

which  extends  uniquely  to  a  linear  map  from  the  trace  class  into  the  space  of  <t— additive 
set  functions  on  the  measurable  space  (fi,  S).  The  dual  map  of  Vf;  associates  quantum 


mechanical  operators  a/  to  classical  obserrables  f  :  Q  —*  71: 

(8)  Tr[p-af]  =  j  f(x)  Epids). 

Hence. 

(9)  aj  -  j  E{dx). 

(Conditions  under  which  these  integrals  are  well  defined  can  be  found  in  [StuQlj  or 
[Schr92].)  Thus,  the  map  Vf:  affords  a  linec'r  embedding  of  quantum  mechanics  into 
a  classical  framework.  Moreover,  this  embedding  is  injective  —  and  hence  a  classical 
representation  —  exactly  when  the  inducing  observable  E  is  statistically  complete. 

While  equation  (7)  is  commonly  used  in  the  vahiation  of  experimental  data  already 
in  ordinary  quantum  mechanics,  its  extension  to  general,  and  in  particular  to  infor¬ 
mationally  complete  observables,  brings  about  a  vast  variety  of  new  representations  of 
quantum  mechanics  of  the  Wigner  type.  A  significant  advantage  of  this  new  general 
method  lies  in  the  fact  that  quantum  states  are  represented  by  proper  probability  distri¬ 
butions;  furthermore,  the  underlying  measurement  theory  allows  for  a  straightforward 
physical  interpretation  of  these  probability  distributions. 

3.4  Phase  space  quantum  mechanics. 

Localization  in  phase  space  is  characterized  by  covariance  with  respect  to  space 
translations  and  (Galilei)  boosts.  Taking  the  Weyl  operators  oaTi  —  C^{1Z). 

(10)  W{q,p)  =  eTp{((9P -I- p(?)}. 

covariance  of  a  POV  measure  .4  :  B(T)  — *  £{7{)  on  phase  space  F  =  Itconftg  x  T^mom 
reads; 

(11)  W(-q.p)A{L^)\V{-q,p)^  =  .4(A  +  (</.p)). 

This  can  be  easily  realized  by  the  following;  let  o  be  a  positive  trace-one  operator,  then 
define 

(12)  A  •-*  .4(A)  =  j  T'’(q.p)dp(q.p). 

where 

(13)  T'’(q.p)  =  H'(-9.p)<7U'(-9.p)’''. 

and  dp(q.p)  =  {2Trh)~^  dqdp.  This  phase  space  observable  con.stitutes  a  joint  obser\'able 
for  unsharp  position  Qf  and  momentum  Pg  observables  as  defined  in  (6).  .A  full  meas¬ 
urement  theoretical  analysis  has  been  given  for  this  type  of  phase  space  observables, 
showing  that  the  confidence  distributions  f.g  obey  the  uncertainty  relations  in  the 
sense  of  a  limitation  of  the  sharpness  of  phase  space  localization  [Bus85b].  In  spite 
of  the  irreducible  unsharpness,  it  has  been  shown  that  phase  space  localization  may 
still  have  quite  a  controllable  degree  of  reproducibility  [BL89].  which  turns  out  to  be 
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decisive  for  the  quasi-classical  nature  of  quantum  mechanical  phenomena  such  as  bubble 
chamber  trajectories  [BusSo.  Omn90]. 

As  is  well  known,  the  relation  between  the  jihase  spac<'  representation 

(14)  p  ^  /Jp(9-P)  :=  (2::;))^'  Tv[p  ■  T" [q.p)] 
induced  by  the  phase  space  P0^’  measure  .4  and  the  Winner  distribution 

(15)  p^Vw,g(p)  :=  l7Th)~'Tr[p  P  ■  \V{2/j.2p)] 

(V  denoting  space  inversion)  is  given  by  convolution  [DavTG]: 

(16)  Ppiy-P)  =  J  Vwtgpiq'.p)  V\\,ga{(j  -  q'.p  -  p)  dq’dp. 

Performing  the  Fourier  transform,  one  obtains  first 

(17)  j  Vw,gp(q-P)  dq  dp  =  rr[p  •  U'lJ-.i/)]. 

and  then 

(18)  j^t"''*^^’'^'p'’g(q.p]  dqdp  =  rr[cr-ir(.r..v)+]  •rr[p-ir(.r.t/)]. 

The  informational  completeness  of  .4  is  equivalent  to  the  fact  that  rr[<7  ■  U  (.r.  t/)]  is 
nonzero  (almost  everywhere)  [Schr92J.  Hence  (16)-(18)  show  that  in  this  case  one  can 
reconstruct  either  one  of  p.  and  V\\  ,gp  from  any  one  of  the  remaining  two  entities. 
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Abstract.  A  quick  overview  is  presented  of  tlie  different  types  of  quantization  methods 
currently  used  for  making  the  transition  from  a  classical  to  a  quantum  theory.  Particular 
attention  has  been  given  to  the  theories  of  Borel.  geometric  and  Berezin  or  prime  quanti¬ 
zation.  The  question  of  dequantization  is  also  mentioned  in  connection  with  quantization 
via  deformations. 


1.  Introduction 

Quantization  is  the  method  by  which  one  makes  the  transition: 

Classical  Mechanics  — >  Quantum  Mechanics 

There  is  a  general  belief,  mostly  for  historical  reasons,  that  a  classical  theory  contains 
enough  information  within  its  geometric  and  algebraic  .structure  for  possible  quantum 
theories  ■  of  which  the  given  classical  theort'  is  the  limit  -  to  be  built.  The  opposite 
process 

Quantum  Mechanics  lim  Classical  Mechanics 

h  — .  0 

by  which,  starting  with  the  (in  a  sense  more  fundamental)  qttantum  theory,  one  tirrives 
at  its  classical  limit,  is  called  dequantization.  To  use  a  midea\-al  metaphor,  one  believes 
that  the  ghost  of  quantum  theory  hovers  over  its  classical  remains.  Quantizing  then 
am,ounts  to  incarnating  this  spirit  while  dequantizing  involves  exorcising  the  ghost!  The 
present  survey  will  consider  mainly  the  problem  of  qutmtization.  looking  at  the  more 
commonly  used  methods.  A  few  remarks  on  the  dequautization  problem  will  be  made 
at  the  end,  in  conjunction  with  quantization  via  deformations. 

2.  Canonical  quantization 

The  originators  of  quantum  theory  used  the  following  simple  technique  for  quantizing 

a  clrissical  system:  Let  q' .Pj,  i.j  =  1.2 . n  be  the  canonical  position  and  momenta. 

respectively,  of  a  classical  system  with  ti  ctegrees  of  freedom.  Then  their  quantized 
counterparts.  Q'.Pj,  are  realized  as  operators  on  the  Hilbert  space  fj  =  by 

the  prescription: 


QWix)  =  j‘V’(x) 


Pjkix)  =  -ih  —  iiix). 


for  a  suitable  set  of  vectors  c  in  fj.  Von  Neumann's  uniqueness  theorem  [1]  then  states 
that,  up  to  unitary  equivalence,  this  is  the  only  representation  which  yields  the  canonical 
commutation  relations  (CCR); 


=  1,2,.  .,n.  (1) 

It  was  also  realized  that  this  quantization  process  amounted  to  a  replacement  of  the 
classical  P oisson  bracket  by  the  cjuantum  commutator  bracket'. 

where  for  any  two  well  behaved  phase  space  functions  f  and  p. 


{/.g} 


df  dg  , 
dqi  dpj 


A  number  of  questions  immediately  arise; 

(i)  Let  M  be  the  position  space  manifold  of  the  classical  system  and  q  any  point  in 
it.  Geometrically,  the  phase  space  of  the  system  is  the  cotangent  bundle  T  =  T'M  of 
A/.  Its  points  will  be  denoted  by  iq'.pi)  in  some  local  coordinate  chart.  If  M  is  linear. 
A/  ~  R",  then  the  replacement  q'  — *  ,r,.  pj  — *  -ih-^  works  fine.  But  what  if  A/  is 
not  a  linear  space? 

(ii)  How  do  we  quantize  observables  which  involve  powers  of  q'.pj,  such  as  for  ex¬ 
ample  f{q,p}  = 

The  general  aim  of  a  quantization  programme  is  to  attempt  a  systematic  answer  to 
these  questions.  There  are  usually  two  points  of  departure: 

(i)  Start  with  the  system  localized  in  the  position  space  A/  and  then  proceed  to 
quantize  the  theory. 

(ii)  Start  with  the  system  localized  on  the  phase  space  F.  or  more  generally,  on  an 
arbitrary  symplectic  manifold  and  then  make  the  transition  to  a  quantum  theory. 

In  either  case  one  exploits  the  geometry  and/or  the  Borel  structure  of  these  under¬ 
lying  spaces.  Additionally,  a  kinematical  symmetry  at  the  classical  level  is  expected  to 
manifest  itself  at  the  quantum  level  as  well  -  a  fact  which  is  also  to  be  exploited. 


3.  Quantization  starting  from  position  space 

Originally  proposed  by  Segal  [2],  this  method  is  a  generalization  of  canonical  quanti¬ 
zation  and  very  much  within  the  same  spirit.  A  groiip  theoretical  method  was  suggested 
by  Mackey  [3],  within  the  context  of  the  theory  of  induced  representations  of  finite  di¬ 
mensional  groups.  A  much  more  general  method,  combining  the  Segal  and  Mackey 
approaches,  was  later  developed  by  Doebner,  Tolar.  Pasemann,  Angermann  and  Muller 
[4,5]  under  the  name  of  Borel  quantization,  while  a  method  u.sing  infinite  dimensional 
diffeomorphism  groups  was  s\iggested  by  Goldin  [6]. 

The  technique  is  as  follows:  The  position  space  A/  is  an  n-diinensional  -manifold. 
The  quantum  observables  of  position  are  to  arise  from  the  smooth  functions  /  ;  A/  — *  R 


while  the  observables  of  momentum  have  to  be  built  out  of  the  vector  fields  X  of  the 
manifold  M.  For  C’^-functions  a'  :  M  — *  R.  one  has  (in  local  coordinates  q') 


X  =  '^a'{q) 
1=1 


dq' 


Quantization  involves  first  choosing  a  Borel  measure  /i  on  M,  locally  equiralent  to 
the  Lebesgue  measure  on  R",  and  the  Hilbert  space  f)  =  The  quantum 

observables  of  position  and  momentum  are  then  given  by  the  mappings,  /  i— *  Q{f)  and 
X  P{X),  respectively,  where  for  suitable  vectors  li’  6  f). 


P(.Y)  =  -it,(X  +  Kx) 

{Xi‘')(q)  =  ^a‘(q)-^v(q)  {K.\U'){q)  =  ]^(X  tc){q)>;’{q)  +  ^f(A')(g)t;'(9) 


iQ{f)t)(q]  =  fiqHiq), 

A 

'dq' 


where  f ( -Y )  =  ^  - ,  and  locally  d^i{q)  =  w{q)  dq' dq^  .  ■  ■  dq" . 

1=1  ' 


The  additional  term  K\  is  needed  to  ensure  self- adjoint  ness  of  the  operator  P{X).  In 
terms  of  the  Lie  bracket  [A",  V]  =  A'  o  F  —  o  A'  of  the  vector  fields,  one  obtains  for  the 
quantized  operators  the  following  commutation  relations,  which  clearly  generalize  (1): 

[P{X).P{y)]  =  -ifiP{[X.Y\)  [P{X).Q{f)\  =  -iHQUXf]  (Q(/bQ(g)l=0-  (3) 

Actually  Segal  suggested  going  over  to  the  group  of  diffeomorphisms  of  R"  and  its 
unitary  representations  to  attend  to  domain  questions  associated  to  Q{f).P(X)  and 
then  gave  a  classification  of  possible  unitarily  inequivalent  quantizations  in  these  terms. 

But  at  this  stage  it  is  better  to  move  to  the  more  general  Borel  quantization  technique. 
Let  B(M]  be  the  Borel  sets  of  M  and  XdM)  the  complete  vector  fields  on  M.  If 
X  6  XdM)  then  3  a  unique  one-parameter  group  of  diffeomorphisms  of  A/,  called  a 
flow,  0;'  :  M  —*  M,  t  €  R  satisfying 

0q  o  0,'^  = 

=  A'(0i'(9)),  O^^o{q)  =  q,  .r  G  A/. 

Let  Diff(M)  be  the  group  of  all  diffeomorphisms  of  A/  which  become  rapidly 
trivial  at  infinity.  Each  0;'  .  /  G  R  defines  a  one-parameter  subgroup  of  Dtf  f(M)-  If  f) 
carries  a  unitary  representation  U  of  Diff[M),  then  (by  Stone's  theorem )the  unitary 
subgroup  ).  t  G  R  has  the  generators 

P(A)  =  lim^-AJ — with  ['( 0;' )  =  exp{ - ^P( A K}. 

<=o  u  n 

and  PIX)  is  a  densely  defined  self  adjoint  operator. 
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A  classical  BotcI  kinematics  is  now  defined  to  be  a  pair  together  with 

a  flow  model 

A  ^  o,'  {A)  =  {9  €  3/1o:::,(9)  6  A}. 

Suppose  that  on  the  Hilbert  space  f).  there  exists  a  projection-valued  (P\  )  measure. 
A  1-.  £(A).  A  e  H(A/),  EiA)"^  =  E(A)  =  E(A)*  for  which 

)E{A)U{0-1,)  =  £{0i''(A)).  (4) 

This  expression  is  a  generalization  of  Mackey's  iniprimitivity  condition  for  finite  dimen¬ 
sional  groups.  .4  quantization  of  the  classical  Borel  kinematics  is  then  defined  as  the 
pair  U,  E.  satisfying  the  iniprimitivity  condition  (4).  Equivalently,  classical  observables 
of  position,  f  :  M  >->  R.  and  of  momentum.  A'  €  Xc.  are  mapped  to  the  quantum 
position  and  momentum  operators 

Qif)  =  J  f{q)(IE(q)  and  P(A'). 


respectively. 

The  question  immediately  arises  as  to  how  many  inequivalent  quantizations  one  could 
now  build,  starting  with  a  given  manifold  M.  In  other  words,  what  replaces  the  Von 
Neumann  uniqueness  theorem  here?  Some  general  answers  are  available  in  the  case  in 
which  the  PV'-measure  has  fixed  multiplicity  u.  so  that  the  Hilbert  space  f)  is  natu¬ 
rally  isomorphic  to  A/,  p:  C ).  In  this  case  f)  may  be  thought  of  as  arising  from 
the  sections  of  a  Hermitian  C-  bundle,  whose  Hermitian  structure  is  compatible  with 
the  usual  scalar  product  in  C".  and  which  has  a  flat  connection  V.  With  a  further 
technical  restriction  on  the  nature  of  the  allowed  P(A').  the  inequivalent  quantizations 
are  isomorphic  to  Hom{ni(M].  i.e..  to  the  .set  of  inequivalent  representations  of 

the  first  fundamental  group  tri(A/)  of  the  manifold  A/  by  unitary  n  y  »  matrices  (the 
group  U(n)). 

4.  Quantization  starting  from  phase  space 

The  phase  space  space  is  looked  upon  as  a  symplectic  manifold  P  of  dimension  2u. 
i.e..  it  is  a  manifold  equipped  with  a  non-degenerate,  antisymmetric  two  form  which 

is  closed  (da;  =  0)  and  which  in  local  coordinates  q'.pj.  i.j  =  1.2 . »  has  the  form 

a;  =  5Zr=i  *^9'  ^  ^P'-  Usually  P  =  T'A/,  i.e.,  it  is  the  cotangent  bundle  of  a  manifold  A/ 
of  dimension  n.  In  that  case  there  exists  a  symplectic  potential  0.  which  locally  has  the 
form  6  =  Pi  dq'  and  for  which  a;  =  dd.  The  classical  algebra  of  obser\-ables  is  then 
the  algebra  of  all  C°^-functions  /  :  P  — >  R.  under  the  Poisson  bracket  ]>roduct  of  eq.(2). 
Quantization  now  involves  constructing  a  linear  map  /  >— *  /  into  the  set  of  .self-adjoint 
operators  on  some  Hilbert  space  f),  satisfying. 

(i)  the  set  {/}  acts  irreducibly  on  f); 

{it)  11  H- 1  /,  where  'd{q.p)  €  P,  1(9. p)  =  1.  and  I  is  the  identity  operator  on  f): 

(Hi)  for  a  chosen  set  of  functions  /,  g  (which  cannot  include  them  all  without  relaxing 

(0). 

{f-a}  — *  4[/.9l- 

in 
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The  Kostant-Souriau  method  of  geometric  quantization  [7]  has  so  far  been  one  of  the 
most  successful  attempts  in  this  direction.  It  proceeds  in  two  stages:  ( i )  prequantization; 
{ii)  choosing  a  polarization.  One  starts  by  defining  the  Hamiltonian  vector  fields  A/  on 
r,  coming  from  the  functions  /  €  as: 

A’/Ja)  =  ~df  which  implies  uj(Xf,Xg)  =  {/. ff}- 

Next  one  assumes  a  certain  integrality  condition  for  uj.  namely  that  its  integral  over  any 
closed  surface  be  an  integer  multiple  of  Str.  The  starting  point  for  ())  is  the  construc¬ 
tion  of  a  Hermitian  line  bundle  L,  with  base  space  T  and  a  connection  V ,  having  the 
connection  1-form  a,  such  that  u)  =  —da  (i.e..  the  symplectic  2-forni  gives  rise  to  the 
curvature  tensor  of  the  connection).  For  A'  €  X(M),  V.v  acts  on  the  sections  s  of  the 
line  bundle  L.  Next  one  constructs  the  Hilbert  space  )  of  all  square  integrable 

(with  respect  to  the  Liouville  form  u,'”  =  a.’  A  A  ...  A  a,'  sections  of  L.  On  this  Hilbert 
space,  the  prequantized  operators  f  corresponding  to  the  classical  observables  /  are 
given  by 

/  =  -f  /,  (0) 

and  hence  at  this  stage  for  all  classical  observables  f.g.  one  gets  {/.</}  — ♦ 
example,  in  the  case  where  r  =  R^",  L  =  Cxr  and 

w  =  =  +  =  . "• 

However  the  system  is  in  general  highly  reducible.  To  obtain  an  irreducible  representa¬ 
tion,  it  is  necessary  to  reduce  the  size  of  the  Hilbert  space  and  the  number  of  ob.servables 
for  which  the  classical  Poisson  bracket  goes  over  to  the  quantum  commutator  bracket. 
This  involves  the  choice  of  a  polarization.  In  other  words  one  tries  to  find  a  Lagrangian 
submanifold,  i.e..  a  submanifold  the  tangent  spares  of  which  are  generated  by  vector 
fields  Xj  such  that 

(i)  [Ai,  A'j]  =  c,jkXk,  where  the  c's  are  numerical  constants; 

(tO-^(A.,A';)  =  0; 

(Hi)  the  dimension  of  the  submanifold  is  n. 

One  then  considers  only  those  sections  s  which  are  covariant  constants  along  the  leaves 
of  this  polarization,  i.e..  V.y.s  =  0.  To  change  the  measure  "  appropriately,  in  order 
to  get  a  reduced  Hilbert  space,  one  could  make  use  of  half-forms  (7]. 

The  efficacy  of  the  geometric  quantization  scheme  is  limited  by  the  fact  that 

( i )  the  integrality  condition  has  to  be  fulfilled: 

(ii)  without  further  extending  the  theory,  only  first  order  differential  operators  are 
obtained  for  the  quantized  observables; 

(Hi)  more  physical  questions,  involving  the  ordering  of  operators,  for  example,  cannot 
be  addressed  within  its  framework. 

On  the  other  hand,  if  there  is  a  symmetry  grovip  available  for  the  system  under  study,  the 
orbits  of  this  group  under  the  coadjoint  action  have  natural  symplectic  structures,  which 
can  then  be  exploited  using  the  Kirillov  theory  [8]  to  perform  a  geometric  quantization. 
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5.  A  general  scheme  exploiting  phase  space  localization 

The  quantization  scheme  we  are  about  to  present  subsumes  the  techniques  proposed 
by  Berezin  [9]  and  later  independently  by  Prugovecki  (10),  in  the  context  of  a  relativistic 
system  (in  fact  all  previous  work  had  been  for  non-relativistic  systems  only).  A  refine¬ 
ment  of  the  technique,  encompassing  the  question  of  ordering  of  operators,  has  recently 
been  proposed  by  .Ali  and  Doebner  [11]  under  the  name  of  prime  quantization.  The  me¬ 
thod  has  also  been  applied  to  quantization  on  certain  coadjoint  orbits  of  diffeomorphism 
groups  [12].  Similar  quantization  procedures,  particularly  when  the  underlying  phase 
space  has  a  Kahlerian  structure,  have  been  studied  by  Odzijewicz  [13],  who  also  clarified 
its  connection  with  the  geometric  and  Berezin  quantizations.  The  present  method  also 
generalizes  the  technique  of  quantization  using  the  coherent  states  of  locally  compact 
groups  [14]. 

Suppose  we  have  a  quantum  system  on  a  Hilbert  space  f).  Let  P  be  its  classical  phase 
space.  We  would  like  to  study  the  localizability  properties  of  this  system  on  P,  possibly 
reinterpreted  appropriately  [loj.  For  probabilistic  reasons  this  implies  the  existence  of 
a  positive  operator  valued  (POV)  measure  on  phase  space.  A  >— »  a(A),  where  A  C  P  are 
the  Borel  sets,  and  a(  A)  are  bounded  positive  operators  on  f).  satisfying 

a(  0 )  =  0,  a(  P )  =  7,  a(  Aj )  =  ^  «( A^ ),  for  disjoint  sets; 
i€J  j€J 

a(A)  =  j  F(q.p)du(q.p).  i/ =  some  natural  measure  on  P. 

Assuming  that  only  a  finite  number  of  particles  can  be  accomodated  in  a  phase  space 
cell  of  volume 


(=1 

The  condition  a(P)  =  7  then  implies 

^  f  ^  (G) 

1=1 

The  T/J  p  form  an  overcomplete  family  of  states.  When  they  arise  from  a  group  action, 
they  are  called  coherent  states. 

Using  a.  one  can  map  ^  isometrically  onto  a  subsjiace  of  i^(P,  iz;C")  as 
{Wv],{q.p)  =  'l!,(q.p)  =  inlpW)- 

Let  Wf)  =  Sjh  C  I^(P.7v;C”).  Then  f)  ;v  is  a  reproducing  kernel  Hilbert  space,  with 
kernel  A  .  having  the  properties: 

K,j{q.p\  q'p)  = 

Kijiq.p-.q.p)  >0,  K,j{q.p:q'.p')  =  7Vj,(^',p';  9.  p) 

"  7 

y^.  /  7v,j(g.p;9',p')4>j(f/.p')di/(g',p')  = 'I'.tq.p). 

}=l 
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Lsiiig  A  we  ran  define,  for  earli  (ry./))  G  1'.  a  honnderl.  linear  rnaluat.Km  map  p)  ' 

f)h  —>  C"  for  which 

( 

£;r((/.p)4'  =  4'(<y,y;)  =  J  K(q.p:q  .p')^(q  .p  )<lu{ii .p  ).  'I' t 

Also,  let  Ei^iq.p)’  :  C"  — »  fjyy  be  the  dnal  niap.  Tlien, 

K(q.p-.q'.p)  =  Ei^{q.p)EiJq'.p']' 

Fhiq-p)  =  =  Ehiq.p)’  Ei^iq./)). 

A  classical  observable  /  G  C^lD  is  then  associated  to  an  operator  /  on  by 
.{  = 

Thtis.  calling  f  f  a  tpiantization.  we  sei‘  that  the  inetlutd  of  prime  quantization 
involves: 

(t)  starting  with  a  C'-bniidle  E.  with  base  space  T: 

(tt  )  constructing  the  Hilbert  space  fjy  of  sections  of  E  which  are  stpiare  integrabl*' 
with  respect  to  n.  This  space  is  isniorphii-  to  Z,'(  T.  lu  C”  ): 

(ill)  finding  stil»paces  r  winch  ttre  re]>rodticing  kernel  Hilbert  space.s  and 
then  prime  quantizing  via  eipiT ). 

The  technique  of  iiuantization  just  outlinetl  is  very  general  and  clearly  further  restric¬ 
tions  are  necessary  to  make  it  ithysically  nieiuiingful.  One  possible  restriction,  implicitly 
u.sed  by  Berezin  [9.13J  is  the  following:  Consider,  for  simitlicity.  the  case  ti  =  1.  .so  that 
eq.(6)  becomes  di'iq.p)  =  I.  The  phase  space  T  carries  a  symplectic  form 

a,’.  On  the  other  hand  f^y^.  being  a  Hilbert  si>ace.  also  admits  a  natural  C'-bundle 
■Structure,  over  its  projective  space  P(^/^  1  (consisting  of  one-din.ensional  projection 
operators,  >{1  g  ),  Indeed,  for  each  "It  g  f);.  \{0}  dtuiote  by  [^i]  the 

complex  line  Cik.  pa.ssing  through  it.  Then  P(fla  )  h;is  a  uniqtie  structuri'  of  a  Hilbert 
manifold  [16]  such  that  the  map 

-:f)A\in)  —  Pif)/.;.  'Ps-^I'P) 

i.s  a  holomorphic  submersion.  The  projective  space  P(f3(v  1  also  carries  a  nattiral  Kiihler 
structure  and  a  svmitlectic  form  which  is  consistent  with  a  curvature  tw  ■  form 
defined  naturally  on  the  sections  of  the  abovi-  mentioned  line  bimd'e.  In  other  words, 
we  have  here  a  jjreqtiantization  in  the  sense  of  the  previous  section.  Let  p  =  H  p  be 
the  coherent  states,  arising  as  images  in  Tl/,  of  Hie  coherent  states  t/g  p  '  ffecting  a  prime 
quantization,  and  denote  by  ©a  the  set  of  all  such  (,g  p.  Then  the  prime  qtiantization 
leads  to  a  map  (ty.p)  s->  (,g  p  of  ©a  into  Pifja  )•  -'^•s  ^  restric.ion  on  the  cla.ss  of  prime 
quantizations,  one  could  require  that,  if  this  map  is  smooth,  the  juill-back  of  a  to 
P(f)a  )  under  it  should  coincide  with  W  henever  this  conditi-ui  is  sati-fieil.  we  have-  a 
((uantization  in  the  sen.se  of  Berezin.  In  the  case  where  the  tjg  p  arise  from  tiie  action  of 
a  syrnmetr.v  grou])  [10-12]  we  get  coherent  state  quantization,  a  methotl  which  has  beet, 
applietl  extensively  to  the  grvr.ralizfd  .iqiiarc  tnUgrahlt  rrpTrsrntatinn.-i  of  the  Galilei, 
Poincare  and  diffeomoriihism  groups. 


/ 


f{q.j-)Fhiq-P)'li'{q.p). 
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6.  Quantization  by  deformation 

In  the  above  scheme,  let  us  associate  to  any  boun<le<l  o]>erator  .4  on  ij/c  the  phase 
space  function  A{q.p)  =  This  function  is  called  the  syqnbol  [0,17]  of  the 

operator  .-i  and  the  function  A(q.p:q'p')  =  {qq.p\Aiig\p')  is  an  extension  of  the  symbol 
to  r  X  r.  This  extended  function  determines  the  operator  .4  completely,  but  the  symbol 
■Mq-P)  need  not  do  so  in  general.  Howeve.  in  a  large  number  of  interesting  ca.ses  (e.g.. 
when  r  is  a  complex  domain  arising  from  the  homogeneous  space  of  a  group  such  as 
S'p(2u.K).f  (n).  etc.),  the  function  A{q.p]  turns  otit  to  be  holomorphic  in  the  variable 
'  ~  “  >P)  tmd  then  A{q.p)  determines  .4  uniiiuely.  In  such  cases,  putting  in 

appropriate  factors  of  h  we  can  introduce  a  product,  denotetl  *»,  in  the  space  of  symbols, 
under  wdtich  if  AB  has  the  symbol  .4  D.  then 

.4  «/i  Biq.p)  -  j  I\(q.  IK  q'  p')A{q'  .p  :q.p)B{q.  p.q' .  p  )K(q' .  p':q.  p)(li/{q'  ,p'). 

The  algebraic  structvire  of  the  set  C{f}h  )  of  bouuiled  operators  on  i>  ther<4)y  trans¬ 
ferred  to  the  algebraic  structure  (under  this  rft-product )  on  the  space  <)f  svmbols.  The 
Lie  bracket  [.4,.B]  is  now  replaced  by  the  syvihol  Lik.  braikrt 

P\{A.B)  =  A*hB~B*hA.  \='—.  (S) 

and  pxiA.B)  is  called  th<“  dpforiKatioTi  of  thf  cla.tfical  PoKtaoii  brachtf.  (.4.i?}.  One 
then  proves  that 

X 

//A(.4.i?)  =  ^,VCj(.4.B)  +  {.4.i?}. 

C  j{A.  B]  =  higher  order  brackets  in  .4.  B.  Conseriuentlv.  as  A  — ►  0.  w-e  see  that  px  ~* 
{.4.i?}. 

Quantization  by  deformation  starts  with  the  algebra  of  ("''‘(T)  under  the  Poisson 
bracket,  satisfying  the  Jacobi  identity,  and  then  tries  to  deform  it  to  obtain  an  algebra 
of  symbols  under  a  /(A-product  and  again  obeying  the  .lacobi  identity  [18.19],  In  this 
context  dequantization  is  the  passage  to  the  opposite  limit.  [20.21]  i.e..  starting  with 
an  a])propriate  twisted  algebra  for  a  given  quantum  system  one  tries  to  obtain  the 
underlying  classical  system  by  taking  the  limit  A  0. 

7.  Conclusion 

In  the  above  pages,  we  have  tried  to  touch  on  the  essential  features  of  some  of  the  more 
common  teclmiques  currently  employed  for  obtaining  a  <iuantum  theory,  starting  from 
its  classical  counteri)art.  As  is  certainly  clear,  from  the  wide  variety  of  not  uec«’ssarily 
overlapping  possibilities  available  at  the  moment,  that  the  lu'oblem  of  quantization  is 
far  from  being  solved.  Indeed  there  e.xist  other  suggi’stions  that  we  have  iK>t  hatl  thi' 
opportunity  to  iliscuss.  For  e.xample.  nothing  has  bi’en  said  of  field  ijuantization  or 
more  esoteric  problems,  such  as  the  quantization  of  strings,  Ni’ither  did  we  have  the 
occasion  to  mention  quantization  using  jiath  integrals.  However,  many  of  these  other 
quantization  procedures  rely,  in  one  form  or  another,  on  techniques  similar  to  the  ones 
described  here.  Still,  the  [ilethora  of  teclmiques.  developeil  in  the  i>ast  two  decades  or  so 
to  attack  the  problem,  prompts  us  to  conclude  with  the  observation  that  quantization 
procedures  are  about  as  diverse  and  colourful  as  the  gods  in  any  pagan  pantheon! 
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FROM  ‘ANYONS’  TO  NONLINEAR 
QUANTUM  MECHANICS:  PHYSICAL  PREDICTIONS  FROM 
DIFFEOMORPHISM  GROUP  REPRESENTATIONS 
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Abstract.  Diffeoniorphisni  groups  are  intrinsic  to  quantum  mechanics,  anri  their  unitary 
representations  predict  physical  possibilities  otherwise  difficult  to  recognize.  Many  pro¬ 
perties  of  the  particles  obeying  what  is  now  called  "anyon  statistics"  were  first  obtained 
this  way,  in  joint  w'ork  by  the  author  with  R  Menikoff  and  D.  H.  Sharp.  -More  recently,  in 
collaboration  w-ith  H.-D.  Doebner.  a  fundamental  nonlinear  Schrodinger  equation  admit¬ 
ting  diffusion  currents  w-as  proposed  that  we  regard  as  a  serious  candidate  for  generalizing 
the  usual  quantum  mechanics  to  accommodate  dissipation.  This  equation,  introducing 
an  "arrow  of  time"  at  the  quantum  level,  was  obtained  too  from  diffeomorphism  group 
representations.  The  method,  and  the  physical  results  that  follow,  are  described  briefly. 


1.  Introduction 

For  over  twenty  years  I  have  been  working  with  some  other  piiysicists.  especially 
David  Sharp  and  Ralph  Menikolf  at  Los  Alamos  National  Laboratory,  to  develop  a 
foundation  for  quantum  theory  based  on  Lie  groujrs  of  diffeomorphisms  and  their  a.sso- 
ciated  Lie  algebras  of  vector  fields  [1-22].  We  commenced  between  1968  and  1974  with  a 
study  of  local,  equal-time  current  algebra  representations  in  nonrelativist ic  and  relativi¬ 
stic  physics.  Our  work  evolved  during  subsequent  years  into  a  mathematical  framework 
for  quantum  mechanics  ba.scd  on  gauge-invariant  quantities,  incorporating  ideas  from 
unitary  group  representations,  differential  geometry,  and  topology.  The  resulting  theory 
unifies  the  description  of  an  extraordinary  variety  of  quantum  systems.  Our  method  is 
to  obtain  systems  with  different  particle  numbers  [1-7].  spins  [14.16-18].  statistics  and 
parastatistics  [12-15.20].  and  internal  structures  of  tightly-bound  components  [14.19]. 
as  well  as  certain  quantum  thermodynamical  .systems  such  as  infinite  Bose  and  Fermi 
gases  [4.8-10],  as  distinct  unitary  representations  of  a  single  type  of  infinite- dimensional 
group -the  group  of  diffeomorphisms  of  phy.sical  space  [14.18.22].  Representations  of 
the  Lie  algebra  for  this  grerup,  the  algebra  of  vector  fields,  were  subsequently  obtained 
by  Heinz-Dietrich  Doebner,  Jiri  Tolar,  and  Bernd  .4ngermann  [23-25]  in  the  context  of 
kinematical  quantization  methods  (quantum  Bond  kinematics);  see  the  accompanying 
talk  by  S.  Twareque  .\li  [20],  This  forttmate  confluence  of  two  approaches  led  to  my 
pre.sent  collaborations  with  Doebner  and  with  .Ali. 

Our  theoretical  study  generated  .some  physical  predictions  difficult  to  reach  by  other 
means.  One  of  these  was  the  possibility  of  "anyon"  statistics  in  two-dimensional  space. 
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i.e.  phases  under  particle  exchange  intermediate  between  Bose  (  +  1)  and  Fermi  (  — 1), 
which  Menikoff,  Sharp,  and  I  obtained  in  1980-81  independently  of  their  earlier  deriva¬ 
tion  by  Jon  Leinaas  and  Jan  Myrheim  [27-29].  Our  results  included  the  now  well-known 
■‘shift”  in  the  angular  momentum  and  energy  spectra,  and  the  relation  to  the  Ahcironov- 
Bohm  effect  [13].  The  idea  was  subsequently  rediscovered  by  Frank  Wilczek  (who  named 
such  objects  “anyons”)  in  his  work  on  fractional  quantum  numbers  [30-31],  2uid  it  was 
developed  further  by  many  people  [32].  In  1983  our  methods  led  us  to  the  role  of  the 
braid  group  Bjv  in  theories  of  2myons  [14-15],  which  I  believe  we  were  the  first  to  obtain. 
We  showed  the  admissibility  of  quantum  particles  associated  with  representations  of 
of  dimension  greater  than  one,  despite  an  argument  to  the  contrary  by  Yong-Shi  Wu  that 
paralleled  closely  the  much  earlier  ideas  of  Michael  Laidlaw  and  Cecile  Morette-DeWitt 
[33-36].  An  important  theoretic^J  insight  was  that  the  topological  properties  of  the 
two-dimensional,  iV-paxticle  configuration  space  from  which  Leineas  and  Myrheim  first 
conjectured  anyon  statistics,  are  a  result  of  the  local  symmetry  of  the  diffeomorphism 
group.  One  need  not  arbitrarily  exclude  the  so-called  “diagonal”  points,  where  two  or 
more  particles  occupy  the  same  position  in  space,  to  obtain  anyon  statistics  [14-15,20]. 
It  also  follows  that  fractional  statistics  can  occur  for  distinguishable  particles  [18,20,34], 
based  on  a  subgroup  of  By  (the  "colored  braids"). 

A  second  prediction  concerns  quantized  vortices.  Motivated  by  earlier  work  of  Mario 
Rasetti  and  Tullio  Regge  [37-38],  Menikoff,  Sharp,  and  I  obtained  a  possibly  surprising 
result:  in  tm  ideal,  incompressible  quantum  fluid  in  two-space,  whose  configurations 
are  described  by  the  group  of  area-preserving  diffeomorphisms  of  R^,  there  cannot 
exist  pure  point  vortices;  but  quantum  vortex  filaments  (e.g.,  loops)  are  permitted 
[39-40],  Analogously,  in  one-dimensional  filaments  of  vorticity  cannot  occur,  but 
two-dimensional  surfaces  (e.g.,  quantum  vortex  tubes  and  ribbons)  are  possible  [40],  In 
this  work,  we  made  extensive  use  of  geometric  quantization  methods. 

A  third  consequence  of  the  theory,  obtained  just  this  year  in  my  joint  work  with 
Doebner  [42],  is  a  general,  complex  nonlinear  Schrodinger  equation  outside  the  classes 
most  often  studied.  Our  equation  follows  from  adding  to  the  usual  quantum  current 
a  diffusion  current,  so  that  the  mass  and  momentum  densities  satisfy  an  equation  of  a 
Fokker-Planck  type  in  place  of  the  standard  equation  of  continuity.  The  diffusion  coeffi¬ 
cient  D  yields  observable  effects  dependent  on  a  dimensionless  constant  F  =  mD/h.  The 
diffusion  current  stems  from  our  interpretation  of  a  certain  class  of  representations  of 
the  Lie  algebra  of  vector  fields  (and  correspondingly,  of  the  group  of  diffeomorphisms), 
that  were  obtained  independently  by  Menikoff,  Sharp,  and  me  in  1980,  and  by  Anger- 
mann,  Doebner,  and  Tolar  in  1983  [24,43].  In  1987,  I  reported  on  their  link  with  the 
Fokker-Planck  equation  [44].  The  idea  of  substituting  a  Fokker-Planck  equation  for  the 
continuity  equation  had  by  then  already  been  proposed,  in  a  remarkable  series  of  papers 
by  Dieter  Schuch  tmd  his  collaborators  in  the  field  of  quantum  chemistry  [45-49].  They 
did  not,  however,  go  quite  so  far  as  to  obtain  the  general  nonlinear  Schrodinger  equation 
discussed  below  and  in  Ref.  42. 


2.  Diffeomorphism  Groups  and  their  Unitary  Representations 

Imagine  a  fluid  in  a  region  X  of  space;  a  configuration  Ci  is  given  if  we  label  each 
fluid  element  by  its  position  x  €  -Y.  Let  0;  .Y  — >  X  be  an  invertible  map,  displacing 
each  element  to  a  n<‘w  position  y  =  0(x);  then  <p  gives  a  new  fluid  configuration  C2.  If 
(p  and  (j>~^  are  C'”,  we  call  0  a  diffeomorphism.  Let  0'  similarly  transform  C2  to  C3. 
with  z  =  <i>'{yy.  the  composite  transformation  from  Ci  to  C3  is  a  single  diffeomorphism 
z  =  (4>’  o  ii>)(x).  The  diffeomorphisms  of  A"  form  a  group  under  composition,  whose 
identity  is  e(x)  =  x;  we  have  4>  o  0“'  =  o  0  =  e.  This  group  is  infinite-dimensional 
as  a  Lie  group;  its  elements  can  deform  small  regions  of  A*  independently-turning  in 
different  directions,  stretching,  shrinking,  and/or  shearing  by  varying  amounts.  ^Ve  are 
interested  mainly  in  the  infinite-dimensional  subgroup  Diff(X),  of  diffeomorphisms  that 
can  be  reached  continuously  from  f(x).  One  can  think  of  0  €  Diff(X)  as  transforming 
A,  or  as  a  global,  general  coordinate  map  relabeling  X.  Since  a  smooth  relabeling 
should  not  affect  the  physics,  we  interpret  Diff{X)  as  a  local  symmetry  group.  More 
generally,  X  can  be  a  manifold;  it  is  the  physical  space  for  quantum  theories  based 
on  Diff(X).  Now  a  C°°  vector  field  g  on  A'  can  be  regarded  as  a  (fixed)  velocity  field 
for  streamline  flow  of  a  fluid  in  A".  For  technical  rea.sons,  we  require  g  to  vrinish  faster 
than  any  polynomial,  with  all  deri\'atives,  when  |x|  — ►  oc  (or,  alternatively,  to  have 
compact  support).  For  any  such  g  there  is  a  unique  one-parameter  subgroup  of  of 
Diff(X).  describing  a  flow  (under  the  velocity  field  g.  for  time  s):  i.e.,  of(x)  solves 
dsOfi'K)  =  g(^f(x)),  with  the  boundary  condition  (pf-oM  =  x.  Requiring  that 
g  — •  0  (rapidly,  with  all  deri\'atives)  at  infinity  ensures  not  only  that  of  exists,  but  that 
the  diffeomorphisms  satisfy  0(x)  x  (rapidly,  with  all  derivatives)  at  infinity.  If  g  has 
compact  support,  then  for  all  s.  0*  has  compact  support. 

The  relation  between  vector  fields  and  flows  lets  us  exponentiate  the  self-adjoint 
operators  for  quantum-mechanical  current  densities  and  obtain  a  unitary  group.  Let 
ti’op{x,  t)  be  a  second-quantized,  nonrelativistic  field  in  a  Fock  representation,  satisfying 
equal-time  canonical  commutation  (  — )  or  anticommutation  (-f)  relations 
[0op(x,<),t/’op(y,O]±  =  <5(x  -  y).  In  terms  of  Wop(x.t).  the  momentum  density  is  (in 
local  coordinates) 

J(x,t)  =  (fi/2i){f:p(x,t)[Vvop(x.f)l  -  [Vf:p(x.f)]f„p(x.f)}.  (1) 

Define  the  spatially  averaged  operator  .7(g,  t)  =  J  3(x,t)  g{x.t)dx.  From  (1).  together 
with  either  canonical  bracket,  follows  the  fixed-time  local  current  algebra 

[•/(gl).  •7(g2)]  =  -tftj([gi.g2]).  (2) 

where  [gi.gz]  =  gi  ■  ^gz  -  g2  •  Vgi  is  the  Lie  bracket  of  gi  and  g2.  Thus  (2)  is  a 
self-adjoint  representation  of  the  Lie  algebra  VectiX)  of  vector  fields  on  A.  Exponen¬ 
tiating  (2)  yields  a  continuous  unitary  representation  (CUR)  of  Diff{X):  to  each  J(g) 
corresponds  the  unitary  group  V(6f)  =  exp  [i(.'i//t).7(g)]  in  the  Fock  Hilbert  space. 

Thus  we  already  see  that  Diff(X)  is  not  being  introduced  arbitarily;  it  occurs  in¬ 
trinsically  in  the  st.indard  quantum  mechanics  of  bosons  and  fermions.  To  construct 
repre.sentations  it  is  convenient  to  adjoin  to  (2)  the  number  density  operator. 
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pop{x.,t)  =  0*j,(x,t)t/’op(x,<).  For  /  a  real-\'alued  function  on  A'  vanishing  (ra¬ 
pidly,  with  all  derivatives)  at  infinity,  set  p(fJ)  =  / pop(^J)f{^>t)dx.  There  then 
follow  the  additional  equal-time  commutators 

Ipifi),  Pih)]  =  0.  (3) 

[p(/)-  -^(g)]  =  thpig-Vf),  (4) 

where  g  •  V/  is  the  Lie  derivative.  Eqs.  (2)-(4)  represent  (by  self-adjoint  operators) 
a  semidirect  product  of  two  Lie  algebras-the  commutative  algebra  S  of  smooth  scalar 
functions  on  A',  and  the  algebra  of  vector  fields.  Exponentiating  (2)-(4),  with  V{f)  — 
exp[ip(/)]  and  V  representing  Diff(X),  we  obtain  the  unitary  group 

t'(/i)l'(0i)t'(/2)l'(O2)  =  t'(/i  + /2  o  Oi)  V'(<?2  o  <i'i)-  (5) 

The  framework  for  quantum  theory  that  Sharp  and  I  developed  takes  Vecf(A)  and 
Diff(X)  as  fundamental  structures.  The  umtarily  inequivalent,  irreducible,  representati¬ 
ons  of  (2)-(5)  describe  possible,  physically  distinct  quantum  systems-including  systems 
different  from  the  canonical,  second-quantized  Fork  fields.  In  this  sense,  we  regard  the 
diffeomorphism  group  as  a  “universal  group"  for  quantum  theory.  Given  any  CUR 
obeying  (5).  the  above  provides  its  physical  interpretation:  for  each  flow  subgroup  of 
in  DiffiX).  recover  J(g)  as  the  (unique)  self-adjoint  generator  of  Ufof );  then  J(g)  is 
the  momentum  density  averaged  with  the  vector  field  g. 

One  success  of  this  program  was  the  characterization  of  particle  statistics  using  the 
operators  p,  J,  U,  and  V.  without  introducing  anticommutators  or  other  brackets.  The 
main  idea  is  that  in  more  than  one  space  dimension,  diffeomorphisms  (even  constrained 
to  be  trivial  at  infinity)  can  always  implement  the  physical  exchange  of  A'  peirticles 
with  arbitrary  given  positions.  The  consequences  of  such  a  permutation  are  thus  fully 
described  by  the  CUR  of  the  diffeomorphism  group  and  its  algebra.  Furthermore,  obtai¬ 
ning  a  diffeomorphism  that  implements  the  exchange  as  a  succession  of  flows  provides 
a  path  for  the  exchange.  In  two  space  dimensions,  we  represent  Diffitl^):  the  same 
considerations  then  lead  to  fractional  statistics,  and  were  the  basis  of  our  1981  results 
that  included  many  of  the  important  physical  properties  of  anyons. 

Another  result  was  our  ability  to  describe  particle  spin,  despite  the  absence  of  explicit 
spin  operators  in  the  algebra  or  the  group,  without  inserting  them  arbitrarily.  We 
note  that  every  diffeomorphism  O  of  R’  (for  example)  has  at  the  point  x  a  matrix  of 
derivatives  D«,(x),  with  entries  {do'‘  jd.r’  )(x)  for  j,  k-  =  1.  2,  3.  Such  a  3x3.  nonsingular 
matrix  belongs  to  the  general  linear  group  GL(3.  R),  whose  maximal  compact  subgroup 
is  the  rotation  group  50(3).  A  flow  subgroup  of  Diff(¥t^).  holding  x  fixed,  then  yields 
a  path  through  the  identity  in  GL(3.  R).  corresponding  (up  to  hoinotopy  ecpiivalence) 
to  an  element  of  the  universal  covering  group.  This  idea  results  in  representations  of  (5) 
that  describe  particles  with  different  spins,  either  integer  and  half-integer-but  because 
we  have  the  general  linear  group  and  not  just  the  rotation  group,  an  irreducible  CUR 
of  DiffiR^)  describes  a  tower  of  spins  and  not  just  one  fixed  spin.  Representations  of 
GL{3.  R)  and  its  covering  had  been  applied  earlier  in  quantum  mechanics  by  L.  Weaver, 
L.  C.  Biedenharn,  and  R.  Y.  Cusson  [50],  e.g.  to  excitations  of  nuclei;  the  results  they 


obtained  thus  fit  nicely  into  our  general  study  of  diffeomorphism  group  representations. 
A  similtur  procedure  in  leads  to  the  fractional  spin  of  anyons. 

To  see  how  such  results  are  obtained,  let  us  look  briefly  at  one  way  to  write  CUR's 
of  the  diffeomorphism  group  (or  its  semidirect  product  with  the  scalar  functions).  Take 
the  Hilbert  space  Sj  =  to  be  a  space  of  square-integrable  functions  ^(7), 

for  7  in  a  quantum  configuration-space  A;  takes  values  in  a  complete  inner  product 
space  that  may  be  n-dimensional  (71  >  1)  or  infinite-dimensional.  The  nonn 
is  defined  from  the  inner  product  in  OT  by  ( )  =  f  {^(7).  >^(7  ))ot  dfi(-y),  where  p  is 
a  suitable  measure  on  A.  The  space  A  is  a  G-space  for  the  diffeomorphism  group-i.e., 
<p  :  A  —*  A  continously.  in  a  way  that  respects  the  group  law.  We  write  (0,7)  — »  07 
for  this  action.  Then  p  is  required  to  be  quasi-invariant,  in  that  the  class  of  p-measure 
zero  sets  in  A  is  preserved  when  transformed  by  any  0  6  Diff{X).  The  quasi- invariance 
of  p  implies  existence  of  the  Radon-Nikodym  derivative  (dp^/<//i)(7)  of  the  transformed 
measure  with  respect  to  p.  Now,  a  CUR  of  Diff(X)  in  fj  is  given  by 


(6) 


where  the  unitary  operators  \o(7)  act  in  9J1  so  as  to  satisfy,  for  0i,  02  €  Diff(X), 


\  Ol  (  ) \C>2  (  *  )  —  \<>20<&i(7) 

almost  everywhere.  Such  a  system  of  operators  \  is  called  a  unitary  cocycle:  x  must 
also  satisfy  appropriate  technical  conditions,  which  I  shall  not  discuss  here.  Equivalent 
(i.e.,  cohomologous )  cocycles  on  the  same  configuration-space  turn  out  to  describe  uni- 
tarily.  and  therefore  physically,  equivalent  representations:  while  mutually  inequivalent 
cocycles  on  A'-particle  configuration  spaces  describe  the  inequit^lent  quantum  statis¬ 
tics.  When  OT  is  the  field  of  complex  numbers,  the  particle  statistics  is  described  by 
scalar  phases:  while  the  higher-dimensional  case  corresponds  to  '‘paraparticles".  The 
operators  U(f)  also  act  on  fy.  they  do  so  as  multiplication  operators,  completing  the 
representation  of  (5). 

George  Mackey's  "method  of  semidirect  products"  for  finite-dimensional  Lie  groups 
[51]  extends  partially  to  the  infinite-dimensional  case  [2,7.52],  and  allows  quantum  confi¬ 
guration  spaces  A  to  be  constructed  systematically.  In  this  formalism  irreducible  CUR  s 
satisfying  (5)  are  associated  with  ergodic  measures  on  the  continuous  dual  to  the  spare 
5  of  scalar  functions  on  A’-i.e.,  on  the  space  S'  of  tempered  di.stributions  on  A’.  .4n 
ergodic  meeisure  is  a  normalized  probability  measure  p  for  which  all  sets  invariant  un¬ 
der  diffeomorphisms  are  of  measure  0  or  1;  p  may  be  concentrated  on  a  single  orbit 
A  C  S',  or  it  may  be  that  every  orbit  has  measure  0  and  A  is  the  union  of  uncountably 
many  orbits.  On  a  single-orbit  configuration  space  for  Diff(X),  a  systematic,  physically 
motivated  construction  of  cocycles  is  possible.  For  fixed  7  €  A,  consider  the  stability 
subgroup  Ky  =  {0  |  07  =  7}.  For  <i>i  and  02  in  Ky,  the  cocycle  equation  (7)  reduces  to 
a  unitary  representation  of  Ky  (acting  in  OT).  Conversely,  CUR’s  of  Ky  lead  to  cocycles 
by  extension  of  the  method  of  induced  representations  [12.13,20].  One  way  to  obtain 
representations  of  Ky  is  from  a  homomorphism  mapping  Ky  to  the  fundamental  group 
of  the  configuration  space,  tri(  A),  which  is  a  discrete  group  (see  below).  Then  a  unitary 
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representation  of  7ri(A)  automatically  gives  a  CUR  of  Ky.  which  induces  the  CUR  of 
[5)  having  the  appropriate  cocycle.  More  generally,  tri{A)  can  be  replaced  here  by  a 
finite- dimensional  Lie  group,  which  serves  as  a  gauge  group  for  the  theory. 

Another  way  to  construct  configuration  spaces  and  cocycles  systematically,  which  I 
shall  not  review  here,  is  the  method  of  coadjoint  orbits  [21,38-40,53],  where  the  orbits 
are  (reduced)  phase  spaces;  their  foliations,  obtained  through  geometric  quantization, 
become  the  quantum  configuration  spaces  for  representing  the  group. 

The  above  glosses  over  some  mathematical  difficulties,  especially  problems  associated 
with  the  absence  of  Haar  measure  for  infinite-dimensional  Lie  groups.  These  have, 
however,  been  overcome  for  Diff(X)  in  the  cases  of  greatest  physical  interest -including 
the  description  of  anyons  and  the  dissipative  nonlinear  quantum  theory  highlighted  here. 

3.  Dififeomorphism  Group  Representations  and  Anyons 

Ordinary  iV-particle  quantum  mechanics  fits  naturally  into  our  framework.  A  confi¬ 
guration  7  =  {xi,  ...x,v}  occurs  in  S'  as  the  sum  of  N  distinct  evaluation  functionals, 

N 

'1'  ==  (x.  Xjfori  ^  j).  (8) 

t=i 

where  {6^  ,  /)  =  /(x)  for  f  €  S.  A  diffeomorphism  acts  on  a  term  6x  of  7  by  transfor¬ 
ming  X,  keeping  (of  course)  any  two  distinct  points  distinct.  Thus  the  orbit  A  containing 
7  is  exactly  the  A’-particle  configuration  space  of  unordered  iV'-tuples  in  A',  without  the 
■‘diagonal"  points  mentioned  earlier:  the  latter  are  excluded  automatically,  and  A  has 
nontrivial  homotopy.  Its  stability  group  A'-,  C  Diff(X)  consists  of  all  diffeomorphisms 
which  leave  the  set  {xi,...xa'}  fixed,  including  not  just  those  keeping  each  individual 
Xj  fixed,  but  also  those  which  permute  the  points;  hence,  we  have  a  naturtd  group  ho¬ 
momorphism  from  Ky  onto  the  symmetric  group  S.v.  Any  unitary  representation  of 
5.V  in  a  vector  space  Wt  provides  a  CUR  of  Ky.  inducing  a  CUR  of  Diff(X)  described 
by  a  unitary  cocycle  \ ,  and  giving  us  a  consistent  quantum  theory.  The  symmetric  and 
antisymmetric  one-dimensional  representations  of  S.v  lead  to  bosons  and  fermions  re¬ 
spectively,  while  higher-dimensional  irreducible  representations  of  S.v  (associated  with 
the  usual  Young  diagrams)  induce  CUR's  of  DiJJ>X)  describing  parastatistics  [54-56]. 
The  action  of  V{<1>)  is  given  by  (6),  where  u  is  locally  equivalent  to  Lebesgue  measure 
and  X  is  a  cocycle  reducing  on  l\y  to  the  indicatcu  represent ati«j,»,  an,i  tac  ;..tion  of 
U{f)  is  just  to  multiply  the  wave  function  ^'(7)  by  exp[/{7./)].  In  this  way  Bose. 
Fermi,  and  parastatistics  all  occur  as  special  cases  of  the  general  theory. 

Note  that  in  these  examples,  the  symmetric  group  acts  on  the  values  rather  than 
the  indices  of  the  Xj.  This  distinction  has  no  physical  consequences  for  bosons  or 
fermions,  but  it  becomes  important  in  the  description  of  paraparticles  [20,57].  "Index 
permutations"  commute  with  all  observables  in  the  theory,  while  '‘value  permutations" 
do  not.  The  group  of  diffeomorphisms  compels  us  to  define  the  statistics  from  value 
permutations,  but  without  giving  up  the  indistinguishability  of  the  particles  built  into 
the  elements  7  of  the  configuration  space  A.  The  unitary  inequivalence  of  Bose.  Fermi, 
and  "para”  representations  of  Diff(X)  means  that  a  system  of  N  paraptirticles,  A  >  3, 
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is  (at  this  level  of  description)  phyfically  distinguishable  from  a  system  of  N  bosons  or 
fermions,  even  when  the  latter  are  equipped  with  additional  quantum  numbers. 

In  two  space  dimensions,  though,  there  are  still  other  possibilities.  When  .Y  is  R*  and 
A  is  the  A'-particle  configuration  space,  the  group  5,v  is  the  fundamental  group  Jri(A). 
But  when  A'  is  :rj(  A)  is  larger  than  Sfji  since  it  is  possible  in  the  plane  to  distinguish 
the  path  whereby  a  set  of  particles  have  been  exchanged;  in  fact,  the  fundamental  group 
is  the  braid  group  Bs-  And  for  a  configuration  7  of  N  indistinguishable  prirticles  in  the 
plane,  the  stability  group  K-,  in  Diff(TO)  maps  onto  Bs-,  not  merely  onto  5w-because 
a  diffeomorphism  <p  that  implements  an  exchange,  written  as  a  succession  of  flows, 
provides  a  path  for  the  e.xchange  that  is  well-defined  (up  to  homotopy  equivalence)! 
Here  the  fact  that  diffeomorphisms  act  on  vahies  rather  than  on  indices  is  essential  for 
anyon  statistics  (as  is  the  natural  exclusion  of  the  diagonal  points  from  the  orbit). 

A  one-dimensional  representation  of  B  v,  where  a  simple  counterclockwise  exchange 
of  a  pair  is  represented  by  e.xp  [?^],  induces  a  CUR  of  Diff(R})  describing  anyons  with 
the  intermediate  phase  shift  6.  The  physical  interpretation  of  J(g)  as  the  momen¬ 
tum  density  averaged  by  g  allows  the  determination  of  the  properties  of  the  quantum 
particles  described  by  such  a  representation,  including  the  shifted  angula’-  momentum 
spectrum.  We  also  have,  as  an  immediate  consequence,  the  consistent  possibility  of 
quantum  mechanics  based  on  the  higher-dimensional  representations  of  Ba'. 

To  describe  distinguishable  anyons  in  our  framework,  configurations  must  be  ordered 
A'-tuples  of  points  in  R^.  Such  configurations  also  occur  in  S';  writings  =  ■, 

where  x,  ^  Xj  for  i  ^  j,  2md  where  the  real  coefficients  are  all  different,  we  obtain 
a  new  orbit.  The  Xj  correspond  to  distinct  outcomes  for  measurements  of  p  on  each 
particle.  The  fundamental  group  for  this  orbit  is  the  group  of  “colored  braids”-the 
kernel  of  the  natural  homomorphism  from  B\  onto  S.v.  The  stability  group  A%  is 
smaller  than  its  counterpart  on  the  identical-particle  configuration  space,  and  different 
phtise  shifts  can  occur  when  different  pairs  of  particles  circle  each  other  in  the  plane. 

In  the  preceding  I  have  sought  to  convey  how  anyons  arise  kinematically,  through 
certain  diffeomorphism  group  representations.  Next  I  would  like  to  describe  a  different 
family  of  representations,  and  offer  a  physical  interpretation  for  them. 

4.  A  Nonlinear  Schrddinger  Equation  for  a  Dissipative  Quantum  Theory 

Let  B  be  a  real  parameter.  A  self-adjoint  representation  of  the  Lie  algebra  (2)-(4)  in 
f}  =  L^(R’).  describing  a  single  quantum  particle  in  three  dimensions,  is; 

p{f)'i{x)  =  mf(x)^(x). 

J°(g)4'(x)  =  ^{g(x)  •  ^V’(x)  +  V  •  [g(x)^'(x)l}  -f  mD[divg(x)]’i'(x). 

For  distinct  D,  we  have  mutually  inequir^alent  one-particle  representations  of  the  current 
ailgebra;  D  may  be  viewed  as  a  quantum  number  deriving  from  the  algebraic  properties 
of  V'ec<(R^).  The  usual  Fock  representation  corresponds  to  D  =  0. 

Since  (9)  is  linear  in  /  and  g,  we  can  define  the  (singular)  operator-v'alued  mass 
density  pop(x,t)  and  momentum  density  J(x.t),  so  that  p(f)  =  j p„p(x.t)f(x)dx 
and  y(g)  =  /  J(x,t)  •  g(x)(/x.  Then  the  representation  (9)  can  be  obtained  from 


the  D  =  0  case  by  the  transformation  3^{x.,t)  =  —  £>Vpop(x, t).  To  re¬ 

late  Z)  to  a  dynamical  situation,  one  makes  the  generic  assumption  of  a  continuity 
equation  relating  the  mass  and  momentum  density  operators,  and  expressing  the  con¬ 
servation  of  mass,  dtpop  =  —V  •  J^.  This  yields  a  Fokker-Planck  type  of  equation  for 
including  a  term  describing  diffusion  of  p:  dtpop  =  — ^  •  J  +  DV'^pop,  where 
D  serves  as  a  diffusion  coefficient.  The  dimensions  of  D  are  length^ /time.  Thus  I 
proposed  earlier  [44]  to  regard  — DVpop  as  a  diffusion  current,  and  to  base  the  time 
evolution  of  pop  on  the  Fokker-Planck  equation.  We  recover  the  scalar  functions  p(x,<) 
(the  probability  density)  and  j(x,<)  (the  probability  current)  as  expectation  values  of 
Pop(x,  f )  and  J(x,/)  respectively,  by  setting  p(x,#)  =  J  ^'(x')  tn“‘  popix.t)  'i>(x')dx'  and 
j(x,i)  ~  f  4'(x')  rn“*  J(x,f) 'I'(x')dx'.  Then  they,  too,  obey  a  Fokker-Planck  equation, 

d,p=  -Vj-t-DV^p.  (10) 

The  idea  advanced  in  [45-48]  is  thus  rediscovered  from  fundamental  considerations  of 
local  symmetry.  With  £■’(/)  =  exp[ip(/)]  and  V'(0f)  =  exp  [i(s/ft) J(g)],  we  obtain 

V°(<ft)'I>(x)  =  e'D‘"J*(->^r(^(x))yj^(x),  (11) 

where  >7«(x)  is  the  Jacobian  of  <t>  at  x.  Compare  (11)  with  (6),  and  note  the  nontrivial, 
complex  cocycle  which  is  the  group-theoretical  origin  of  the  diffusion  current. 

But  what  wave  equation  derives  from  (10)?  The  usual  linear  Schrodinger  equation,  or 
a  nonlinear  equation  with  a  real  nonlinear  "potential",  is  compatible  with  the  continuity 
equation  by  standard  arguments  [58-59],  assuming  that  p  =  and  j  =  ffi/2i)n)(il'Vv- 
i/iVv)  Under  the  same  assumptions.  Doebner  and  I  obtained  from  (10)  the  nonlinear 
Schrodinger  equation 

ihdtv  =  +  FW.v)v  +  (12) 

2m  [t-P 

where  f  is  a  real  functioned.  We  shall  take  F  to  be  just  a  multiplicative  potential  V(x.i). 
With  the  notation  Ho  =  -(fi^/2m)V^  -t-  V(x,t)  and  G(ii')  =  V^<i-  (|Vi;’p/|il'P)c-,  we 

abbreviate  (12)  as  ihdti’  =  HoM.'  -h  iDhG{ii').  The  imaginary  nonlinetir  potential  is 
uniquely  determined  by  (10).  since  V^p/p  =  2  Re  [G(  i.’)/t'] .  Note  the  linear  as  well 
as  the  nonlinear  term  with  imaginary  coefficient;  they  must  occur  together  for  (10)  to 
hold.  There  is  no  linear  Schrodinger  equation  consistent  with  (10).  for  D  ^  0. 

Despite  considerable  effort,  we  have  thus  far  been  unable  to  find  a  discussion  of  (12) 
in  the  literature.  Treating  p{x,t)  as  a  fluid  is  somewhat  in  the  spirit  of  the  hydrodyna- 
mical  and  stochastic  reinterpretations  of  quantum  mechanics  [60];  but  here,  we  obtain 
something  different  by  allowing  p  itself  to  diffuse.  Schuch  et  al.  study  a  Schrodinger 
equation  with  a  logarithmic  nonlinearity,  =  HoK'  ~  i^Tllnt’  —  (lnv})V’-  This 

equation  is  independent  of  (12);  it  is  compatible  with  it  only  under  the  constraint 
DV^p/p  =  — 7(lnp  —  (Inp)).  Common  solutions  of  the  logarithmic  equation  and  the 
constraint  equation  must  also  obey  (12).  A  real,  nonlinear  potential  F  =  A|V(;>p/]t’P 
was  considered  but  rejected  by  Kibble  [61]. 
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Some  interesting  properties  of  (12)  are:  (a)  The  probability  is  conserved,  (b)  The 
equation  is  homogeneous,  in  the  sense  that  if  t/>  is  a  solution,  then  is  a  solution  for 
any  complex  constant  a.  (c)  With  V  =  0,  plane  waves  =  exp  [i(k  ■  x  —  uit)] 

with  uj  =  Ejh  and  jk|^  =  2mEjh,  are  solutions,  (d)  The  equation  is  Euclidean-  and 
time-translation  invariant  (for  V  =  0).  If  V’  is  a  solution,  then  V’  solves  the  time- 
reversed  equation  with  the  additional  substitution  D  — >  —D,  as  would  be  expected 
for  a  diffusion  process.  The  sign  of  D  thus  gives  a  directionality  to  the  flow  of  time 
in  the  quantum  theory,  (e)  Noninteracting  particle  subsystems  remain  uncorrelated 
(sepMation  property).  Distinct  values  of  D  can  occur  for  different  particle  species,  (f ) 
Extra,  “dissipative”  terms  occur  in  the  time-rate  of  change  of  (p)  and  {ihdt).  While 
{d/dt){x)  =  m~*(p),  we  also  have 


{d/dt){p)  =  -(VV')  -f-2DRe  J  U'{-ihV)G(tl<)dx. 
{dldt){ihd,)  =  {d,V)+2DRe  f  tHoG(tl<)dx. 


(13) 


The  dissipative  terms  in  (13)  can  be  interpreted  in  terms  of  diffusion  currents;  but  there 
exist  2is  well  classes  of  solutions  to  (12)  that  are  non-dissipative. 

I  shall  close  with  mention  of  a  family  of  such  solutions,  with  stationary  density; 
i.e.,  dtp{x,t)  —  0.  Writing  tf’  =  \  exp  [iA']  with  \(x)  and  K{x.t)  real,  we  have  j  = 
(h/m]pVl\,  whence  K  =  (Dmlti)\np  -  0(1);  F  =  Dm/fi  is  a  dimensionless  constant. 
Then  =  \  exp  [/Tin  |\|^  —  /0(f)l  solves  (12)  when  \  obeys  the  linear  equation 


-{ti^/2m)(l+4r^)V\  +  V\=E\, 


(14) 


where  E  =  fi{dQ/dt)  is  the  energv-  (constant  if  V  is  time-independent).  We  see  that  the 
energy  spectrum  is  shifted  from  ordinary  quantum  mechanics:  precision  experiments 
could  thus  give  a  bound  on  F.  For  these  solutions  (p)  =  0  and  the  dissipative  terms  in 
(13)  vanish.  Singularities  in  the  phase  of  ti'  occur  at  its  nodes;  but  j  is  nonsingular. 

Consistent  with  the  interpretation  of  Diff{lO)  as  a  local  symmetry  group,  our  per¬ 
spective  is  to  take  all  of  its  representations  seriously  as  kinematiccJly  allowed  possibilities 
for  quantum  physics;  and  there  is  no  a  priori  reason  to  exclude  those  with  D  /  0.  One 
interpretation  of  (12)  is  that  D  is  a  small,  fundamental  constant  of  nature  associated 
with  particular  particle  species,  whose  measurement  is  an  empirical  matter.  Alterna¬ 
tively,  physical  situations  in  the  context  of  the  linear  Schrodinger  equation  m  which 
statistical  “Brownian”  fluctuations  occur,  permitting  dissipative  effects,  may  be  mode¬ 
led  phenomenologically  by  (12).  Eq.  (12)  is  perhaps  the  most  elementary  way  in  which 
tin  “arrow  of  time”  can  be  introduced  into  ordinary  Schrodinger  quantum  mechanics. 
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Abstract 

A  summary  of  our  recent  work  in  large  Poincare  systems  (LPS)  is  presented.  The 
most  striking  property  of  LPS  is  that  unity  transformations  leading  to  the  diago- 
nalization  of  the  Hamilton  operator  analytic  in  the  coupling  constant  diverge.  We 
have  shown  that  to  cure  these  Poincare  divergences  we  have  to  introduce  a  complex 
spectral  theory.  The  theory  has  in  general  to  be  formulated  in  the  spare  of  density 
matrices.  The  representation  of  density  matrices  we  obtain  is  irreducible.  Here  irre- 
ducibility  ""eans  that  the  density  matrices  cannot  be  expressed  in  terms  of  products 
of  wave  functions  as  is  the  case  in  conventional  quantum  mechanics.  As  a  result, 
statistical  features  appear  which  are  in  addition  to  those  which  arise  from  the  usual 
uncertainty  relations.  This  is  the  si' nation  which  we  associate  to  •‘quantum  chaos." 

The  consideration  of  LPS  leads  to  a  new  formulation  of  quantum  theory  which  from 
th  point  of  view  of  its  time  structure  is  similar  to  classical  dynamics  while  still 
1  »ping  quantum  effects. 

1.  Introduction 

We  are  very  happy  to  participate  in  this  symposium  honoring  Professor  E.  Wigner  One  of  us 
(I.P. )  had  the  privilege  to  meet  regularly  with  Prof.  Wigner  at  the  famous  Solvay  meetings. 
He  remembers  vividly  one  of  the  questions  Prof.  Wigner  used  to  bring  up.  How  to 

define  unstable  particles?  How  to  deal  with  the  epistemological  problems  of  quantum  theory. 
Wigner "s  friend  has  become  a  mythical  figure  somewhat  like  Schrodinger's  cat. 

We  would  like  to  show  in  this  paper  that  we  can  now  achieve  a  better  understanding  of 
these  questions  once  we  incorporate  instability  and  chaos  in  the  frame  of  quantum  theory.  It 
is  well-known  that  these  concepts  have  drastically  modified  our  views  on  classical  mechanics. 
They  force  us  to  go  beyond  the  description  in  terms  of  trajectories  and  to  use  a  statistical 
approach  involving  ensembles.  Several  authors  have  studied  the  effects  which  occur  in 

quantum  theory  when  applied  to  systems  which  display  chaotic  behavior  in  the  classical  limit. 
However,  when  we  speak  about  quantum  chaos  here  we  have  in  mind  a  quite  different  situation. 
We  shall  summarize  here  our  v  ork  on  dynamical  unstable  quantum  systems  (Large  Poincare 
Systems,  in  short  LPS ).  Then  the  consistent  incorporation  of  instability  forces  us  to  go  beyond 
the  Schrodinger  description  in  terms  of  wave  function  and  to  formulate  quantum  theory  in  term  . 
of  density  matrices. 


Indeed,  the  most  striking  property  of  LPS  is  that  unitai  transformations  leading  to  the 
diagonalization  of  the  Hamilton  operator  analytic  in  the  coupling  constant  diverge.  We 
have  shown  that  to  cure  these  Poincare  divergences  we  have  to  introduce  a  complex  spectral 
theory.  The  theory  has  in  general  to  be  formulated  in  the  space  of  density  matrices. 

The  representation  of  density  matrices  we  obtain  is  irreducible.  Here  irreducibility  means  that 
the  density  matrices  cannot  be  expressed  in  terms  of  products  of  wave  functions  as  is  the 
case  in  conventional  quantum  mechanics.  As  a  resuit,  statistical  features  appear  which  are  in 
addition  to  those  which  arise  from  the  usual  uncertainty  relations.  This  is  the  situation  which 
we  associate  to  “quantum  chaos." 

The  aim  of  this  paper  is  to  clarify  the  physical  meaning  of  irreducible  representations 
associated  with  a  collapse  of  the  wave  function.  The  basic  ingredients  are  "non-integrability” 
in  the  Poincare  sense  (see  section  2)  and  persistent  interactions.  In  other  W'ords,  we  have  to  go 
beyond  the  idealization  involved  in  the  use  of  S-matrix  formalism  which  eliminates  time  from 
tiie  physical  description  (see  the  very  interesting  comments  by  G.  Kallen  ). 

.4s  a  concrete  example,  we  shall  discuss  two  -  atid  three-body  scattering.  The  standard 
application  of  S-matrix  approach  is  to  two-body  scattering.  Both  'in  states'’  and  “out-states 
are  described  by  free-moving  wave  packets.  In  this  case  there  exists  no  irreducible  represen¬ 
tation  in  our  sense.  However,  the  situation  changes  when  we  consider  persistent  interactions 
(for  example,  starting  from  a  plane  wave).  The  asymptotic  limit  of  the  wave  function  (as 
well  as  of  the  density  matrix)  then  becomes  ill-defined.  The  usual  relation  between  density 
matrices  and  wave  functions  is  then  lost  as  we  shall  show  in  detail  in  section  3.  This  is  the 
simplest  situation  we  may  associate  with  quanUim  chaos.  The  analogy  with  classical  chaos 
is  obvious.  Classical  chaos  does  not  imply  that  .Newton's  equations  are  "wrong”,  but  that  the 
trajectory  description  becomes  an  over-idealization.  Similarly  quantum  chaos  does  not  mean 
that  Schrodinger's  equation  becomes  wrong,  but  that  it  leads  to  ill-defined  results.  Our  theory 
goes  beyond  this  qualitative  statement  and  permits  to  express  the  density  matrix  as  a  sum  of 
terms  each  of  which  has  for  all  times  t  a  well-defined  meaning  in  terms  of  test  functions.  In 
other  words,  the  average  of  an  operator  .4  which  acts  as  a  test  function  for  p  is  given  by  A  is 
given  by 

(.4)  =  /t'[.4^o<,vs(f)]  =  fr[.4*p,rr(^)].  (1.1) 

whcrf'  o.<ich  a  density  matrix  as  calculated  by  the  time-dependent  Schrodinger  equation,  and 
Oirr  corresponds  to  our  irreducible  representation  (see  sections  3  and  4). 

In  addition  to  pr<jviding  a  systematic  approach  for  the  calculation  of  averages  (as  our  com¬ 
plex  spectral  theory  pv\ts  the  use  of  perturbation  teciiniques  in  spite  of  Poincare  s  divergences), 
our  theory  leads  to  the  introduction  of  a  number  of  new  concepts  such  as  time  symmetry 
breaking,  microscopic  expression  of  entropy,  definition  of  unstable  particles,  and  soon. 

A  simple  example  which  illustrates  the  need  to  formulate  an  alternative  generalized  quan¬ 
tum  theory  is  three-body  scattering  for  free  incident  particles.  As  is  well-known,  ,>-malrix 
theory  leads  to  divergent  results  as  a  consequence  of  repeated  two-body  scattering.  ***  (These 
divergences  cannot  bt*  resolved  by  the  Fadeev  type  of  expansion  of  the  7'-matrix,  since  the 
divergence  appears  in  processes  involving  all  three  particles).  These  repeated  two-body  scat¬ 
tering  can  occur  at  arbitrarily  large  space  .separations.  This  makes  the  three-body  scattering 
a  persistent  process  whatever  the  initial  preparation.  We  shall  show  that  the  singularities 
are  a  manifestation  of  the  non-integrability  of  the  three-body  scattering  system  and  there¬ 
fore  of  Poincare  s  divergences.  The  wa"  e  function  (arul  the  density  matrix)  obtained  by  the 
tirne-depemlent  Schrodinger  theory  are  highly  singular,  in  spite  of  this  fact  our  approach  lead.s 
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iitiaiiil)iL',iii)iisly  to  a  value  of  tin*  three  liody  .sraltering  rross-sectioii.  As  the  main 

a.iiii  of  <|uantum  llw'ory  is  to  ])r«‘(lirl  values  of  physiral  ohservalih's.  this  is  a  simple  example 
where  it  is  necessary  to  penerali/e  rjuanlum  tlieory  aii<l  to  replace  the  usual  spectral  theory  in 
the  ililhert  space  hy  a  Keneraliz<'<l  (complex)  spectral  theory  in  the  Liouville  spare. 

Ill  conclusion,  we  see  tliat  in  general  we  cannot  isolate  interaction.s  ami  ilecornpose  physical 
evolution  into  successions  of  events  separated  hy  free  motion.  Our  extension  of  (juantum 
mechanics  leads  to  a  miinher  of  epistemological  consequences  which  wo  briefly  discuss  in  the 
concluding  section. 


2.  The  complex  spectral  theory 

l  or  Hamiltonian  systems  the  distinction  between  stable  and  unstable  ones  is  based  on  Poincare's 
celebrated  classification  into  “integrable"  and  “non-integrable"  systems.  This  classification 
a[)plies  to  (|uantuni  systems  with  continuous  spectrum  as  well  as  to  classical  systems  .  Consider 
a  Hamiltonian  of  the  form  for  a  quantum  system 


//  =  //o  +  AV'. 


(2.1) 


w]iere  A  is  a  coupling  constant.  We  suppose  that  the  eigenfunction  |  rv  }  an<l  the  eigenvalues 
of  Hq  are  known 

/fo|o)  =uto|a).  (2.2) 

How  to  use  this  knowletigc  to  construct  the  eigenfunction  and  the  eigenvalues  of  H 


=  (2.3) 

We  would  like  to  find  solutions  we  could  expand  in  powers  of  A  to  apply  perturbative  techniques. 
However,  I’oincare’s  result  shows  that  this  is  impossible  as  the  result  of  divergences  which  result 
from  resonances  between  the  unperturbed  frequencies  Wq.  Poincare's  non-integrable  systems 
with  continuous  spectrum  and  continuous  sets  of  resonances  are  quite  common  in  physics. 
These  are  the  systems  we  call  Large  Poincare  Systems  (LPS). 

The  fact  that  we  cannot  diagonalize  the  Hamiltonian  of  LPS  through  expansion  in  powers 
of  the  coupling  constant  is  of  course  especially  important  in  field  theory  as  it  casts  doubts  on 
some  basic  assumptions  of  field  theory.  We  shall  come  back  to  this  point  in  our  concluding 
section. 

A  simple  example  of  LPS  is  the  well-known  Friedrichs  model  in  which  a  discrete  state  is 
coupled  to  a  field  with  a  continuous  spectrum,  as  well  as  scattering  problems.  The  Friedrichs 
model  has  been  treated  in  detail  in  recent  publications.  We  shall  not  go  back  to  it  here. 

W'C  only  note  tlia  t  Poincare's  clivergenccs  are  eliminated  by  an  appropriate  time-ordering  in  the 
Hilbert  space.  (Transitions  from  the  excited  slate  to  the  ground  state  are  "future" -oriented, 
while  transitions  from  the  ground  state  to  the  excited  state  are  “past" -oriented.  This  leads  to 
an  appropriate  analytic  continuation). 

Another  exainjile  of  LPS  is  potential  (or  two-body)  .scattering.  The  Hamiltonian  is 

k  kk' 


(2.4) 
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The  difference  with  the  Friedrichs  model  is  there  is  no  natural  time-ordering  in  the  Hilbert 
space  to  eliminate  Poincare’s  divergences.  We  therefore  turn  to  a  statistical  description  in 
terms  of  density  matries.  As  is  well-knowm  g  satisfies  the  Liouvilie-von  Neumann  equation 

i~  =  L He  Lh  =  H  X  I  —  I  y.  H  ,  (2.5) 

at 

where  the  is  a  “superoperator"  acting  on  p  (it  is  the  commutator  with  p).  We  look  then 
for  the  spectral  representation  of  Z//.  For  integrable  systems  this  is  of  course  trivial. 
However,  for  non-integrable  systems  we  recover  the  usual  Poincare  divergences.  Now  as  the 
consequence  of  (2.1)  we  can  also  decompose  the  Liouville  operator 

Lh  =  Lq~\-XLv  (2-6) 


For  Lq  we  can  construct  a  complete  set  of  spectral  projectors  which  satisfy  the  condition 


(V)  (..) 

P  Lq  =  LqP  , 


=1, 


PP  ^P6^^,. 


(-1  (.1 
P  =  P*. 


(2.7) 


However,  the  corresponding  projectors  for  Lh  cannot  be  obtained  through  expansion  in  A. 

fl') 

But,  we  can  obtain  a  complete  set  of  projectors  11  for  Lh  giving  up  the  hermeticity  condi- 

(.1 

tions  and  using  an  appropriate  analytic  continuation  (or  time-ordering).  These  H  satisfy  the 
conditions 


(.)  If) 

n  Lh  =  LhLI  , 


Y^n  =1, 


(*,)<!.')  (V  ) 

n  n  =  n 


If)  (.) 

n  ^  Ji*. 


(2.8) 


Our  rule  of  analytic  continuation  is  the  natural  extension  of  the  rule  used  for  the  Friedrichs 
model  but  now  in  the  Liouville  space.  It  can  easily  be  shown  that  the  dynamics  (2..5)  associated 
with  the  Liouville  operator  can  be  expressed  in  terms  of  a  “flow  of  correlations”.  Consider,  for 
example,  an  iV-body  .system  such  as  studied  in  kinetic  theory.  Collisions  between  uncorrelated 
particles  (“  vacuum  of  correlations")  lead  to  two-body  correlations,  subsequent  collisions  trans¬ 
fer  them  into  .3-body,  -1-body  ...  correlations.  Our  rule  is  then:  transitions  to  the  higher-order 
correlations  are  future-oriented,  while  transitions  to  lower-order  correlations  are  past-oriented. 
As  shown  elsewhere,  ’'**  Poincare's  divergences  are  eliminated  and  we  obtain  well-defined  ex- 

if) 

pressions  for  the  projection  operators  U  (we  have  called  subdynamics  this  approach).  In  this 
way  the  density  matrix  g  is  decomposed  in  a  sum  of  independent  contributions. 


If)  If)  If) 

g{t)  =  ~  +  C  )  e” 


{y)  (V) 

A(P  +D)g{0)  . 


(2.9) 


We  shall  not  go  into  the  definition  of  these  quantities  which  are  given  elsewhere.  Note 

ly)  (tr)  {y)  ^ 

only  that  $  and  A  are  diagonal  on  i/,  while  C  corresponds  to  the  creation  of  correlations  if 

{y)  (y) 

out  of  1/  (its  matrix  elements  are  of  the  form  C  while  D  corresponds  to  the  destruction 

of  correlation  i/'  (its  matrix  elements  are  D 


D3 


(y  I 

Ivju'fi  <'<)iii|i(iiii'iit  II  n  is  a  |iarti<'ular  solution  of  the  I/ioiiville  equation.  (This  can  he 
verified  hy  straightforward  <lerivation ).  Tlw  sntn  ("2.0)  provides  ns  with  a  complete  set  of 
solutions. 


(►) 

The  whole  tinie-dependcncc  in  (2.9)  is  in  the  generators  of  motion  6  ,  which  we  call 
tile  “rotlision  operators".  Of  special  importance  is  the  contribution  for  t/  =  0.  the  “vacuum  of 

(»)  (ol 

correlation":  77  — ♦  P  for  A  — ♦  0  and  corresponds  then  to  the  evolution  of  the  diagonal  element 
of  ij.  riie  usual  kinetic  description  (e.g.  Fokker- Planck  equation  or  Pauli  master  equation)  is 

(o) 

limited  to  77  space.  Moreover  this  space  contains  the  asymptotic  contribution  to  Q  for  time 
t  —*  oo. 

Once  we  have  derived  the  decomposition  of  n  into  subdvnamics,  it  is  easy  to  go  one  step 

~  '  <n 

further  arul  to  obtain  the  coinple.’C  spectral  representation  of  Z,//  with  right  eigenstate  |  Fo)} 
and  left  eigenstates  {(  Fq  | 


(••)  (►)  o-t  <►) 

Lh\  Fa))  =  Za  I  Fa)),  {{  Fa|L//  =  Za  ((  Fa|. 


(2.10a) 


and 


(*')  - _ _  «*')  'H) 

n  =53lF«M^'al. 


where  |  n))  denotes  a  “superstate"  in  the  density  matrix  space. 
As  the  result  we  have  therefore 


(►!  (», 

5(0  =  e-»-»'s(0)  =  '  I  FM 


(2.106) 


(2.11) 


The  index  a  refers  to  possible  degeneracy  in  each  subspace  v. 

(•-)  *tJ 

Note  that  the  eigenstates  |  Fo))  and  ((  Fa]  are  now  density  matrices  and  not  wave  func¬ 
tions;  moreover,  a  is  an  index  corresponding  to  pos.sible  degeneracy  in  subdynamics.  Moreover, 

we  can  show  that  the  eigenvalue  Zq  is  just  the  same  as  the  eigenvalue  of  the  collision  operator 

6  in  (2.9)  which  is  in  general  complex  number. 

Formula  (2.11)  corresponds  to  our  complex  spectral  theory  in  the  Liouville  space.  As 

mentioned  in  section  1,  it  leads  to  an  irreducible  representation  of  the  density  matrix  as  the 

complex  eigenvalue  Za  and  the  eigenfunctions  cannot  be  reduced  to  the  expressions  they  would 

t») 

have  for  wave  functions  (then  Za  would  be  the  difference  between  two  eigenvalues  and  (  Fa)) 
prodiict.s  of  two  wave  functions).  As  in  the  case  of  the  Friedrichs  model,  the  eigenfunctions  are 
complex  distribution,  and  (2.11)  has  to  be  use«l  with  suitable  test  functions. 

Our  spectral  representation  (2.11)  describes  the  approach  to  equilibrium,  and  give  a  mi¬ 
croscopic  meaning  to  entropy.  It  al.so  di.sent angles  various  contributions  known  as  “non- 
Markovian"  effects.  VVe  shall  however  not  go  into  these  questions  here  and  concentrate  on 
the  problem:  What  is  the  relation  between  our  irreducible  representation  in  terms  of  density 
fnatrices  anri  the  .Schrddinger  equation?  To  consirler  this  problem,  let  us  first  go  back  to  the 
simple  example  of  scattering  ns  described  by  the  Hamiltonian  (2.'l). 
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3.  Two-body  scattering 

Let  us  first  consider  two-body  scattering.  The  Hamiltonian  is  given  by  (2.4).  We  make  the 
usual  assumption  (short-range  force  ~  0{L~^),  Vkt  =  0,  where  Z*  is  the  volume  of  the 
system).  The  usual  theory  is  based  on  the  Lippman-Schwinger  equation  which  lead  to  two 
complete  sets  of  eigenfunctions  |  which  diagonalize  the  Hamiltonian  ***, 


I  =  I  a)  + 


1 

uJq  —  Ho  i  ie 


AV'l  «>*)  . 


(3.1) 


We  may  follow  the  evolution  of  the  wave  function  in  the  interaction  representation.  Using 
standard  notation,  we  have  ( lP/(f)  is  the  wave  function  in  the  interaction  representation) 


I  iPiif))  =Uiit,ta)\  iffito)}  ■ 


(3.2) 


We  can  distinguish  two  cases.  In  the  first  case  the  initial  wave  function  is  a  localized  wave 
packet  centered  around  i'o.  V\'e  then  obtain  for  the  transition  probability  in  the  limit  t  — * 
+00,  fo  — >  —00 


_hm  I  {ky\  !P/(f))  =  2tr|r+ /c  .  (3.3) 

— -ao 

where  tc  is  the  duration  of  the  collision.  As  expected  this  expression  is  time-independent.  This 
is  the  well-known  result  obtained  by  S-matrix  theory.  The  application  of  our  complex  spectral 
representation  (2.9)  or  (2.11)  leads  (fortunately!)  to  identical  results.  *** 

We  next  consider  initial  conditions  corresponding  to  a  plane  wave  and  leading  therefore 
to  persistent  interaction.  It  is  well-known  that  this  can  leads  to  difficulties.  We  now  obtain 
(we  take  fg  =  0) 


^  \  (ky\  !f^/(f))  P  =  4|r+  ,^(wt,] 


,sin^(u.'t,  -u;/bJ</2 


(u^k,  -  )^ 

-b  (asymptotictillyvanishedoscillating  contributions) 


(3.4) 


For  t  — »  -f  (X)  this  expression  is  ill-defined.  However,  in  conjunction  with  test  functions  we 
obtain  the  secular  contribution  (for  t  — *  -^oo) 


QkykAt)  2trf|r+  t  .  (3.5) 

This  is  in  contrast  with  the  ofT-diagonal  elements  of  the  density  matrix  which  are  time- 
independent  (in  conjunction  with  test  functions).  Note  that  the  secula  r  term  in  (3.5)  comes 
from  a  resonant  interference  between  a  ket-state  and  bra-state.  These  resonances  do  not  appear 
in  the  Schrodinger  equation  and  cannot  be  associate  to  the  Hilbert  space.  We  have  therefore 
the  alternatives:  either  we  stay  with  (3.4)  and  conclude  that  this  problem  has  not  a  well-defined 
solution.  But  this  is  difficult  to  accept  as  nothing  in  quantum  theory  prevents  us  from  taking 
the  initial  condition  as  close  as  we  want  to  a  plane  wave. 

Another  way  out  is  to  generalize  quantum  mechanics  to  deal  with  the  situations  where 
the  fundamental  quantity  is  now  an  “irreducible"  density  matrix.  That  is  the  situation  which 
we  may  eissociate  with  “quantum  chaos"  and  irreducible  representations  in  Liouville  space. 
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VW  now  compare  the  wave  function  fortnalisin  with  onr  irre(liicii)lc  Lionville  representation 
for  persistent  interaction.  After  a  few  elementary  calculation.s  we  obtain  for  the  diagonal 
eletnents  of  the  density  matrix  (to  lowest  order  in  A  and  for  ki  ^  k'o) 

- 1  (^->1  I'  =  --'to)  t 

The  difference  is  not  identically  zero.  However  in  conjunction  with  integrations  with  test  func¬ 
tions  the  tight-hand  side  vanishes.  Equation  (1.1)  is  satisfied;  average  values  of  test  functions 
are  identical. 

We  see  that  our  approach  goes  beyond  standard  quantum  mechanics  as  it  permits  to 
retain  secular  terms  atid  to  decompose  the  time-dependent  evolution  into  independent  modes. 
This  is  the  decisive  step  to  formulate  a  complex  spectral  theory  for  the  Liouville  operator. 

Let  us  now  consider  three-body  scattering.  The  failure  of  standard  quantum  mechanics 
then  becomes  quite  obvious. 


4.  Three-body  scattering 

For  the  three-body  scattering,  the  Hamiltonian  is  (cf.  (2.11)) 


»  =  E 

i 


*>} 


(4.1) 


As  in  the  binary  collision,  ~  0(L~^)  and  Vqq  =  0,  where  |  a)  =  |  A'l,  1*2, I'o*’ 
free  incident  particles  the  Lippman-Schwinger  equation  (3.1)  leads  here  to  divergences  due 
to  rescattering.  For  example,  the  contribution  to  the  solution  (/?  1  ^q)  by  any  processes 
involving  intermediate  diagonal  transitions  |  o)  «—  |  a)  diverges  as  e  '(L*)  ^S{u>a  ~^-i)  with 
e  — *  O-t".  This  is  a  typical  form  of  the  divergence  due  to  resonances  which  lead  to  Poincare  s 
catastrophe.  There  is  no  time-independent  description  of  the  three-body  scattering.  There 
is  no  consistent  S-matrix  approach  as  there  is  no  asymptotic  free  state  for  t  — ♦  -|-oo  as  the 
result  of  the  rescattering. 

We  therefore  turn  first  to  the  time-dependent  de.scription  in  terms  of  wave  functions.  But 
here  we  come  to  another  difficulty  due  to  the  appearance  of  ill-defined  w'ave  functions.  As 
an  illustration,  we  consider  the  second  order  transitions  in  A  from  |  a)  to  |  7)  through  j  /?), 
where  the  interaction  between  (23)  is  followed  by  the  interaction  (12).  The  contribution  to  the 
density  matrix  is  schematically  given  in  Fig.  1. 
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Figure.  1.  Diagrammatic  representation  of  a  typical  rescattering  process. 


P  ct  I  a 


This  process  leads  to 


sinfu).,  —  u)o)</2  sin(u;.,  —  u.'^)f/2\2 


^sin(u>.y  -  uJa)f/2  sin(,.4).,  -  u.'j )f/2  sin^(u;j  -u;a)t/4i 

(uiy—iVa)  (u.’.)— w'j)  (u>j—u!a)^  J 


where  the  bar  denotes  the  particular  term  w'e  are  looking  at.  Again  in  the  asymptotic  limit 
the  right-hand  sides  of  (4.2)  is  ill-defined.  A  simple  replacement  by  ^-functions  as  we  did 
going  form  (3.4)  to  (3. -5)  leads  to  a  divergence  due  to  the  square  of  the  ^-function.  The 
evaluation  of  the  dominant  secular  terms  ~  is  already  complicated.  But  in  addition  we 
need  a  precise  evaluation  of  the  secular  terms  ~  t.  since  they  give  the  “genuine"  three-body 
scattering  transition  rate.  The  situation  is  even  worse  as  only  a  part  of  the  secular  term  in  f 
is  related  to  the  three-body  cross-section  (see  (4.3)). 

In  contrast,  our  theory  gives  us  an  unambiguous  expression  for  the  density  matrix.  For 
the  expression  to  (4.2)  we  have  (see  (2.9)) 

«  2  O'  +  2  OA'A  2 

-t-  €  4  t)  +  A  ^  ^  ^  7t(0 

v(/0) 

r 

—  A'*  |(27r  )^S(ujfj  —  u,’.,  )A(u;t  —  Wa )  — 

+  27rS(ujj - -17 (4.3) 

V  -  w-o  -  ifY  / 

-I-  2a-6(u;.,  -  Wolf  ; - -(-  c.c.  )  t 

-,(, - ^ ^ , - ! - c-c.),  I 

V  /€  —  If  —  yjj  iv’o  If  —  w’-y  4“  w’rt  '  J 

+  A  .4  4  +  ^  p  . 
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where  all  terms  except  for  the  last  one  contributions  come  from  the  11  subspace.  The  last 

term  comes  form  J7  subspace  with  t*  ^  0  and  vanishes  asymptotically.  The  first  term  ~  f  in 
the  square  bracket  of  the  right-hand  side  comes  from  the  rescattering  process.  The  next  term 

(")  (»i 

comes  from  the  contribution  (— 6  2  t)^^A  2-  The  la.st  two  terms  in  the  square  bracket  are 

(ol 

the  genuine  three-body  scattering  terms  which  come  from  the  contribution  —i\*  0  4  i. 

Note  that  it  is  not  sufficient  to  determine  the  secular  term  in  f  as  only  a  part  from  it 
contributes  to  the  scattering  cross-section.  In  addition  to  the  process  described  in  Fig.  1,  we 
have  other  diagrams.  They  are  also  give  finite  contribution  to  the  three-body  cross-section. 
We  shall  indicate  the  total  result  in  a  separate  paper. 

Note  that  the  three-body  cross-section  is  not  an  “on-energy-sheir  quantity.  This  is  due 
to  the  fact  that  the  initial  state  is  not  an  eigenstate  of  the  total  Hamiltonian  (the  three-body 
problem  comes  in  this  sense  closer  to  the  bound  state  problem.) 

Because  of  the  great  complexity  of  the  time-dependent  wave  function,  we  could  derive  a 
formula  such  as  (3. .5).  But  we  know  from  general  arguments  that  the  condition  (1.1)  is  here 
also  satisfied. 

5.  Concluding  remarks 

Dynamical  instability  as  manifest  in  LPS  forces  us  to  proceed  with  an  extension  of  quantum 
theory.  Unstable  dynamical  systems  are  characterized  by  supplementary  pysical  quantities, 
which  are  associated  to  the  eigenfunctions  and  eigenvalues  of  our  complex  spectral  theory. 

These  conclusions  have  wide-ranging  consequences.  The  basic  postulate  of  conventional 
field  theory  is  the  existence  of  a  simple  correspondence  between  "in”  and  "out”  states  through 
the  S-matrix  theory.  This  implies  an  idealization  -  which  is  not  applicable  to  persistent 
interaction. 

To  come  back  to  the  problems  we  mentioned  in  the  intro<luction,  we  see  that  our  complex 
spectral  theory  incorporates  irreversibility  as  it  deals  with  a  “larger  space"  (the  rigged  Hilbert 
space  *'*  )•  Moreover,  most  of  the  epistemological  problems  are  avoided.  The  consideration 
of  instability  and  of  quantum  chaos  eliminates  the  dual  structure  of  conventional  quantum 
mechanics.  Bohr  emphasized  that  we  cannot  describe  a  measurement  device  as  a  quantum 
object  in  terms  of  Schrodinger's  equation.  **  In  our  approach  this  means  that  measurement 
must  involve  unstable  dynamical  systems  whose  description  is  in  terms  of  irreducible  density 
matrices  and  therefore  in  terms  of  quantities  which  have  a  classical  analogue.  In  short  the 
two  time  description  involving  the  Hilbert  space  (bra  and  ket)  in  replaced  by  a  single  time 
description  as  in  the  case  in  classical  mechanics  ( where  the  Liouville  operator  is  also  irreducible). 
It  is  not  astonishing  that  to  speak  about  "measurement”  we  need  a  “classical”  time  ordering 
as  provided  by  our  theory.  The  consideration  of  LPS  leads  to  a  new  formulation  of  quantum 
theory  which  form  the  point  of  view  of  its  time  structure  is  similar  to  classical  dynamics  while 
still  keeping  quantum  effects.  We  therefore  conclude  that  our  approach  is  in  line  with  the 
general  ideas  put  forward  by  the  Copenhagen  school. 
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Berry’s  phase  has  been  fashionable  in  many  areas  of  physics  and  in  chemistry  and 
also  among  mathematicians  and  mathematical  physicists.  The  mathematical  people 
are  attracted  to  this  area  because  it  is  related  to  the  beautiful  mathematics  of  fibre 
bundles  which  underlay  gauge  theories.  In  fact  this  is  the  most  accessible  example 
of  a  gauge  theory  for  people  who  know  just  the  elementary'  facts  of  nonrelativistic 
quantum  mechanics. 

The  chemists  and  physicists  are  interested  because  the  geometric  or  Berry  phase 
has  observable  consequences,  which  could  not  be  explained  before.  It  is  this  aspect 
which  distinguishes  the  Berry  phase  from  the  many  other  fashions  of  mathematical 
physics.  Though  the  Berry  phase  may  turn  out  not  to  be  as  important  as  its  present 
popularity  suggests,  it  is  a  discovery  which  will  remain  forever.  The  surprising  thing 
about  it  is  that  its  importance  has  been  realized  60  years  too  late.  The  reason  for 
this  was  that  many  people  (including  myself)  thought  that  phases  are  unimportant 
in  quantum  mechanics,  because  a  quantum  mechanical  state  is  not  described  by  a 
vector  t’  but  by  a  ray  or  a  projection  operator  |  f  ><  c  |  and  that  phase  factors 
could  always  be  removed  by  a  suitable  phase  or  gauge  transformation. 

That  this  is  not  always  possible  and  under  which  conditions  this  is  not  possi¬ 
ble  was  shown  by  Berry  in  his  famous  1984  paper.'*  And  the  Berry  phase  fashion 
started  when  Simon^*  explained  that  Berry's  phase  is  the  holonomy  (element  of 
the  holonomy  group)  for  a  fibre  bundle  with  a  particular  connection,  the  adiabatic 
connection. 

But  the  physical  effect  of  the  Berry  phase  had  been  known  for  quite  some  time. 
It  was  observed  as  some  anomalies  in  the  spectra  of  molecules^*  and  then,  (1978), 
explained  in  a  series  of  remarkable  papers  by  C.A.  Mead  and  Truhlar'**  by  the 
introduction  of  a  gauge  potential,  which  is  identical  with  the  one  derived  by  Berry 
and  which  is  now  called  Berry  connection.^*  This  gauge  potential  emerges  naturally 
from  the  Born-Oppenheimer  procedure  in  molecular  physics®*  if  one  does  not  make 
the  drastic  Born-Oppenheimer  approximation.'* 

The  Born-Oppenheimer  method  is  concerned  with  the  study  of  complicated  mole¬ 
cules  by  dividing  them  into  two  parts;  the  electronic  motion  described  by  a  set  of 
"fast”  variables,  and  the  collective  motion  described  by  a  set  of  "slow"  variables. 
Berry  connection  and  Berry  phase,  therefore,  arise  in  the  dissection  of  complicated 
quantum  physical  .systems  into  simpler  subsystems.  This  reduction  to  the  simpler  is 
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the  basic  meaning  of  understanding  in  science.  In  the  old,  drastic  approximation  the 
dis.section  results  in  the  trivial  direct  product  of  the  states  for  the  two  subsystems. 
In  the  less-drastic,  adiabatic  approximation  or  in  the  exact  theory,  the  motion  of 
one  subsystem  (the  “fast”  subsystem)  alters  the  dynamics  of  the  “slow”  subsystem 
by  inducing  in  it  a  Berry  gauge  potential.  Thus,  the  parts  of  a  complicated  quan¬ 
tum  physical  system  turn  out  to  be  different  from  what  we  naively  expected.  Our 
discussions  here  will  be  mainly  concerned  with  these  aspects  of  the  Berry  connection. 
The  Hamiltonian  for  a  (diatomic)  molecule  is. 

//=^  +  |^  +  T(X.f)  (1) 

2fi  2m 

where  p,  f  stand  for  the  observables  of  the  fast  electrons  and  P,  X  stand  for  the 
observables  of  the  slow  nuclei.  Since  the  light  electrons  instantaneously  follow  the 
motion  of  the  heavy  nuclei,  the  slow  variables  can  also  be  understood  as  being  the 
variables  of  the  molecule  as  a  whole,  i.e.  the  collective  variables.  In  particular,  for 
the  diatomic  molecule  X  will  be  the  vector  along  the  internuclear  axis  and  P  its 
conjugate  momentum  (in  addition  there  are  the  center  of  mass  position  and  momenta 
which  are,  as  always  in  a  non-relativistic  theory,  ignored).  The  potential  V  (X,r)  is 
a  complicated  function  of  the  operators  X.r  and  possibly  some  other  operators  like 
spin. 

The  Hamiltonian  //  of  (1)  is  split  into  two  parts. 

H  =  P  +  k{X)  (2) 

h{X]  =  ^-fV'(X,f)  (3) 

2  m 

where  h[\)  denotes  the  “fast"  or  electronic  Hamiltonian  that  depends  upon  the 
“slow"  operator  X.  The  eigenvalue  problem. 

H  I  v^)  =  E  I  (-») 

is  solved  in  the  Born-Oppenheimer  procedure  by  first  solving  the  eigenvalue  problem 
for  the  operator  A(X).  In  the  drastic  Born-Oppenheimer  approximation  X  is  con¬ 
sidered  as  a  classical  parameter  x  which  is  fixed.  With  X  =  x  =  fixed.  h{X)  com¬ 
mutes  with  P  and  thus  h{X)  and  //  can  be  diagonalized  together  (which  amounts 
to  ignoring  the  effect  of  the  kinetic  energy  of  the  slow  variables  in  (1)): 

l,V,T);x)  =  )  ,V)G  I  n(x)  )  (5) 

h{x)  I  r?(x))  =  £n(x)  I  n(x)  )  (6) 

H  \  N.n-.x)  =  -f  f„(.r))  I  jV,n;x)  =  f.v.n  I  A’-u:x)  (7) 

One  first  solves  (6)  for  every  value  of  the  fixed  parameter  x.  and  obtains  the  electronic 
energy  values  s:„(Xf)  where  is  the  minimum  (equilibrium)  value  of  the  “potential 
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curve  cn(j-).  The  eigenvectors  {|  n(x))  |  n  =  1,2,...}  for  every  value  of  x  form  a 
complete  system  of  basis  vectors  for  the  space  of  physical  states  for  the  fast 

subsystem.  After  £„(i)  has  been  obtained 
from  (6)  for  every  value  of  the  fixed  pa¬ 
rameter  X,  one  inserts  it  into  the  right- 
hand  side  of  (7)  as  an  “induced  scalar  po¬ 
tential”  and  solves  (7)  for  a  given  value  of 
the  electronic  quantum  number  n.  As  c„(a-) 
is  (often)  approximately  an  oscillator  po- 
teniial,  en(-<’r)  splits  into  vibrational  excita¬ 
tions  with  quantum  number  v.  And  as  the 
diatomic  molecule  (dumbbell)  also  rotates 
about  its  center  of  mass,  each  vibrational 
excitation  splits  into  rotational  bands  with 
quantum  number  j.  The  collective  quantum 
numbers  .V  are  thus  the  vibrationtd  quo¬ 
tum  number  u  and  the  angular  momentum  j  :  N  =  and  one  obtains  the  typical 
spectrum  of  molecules,  Fig.  1. 

The  time  evolution  of  the  fast  system  is  described  by  the  Schrddinger  equation 

=  h(X)  I  m)  (8) 

and  if  initially  the  state  vector  is  an  electronic  energy  eigenstate. 

t''(0)  =1  n(x)).  (9) 


1/  =  3 

u  =  2 

u  =  1 

1/  =  0 


— 

“  El, 0,2 

* 

—  '-'Z 

5  =  3 

^1.3.1 

J  —  4 

*  }  =  3 

Fig.l  Schematics  of  typical  molecular  spectra 


then  the  solution  of  (8)  is 

V(0  =  1  n(x))  =  e-i |  n(x))  (10) 

iff  x=  “fixed"  parameter. 

We  will  now  consider  the  less  drastic,  adiabatic  approximation.®'  If  the  internu- 
clear  distance  and  direction  X  is  considered  a  clcissical  parameter  x(<)  which  changes 
slowly  in  time  (fast  quantum  system  in  a  slowly  changing  classical  environment)  then 
an  initial  eigenstate  of  /j(X(<))  ;  (/  (O)  =1  r)(x(0)))  may  “jump"  into  a  slate  which 
also  has  different  electronic  quantum  numbers  n'  yt  n.  The  adiabatic  approximation 
is  an  evolution  in  which  x(<)  changes  so  slowly  that  an  eigenstate  of  h{X{t))  always 
remains  in  the  same  eigenstate:®' 

I  vU)){v(t)  1=1  n(x(t))>{n(x(t))  I  (11) 

The  solution  of  (8)  for  an  initial  eigenstate  (9)  with  time-dependent  x(<)  is  then 
given  by 

V(<)  =  I  n(x(t))>  (12) 
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In  addition  to  the  dynamical  phase  factor  of  (10).  there  appears  another  phase  factor 
xhis  phase  factor  had  always  been  omitted  in  the  old  adiabatic  approximation 
because  it  was  believed  that  it  can  always  be  absorbed  into  the  eigenvector  |  n(x)  > 
by  a  phase  (gauge)  transformation: 

I  n(x)  >— >1  n(x)  >'=  e'^"***  |  n(x)  >  (13) 

where  |  n(x)  >'  is  again  a  normalized  eigenvector  in  (6). 

For  cyclic  time  evolution 

C  :  x(0)  -  x(t)  -  x(r)  =  xfO)  ,  (14) 

when  the  internuclear  axis  returns  to  its  original  position  after  a  period  T.  the 
solution  of  the  Schrodinger  equation  (8)  for  the  vector  of  the  state  |  iL'(T)  >< 

W(T)  \= 

I  n(x(7’))  ><  n{x{T))  \  is 


u(r)  = 

1  „(x{0))) 

(15) 

where  .  .  , 

UT)  = 

j  cIxAnix)  =  y  y  dS  B„ 

(16) 

with 

A„  = 

i{nix)  \Vr  \  nix))  :  Bn  =  V^.  A  A„ 

(17) 

and  where  C  is  the  closed  path  in  the  parameter  space  (14)  and  5  is  a  surface  spanned 
by  C.  It  is  convenient  and  a  standard  convention  to  choose  eigenvectors  which  are 
single  valued  functions  of  the  parameter  x  in  the  region  that  contains  C: 


I  n(x(r)))  =1  n(x(0))  (IS) 

Under  this  convention  An(x)  is  called  Berry  connection  or  Berry  gauge  potential. 
Bn  is  called  Berry  curvature  and  “miT)  is  called  the  Berry  phase  angle. 

It  caii  be  shown  that  is  an  in\ariant  with  respect  to  the  transformation 

(13)  (gauge  invariant)  which  may  be  different  from  unity.'*  It  can  therefore  not  be 
transformed  away  by  (13). 

An  example  of  a  system  where  the  Berry  phase  -iniT)  and  Berry  connection  are 
non-trivial  (?.e.  not  removable  by  a  gauge  transformation)  is  the  quantum  magnetic 
moment  m  =  — (ol  the  electrons  with  spin  j)  in  a  slowly  rotating  magnetic  field 
^mag  _  jgX(t)  (along  the  internuclear  axis  of  the  molecule  caused  by  the  rapidly 
orbiting  electrons).  The  fast  Hamiltonian  for  this  case  is 

hit]  =  h{X{t))  =  -m-B"'’''(t)  =  -~gBX{t)j  =  bX(t)j  (19) 

2wc 

The  eigenvectors  I  nix))  =|  A'(.r.  0(f).  .^(t)))  depend  upon  the  polar  coordinates  (0(/). 
■pit))  of  the  unit  vector  X(f).  and  k  denotes  the  component  of  angular  momentum 
of  the  fast  system  along  the  internuclear  axis 

x(f)  -j  I  kiO.p))  =  k  I  kid.p)) 


=  hbk 


(20) 
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By  a  straightforward  calculation  using 


\k(9.^))  =  t  A-(0  = 

=  0,^  =  0)) 

for  9  <  TT 

(21) 

and 

\k{e.p)y  =  1  A-(5 

II 

p 

II 

o 

for  0  >  0 

(22) 

one  obtains  for  the  Berry  connection 

A''''  =  i(A->,^)|  V|A-(ft.^))- 

e^.4f  ■  + 

+  : 

(23) 

the  following  results 

A,  =  0  .4*'''  =  0  ,  = 

/>  ( 1  —  cos  9 ) 

9  <  TT 

(24) 

X  sin  9 

II 

^  . 

A-(l  -1-  cos^) 

9>0 

(24') 

X  sin  9 

The  two  vectors  |  lc(6.^))  and  |  k-{0.^))'  (and  the  corresponding  two  vector  poten¬ 
tials  A  and  A')  had  to  he  chosen  differently  for  the  domain  (0  <  tt)  and  the  domain 
(6  >  0)  so  that  they  are  single-valued  in  each  domain. 

The  Berry  curvature  (17)  calculated  from  (24)  and  (24')  is 

B‘-  =  -4x  (2.5) 

.And  the  Berry  phase  (16)  calcu'  ited  from  (24)  (or  (24'))  is  given  by  the  standard 
result 

~k{C)  =  — A'(solid  angle  subtended  by  C]  =  — A-fl.  (26) 

The  result  (25)  is  identical  with  the  field  strength  of  Dirac's  magnetic  monopoles'®' 
except  that  the  electromagnetic  constant  ^  is  replaced  by  the  motion 
constant  k\  the  component  of  angular  momentum  along  the  internuclear  axis,  which 
in  this  approximation  is  a  fixed  number.  From  this  result  we  already  suspect  that 
something  like  a  magnetic  monopole  must  be  part  of  the  diatomic  molecule  (except 
if  k  =  0).  This  motional  or  mechanical  "monopole"  will  remain  uncovered  if  one 
uses  the  drastic  Born-Oppenheiiner  approximation."* 

If  the  eigenvalue^  the  fast  Hamiltonian  c„(.rf )  are  degenerate  or  close  to  each 
other  (ci'uipared  with  the  splitting  betweev  E\',„  and  E,v".„)  then  the  adiabatic 
approximation  (llj  is  .  pparently  not  good  and  one  may  consider  in  place  of  the 
f  (1)  gauge  transformation  (13)  an  f  (A  )  gauge  transformation  (where  A’  is  the 
degeneracy  of  £„)  and  obtain  a  non-abelian  Berry  connection''^’  A'""(x)  in  place  of 
the  abelian  A„(x)  =  A''(x)  of  (17).  Alternatively  one  can  treat  the  .--low  variables 
P  and  X  as  operators  and  solve  th'  problem  (juantum  mechanically  by  the  Born- 
Oppenheimer  method.''^’  Then  the.se  non-abelian  Berry  connections  will  emerge  nat¬ 
urally.  This  we  will  discuss  now: 

The  space  of  piiysical  states  is.  aecording  to  the  basic  principles  of  quantum 
mechanics,  the  direct  product  of  the  space  for  the  fast  motion  and  the  space 
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for  the  slow  motion  ■.  Ti  =  s,  The  slow  variables  P  and  X  are 

the  operators  P  =  P  :i:  1  and  X  =  X  1-^“’'  and  the  operator  /i(X)  —  A(p,  f;X) 
arts  in  both  factors  of  'H.  As  basis  of  one  takes  the  |  n(x)),  as  basis  of 

one  takes  a  basis  of  generalized  eigenvectors  of  X  :|  x . . .)  and  the  basis  system  of 
'H  is  something  like  the  direct  product  basis  |  x  .  .  .  n)  =|  X  . .  .)o  |  n(x))- 

A  straightforward*'  '^*  but  lengtliy  calculation  shows  that  the  effective  Hamilto¬ 
nian  for  the  slow  motion  in  is  not  given  as  in  the  drastic  approximation 

by  (7)  but  by 

+  ;„{X)  (27) 

2p 

where 

n^'^Cx)  =  Pi'i'""  -  A"'''(X)  (28) 

and  where 

A'"''(x)  =  i(m(x)  I  V  I  n(x))  =  (A*"")^  (29) 

n  and  A  are  A*  '  A”  matrices  and  in  (27)  means  matrix  multiplication 
•  n*’"'.  Thus  the  fast  motion  induces  in  the  dynamics  of  the  slow  motion 
not  only  a  scalar  potential  c„(A')  as  in  the  drastic  approximation  (7)  but  also  a 
non-abelian  vector  potential  A'""(X)  and  in  place  of  the  canonical  momentum  P  of 
(7)  one  has  the  gauge-rovariant  momentum  (28). 

If  one  makes  no  ap|Uoximation  then  ni.n  in  (29)  range  over  all  values  of  the 
electronic  quantum  numbers  (A'  =  oc)  and  the  Berry  connection  A"*"  is  an  infinite 
matrix.  But  this  A"'*'  is  trivial  (can  be  gauged  away  by  a  I  (oc)  gauge  transforma¬ 
tion).  The  eigenvalue  equation  of  is  then  an  infinite  system  of  coupled  differ¬ 
ential  equations,  which  is  useless  for  practical  calculations.  One  obtains  a  workable 
eigenvalue  equation  only  if  one  can  restrict  oneself  to  a  small  number  A  of  eigen¬ 
values  and  eigenvectors  |  ti(x))  n  =  1.2 . (Born-Huang  approximation).’^* 

A”'"{x]  of  (29)  is  then  a  connection  of  a  gauge  theory,  which  is  in  general 

non-trivial. 

.As  a  special  case  we  consider  the  doubly  degenerate  .\-levels  of  a  diatomic 
molecule  for  which  A”  =  2  and  tri.n  takes  the  two  values  k  —  ±.\  where  k  is  again 
the  component  of  angular  momentum  along  the  internuclear  axis  and  the  |  n(x))  in 
(29)  are  given  by  (21)  (or  (22)). 

The  space  of  physical  states  of  the  slow  system  is 

■^alo;  _  ^  =  (30) 

and  (27).  (28).  (29)  are  2  x  2  operator  matrices: 

fjk'k  ^  ±  y  n*'*" +  c(x)  (31) 

-I' 

^k  k  ^  f^k'kp  _  ^k’k 


(32) 
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By  a  straightforward  calculation  one  obtains  as  in  (24)  for  the  spherical  components 
of  the  Berry  connection  A**: 


,,,  __^/-(l-cost?)  0  \  .  0\ 

®  xs\nO\  0  (l-cosO))  ’  Vo  O;  • 


(33) 


The  rapidly  orbiting  and  spinning  motion  of  the  electrons  about  the  internuclear  axis 
of  a  diatomic  molecule  thus  leads  to  an  induced  vector  potential  in  the  dynamics 
of  the  slow  (collective)  motion,  which  is  the  same  as  that  of  a  pair  of  magnetic 
inonopoles  with  the  monopole  strength  g  given  by  =  ±A.  The  components 
of  the  gauge  covariant  momentum  operator  do  no  more  commute  but  fulfill  the 
commutation  relation 


where  is  the  Berry  curvature  (17)  for  the  ^  given  by  (33). 

The  commutation  relations  (34)  are  the  well  known  c.r.  for  a  charge-monopole 
system  and  the  first  term  in  the  Hamiltonian  (31)  is  the  monopole  Hamiltonian  with 
free  radial  motion,  HmonopoU  =  Due  to  the  induced  scalar  potential,  which  is 

approximately  a  radial  oscillator  potential  £(x)  w  ^{x  —  Xe)^,  the  radial  motion  of 
(31)  is  not  free.  To  dissect  the  system  described  by  (31)  into  a  radial  part  and  an 
angular  part,  we  use  the  radial  momentum  operator’®* 


and  the  angular  momentum  operator  of  a  monopole:'®* 

1  -V, 

Ji  —  CijfAjH/  A,' — Cninf-^  m  ^>1/  ~  ^I'j^AjH^  "h  k  ^ 


(35) 


(36) 


Then  w’e  obtain  after  a  straightforward  calculation  for  H  of  (31): 

' - - - '  - - «/ - 

or 


//  —  kJmonopole  T  <^(A  )  —  ffrot  d" 


//. 


radial  otcillator 


(37) 


Urol  is  the  Hamiltonian  of  a  rotating  dumbbell  with  flywheel  on  its  axis’**  whose 
doubly  degenerate  rotator  spectrum  1)  starts  at  j  =  k.  Thus  the  spectrum 

is  again  something  like  shown  in  Fig.  1  except  that  the  rotational  levels  do  not  start 
at  j  =  0  but,  as  observed  for  diatomic  molecules,  at  j  =  k  (because  from  (36)  follows 
that  yA^’J,  =  ^r).  Therewith  we  have  obtained  the  standard  result  in  a  way,  which 
shows  that  it  is  caused  by  the  monopolo  dynamics  induced  by  the  fast  motion  in  the 
slow  collective  motion. 

Although  we  used  the  diatomic  molecule  as  an  example,  the  same  arguments 
should  hold  for  all  kinds  of  quantum  systems  in  which  the  fast  subsystem  is  a  rapid 


rotation  about  a  slowly  moving  axis  like  a  spinning  quark  about  the  axis  of  a  thin 
flux  tube. 

Fifty  years  after  Dirac  conceived  the  idea  of  magnetic  monopoles  he  wrote  (in  a 
letter  to  .Abdus  Salam):  "1  am  inclined  now  to  believe  that  monopoles  do  not  exist,” 
Though  magnetic  monopoles  of  the  electromagnetic  kind  may  not  exist,  physical 
systems  with  the  same  dynamics  as  that  of  monopoles  do  exist.  These  monopoles 
are  "parts"  of  complicated  physical  systems,  like  the  "part"  which  performs  the 
collective  motion  of  molecules  or  the  collective  motion  of  a  flux  tube. 
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In  the  Wigner  phase-space  picture  of  quantum  mechanics,  the  uncertainty  relation 
is  stated  in  terms  of  the  minimal  finite  volume  in  phase  space.  The  relation  remains 
invariant  under  volume-pre,serving  transformations.  For  a  single  pair  of  position  and 
momentum  variables,  the  volume  is  an  area  element  in  two-dimensional  phase  space. 
It  is  shown  that  the  Lorentz  transformation  in  four-dimensional  space-time  is  a  volume 
preserving  transformation  in  eight-dimensional  phase  space.  This  is  illustrated  in  terms 
of  the  covnriant  harmonic  oscillator  formalism,  which  i.s  an  effective  language  for  the 
basic  phenomenological  features  of  relativistic  hadrons. 


1.  Introduction 

There  are  several  different  representation.s  of  (juantum  mechanics.  The  Schrodinger 
picture  is  convenient  for  solving  problems  in  atomic  and  nuclear  physics.  The  Heisenberg 
and  interaction  pictures  are  useful  in  quantum  field  theory.  The  Wigner  phase-space 
piemre  [1]  serves  useful  purposes  in  many  branches  of  physics.  In  particular,  it  gives  a 
detailed  t'escripfion  of  the  tmeertaiuty  relation  [2j. 

As  the  wave  function  plays  the  central  role  in  the  Schrodinger  picture,  the  phase- 
space  distribution  function  is  the  starting  point  in  the  phase-space  picture  of  quantum 
mechanics.  This  distribution  function  is  widely  known  as  the  Wigner  functioti.  The 
Wigner  function  is  constructed  from  the  Schrodinger  wave  function  through  the  density 
matrix,  and  is  a  function  of  both  position  and  momemnm  variabh's.  Since,  in  <iuantnm 
merl’.anics.  it  is  not  possible  to  determine  the  position  and  momentum  variables  simul¬ 
taneously.  it  is  not  possible  to  define  a  ])')int  in  the  roonliiiate  system  of  position  and 
momentum.  Wi’  have  to  settle  with  an  uncertainty  region  in  phase  space  [2|,  The  size 
of  this  region  determines  the  amotmt  of  uncertainty.  In  the  case  of  the  two  dimensional 
space  consisting  of  one  ptiir  of  position  and  momentum  variables,  the  size  of  the  region 
i.s  measiired  by  its  tirea. 

In  this  note,  we  are  interested  in  the  question  of  whether  the  size  of  the  nnrertainty 
region  remains  invariant  under  Lorentz  trtmsformations.  For  this  purpose,  we  note  first 
that  the  Wigner  function  takes  a  very  simple  form  for  the  groiiml-state  h.irmonie  oscil¬ 
lator  wave  function  which  is  the  traditional  instrument  for  quanlifyms  the  unc'utaiuty 
relations.  The  question  then  is  whether  it  is  possible  to  perform  Lorentz  transformations 
of  the  grounfl-state  harmonic  oscillator  wave  function. 

The  matliernatics  of  Lorentz  transformations  is  the  Lorentz  group  [-3:.  The  shortest 
and  safest  way  to  Lorenlz-transform  the  oscillator  wave  fimrtion  is  to  eonstruct,  a  rep¬ 
resentation  of  the  Lorciitz  group  using  the  harmonic  oscillators.  Indeed,  it  was  Dirac  [4] 
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who  attiMuptocl  to  construct  a  set  of  normalizable  harmonic  oscillator  wave  functions  in 
four-dimensional  space-time,  which  we  call  the  covariant  harmonic  oscillator  formali.srn. 

Thus  the  mathematics  for  the  present  problem  is  straight-forward.  The  ({uestion 
then  is  what  physics  we  expect  to  learn  from  this  formalism.  In  Sec.  2.  we  start  with  the 
Wigner  hmction  for  the  ground-state  oscillator  wave  function.  In  Sec.  3.  the  physical 
interpretation  is  given  for  Wigner  s  little-group  representation  of  the  Poincare  group 
which  governs  the  internal  space-time  symmt'tries  of  relativistic  particles.  In  Sec.  4. 
the  observable  effects  of  the  covariant  oscillator  formalism  is  discussed.  In  Sec.  5,  we 
discuss  the  uncertainty-preserving  deformation  of  the  Wignt'r  function  under  Lorentz 
boosts. 

2.  Wigner  Functions  and  Harmonic  Oscillators 

If  i-s  the  Schrddinger  wave  function  in  the  one-dimensional  world,  the  Wigner 
function  is  defined  as 


\V(x.p)  =  ~J  -  y)dy.  (1) 

This  form  and  its  properties  have  been  widely  discus.,i.'d  in  the  literature  [2].  In  the 
Wigner  phase-space  picture  of  ciuantum  mechanics,  both  the  position  and  momentum 
variables  are  c-nurnbers.  On  the  other  hand,  it  is  r.ot  po,ssii)le  to  define  a  point  in  phase 
space.  The  uncertainty  relation  is  stated  in  term.--'  of  the  minimum  area  element  in  phase 
space.  The  quantum  probability  di.stribution  in  the  x  pt^.sition  space  can  be  recovered 
from  the  Wigner  function  through 

f><xj  =  j  U'ix.pjdp.  (2) 

Consequently,  the  Wigner  function  is  normalized  as 

j  \V(x.p)dxdp  =1.  (3) 

Indeed,  the  Wigner  function  has  many  interesting  properties,  including  its  relation  to 
the  density  matrix  and  applications  to  statistical  mechanics.  They  have  been  extensively 
discussed  in  the  literature.  The  generalization  to  higher  dimensions  is  straightforward. 
If  tl  e  wave  function  is  .separable  in  the  Cartesian  coordinate  variables,  the  Wigner 
function  is  also  separable. 

For  the  ground  state  of  the  harmonic  oscillator  with  unit  frequency,  the  wave  func¬ 
tion  is 


f(xl 


1/4 

expi  — 


and  the  Wigner  function  takes  the  form  [2] 


W{x.p)  - 


exp{-{x'  +  p‘)}  . 


(4) 


(5) 
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Since  the  ground-state  wave  function  is  separable  in  the  Cartesian  coordinate  system, 
the  generalization  of  the  above  form  to  the  three-dimensional  space  is  trivial.  For  the 
tv-'O-dimensional  harmonic  oscillator,  the  wave  function  is 

(.'(xi)e'(r2)  =  f  -  j  erp{- (rj -f  J-])}  .  (6) 

and  the  Wigne;  function  is 

ir(j,,pi)U'(x2,p2)  =  +x.] -f  pf -f-pij)}  .  (7) 

which  is  separable. 

In  Sec.  4  and  Sec.  5.  we  shall  use  this  two-dimensional  oscillator  formalism  to 
study  Lorentz  transformation  properties  of  relativistic  extended  hadrons.  During  the 
process  of  Lorentz  boost,  the  transverse  components  are  not  affected.  For  the  ground- 
state  oscillator  wave  function,  these  components  can  be  separated  from  the  longitudinal 
component.  Thus,  we  only  have  to  consider  the  longitudinal  and  time-like  components. 
This  is  how  the  problem  becomes  that  of  the  two-dimen.sional  harmonic  oscillator. 

Furthermore,  we  are  interested  in  maintaining  the  separability  of  the  cooixiinate 
system  in  order  to  establish  the  connection  between  the  wave  function  and  the  Wigner 
function.  As  we  shall  see  in  .Sec.  4  and  Sec.  5.  Dirac's  light  cone- coordinate  system  [5] 
is  very  useful  for  this  purpose. 

3.  Wigner’s  Little  Groups  of  the  Poincare  Group 

The  internal  space-time  symmetries  of  elementary  particles  are  governed  by  the 
little  groups  of  the  Poincare  group  [3,6J.  The  little  groups  for  ma.ssive  and  massless  par¬ 
ticles  are  locally  isomorpliic  to  (9(3)  and  £(2)  (twodimensional  Euclidean  group)  respec¬ 
tively.  The  £'(2)-like  little  group  for  massless  particles  is  an  infinite-momentum/zero- 
mtuss  limit  of  the  (9i  3)-like  little  group  [2,6.7],  The  role  of  the  little  groujts  is  illustrated 
in  the  second  row  of  Fig,  1, 

Wigner's  little  group  is  the  maximal  subgroup  of  the  Lorentz  group  whose  transfor¬ 
mations  leave  the  four- momentum  of  a  given  particle  invariant  [3],  For  a  massive  point 
particle,  there  is  a  Lorentz  frame  in  which  the  ptirticle  is  at  rest.  In  this  frame,  the 
little  group  is  the  three-dimensional  rotation  group.  The  internal  space-time  symmetry 
of  massless  particles  is  governed  by  the  cylindrical  group  which  is  locally  isomorphic  to 
E(2)  [7].  In  this  case.  we  can  visualize  a  circular  cylinder  %vhose  axis  is  parallel  to  the 
momentum.  On  the  surface  of  this  cylinder,  we  can  rotate  a  point  around  the  axis  or 
translate  along  the  direetion  of  the  axis.  The  rotational  degree  of  freedom  is  associated 
with  the  helicity,  while  the  translation  corresponds  to  a  .gau^e  tramsformation  in  the 
case  of  photons  [7], 

This  translational  degn  -  of  freedom  is  shared  by  all  nnussless  particles,  including 
neutrinos  and  gravitons  [6].  Indeed,  the  reriuirement  of  invariance  nmler  this  symmetry 
leads  to  the  polarization  of  neutrinos  [G.S].  Since  this  translational  degree  of  freealom  is  a 
gauge  degree  of  freedom  for  photons,  we  can  extend  the  concept  of  gauge  transformations 
to  all  massless  particles  [6j  mid  massive  particles  in  the  infinite  niomentiini  limit  [91. 
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The  group  of  Lorentz  transformations  is  generated  by  three  rotation  and  three 
st  generators.  These  generators  are  readily  available  in  the  literature.  If  J,  and  A’, 
the  generators  of  rotations  and  boosts,  and  A'3  take  the  form 


licable  to  functions  of  x,  y,  c  and  t  which  are  the  coordinate  variables  for  the  internal 
:e-time  degrees  of  freedom. 

The  0(3)-like  little  group  for  a  particle  at  rest  is  generated  by  Ji ,  .A,  and  J^-  If  the 
:icle  is  boosted  along  the  c  direction  with  the  boost  operator  B(i])  =  exp(  —trjhj  ). 
little  group  is  generated  by 


Jl  =  D{rj)J,B{-,,).  (9) 

ause  J3  commutes  with  A’3,.7,3  remains  invariant  under  this  boost.  J]  and  ./^  take 
form 


J[  =  (coshy)./i  +  (sinhy)/\'2. 

.7]  =  (coshy).72  -  (sinhy)7\'|.  ( lOj 

large  values  of  y,  we  can  consider  A',  and  AA  defined  as 

A'l  =  -(coshr;)'*  Jo,  A'2  =  (cosh »/)”' Jj ,  (Hi 

jectively.  Then,  in  the  infinite-y  limit  [6,10], 

A)  =  7vi  —  J2,  Ao  =  7\2  +  J2  1 1-) 

“se  operators  satisfy  the  commutation  relations: 

[.73.A',I=  i.\-2,  [.A.-Vi]  = -iAA-  [A',.A2)  =  0.  (13) 


A’l.  and  <'*re  the  generators  of  the  £(2)-like  little  group  for  massless  particles 
1,8].  For  normalizable  functions  of  the  space-time  vari.ables,  the  little  group  is  gener- 
i  by  J3  of  Eq.(8).  and  by  [9] 

If  Lorentz  boosts  are  made  along  the  c  direction,  it  is  more  convenient  to  use  the 
,t-cone  coordinate  system  [5j,  in  which  c  and  t  variables  are  replaced  by  u  and  f. 
ne 


u  =  (t  +  :)/'/2. 


v=(z-t)/^/2. 


(15) 
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When  boosted  along  the  c  axis,  u  and  v  are  multiplied  by  e"*  and  e~'’  respectively.  As 
we  shall  see  in  Sec.  4,  the  separability  of  the  ground-state  oscillator  wave  function  is 
maintained  in  this  system.  In  terms  of  these  light-cone  variables. 


t  =  -  (t7v/5)  j 

\  d  d\ 

du  dxj 

2  =-(*/v^)j 

id  d\ 

When  7]  is  very  large,  the  v  variable  may  be  dropped  when  the  operators  are  applied  to 
the  function  with  a  narrow  v  distribution.  Consequently,  except  for  the  factor  \/2,  the 
.V|  and  iVj  operators  may  be  written  as 


.V,  =  -i.r 


dxL ' 


(IT) 


We  shall  discuss  in  the  following  section  a  possible  physical  application  of  this  limiting 
process. 


Massive 

Slow 

—  between  — 

Mossless 

Fast 

Energy 

Momentum 

—  E=.y’m^+p2  — 

—  E  =  p 

Spin,  Gouge 
Hellcity 

S3 

S|  $2 

—  Little  Groups  — 

S3 

Gauge  Trans 

Quarks 

Par  tons 

Quark  Model 

1  Covoriant  \ 
\Phase  Space/ 

— ►  Porton  Model 

FIG.  1.  Slow  and  fast,  -particle.f.  Einstein’s  E  =  (F*  +  unifies  the 

mome.nturr,  relations  for  massioe  fnonrelativistic)  particles  and  for  massless  pi.rticles. 
The  second  row  indicates  that  the  little  group  of  the  Poincare  group  unifies  the  internal 
space-time  symmetries  of  massive  and  massless  particles.  The  third  row  states  that  the 
covariant  phase-space  picture  of  quantum  mechanics  forms  the  physical  basis  for  the 
covariant  harmonic  oscillator  formalism  ivhich  has  been  shown  to  give  a  unified  picture 
of  the  quark  model  and  the  parton  picture. 

4.  Covariant  Harmonic  Oscillator  Formalism 

It  is  not  diffioilt  to  a.ssociate  the  symmetry  of  a  point  particle  with  that  of  a 
composite  particle  if  they  are  massive  and  at  rest,  because  both  of  them  are  governed 
by  the  three-dimensional  rotation  group.  The  story  is  qtiite  different  for  rapidly  moving 
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compositf  particles  or  liadrons.  Does  a  rapidly  moving  hadron  liave  the  sain<'  set  of 
space-time  degrees  of  freedom  as  that  of  photons?  We  can  study  this  problem  by 
constructing  a  cylindrical  symmetry  for  a  hadron  with  infinite  momentum  19].  Then, 
is  this  symmetry  consistent  with  Feynman’s  parton  picture  [11]?  We  shall  stmiy  this 
problem  using  the  covariant  harmonic  oscillator  formalism  [2,6,12,13]. 

This  oscillator  formalism  has  been  shown  to  be  effective  in  describing  many  of 
the  basic  phenomenological  properties  of  relativistic  hadrons,  including  hadronic  mass 
■spectra,  form  factors  and  the  parton  phenom(;non  [2.6],  It  also  is  a  representation  of 
the  Poincare  group  for  relativistic  composite  particles  [6]. 

If  the  spare-time  position  of  two  quarks  bound  together  inside  a  hadron  are  specified 
by  j'a  and  xi,.  the  system  can  be  described  the  variables  [13': 

-V  =  (.r„  +  xi,)/2.  X  =  -  .rft)/2y2.  (IS) 

The  fotir-vcctor  .V  specifies  where  the  hadron  is  located  in  space  and  time,  while  the 
variable  x  mea.sures  the  space-time  separation  between  the  quarks.  As  for  the  four- 
momenta  of  the  quarks  and  pi.  we  can  comlnne  them  into  the  total  four-momentum 
and  momentum-energy  separation  between  the  quarks  [I3j; 

=  I>,i  +  P6.  </  =  \/2(p„  -  Pfc ).  ( 19 j 

where  P  is  the  hadronic  four-momentum  conjugate  to  .\.  The  internal  momentum- 
energy  separation  (j  is  conjugate  to  x. 

The  rovariant  oscillator  wave  functions  are  Hermite  polynomials  multiplied  by  a 
Gaussian  factor  [2,4.6],  which  dictates  the  localization  pro[)erty  of  the  wave  function. 
The  Gattssian  factor  takes  the  form  [4] 

I  -  ^  (•^'  +  </  +  +  ^’ )  I  ■  ( ’-^O) 

This  expression  is  localized  in  the  four-dimensional  space-time.  Since  the  r  and  ij 
components  are  invariant  under  Lorentz  boosts  along  the  r  direction,  and  since  the 
oscillator  wave  functions  are  separable  in  the  Cartesian  coordinate  .systi-m.  the  x  and  ij 
variables  can  be  dropped  from  the  above  expression,  and  they  may  be  rt'stored  whenever 
necessary.  The  ground-state  wave  function  can  then  be  written  as 


Figure  2  illustrates  the  Lorentz-deformation  property  of  this  form. 

As  rj  becomes  very  large,  .he  distributi(m  in  e  becomes  very  narrow.  Since  c  = 
(i  -  t)/\/2,  the  terms  containing  ( -  t)  in  Eq.(  14)  will  produce  a  fat  tor  like  rd(  c)  when 
applied  to  the  Lorentz- deformed  function  of  Eq,f21).  and  can  thereftue  be  dropped. 
The  operators  A'j  and  A'2  then  become  those  given  in  Eq.(I7).  Since  they  satisfy  the 
commutation  relations  of  Eq.(  13),  A'l  and  of  EtpllT)  together  with  T-j  of  Eq.(S)  can 
be  chosen  for  the  generators  of  the  little  group  for  relativistic  extended  particles  in  the 
infinite-momentum  limit. 
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The  cUstiiV3\itiou  becoiues  narrower  in  r,  while  it  becomes  wider  along  the  u  axis 
in  the  manner  df-scribed  for  the  oscillator  case  in  Fig.  2.  This  property  is  shared  by 
all  other  normalizable  functions  [9].  The  generators  of  the  little  group  do  not  depend 
on  the  shaiie  of  wave  functions.  Therefore,  in  the  infinite-momentum  limit,  the  above 
conclusion  is  valid  for  all  distribution  function,s  loctdized  in  space  and  time. 


QUARKS - -  PARTONS 


t 


o 

x. 


FIG.  .>  Lorcnt:  d/.fiirjii.iiUon.'i  (if  .ifuii  c-tnnc  and  monit:iitavi-eni:r,i:i  in:  rt  funrtiaii.-i. 
Both  of  them  hai’i  the  .lami:  Lorcnlz-dfifiiniintion  propirti/.  Tin  major  ;  minor:  aii.<  in 
the  .iparr-t.nnc  r.lhp.ir.  i.i  coiij in/atr.  to  the  minor  (major I  a7i.i  of  the  moiin  nl.iio.-riit  riiii 
rjlip.ir.  Tki.i  fiijari:  r.xplanif  whij  a  hadron  appear.^  a.^  a  tiphfhj  hound  .-itatr  of  ijuark.^ 
to  an  nh.fr.Tur.r  in  the  Lorentz  frame  where  the  hadron  t.t  at  reft,  while  it  apprarf  a.f  a 
collection  of  free  partonf  with  a  unde-fpread  momentum  diflrihution  to  an  obferuer  in 
the  frame  where,  the  hadron  rnoiief  urn/  rapidly.  Thif  fiyiire  if  nprintril  from  Rrff.  11. 
6.  and  9. 

The  same  reasoning  can  Ite  carrie/l  out  for  the  moment uin-energy  space,  with 

'Ik  =  -  'III  1/ 'Jr  --  (7;  +  I/O  i/v'2.  (  22 1 


The  inolUf'ntmn-c'iK'rgy  wave  function  is 


/a 


(23) 


It  has  a  naiTow  distribution  in  or  (q.  -  qn)/\/2,  and  the  A',  and  A',  operators  take 
the  form 


1 


(24) 


These  are  also  the  generators  of  gauge  transformations,  as  in  the  case  of  all  massless 
])articles. 

In  the  infinitf'-momentum  limit  with  t  =  :  and  q^  =  qo.  a  and  <7,,  become  v^-r  and 
respi'ctively.  Both  the  c  and  q^  ilistributions  become  wide-spread.  Furthermore, 
the  momentum  of  each  (piark  ctm  be  parameterizetl  as 


Paz=^Pz^-  (25) 

where  the  parameter  if  ranges  approximately  between  zero  iuul  1.  This  type  of  dis¬ 
tribution  was  postulated  by  Fe\'ninan  in  his  partoii  picture  of  hadrons  in  the  infinite- 
momentum  limit  [11], 

We  can  now  integrate  |d,,(t7..,^o)l‘  9u  to  got  the  momentum  distribution  func¬ 
tion.  There  are  three  quarks  in  the  proton,  and  the  generalization  to  the  three-quark 
system  is  straight-forward.  In  the  largt“— limit,  the  momentum  distribution  function 
becomes  [Cj 


p{f)  =  3A/{l/2;rQ)'/''exp  -  l)-/2}  -  (20) 


This  form  of  the  parton  distribution  function  can  be  compared  with  the  experimental 
data  [14]. 

The  parameter  f  is  essentially  Feynman’s  x  variable  [11]  whose  variation  product's 
ob.servable  effects.  It  is  linear  in  the  (/„  variable,  whose  variation  is  generated  by  jVj  and 
jVo  of  Eq.{17).  Feynman’s  x  variable  is  therefore  a  gauge  transformation  parameter  in 
the  hadronic  system  with  an  infinite  momentum. 

5.  Wigner  Function  and  Uncertainty  Relations 

Let  us  go  back  to  the  Wigner  function.  Because  of  the  separability  of  the  ground- 
state  harmonic  oscillator,  the  evaluation  of  the  Wigner  function  for  the  formalism  of 
Sec.  4  is  straightforward.  In  the  unit  system  of  =  1,  the  Wigner  function  is  [2] 


^  9o)  =  (  i  exp  {-(e  '^”u^  +  e'^ql  +  v'-  +  e  . 


(27) 


This  Wigner  function  is  separable  in  the  light-cone  coordinate  system.  The  above 
expression  is  a  product  of  two  Wigner  functions: 


Wr,{u,q^}=  -exp{-(e  +  e^''(/u)} 


(2S) 


and 
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=  -  exp  . 


(■20) 


FIG.  3.  Loreniz  deformaiionf  in  the.  light-cone  phase  space  consisting  of  two  pairs  of 
conjugate  variables.  The  uncertainty  products  SiiSqu  and  .AcA^,.  are.  preserved.  The 
Lorentz  boost  is  an  area-preserving  canonical  tran.iformation  in  each  coordinate  system. 
This  figure  is  from  Ref.  2. 

As  is  illustrated  in  Fig.  3,  the  Lorentz  boost  defornis  the  Wigner  functions  of 
£<■1.(28)  and  Eq.(29).  They  are  deformed  in  such  a  way  that  the  area  of  the  uncertainty 
region  for  each  VV'igner  function  i.s  pre.serve<l.  The  Lorentz  tran.sforination  indeed  con¬ 
serves  the  uncertainty  relations.  Feynman’s  parton  picture  is  another  iiufication  that 
quantum  mechanics  is  compatible  with  special  relativity. 

Let  us  go  back  to  Fig.  1.  VV'igner 's  little  group  unifies  the  Ol  3)-like  internal  space- 
time  .symmetry  of  massive  particles  and  the  £(2)-like  symmetry  for  ma.ssless  pmticles. 
The  covariant  harmonic  oscillator  gives  a  unified  picture  for  the  quark  model  for  massive 
hadrons  and  the  parton  model  for  rapidly  moving  liadrons.  The  phase-.space  picture  of 
(juantum  mechanics  provides  the  physical  basis  for  the  covariant  oscillator  formalism. 
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Optical  Systems 
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The  aim  of  this  talk  is  to  present  the  new  approach  to  construct  Wigner  func¬ 
tion  of  nonstationary  quantum  systems  based  on  the  existence  of  time-dependent 
integrals  of  the  motion.  The  time-dependent  linear  integrals  of  the  motion  for  the 
one-dimensional  forced  parametric  oscillator  has  been  found  in  Ref.  [0].  The  with 
respect  to  the  position  to  the  position  and  momentum  operators  linear  integrals  of 
motion  for  multidimensional  forced  parametric  o.scillator  have  been  obtained  in  Ref. 
[0].  These  integrals  of  motion  have  been  used  to  find  the  propagator  of  the  multidi¬ 
mensional  forced  nonstationary  oscillator  and  to  construct  the  density  matrix  of  the 
system  with  quadratic  Hamiltonians  in  Ref.  [0.  0]. 

Let  us  consider  the  quantum  system  with  the  Hamiltonian  which  is  a  nonstation¬ 
ary  quadratic  form  with  respect  to  the  position  and  momentum  operators  Xk-p^  = 
-idjdxk.  *■  =  1.2 . h  =  \ 


1  1 

**  0  =  1 

Here  the  2.\ -vector  9  =  (<71.92 . 92v)  =  (Pi - .p.v-fi . r,v)  has  the  projections 

9o(q  =  1.2 . 2.\  )  and  the  2N- vector  c(/)  and  2N  x2N- matrix  B(1)  depend  on  time. 

The  Hamiltonian  ( 1 )  may  describe  the  behaviour  of  the  parametric  multidimensional 
forced  harmonic  oscillator  and  the  behaviour  of  N  interacting  optical  modes  in  a 
resonator  with  moving  walls  or  with  the  time -dependent  refraction  index.  This  rase 
corresponds  to  the  existence  of  the  nonstationary  Casimir  effect  when  I  he  energy  of  an 
external  source  is  converted  to  the  energy  of  the  electromagnet  ic  field  clue  to  the  work 
against  the  Casimir  forces.  The  time- dependence  of  the  parameters  of  the  system 
B{t)  and  c(t)  may  be  fast.  Thus,  we  can  have  the  kicked  system  when  the  matrix 
B(t)  =  Bo-\-Bk  6(/ —  uT)  and  the  vector  c(t)  =  Co -t-Cji  —  nT)  have 

constant  components  and  the  components  corresponding  to  very  short  periodic  pulses. 
The  model  for  these  pulses  may  be  chosen  as  the  model  of  6-kicks.  On  the  other  hand 
if  the  parameters  of  the  system  B(t)  and  r(/)  vary  slowly  we  can  have  the  adiabatic 
behaviour  of  the  multidimensional  forced  parametric  oscillator.  In  this  case  the  Berry 
phase  may  be  calculated  as  the  phase  in  the  explicit  solution  of  the  Schrbdinger 


79 


equation  found  in  Ref.  [0,  0].  The  Hamiltonian  ( 1 )  has  thesymplectic  group  Isp(2.\.R ) 
structure.  In  fact,  the  N  position  operators  .r*.  N  momentum  operators  pk.  all  the 
quadratic  operators  .tq.J/,  PkPh  J^kPi  and  the  unit  operator  form  the  basis  L,  of  Lie 
algebra  of  the  inhomogeneous  symplectic  group.  Thus,  the  Hamiltonian  (1)  may  be 
considered  as  the  Lie  algebra  generator 

lHI  =  ^r,(/)L,  (2) 

with  nonstationary  coefficients  c,(t).  The  operators  L,  obey  the  commutation  rela¬ 
tions 

[l,,l.]  =  c:;;l„.  (3) 

with  the  structure  constants  c™  of  the  inhomogeneous  symplectic  group  Lie  algebra. 
Due  to  that  the  evolution  operator  U(()  of  the  quantum  and  optical  nonstationary 
systems  with  Hamiltonian  (1)  is  the  representation  operator  of  the  symjtlectic  group. 
The  propagator  of  the  considered  system  is  the  matri.x  element  of  the  symplectic  group 
representation  in  a  corresponding  basis.  If  the  parameters  of  the  system  B{t)  and 
c{t)  are  the  random  functions  of  the  time  we  have  to  integrate  the  propagator  using 
the  given  distribution  function  for  these  random  parameters.  Then  the  evolution 
operator  may  become  the  operator  which  does  not  belong  to  the  representation  of 
the  symplectic  group  but  it  belongs  to  the  enveloping  algebra  of  the  Lie  algebra  of 
the  inhomogeneous  svmplectic  group.  For  the  periodic  dependence  of  the  quantum 
and  optical  ststem  parameters  B{t)  and  c{t)  the  important  role  is  played  by  the 
Floquet  operator  11(7)  where  T  is  the  period  of  the  system  and  U(/)  is  the  evolution 
operator.  For  hermitian  Hamiltonians  the  evolution  operator  is  the  unitary  operator 
and  its  eigenvalues  where  E„  are  the  quasienergies  of  the  system  may  be  found 
as  the  eigenvalues  of  an  effective  Hamiltonian  ho-  The  Floquet  operator  is  connected 
with  this  effective  Hamiltonian  0(7)  =  exp(— /7/(o)-  On  the  other  hand  the  Berry- 
phase  is  the  phase  of  the  eigenvalue  of  the  unitary  evolution  operator  U(<o) 

where  /q  's  the  time  at  which  the  parameters  of  the  system  return  to  their  initial 
values,  i.e.  B{1a)  —  B(0)  and  c(to)  =  e{0)  in  the  process  of  the  adiabatic  change. 
Mathematically  the  problem  of  the  diagonalization  of  the  Floquet  operator  U(7)  and 
of  the  diagonalization  of  the  evolution  operator  U(fo)  the  case  of  determining  the 
Berry  phases  are  identical.  Thus,  the  quasienergy  spectra  of  the  system  and  the 
geometrical  phases  have  identical  behaviour.  Knowing  the  quasienergy  spectra  of 
the  system  we  know  the  Berry  phases  and  vice  versa.  The  continuous  quasienergy 
spectrum  of  the  kicked  system  may  be  interpreted  as  the  property  of  quantum  chaos  in 
the  behaviour  of  the  system  [0].  Consequently  the  geometrical  phases  of  the  quantum 
system  are  connected  with  its  chaotic  or  regular  behaviour. 

The  system  with  the  Hamiltonian  (1)  has  the  following  SN -vector  integral  of 
motion 


(4) 
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The  2.\x2N  real  syniplectic  matrix  .\{t)  and  2.N  vector  A(lj  obey  the  system  of 
equations  of  motion  for  classical  trajector>'  of  the  multidimensional  parametric  forced 
oscillator  in  the  phase  space 

\{t]  =  Mi)EB(i).  Mn  =  ■  (5) 

where  the  2\  x2X-matrix  H  has  the  form 

-  =  (oi)- 

V\e  will  consider  the  matrix  elements  of  the  evolution  operator  U(t)  in  Wigner  repre¬ 
sentation  [0].  It  means  that  we  will  use  Weyl  symbol  [0]  for  the  evolution  operator. 
The  kernel  of  the  evolution  operator  in  the  coordinate  representation  G(.r..r'.t}  is 
connected  with  its  Weyl  symliol  or  W’igner  function  CS{x.p.t)  =  G'(q.t].  q  =  (p.  J)  bv 
the  relation 

r/(.r. /)./)  =  y6’(x -(- -r..r  - -r.  0  f‘xp(-/pr)(7r  (7) 

Since  the  quantum  system  propagator  satisfies  the  system  of  equations  which  connects 
the  time-dependent  integrals  of  the  i  otion  with  Green  function  [0]  the  symbol  of  the 
evolution  operator  G{q.t)  obeys  the  system  of  equations 


The  solutioit  to  this  system  of  equations  has  the  form  [0] 
(j{qJ)  =  2'  {det  [A  +  £"]  e.\i< 

4 

The  initial  condition  for  the  j)ro))agator  has  the  form 


G-(</.0)=l.  (10) 

The  2N-matrix  E  is  the  unit  matrix  and  the  matrix  .1  aixl  the  vector  l{t)  are  expressed 
through  the  cla.ssical  trajectory  of  the  system 

.'i(7)  =  l'(A  +  £)-'(A-£).  /(/)  =  X(.\  +  T)-'A  .  (11) 

ff  the  multidimensional  oscillator  parainet<-rs  B  and  c  <lo  not  depend  on  time  the 
propagator  ( 10)  may  be  expressed  in  terms  of  I  lie  Hamiltonian  parmneters  explicitely 


CHg-t) 


det  cosh  j  exp  |  i{q  B~'r)  Xi 

X  tanh  (  c/ —rH”'c  | 


(12) 
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In  this  case  the  equilibrium  Wigner  function  may  be  obtained  from  the 

propagator  (12)  by  the  change  of  variables  /  =  —l  i  and  it  has  the  form 


\V{q,J)  = 


det  cos  ( 


-1/2  t  1 

exp  I  ~.icB  ’c 


=  +{q  +  B^'c)  E  (i  (<?  +  B^'c)  I  ( 13) 

The  partition  function  2(3)  is  connected  with  the  Wigner  function  by  the  relation 


2(3}  =  j \V(q.3)(2x)-'^  dq  . 

The  integral  ho 

2(.i)=:  2''  det  sin  exp  ^-.jcB'‘c^  . 

For  the  usual  one-dimensional  oscillator  .V  =  1 .  fi  =  m  =  u,-  =  1  we  have 

For  the  oscillator  the  Wigner  function  has  the  form 


[14) 


(15) 


(16) 


(IT) 


The  formula  ( 14)  for  the  partition  function  gives  the  usual  result  for  the  one-dimensional 
oscillator 


H'f  p.  .r.  i)  =  I  cosh 


3  \ 3 

sh  —  I  exp  -  lanh  —  -f 


r(.3)  =  ^2sin  ^  j 


(IS) 


One  can  introduce  the  integrals  of  the  motion  A{t)  and  ,4  ■*■(/)  with  boson  commutation 
relations.  Let  the  real  2.V  x  2.V-matrix  .\(/)  and  tlie  2N-vector  J^{t)  have  the  N-block 
form 

Ai  A2 
A3  A4 


Mn 


(19) 


If  we  introduce  the  complex  .V  x  ,V matrices 
1 


Ap  —  --j=  ( A3  -f-  f A, )  ,  A,  —  ( Aj  -t-  1 A2) 


(20) 


^=^(^2  +  1^.)  - 


and  the  complex  N-  vector 


(21) 


the  operator 


.4(0  =  App+A,j- +  /)(/)  (22) 

wi)!  be  the  vector-integra]  of  the  motion.  The  roi))i)nitation  relations  for  the  compo¬ 
nents  of  the  integrals  of  the  motion  art" 

[.4,(/),.A+(/)]  =0r.,  [.4,(/),.-U.(/)]  =  0.  r.A-=l,2 . V.  123) 

The  normalized  eigenstates  |a)  of  the  "annihilation  integral  of  the  motion  4(t). 
with  complex  eigenvalue  o  has  the  wave  function  in  the  coordinate  representation 

'P,(,r./)  =  (•2rr)-'/''(detAp)-'^^evp  I  -  irA,:'A,,r 

-(-;j-A“'(o  -  A)  -t-  ioA'Ap'o  -f  o  (i'"  -  A’A''^) 

+  3^A;A;'A  -  /'  (fS-)  dr  -  i|or^  I  (24  ) 

This  function  describes  the  polymode  squeezed  and  correlated  state  of  the  electro¬ 
magnetic  field  in  a  resonator  with  moving  walls.  If  out'  takes  the  \\  igner  function 
f )  of  the  state  with  tiie  density  operator  p.,,)  =  (o  )  ( .4  (  it  obeys  the  evolution 
equation  of  the  tvpe 

=  +  |  ,  riSl 

The  equation  (25)  follows  from  the  evolutioti  equation  for  the  density  operator 

,p  =  \H.p]  .  (26) 

The  advantage  of  the  W'igtier  represetitatioti  is  that  the  evohition  etpiation  (25)  con¬ 
tains  the  first  derivatives  with  respect  to  the  coorditiate  of  t he  W  igner  function  q.  The 
evolution  equation  for  tlie  density  matrix  in  other  representations  than  the  coordi¬ 
nate  representation  or  the  coherent  state  repre.sentat  ion  contains  I  he  second  deri\ati\e 
terms.  Since  only  first  derivatives  with  respect  to  q  xariables  are  pre.sent  in  the  evo¬ 
lution  equation  (25).  the  propagator  for  this  ecptalion  may  be  e.xjjressed  in  terms  of 
(^-function  of  the  cla.s.sical  trajectory  of  the  system  in  its  i)hase  space. 

Due  to  equation  (26)  the  density  operator  p  is  the  integral  of  motion.  In  fact,  the 
density  operator  p(/)  at  the  moment  /  is  connected  with  the  initial  density  operator 
p(0)  by  means  of  the  evolution  operator  V(/) 

p(()  =  U(t)p(0)U-‘(t}  .  (27| 

The  operator  of  the  form  (27)  is  the  integral  of  the  motion.  Due  to  that  the  den¬ 
sity  operator  p(/)  may  be  e.xpres.sed  in  terms  of  the  other  integials  of  the  motion. 
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For  exiriple,  if  the  initial  density  operator  p(0)  is  a  function  of  the  coordinate  and 
momentum  operators  ,r  and  p 

p(0)  =  p(.r,p)  =  p(q)  ,  (2S) 

the  density  operator  p(t]  is  the  same  function  of  tlie  integrals  of  the  motion  Q(t] 

p(t)  =  p(Q(t))  .  (-->9) 

Let  us  denote  the  Weyl  symbol  of  the  integral  of  the  motion  /!(/)  (22)  as  the  complex 
variable 

-  =  .yt)p  + A,(f).r  +  ^(/)  (30) 

where  the  real  X-  vectors  p  and  .)•  are  the  Weyl  symbols  of  the  momentum  and  position 
operators.  Thus,  the  c-number  vector  :(!)  is  the  integral  of  the  motion  for  classical 
trajectors  of  the  oscillator. 

The  function  11  , ,,<('?■  0  may  easily  be  found  as  the  solution  of  the  evolution  equa¬ 
tion  (25).  and  this  function  is  expressed  in  teinis  of  the  symbols  c  of  the  time- 
dependent  linear  integrals  of  the  motion  A{l)  in  the  following  manner  lO] 

ir„,,  =  ■l'''  exp  I  -  2--c‘  -t-  2or'  +  2  fr  -  o.f 

-i(|op-f|.fp)  }  .  (31) 

■Since  the  Wigner  function  i.s  the  generating  function  for  the  ynibol  11  mr,  of 

the  operator  =  1  ni  )  (  n  |  where  the  state  |  in  }  is  the  eigenstate  of  the  quadratic 
integral  of  the  motion  .4'‘'(/).4(().  i.e. 

•■ir(M-4,(0  I'”)  =  I'll)  .  in,  =0.1.2 . 1=  1.2 . V.  (.32) 

the  Wigner  function  of  the  state  p„,„  has  the  completely  factorized  form  [0] 


Thus,  the  geometrical  phase  of  the  analogue  of  stationary  state  is  t  he  phase  of  the  com¬ 
plex  classical  trajectory  whicli  is  container!  in  the  complex  variables  c,.  The  function 
/,  y  is  the  Lagnerre  iiolynomial.  Thus,  in  Wigner  representation  we  have  complete  fac¬ 
torization  of  the  scattering  matrix  for  polydimensioiial  nonstationary  forced  harmonic 
oscillator.  The  result  about  the  factorization  of  the  evolution  operator  in  W  igner  rep¬ 
resentation  may  be  generalized  in  WKB-approxiniation  for  any  potential.  In  fact,  if 
one  uses  path  integral  representation  for  the  propagator  of  the  quantum  system,  the 
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quasiclassical  appioxiiiiation  means,  that  ive  extracl  the  term  coniierted  with  the 
action  under  clansical  trajectory  for  the  system  and  then  we  calculate  two  correction 
terms,  which  gives  ns  formally  the  path  integral  for  nonstationary  fpiadratic  quantum 
system.  This  part  of  the  propagator  tnay  he  factorized  com))letely.  I  hus.  the  result 
may  be  formulated  as  follows.  The  propagator  of  an  arbitrary  N-dimeusional  system 
may  be  completely  factorized  in  Wigner  reinesentation  in  quasiclassical  approxima¬ 
tion  in  the  sense  that  the  part  of  the  pro|)agator  connecterl  with  the  correction  to 
the  classical  action  is  e<iuivalent  to  the  propagator  of  the  multidimensional  forced 
nonstationary  oscillator  which  is  the  factorizable  system. 

Now  let  us  discuss  the  Wigner  function  for  the  aidiarmonic  oscillator.  1  he  Hamil¬ 
tonian  for  it  may  be  taken  as  follows: 

H  =  (n  +  c,  +  1)  -f  +  u -P  (34) 

The  partition  function  of  the  quadratic  anharmonic  oscillator  may  be  expressed  as 
follows; 

--(i)  =  e.xp  (-J  -  y)  (3h) 

The  series  in  the  partition  fimction  is  the  well  known  .Jacobi  'ion-  1 1'*’  dejisity 

operator  for  the  anharmonic  oscillator  may  be  represented  by  means  oi  the  formula 


in  the  following  form 

Due  to  that  the  Wigner  function  Il’4  of  the  quadratic  anharmonic  oscillator  may  be 
obtained  from  the  W  igner  function  of  the  harmonic  oscillator  (17).  We  have 

exp  I  — ^ +  .r‘)  tanh  - /'2  |(38) 

Since  the  Wigner  function  (38)  and  the  |)artition  function  (3))  are  connected  by  the 
relation 

,{J)  =  dp>ir  II  4(p..r.  .i)  .  (39) 

we  have  the  integral  formula  for  03-function 


If  one  considers  Uie  normalized  Wigner  function  of  a  general  quadrat  ic  system  with  t  he 
Hamiltonian  (1)  and  if  this  Wigner  function  has  Gaussian  form  the  Wigner  function 
may  always  be  expressed  as  follows 

Il'fr/.  G  =  (det  iii(f)  exp  |  -i(</  -  (</(G))  m"‘(0  (g  -  ((/(/)))  |  (41  1 

Here  the  parameters  {q(f))  and  t»{t)  are  the  mean  values  of  the  position  and  momen¬ 
tum  and  the  dispersion  matrix  of  the  parametric  oscillator,  i.e. 

=  Tr p(t)q,^  .  0  =  1. 2 . 2.\  .  (42j 

and 

"'.s.dO  =  +  (/.K/..)  -  [Tr(q,.(>]\  [Tr{qjp)\  .  (fd| 

For  the  density  matrix  of  the  stationary  quadratic  system  with  the  Wigner  function 
(13)  and  partition  ftinction  (14)  the  characteristic  function 


(f’')  =  z-'[3)  J  r"ir(,y..f)(2r)-\/y 

(44) 

may  be  calculated  [0] 

=  exp  . 

Here  the  2Nx2N-matrix  I)  atid  2X-vector  h  are  given  by  the  fortmilae 

(Jo) 

i)  =  -i  cot  -  • 

( 161 

and 

b=  -2  pan  B-'c  . 

We  have  for  the  stationary  quadratic  system 

(-*') 

(«?>  =  . 

(4S) 

and  the  dispersion  matrix  f)  is  given  by  the  formula  (Ifi).  the  mean  \alnes  of  the 
products  of  the  r/,, -variables  may  be  calculated  expanding  the  characteristic  function 
(45)  into  power  series  with  respect  to  the  jrarameters  l„.  o  =  1.2 . 2.\  .  We  hav<- 

Here  the  functions  6)  are  the  Herniite  polynomials  of  2.\  variables.  .Ml  the 

highest  momenta  (49)  depend,  in  fact,  on  the  second  momenta  matrix  [)  and  the 
first  momenta  (u).  It  is  the  projrerty  of  Gaussian  distributions.  The  same  takes  place 
for  the  correlation  functions.  If  we  have  the  time-dependent  density  matrix  with  the 
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Gaussian  Wigner  fun  'ion  tlip  higliest  r^rrelation  funclioiis  of  the  position  aiul  mo¬ 
mentum  may  be  expressed  in  terms  of  I  lie  second-order  correlation  lutictions.  1  he 
Wigner  functioti  of  the  nonstationarv  ipiadratic  system  may  lie  used  for  calculating 
the  transition  probabilities  between  the  energy  le\els  connected  with  the  paramet¬ 
ric  excitations  of  the  nonstationary  foi-ced  oscillator.  Thtis.  if  one  has  the  states 
(".Gl  =  Pnn(>i)  and  \mJi)  (w./^l  =  where  n  =  lninj...nv)- 

in  =  (niiiiii .  ■ .  m\),  n,.in,  =  0,1,2 .  the  transition  probabilities  between  the 

states  with  the  density  matrices  p„n{ti)  and  Pmm(G)  are  given  by  the  formula 

Pn{>i-t^)=  (.50) 

J  (irr)-' 

Taking  the  explicit  form  (03)  of  the  W  igner  functions  of  the  states  p„,,  and  p„.,„  vve 
can  express  the  integral  (30)  in  terms  of  the  Hermite  polytiornials  of  'i.N  variables.  For 
one-dimensional  unforced  parametric  oscillator  the  llemiite  polynomial  of  2  variables, 
in  the  case  when  its  argument  is  equal  to  zero,  may  be  reduced  to  the  Legendre 
polynomial.  Then  the  transition  probability  looks  as  follows 


P 


m 

n 


(31) 


and 


m  >  n  : 


II  >  III  . 

Here  the  dimensionless  energy  of  classical  motion 


(32) 


(33) 

(34) 


(33) 


is  expressed  in  terms  of  the  complex  solution  of  the  classical  equatioti  of  tnotion  of 
the  parametric  oscillator 

+  =  0  .  (.56) 

The  initial  conditions  for  this  ecpiation  are 


f2(0)  =  f(0)  =  1  ,  f(0)  =  t  .  (37) 

The  normalized  state  |  n.  t )  of  the  parametric  oscillator  has  the  following  ware  func¬ 
tion  in  the  coordinate  representation 


1/2 


-1/2^. 


//„ 


(.38) 
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I  he  ((loidiiiiitc  inii<‘))<‘n(i<‘r[t  jdiasc  of  tin-  wavi-  liiiu  lloii  is  <•<!  tliroURh  ihf 

:)has<*  of  the  (  ompU-x  classical  trajertoi  v 


In  t  lu'  case  ^)f  the  regular  f>ehavii>ur  ol  tie'  |iararjie(ri<'  oscillator  uitli  perioiitcalh' 
kicked  frerittetiry  f>‘(/)  =  1  -f  7  =  ^  ’  'I'*’  <|'iasieii«'rgy  state  of  the  para- 

metric  oscillator  has  the  wave  fiinctioti  (  ”>S)  where  <(/  I  )  =  r '  h  (/ 1.  The 

spectrum  of  the  tiiotiodrotiiy  operator  V|  /  1  is  deteriiiiiied  completely  l>y  the  argii- 
metit  of  t he  classical  solut ion  < (  /  ).  I  hit',  the  (piasienergy  spect  rntn  for  t  hat  case  mav 
he  deter  till  tied  in  terms  of  the  proper  f  les  of  t  h*-  liassii  ,0'  ; ;  a  ps  tot ;  ol  '  le-  p/:r,t;in‘t  nt 
oscillator.  I  he  g<‘omet  rical  ])hase  I  Herry  phase)  is  the  phase  of  t  he  classical  I  ra  jectorv 
f  ( 7  )  too  hut  the  t  ime  I  is  the  t  ime  after  which  1  he  lieijiiein  \  1!(  t )  t  akes  the  initial 
taliie  f)(7  )  =  ^7(0)  —  1.  I  lie  motion  in  tins  cas<‘  mas  he  a  not  periodical  <)ne.  1  he 
stjneezing  jihenomeiia  is  connected  with  the  iiaramelric  I'Scitatioti  of  the  harmonic 
oscillator.  So.  tin*  ratios  <if  t he  coordinate  an<l  momentiiiii  dispersions  to  their  value 
at  the  ground  state  ol  the  stationary  oscillator  are  given  hv  the  lorinulae 


1/v  2 


=  /•, 


/  V  2 


rhtts,  the  squeezing  parameters  are  iletermiiied  liy  the  properties  i>f 
trajectory  »(/).  Due  to  W'roiiskian  conservat  io,, 


ihOi 


I  he  i  lassical 


2  ;  I  (i  1  t 

t  he  jiliase  of  I  lie  com  [ilex  1  rajeitorv  <  ( /  )  is  connected  with  t  he  inodnhi'  of  t  his  fund  ion 


o  r<i  fit) 


y/,' 


Jr 

Jo  !<ir)j 


(i,2« 


It  means  that  the  geometrical  phase  is  the  integral  over  the  s(|uee/iiig  coetln  tent  time 
variation.  I  hits,  two  |thenomeita.  .'tpieeziiig  and  the  gi’omei ricai  phase,  ate  related. 
Since  the  stpieezing  coefticient  t ime-<lependenc<’  dr'termines  the  geometrical  phase 
which  is  Cfiiiiiect erl.  in  turn,  with  t he  |>roperl i<'s  of  I  he  c|iiasienergv  spei  1 1  u tti  ( it  tneaiis 
that  it  is  connected  with  (piaiitnin  chavis)  the  vaiiation  ot  the  s(|i|c,'/ing  with  time 
oeteriiiines  the  instahility  foi  ehaotisily)  of  the  paraiiielrie  osi  ilhitor.  1  he  sipieezing 
phenomena  nitty  he  connected  with  the  ar<’a  ovi’rlaji  <'on<«’pt  in  (/hase  space  vd  the 
oscillator  [0.  0].  I  he  scjneezitig  [rhenomena  is  ridaled  to  the  correlation  iihenomena  of 
the  position  and  momentnm  of  the  iiaiametrir  oscillator.  I  he  eorrelation  i  oelfieient 
r  of  tiiese  two  coiijitgate  variahh  j  is  exoi'-ssed  in  terms  of  the  sipieezing  ( oeffieients 
of  the  position  and  the  momentnm  [Oj 


=  idr'  (i«r-i) 


i/i 


USD 
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!i<'  stale  wliieh  is  <  leated  from  llie  i>iouii(l  slate  of  the  usual  osi  illaioi  hue  to  tiie 
paiamel  1  ic  e\i  itation  is  the  s(nieezeil  ami  eorrelaled  |l)|  state  whieh  mil'  iii/es  the 
Si  firodiiiger  iiiii  ei I aiiil y  relation  ()' 

h  1 

d !»'  .r  - '  -  — ^---3  .  !  1 1 1  I 

-  J  v'l  e- 

Ihis  aitit  y  rt'lation  p.ei\<‘ializ«'s  tlu-  H<*isciil»'ri^,  iin<  <'!^  alnyv  n'laMi>u  U;  u>  tfir 

(.a.srs  wiirn  t|if‘  rorrclat i»jn  is  nut  «</  yrin.  If  uur  kijfAV^'  tlir  iiim- 

oj  th<'  corflirirni  ky{f)  all  I  hr  oijij-i  |>aran)«‘irj .n  r  kiiwu  ii.  iin>. 

siiur  tlir  fuiu'tioii  A^l/)  is  roiinrt  l('(!  witli  th<‘  luiuiitMi  l'>  the  irlriiion 

k\.{i)  =  y' ]/•,!');'  “  r-i' '  • 

Due  to  t  hat  the  Correia  I  ion  cueliii  ieiit  mar  also  l>e  coi;  tier  lei]  wit  h  the  '  ime  he)ie;;'  jeut 
siiueeziiig  roeffiiueiil  ij-t  / ),  If  one  eonsiiliMs  t  lie  iiholon  hist  rihut  ioi,  fniii  t  ion  is  sijijui/eii 
and  correlated  iiolyinode  light  I  he  disi  rihut  ion  function  is  iiiven  h\  thr  [d.a'e  -jiaie 
overlap  integral  of  the  W'igner  functions 

P'\  =s  I  11'  ,  ,  U  ,  .  t.t.i 

\\  here  the  fu  net  ion  11  .  ,  is  uixeii  hy  the  relal  loii  ( :(0  '  <tm  i  t  lie  turn  '  loi ;  11  ,  .  i  -  :  ro  n 
hy  the  relation  (dd|.  The  integral  thhl  ma>  he  espie'sed  in  terms  ..f  ‘he  llermile 
polynoitiials  of  several  \aiiahles.  I  he  photon  di'liihution  tuintioii  itiiii  ha-  \er\ 
wavy  hehaviour  since  ilie  llermile  i)ol\nomi<il  of  -eiei.d  vaii.diie-  ha-  tin-  \  ei  \  w.n  \ 
hehaiiour.  1  Itus.  the  property  ol  the  photon  di-trihulion  iumiion  of  the  -'j  ice/ed 
and  eorrelaled  polymoile  liuhl  i-  similar  to  the  propeitie-  o!  one  mode  -ijuee,"i',!  il 
and  conelaled  ligiii  [Oj.  1-or  two-mode  case  the  llertuile  poUnouiial  of  two  \ariahle. 
the  geni'iating  hmi  tion  foi  which 


exp 


;  V  V  /  H  J.  -  /  /fs  K 

■=1  KZ\ 


.,,=11,0=11 


I  to 


is  deteriuined  hy  the  'J  ■  L’-malrl.\  H .  ha-  ihtee  .lilferent  i  aiioidi  al  lottu-  II  .  One 
<  anonical  form  c orresponds  to  the  mat  rix  /f  of  I  he  t  \  |,e 


/f,  = 


(I  I 
I  I) 


itiN! 


In  this  case  the  llermile  polynomial  of  \aiiah|es  mav  he  expie—ed  in  terms  of 
I.aguerre  polynomials 


t.il-.O  I  -  (-11 .  p . Irl'  -" 


( /n  -  f.  -f  Iff.  -  j) .  Z 


' A:'" *  '  ,  r. 
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1  Introduction 

VVV>  join  tlio  larger  rommiini'y  to  salute  to  Prof,  riigene  Paul  Wigner  on  the  occasion 
of  the  |[  Internal  ional  Wigner  Symposium  and  celebrate  his  many  contributions  to 
physics  summarized  so  beautifully  m  the  after  dinner  speech  of  Prof,  G.  Emch.  We 
do  not  intend  to  repeal  tliis  wonderful  list  of  achievements  but  want  to  emphasize  in 
this  article  how  the  field  of  c|uantum  optics  ha.s  profited  .so  much  from  the  pioneering 
work  of  Prof.  Wigner. 

From  his  early  days  in  physics  Prof,  Wigner  has  been  interested  in  the  quantum 
properties  of  light.  His  work  with  V.  Weisskopf  on  the  spontaneous  emission  of  an 
atom  lies  at  the  fo>nidations  of  quantum  electrodynamics.  In  the  sixties  he  pushed 
for  a  deeper  understanding  of  the  measurement  process  in  quantum  mechanics  best 
summerized  by  the  problem  of  Wigner's  friend.  The  one-atom  maser  —  the  subject 
of  Sec,  2  is  closely  related  to  both  topics:  The  use  of  Rydberg  atoms  as  the 
inasing  material  inhibits  the  spontaneous  emission.  Moreover,  this  amazing  maser 
allows  intriguing  probes  of  the  complementarity  principle. 

The  superposition  principle  of  quantum  mechanics  on  first  sight  a  rather  in¬ 
nocent  principle  leads  to  quite  unusual  Cledankenerperimenis  such  as  the  paradox 
of  Schrddinger's  rat.  We  in  Sec.  3  bring  out  most  vividly  the  properties  of  these 
nonclassical  states  using  the  example  of  a  quantum  mechanical  superposition  of  two 
coherent  states.  A  phase  space  approach  ba.sed  on  a  pseudo  phruse  space  distribution 
such  as  the  Wigner  distribution  makes  the  phenomena  of  sub-Poisson  statistics  c 
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squeezing  arising  in  such  a  state,  transparent.  .An  intuitive  argument  for  tlie  Wigner 
function  based  on  the  notion  oi  a  quantum  jump  constitutes  the  last  section  of  our 
salute  to  Prof.  Wigner. 

2  The  One- Atom  Maser  -  a  Bridge  from  Quan¬ 
tum  Light  to  Quantum  Measurement 

Send  a  stream  of  excited  atoms  through  a  superconducting  cavity  with  a  single  field 
mode  coupled  to  a  single  transition  of  the  atom.  An  atom  may  deposit  a  photon  in 
the  cavity.  The  next  atom  entering  the  cavity  interacts  with  the  field  created  by  all 
earlier  atoms  and  so  on.  This  summarizes  in  brief  the  underlying  mechanism  of  the 
one-atom  maser  depicted  in  Fig.  1. 

A  maser  operation  driven  by  a  single  atom  in  the  cavity  just  another  example 
of  a  CJedankenexperiment?  Just  another  toy  from  the  playgro\ind  of  a  q\iantum 
optics  theoretician?  No,  this  device  has  been  promoted  from  the  wonderland  of 
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iiiathomatics  and  theory  to  the  real  world  of  hardware  and  experiment  [l].  But  what 
are  the  statistical  properties  of  the  light  created  in  this  maser?  It  is  nonclassicall 
What  does  it  mean,  nonclassical! 

Electromagnetic  radiation  can  indeed  show  nonclassical  properties  [2,  3],  that  is, 
properties  that  cannot  be  explained  by  classical  probability  theory.  Loosely  speaking 
we  need  to  invoke  "negative  probabilities”  such  as  appearing  in  the  Wigner  function 
to  get  deeper  insight  into  these  features.  We  know  of  essentially  three  phenom¬ 
ena  which  demonstrate  the  nonclassical  character  of  light:  photon  antibunching  [4], 
sub-Foissonian  photon  statistics  (.5j  and  squeezing  [6].  Mostly  methods  of  nonlinear 
optics  are  employed  to  generate  nonclassical  radiation.  However,  also  the  fluores¬ 
cence  light  from  a  single  atoni  caught  in  a  trap  exhibits  some  nonclassical  features 

(7,81. 

Yet  another  nonclassical  light  generator  is  the  one-atom  maser.  We  recall  that  the 
Fizeau  velocity  selector  shown  in  Fig.  1  preselects  the  velocity  of  the  atoms:  Hence 
the  interaction  time  is  well-defined  which  leads  to  conditions  usually  not  achievable 
in  standard  masers.  Under  appropriate  conditions  the  number  distribution  of  the 
photons  in  the  cavity  is  sub-Poissonian  [9,  10]  that  is,  narrower  than  a  Poisson 
distribution.  Even  a  number  state,  that  is,  a  state  of  well-defined  photon  number 
can  be  generated  [11.  12).  What  is  the  use  of  such  a  number  state?  Test  of  qtiantum 
theory  of  measurement?  Yes!  The  field  of  the  one-atom  maser  as  a  "which  way" 
detector,  that  is,  test  of  complementarity  [13]  .serves  as  one  motivation  for  number 
state  production. 

But  what  are  the  conditions  we  have  to  satisfy  in  order  to  achieve  such  an  ambi¬ 
tious  goal?  ( 1 )  We  have  to  use  a  cavity  with  a  sufficiently  high  enough  quality  factor 
and  (2)  we  cannot  admit  any  thermal  photons  in  the  cavitv.  Both  conditions  can  be 
fulfilled  when  the  superconducting  cavity  is  operated  at  very  low  temperatures,  that 
is,  at  temperatures  smaller  than  about  0.")  K.  Recently  a  new  maser  in  Garching 
operated  at  a  temperature  below  0.1  K.  At  such  low  temperatures  more  interesting 
features  such  as  trapping  states  of  the  cavity  (14]  make  their  appearance. 

Unfortutiately.  the  measurement  of  the  nonclassical  photon  statistics  in  the  cavity 
is  not  that  straightforward.  It  invokes  the  coupling  to  a  measuring  device  whereby 
losses  lead  inevitably  to  a  destruction  of  the  nonclassical  properties.  The  ultimate 
technique  to  obtain  information  about  the  field  employs  the  Rydberg  atoms  them¬ 
selves;  .Measure  the  statistics  via  the  dynamical  behavior  of  the  atoms  in  the  radia¬ 
tion  field  --  via  the  collapse  and  the  revivals  of  the  Rabi  oscillations  --  that  is  one 
possibility  [1.'),  16,  17].  However,  a  much  more  conclusive  approach  probes  the  pop¬ 
ulation  of  the  atoms  in  the  upper  and  lower  maser  levels  when  they  leave  the  cavity. 
In  this  rase,  the  interaction  time  is  kept  constant.  Moreover,  this  measurement  is 
relatively  easy  since  electric  fields  can  be  used  to  selectively  ionize  the  atoms.  The 
detection  sensitivity  is  sufficient  to  investigate  the  atomic  statistics.  This  technique 
maps  the  photon  statistics  of  the  field  inside  the  cavity  onto  the  atomic  statistics. 
Experiments  carried  out  along  these  lines  have  shown  a  variance  of  the  photon  num¬ 
ber  distribution,  (n^)  -  (n)^  =  0.3(ri),  which  is  70%  below  the  shot  noise  level  [18]. 
Another  method  proposed  to  measure  the  photon  statistics  of  the  maser  relies  on 
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a  Rainsey-type  setup  together  with  a  quantum  non-demolition  scheme  [19].  This 
technique  has  not  been  realized  experimentally  yet. 

The  experiments  on  the  steady  state  photon  statistics  involve  only  the  diagonal 
elements  of  the  density  matrix  of  the  maser  field.  The  maser  spectrum  [20]  however 
invokes  the  off-diagonal  elements  as  well.  A  multiple  microwave  field  method  similar 
to  the  Ramsey  fringe  technique  allows  to  mezisure  a  quantity  closely  related  to  the 
maser  linewidth.  Another  method  [21]  to  investigate  the  phase  dynamics  of  the 
maser  field  rests  on  the  state  reduction  of  the  combined  atom-field  system  after 
applying  a  classical  coherent  field  to  the  atoms  leaving  the  cavity.  Their  population 
statistics  allows  to  deduce  the  field  statistics.  This  method  is  based  on  the  back 
action  due  to  the  measurement  process. 

We  conclude  this  section  by  emphasizing  that  the  one-atom  maser  is  a  unique 
device,  and  that  for  three  reasons:  (1)  it  is  the  first  mciser  which  sustains  osi,lHaii  ^ns 
with  less  than  one  atom  on  average;  (2)  this  setup  allows  to  study  in  detail  the 
conditions  necessary  to  obtain  noncla-ssical  radiation  especially  sub-Poisson  light; 
and  (3)  it  allows  intriguing  probes  of  the  quantum  measurement  process. 

3  Nonclassical  State  from  two  Pseudo- Classical 
States 

A  key  point  in  the  discussion  of  quantum  theory  of  measurement  is  the  production 
of  Schrodinger  cats.  It  has  been  proposed  [22]  to  use  the  one-atom  maser  to  create 
such  states.  Here  we  do  not  want  to  address  the  question  of  how  to  produce  them 
using  the  one-atom  maser  [23]  nor  do  we  want  to  elaborate  on  various  other  schemes 
[24],  nor  do  we  want  to  elucidate  the  subleties  involved  in  their  detection  [25],  but  we 
want  to  identify  interference  as  the  central  ingredient  that  makes  these  Schrodinger 
cats  states  so  nonclassical  [26]. 

At  the  heart  of  quantum  mechanics  lies  the  superposition  principle  -  to  quote 
from  the  first  chapter  of  Dirac’s  classical  treatise  [27]  -  '■...  any  two  or  more  states 
may  be  superposed  to  give  a  new  state  ”.  Insight  into  the  far  reaching  consequences 
of  this  principle  is  offered  by  the  most  elementary  example  of  superposing  two  co¬ 
herent  states  [28,  29],  jae"'’^^}  and  ]ac,“"^f^),  of  identical  mean  number  of  photons 
(rn)  =  but  with  a  phase  difference  ip  as  shown  in  Fig.  2. 

A  coherent  state  of  an  electromagnetic  field  mode,  or  in  the  language  of  its 
mechanical  analogue,  of  a  harmonic  oscillator  with  dynamically  conjugate  variables 
X  and  p  minimizes  the  uncertainty  product  with  identical  uncertainties  (Ax)^  = 
(Ap)^  =  1/2  [30].  Thus  they  are  quantum  states  closest  to  classical  states  -  pseudo- 
classical  states  [28,  29].  In  contrast,  the  quantum  mechanical  superposition  of  two 
such  coherent  states  forming  the  state 

+  (1) 

exhibits  highly  nonclassical  features  |31,  32]  such  as  sub-Poissonian  [5]  and  oscilla- 
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Figure  2:  In  its  most  clomontary  version  the  quantum  mechanical  superposition  of  two 
coherent  states  of  mean  photon  number  (ni)  =  anu  phase  difference  ran  be  visualized 
by  two  circle.-'  of  radius  unity  displaced  by  an  amount  \/5  o  from  the  origin  and  having 
the  central  angle  between  them. 

tory  photon  statistics  [:13]  as  well  a.s  scpieezing  [34]  of  the  ,r-variable  [35].  as  discussed 
in  Figs.  4  and  5. 

In  Fig.  3  we  analyze  the  photon  statistics,  that  is,  the  probability  M  ^  of  finding 
m  photons  in  the  state  |t/>),  in  its  dependence  on  the  phase  difference  Figure  3 
shows  9-doniains  in  which  the  photon  count  probability  curve  gets  narrower  than 
the  Poisson  distribution  of  a  single  coherent  state:  that  is,  we  find  sub-Poissonian 
photon  statistics  an  indicator  of  a  nonclassical  state.  These  domains  are  separated 
from  each  other  by  zones  in  which  is  broader  than  a  Poisson  distribution,  that 
is  super-Poissonian.  The  resulting  oscillations  in  the  normalized  variance  = 
(rn^)/(rr()  —  (m),  displayed  in  Fig.  4  and  similar  to  those  in  the  photon  statistics 
of  the  micromaser  [9],  die  when  the  two  coherent  states  are  distinguishable.  As 
a  consecpience  Wm  shows  rapid  oscillations  with  the  familiar  Poisson  envelope. 
The  analogous  effect  arises  in  the  photon  statistics  of  a  highly  squeezed  state  [33]. 
Figure  5  deals  with  the  question  of  possible  squeezing  in  \n').  A  single  coherent 
state  shows  identical  uncertainties  (Ax)^  and  (Ap)^  in  the  conjugate  variables  t 
and  p  ecpial  to  1/2.  In  contrast  in  the  state  [r/;)  the  uncertainty  (Ax)^  can  fall 
below  this  coherent  state  value  provided  the  phase  difference  y)  lies  appropriately 
in  the  domain  of  sub  Poissonian  photon  statistics  as  indicated  in  Fig.  5.  Thus,  |i/’) 
exhibits  squeezing.  Moreover,  (Ap)^  increa,ses  while  preserving  (approximately)  the 
minimum  uncertainty  product  (Ax)^(Ap)^  =  1/4.  No  squeezing  in  x  is  found  in  the 
region  of  super-Poissonian  or  o.scillatory  photon  statistics. 
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Figure  ii;  Ttip  photon  count  probability  Wm  of  the  quantum  merhanical  superposition 
state  \  v)  in  its  dependence  on  the  relative  phase  difference  <p.  For  increasing  yj  the  Poisso- 
nian  distribution  for  the  rase  y;  =  0  (a),  narrows  while  its  maximum  moves  toward  smaller 
m  values,  (b).  This  curved  wave  front  suddenly  breaks  off  to  start  a  new  front  and  yields  a 
distribution  broader  than  a  Poissonian  with  more  than  one  maximum  (c).  (Here  we  have 
chosen  =  :16.) 

riiis  example  of  the  superposition  of  two  coherent  states  displaying  nonrlassical 
effects  such  as  sub- Poissonian  statistics  and  squeezing  in  contrast  to  a  single  coherent 
states  identifies  once  tnore  in  a  striking  way  the  principle  of  superposition  as  the  main 
actor  behind  the  scenes.  In  the  same  spirit  is  the  interesting  observation  [36]  that 
the  quantum  mechanical  superposition  of  two  number  states,  such  as  the  vacuum. 
|0),  and  a  one-photon  state,  |1),  shows  squeezing,  whereas  neither  |0)  nor  |1)  exhibits 
any  squeezing  by  itself. 

More  insight  into  these  nonclassical  effects  is  offered  hy  phase  space  considera¬ 
tions  within  the  framework  of  the  VVigner  function  (37), 

=  j  (2) 

of  the  slate  ](/;),  displayed  in  Fig.  6,  which  is  not  just  the  sum  of  the  two  Gaussian 
bell  Wigner  functions  of  the  two  coherent  states,  but  involves  an  interference  term 
[38,  39],  The  phase  difference,  -p,  can  sharpen  this  peak  and  can  even  force  it 
to  assume  negative  value-s.  It  is  this  Wigner-interfcrence  term  that  is  the  deeper 
origin  for  the  nonrlassical  features  [26]  of  the  photon  count  probability.  W,n.  and 
the  squeezing. 

I'he  striking  consequences  of  the  superposition  principle  of  quantum  mechanics 
a  single  coherent  stale,  a  quasi-rlassical  state,  tlie  quantum  mechanical  superposition 
of  two  coherent  states  of  identical  average  number  of  photons  but  well-defined  phcise 
difference,  a  highly  nonclassical  state  that  exhibits  sub- Poissonian  and  oscillatory 
photon  .statistics  are  the  central  result  of  the  present  section. 
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F  igure  4:  The  photon  count  distribution  for  the  quantum  mechanical  superposition 
of  two  coherent  states,  is  Poissonian  (a),  sub-Pois.sonian  (b),  super- Poissonian  (c)  or  oscil¬ 
latory  (d)  depending  on  the  relative  phase  between  the  two  coherent  states  as  expressed 
by  the  normalized  variance  a.  The  Poissonian  distribution  for  =  0  is  plotted  for  com¬ 
parison  by  a  dashed  line.  To  emphasize  the  oscillations  in  fr  we  have  chosen  a  logarithmic 
scale  for  ^p.  (Here  we  have  chosen  =  36.) 
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iMgurc  5;  In  the  vj-domairis  of  siib  Poissonian  photon  slatistirs  (romparn  to  Fig.  1)  the 
j--variable  exhibits  sqnooxing,  that  is,  the  varianro  depicted  in  (a)  by  a  solid  line 

falls  below  the  coherent  state  value  of  =  0..5.  The  variance  (Ap)^  shown  in  (a)  by  a 

dashed  curve,  however  never  falls  below  0..5,  but  increases  so  as  to  satisfy  the  uncertainty 
product  (Aj"  )^(Ap)^  >  1/d  indicated  in  (b).  In  the  first  two  domains  of  squeezing  the  state 
It,’)  i.s  approximately  a  minimum  uncertainly  state  whereas  for  >  rr/S  the  i  variable  is 
still  squeezed,  but  not  in  a  minimum  unrertaintv  state.  (Here  we  have  chosen  o^  =  36.) 
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Figure  6:  Tho  VVigner  function,  \  of  the  quantum  mechanical  superposition  of  two 
coherent  states  does  not  consist  of  only  two  Gaussian  bells  located  in  r-p  oscillator  phase 
space  at  X  =  %/2  ocosyj/'i  and  p  =  ±\/2  Qsin<^/2  corresponding  to  two  individual 
coherent  slates  and  but  involves  an  interference  term  located  on  the 

x-axis.  This  contribution  originates  from  the  quantum  mechanical  superposition  of  the 
two  coherent  .states  and  the  bilinearity  of  the  Wigner  distributi"- n.  Eq,  (2),  in  the  wave 
function.  This  interference  hill  can  be  narrower  in  the  x-direction  than  the  individual 
Gaussian  bells  giving  rise  to  squeezing  in  the  x-variable  (Fig.  -oa);  or  it  can  even  take  on 
negative  values  to  create  an  oscillatory  photon  count  probability,  H'„, ,  Fig.  4d.  (Here  we 
have  chosen  =  36  and  =  ir/3.) 
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4  A  Jump  Shot  at  the  Wigner  Distribution 

VVe  conclude  our  salute  to  Prof.  Eugene  Paul  Wigner  by  presenting  an  intuitive, 
physical  argument  to  motivate  the  standard  definition  of  the  Wigner  phcise  space 
distribution  which  we  have  already  depicted  for  the  rase  of  Schrodinger  cats  in  Sec,  .3. 
'I’he  central  ingredient  of  our  approach  [40]  is  the  notion  of  a  quantum  jump. 

Consifler  a  quantum  particle  at  position  x  moving  in  one  dimension  with  mo¬ 
mentum  p.  Here  the  uncertainty  relation  allows  for  a  pseudo-probability  only.  In 
the  spirit  of  Heisenberg’s  matrix  mechanics,  we  replace  the  single  position  x  by  a 
quantum  jump  from  an  initial  position  x'  to  a  final  position  x".  It  is  reasonable 
to  identify  x  with  the  geometric  center  of  these  two  positions  of  a  single  particle: 
X  =  ( j'  -|-  x")l'l.  But  how  to  incorporate  velocity  or  momentum  into  this  picture  of 
a  particle  hopping  by  an  increment  (  ~  x"  —  x'?  The  physics  of  de  Broglie  together 
with  the  mathematics  of  Fourier  provides  the  immediate  answer;  transformation 
from  ^  to  k  =  p/h.  But  what  is  the  function  we  have  to  Fourier  transform  in  this 
way?  Heisenberg  guides  us  in  finding  the  answer;  He  represents  an  atomic  Bohr 
transition  a  quantum  jump  from  an  orbital  of  quantum  number  n'  info  one  of 
quantum  number  n"  by  a  matrix  element  =  {n"|/1(n').  Here  A  stands  for 

any  dynamical  variable,  such  as  the  dipole  moment.  Similarly  we  now  consider  the 
density  operator  p  =  |t'’)(t'|  for  a  pure  state  |it>)  and  its  matrix  elements 

p[x".x')  =  (x"|p|x')  =  (x"|v)(<i’|j’')  =  >i'(x")v‘(x')  (3) 

in  position  representation.  This  accounts  for  our  quantum  jump  from  x'  to  x". 

To  bring  out  the  structure  of  this  jump  we  express  the  function  p  in  terms  of  the 
mean  position  x  and  the  increment  which  leads  to 


(t(x,0  =  v:-(x  -f  (,/2)ti’{x  -  ^/2).  (4) 

7'hi.s  is  theqiiantity  we  want  to  Fourier  transform  with  respect  to  the  jump  increment 
Thus  we  arrive  at 

•X 

-oc- 

oo 

=  J  V(x  A  a-iW(x  -  d(  .  (.3) 


With  the  integration  variable  y  =  and  h  =  1  this  expre.ssion  becomes  identical 
with  the  standard  definition  of  the  Wigner  pseudo-distribution  [37]  of  Eq.  (2). 
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Ensemble  or  Individual  System,  Collapse  or  no  Collapse; 
A  Description  of  a  Single  Radiating  Atom 


Goihaid  C.  Hegerfeldt  and  Tobias  S.  Wilser 

Institut  fiir  Theoietistlie  Physik 
I  niversitat  Gottingen.  Clermanv 


Abstract 

U'e  use  orciiiiary  quantum  moclianirs  to  analy/e  a  gedanken  experinieiit  of  re¬ 
peated  photon  inoasurement.s on  an  atom.  The  measurements  are  a  short,  but  finite, 
time  At  apart.  This  leads  to  a  coarse-grained  time  scale  anil  to  a  dcsrri|/ion  of 
photon  counts  front  a  single  atom  by  a  sample  path  of  a  classical  stochastic  scess 
governed  by  quantum  mechanics.  It  is  shown  that  a  collapse,  or  reduction,  of  d  '' 
state  vector  at  a  no-photon  ("null")  measurement  is  not  needed  but  may  be  used 
as  a  very  convenient  technical  tool.  We  also  show  that  within  the  coarse  grained 
time  scale  the  axiomatic  theory  of  contintious  measttrements  of  Davies  and  Srinivas 
can  in  the  ca.se  of  a  radiating  atom  be  obtained  from  ordinary  quantutn  tnechanics. 
Applications  to  macroscopic  dark  phases  anil  quanttim  beats  are  indicated. 

PAC.S:  OS.dxBz.  .f2.80.-t.  l2..50.Bs 


1.  Introduction 


In  recent  yeai  there  have  been  e.xcil  ing  expetimenis  on  single  atoms  in  Paul  Irap.s.  Part  ic 
iilarly  interesting  theoretical  C)ue.stioii.s  ari.se  in  connection  with  tiiacroscopii  (lack  periods 
or  macroscopic  f|iantnnri  jumps  of  a  single  atom.  Macro  jjiic  dark  periods  of  a  single 
fluorescent  atom  were  predicted  by  Dehmelt  [ij  for  a  system  with  two  excited  states,  one 
rapidly  decaying  and  the  other  metastable.  Driving  such  a  system  by  two  lasers  one  in 
tnitively  experts  frequent  transitions  from  the  ground  slate  to  the  nonmetastahle  excited 
state  with  the  suhseipient  emission  of  a  spontaneous  photon  ("light  period").  Once  in  a 
wlnle  there  will  be  a  transition  to  the  rnetastable  stale,  where  the  electron  will  stay  for 
an  extended  period,  and  there  will  be  no  )>hotons  ("dark  lieriod".  "eh  trim  slielving"). 
Qnantnm  merhanicailv  the  situation  is  less  clear  than  semiclassically  hei  ause  by  the  time 
development  the  atom  will  in  general  be  in  a  coherent  snperjrosition  of  all  three  states, 
with  att  admixture  of  the  rapidly  decaying  stale  always  present,  so  that  one  may  wonder 
if  the  dark  periods  really  exist.  Ihe.se  ideas  have  been  analyzed  semiclassic.illy  by  the 
telegraph  process  ['i]  as  well  as  (|uantmii  mechanically  [1.  1,  •').  (>].  Mairoscopic  dark  pe 
riods  were  indeed  found  experiinentallv  for  single  atoms  in  a  I’aiil  trap  [7].  lOttlirmitig  a 
.spectacular  quantum  effect. 


105 


In  the  following  we  use  only  ordinary  quantum  mechanics.  By  this  we  mean  the  sta¬ 
tistical  interpretation  as  well  as  the  reduction  of  the  state  vector  after  a  measurement 
[8).  According  the  statistical  interpretation,  as  understood  here,  one  deals  with  prob¬ 
ability  statements  which  are  experimentally  verified  as  frequencies,  or  relative  numbers 
of  events,  in  an  ensemble.  Instead  of  considering  many  systems  one  may  also  measure 
on  an  individual  system,  then  prepare  it  again  in  the  same  way,  measure  again,  and  so 
on.  In  the  case  of  interest  here  this  would  mean  an  ensemble  of  many  atoms  each  with 
its  own  radiation  field  and  laser,  or  a  single  atom  with  radiation  field  and  laser,  observed 
infinitely  long,  then  prepared  again  as  before,  observed  again,  and  so  on. 

For  reductions  we  take  the  von  Neumann- Luders  rule  [9].  For  example,  if  one  measures 
the  energj’  of  a  system  in  the  state  |  V’)  and  finds  a  particular  eigenvalue  of  the  energj' 
which  is  degenerate,  then  the  state  immediately  after  the  measurement  is  given  by  the 
projection  of  the  state  |  v)  onto  the  eigenspace  of  the  respective  eigenvalue,  with  ensuing 
normalization.  Such  a  reduction  is  surely  an  idealization  of  the  measurement  process  and 
only  a  substitute  for  a  detailed  theory  of  the  measuring  apparatus. 

Such  a  change  of  the  state  vector  will,  of  course,  influence  the  results  of  subsequent 
measurements.  .As  an  example  we  consider  a  spin  j  in  a  magnetic  field  B  =  (5,0,0)  in 
x-direction.  The  Hamiltonian  is  given  by 

H  =  =  1/2  hB  - a  =  1/2  hBa, 


As  initial  state  |i^o)  we  take  the  one  with  spin  up,  <T3  =  I'Fo)-  Then,  at  time  t, 

(.,3,)  =  exp{-/<T,5,;/2}  (,^o)  • 

We  now  imagine  the  .3-component  of  the  spin  measured  in  two  different  ways, 
a)  We  mccisure  at  time  T  =  rr/B  only.  This  gives 

(<T3/2)r  =  -1/2 


b)  We  measure  first  at  time  T/2,  then  perform  a  reduction  of  the  wave  function,  and 
measure  again  at  time  T.  This  gives 


{ <^3/2  )r  =  0 

which  differs  radically  from  the  previous  outcome. 

We  now  consider  an  atom  which  radiates  photons.  One  then  has  the  problem  that  if 
the  photons  are  detected  by  a  counter  or  seen  by  the  eye  of  an  observer  one  performs,  in 
principle,  a  measurement,  with  all  the  consequences  of  the  theory.  Moreover,  due  to  the 
stochastic  nature  of  the  emission  times,  how  does  one  know  when  to  measure? 


2.  Null  Measurements 


We  imagine  a  general  N-level  atom  possibly  illuminated  by  one  or  several  lasers  and  use 
vn  ideal  detector  of  efficiency  1  to  measure  the  photons  emitted.  We  start  at  t  =  0  and 
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assume  the  first  photon  to  be  detected  at  time  ti-  This  is  obviously  a  photon  measurement, 
and  one  may  try  to  describe  it  quantum  mechanically  as  follows.  .4t  time  /q  =  0  one 
has  a  no-photon  state  lOpfc)  together  with  an  atomic  state  |  t'a)-  f  ntil  time  one  uses 
the  unitary  time  development, 

l  (ti-to)  lOpji)  I  I'a), 

and  then  one  would  have  a  reduction  at  time  <i.  The  probability  Po{t)  to  have  found  no 
photon  at  time  t,  i  <  tj.  is  then 

Poif]  =  E  IO'4l(0p^|f(/.fo)|0p,)|f.4) 

JA 

where  the  sum  is  over  all  atomic  states.  Defining  the  projector  Pa  by 

Po  =  Y,  |Op*)lT4)0.4l(Op.| 

JA 

~  10pA)l.^(0pJ  (1) 

one  can  write  Pa(t]  as 


Po{t)  =  II  Po  l  (tJo)  |0p,)  i  Va)  11' 


The  right-hand  side  of  this  has  been  calculated  by  Porrati  and  Putterman  [6].  The 
probability  Po(t)  is  important  for  the  determination  of  photon  rates  and  for  dark  periods, 
as  first  pointed  out  in  Ref.  pj. 

There  is  an  objection  to  this.  In  order  to  know  that  there  had  been  no  photon  before 
fi.  one  would  have  had  to  open  the  detector  between  0  and  i\  without  detecting  a  photon. 
Opening  the  detector  and  nol  finding  a  photon,  however,  is  also  a  measurement  which 
may  be  called  a  "null  measurement"  [10].  Should  each  of  these  null  measurements  not 
also  be  accompanied  by  a  reduction?  In  the  above  procedure  leading  to  (2)  they  are  not 
manifestly  taken  into  account. 

How  many  of  these  null  measurements  does  one  need?  Ideally,  infinitely  many,  and 
ultimately  this  line  of  reasoning  would  lead  to  "continuous  measurements"  [1 1  j.  However, 
it  is  well-known  that  the  von  Neumann- Liiders  rule  leads  to  difficulties  with  continuous 
measurements  since  in  the  idealized  limit  of  measurements  repeated  infinitely  fast  it  leads 
to  a  freezing  of  the  state,  the  so-called  quantum  Zenon  effect  [12]. 

By  an  axiomatic  extension  of  quantum  mechanics  Davies  and  Srinivas  [13]  have  con¬ 
structed  a  theory  of  continuous  measurement  which  is  adapted  to  counting  rates.  But  for 
any  particular  situation  one  needs  a  phenomenological  input  or  some  intuition  to  obtain 
the  explicit  form  \V-  will  come  back  to  this  theory  in  the  Section  5. 


3.  FVom  Ensemble  to  Single  System 


VVe  return  to  the  N-level  sy.stem  of  the  last  .section  and  consider  a  gtdankt  n  experiment . 
To  avoid  freezing  of  the  state  due  to  the  quantum  Zenon  effect  we  open  the  detector  at 
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instances  a  very  short  -  but  finite  -  time  At  apart  and  perform,  at  each  null  measurement, 
an  explicit  reduction  of  the  state  vector.  To  obtain  limits  on  At  we  require  that  At  should 
be 

(i)  much  shorter  than  the  life  time  of  a  level,  i.e.,  much  less  than  10~*s; 

(ii)  large  compared  to  the  time  it  takes  a  photon  to  travel  the  distance  of  an  atomic 
diameter  (essentially  the  correlation  time  in  quantum  optics). 

We  thus  arrive  at 

At  ^  10'*“  -  10“'^  s  . 

Therefore  we  have  up  to  10*  additional  reductions  per  second  on  top  of  the  10*  photons 
or  so. 

Reductions  and  sample  paths.  W'e  2issume  that  the  single  atom  from  above,  with  its 
radiation  field,  is  a  member  of  an  ensemble  E  described  by  the  initial  state  |  0p(,)  | 

The  atoms  may  or  may  not  be  driven  by  external  pumping.  At  times  At  apart  we  imagine 
a  measurement  on  each  system  of  E.  By  E\^'^  we  denote  the  subensemble  of  all  systems 
for  which  no  photon  was  found  at  time  At.  Similarly,  £0"^'*  denotes  the  subensemble 
of  systems  for  which  at  times  At,  2At,---.  riAf  no  photon  was  found.  Clearly  one  has 

^0^**  3 . D  £0"“^**.  According  to  the  von  .Neumann- Liiders  rule  the  subensemble 

Eo‘^‘^  is  described  by  the  state  vector 

PoUiAt.Q)  |0p0U-,4)  /  11-11 

where  the  projector  Po  is  given  by  (1).  The  n-th  subensemble  Eq”^'^  is  described  by 

PoV(vAt.{n-\)At)  Po  ■■■  PoV(At.O)  1  Op/.)  I  f.t)  /  |1  •  1|  (3) 

which  shows  the  intermittent  unitary  time  development  interrupted  by  repeated  reduc¬ 
tions  in  between.  T1  e  first  subensemble  has  relative  magnitude 

II  For(A<,0)(0p^)|C.,)||^ 

which  in  the  statisti<al  interpretation  is  the  probability  of  finding  no  photon  at  time  At. 
The  relative  magniti.de  of  subensemble  compared  to  E  is 


PoinAt)  3  IhPo  (  (iiAt.ln  -  l)At)  Fo  {■((»- l)At,(n -2)At)  - 

■  ■  Po  f’(2A<.  A/)n  flAt.O)  1  Op,.)  I  va)  11^ 


(-1) 


which  gives  the  probability  of  finding  no  photon  at  the  times  At,  •  •  ■ ,  n  At.  This  expression 
is  quite  different  from  the  previous  one  in  (2). 

At  each  measurement  on  the  individual  system  under  consideration  chance  decides 
according  to  the  probabilities  Po(Af),  •••  ,Po(nAt).  •••  whether  or  not  a  photon  is 
detected.  This  behar  ior  can  be  simulated  by  flipping  a  coin  weighted  with  the  conditional 
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probabilities  for  each  measurement.  Once  a  photon  is  detected  and  absorbed  our  individ¬ 
ual  system  becomes  a  member  of  a  new  ensemble  £' .  How  to  describe  the  new  ensemble 
is  in  general  quite  a  subtle  question  and  will  be  discussed  elsewhere.  Here  we  will  assume 
for  simplicity  that  the  system  is  reset  to  |0ph)  |0,4)  where  IO.4)  is  the  atomic  ground  state 
[14].  With  no  external  pumping  the  state  remains  constant  after  t\.  If  a  driven  atom 
starts  out  from  the  ground  state  and  if  at  time  ti  =  (n  -f  l)At,  say,  the  first  photon  is 
detected  then  the  procedure  starts  again,  with  a  time  <2  for  the  next  photon  detection, 
and  so  forth. 

Thus  in  the  above  approach  the  photon  and  no-photon  detection  times  for  a  single 
atom  form  a  sample  path  of  a  classical  stochastic  process  which  is  governed  by  quantum 
mechanics.  Without  pumping  the  sample  path  terminates.  In  the  simple  case  of  a  driven 
atom  which  is  reset  to  the  ground  state  after  a  photon  detection  one  obtains  a  path  of  a 
renewal  process  since  after  each  photon  detection  the  memory  is  lost.  In  general,  however, 
this  need  not  be  so. 

Evaluation  of  Po{nAi).  We  can  rewrite  the  state  vector  of  the  n-th  subensemble  in 
(3)  as 


|0p*)  (0p*|r(nAt,(n-l)A<)10pfc)  (0,>,\U(Af.0)l0,,)  Km) /Ml 

=  |0p,)|v,4(nAt))/||-||  (5) 

where  the  expressions  (Op/,  |  f  '(nAt,  (n  —  l)Af)  |0p/,>  are  now  purely  atomic  operators  and 
where  |  K’^inAt))  is  a  vector  in  the  atomic  space  of  norm  less  than  1.  due  to  the  repeated 
reductions.  One  has 

Po(nAt)  =  II  t'M(nA<)  ||'  .  (6) 

Since  At  is  small  one  can  use  ordinary  perturbation  theory  to  evaluate  (5).  standard 
Hamiltonian  is  [15] 

H  =  H.i  +  Hf  +  D{E  +  ElU))  (7) 

where  is  the  purely  atomic  part,  Hp  the  radiation  field  part,  E  the  quantized  field, 
El{1)  a  possible  classical  field  of  lasers,  and  D  the  atomic  dipole  operator. 

^  =  e  ImXmI-V  \jA){jA  I  • 

Going  over  to  the  interaction  picture  with  respect  Hg  =  Ha  +  Hp  one  obtains  in  second 
order 

(Op/.  |P(mAt,(m  -  l)At)  |0p/,) 

=  (k  -  ih-'  r^'  df  (Op/.  I  (Op/.) 

df  f  dt"  (Opt.  |0p/,)l 

</(m— 1)^(  J 

The  expression  in  the  curly  brackets  is  etisy  to  evaluate  as  indicated  in  footnote  [16] 
where  for  At  — >  0  the  quantum  Zenon  effect  appears  automatically;  a  particular  case  is 
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evaluated  in  [IT].  E.g.,  for  a  three-level  V-s\-stem  with  states  ]  0).  |  1).  ]  2)  and  with 
transition  frequencies  ^-2  and  laser  frequencies  ^L2  >he  curly  bracket  can  be 
written  as  [IS] 


1.4  -  ^  I I  -f  h.c.  -  i,.d, 


-  t  In  I  1){2  I  f  ' 


■*>21 1‘ 


2>{1  I  c- 


where 

-nj  =  (0(.V|t)-0I.V(0)^feV6W'r*  (S) 

and  where  .4j  =  '2~ijj  are  the  Einstein  coefficients  and  the  Habi  fre{|uencies.  which 
are  proportional  to  the  laser  amplitudes.  Now  the  product  over  m  from  1  to  n  can  be 
performed,  leading  to  a  lime-ordered  expre.s.sion  of  the  form 


ItUdiAt)) 


<lt' 


(9) 


The  "reduced  Hamiltonian"  Hrnt  is  nonherniitian.  In  particular,  for  the  \'-system  one 
obtains  for  Hrtd  in  matrix  form  with  respect  to  the  basis  |0).  [  1).  |2) 


h 


f  0  f7i/2f f>,/2c'*“' 

n,/2f— £, -,,4,/2 

^  Q2/2  -I  Ed  -  i  .42/2 


(101 


We  now  introduce  a  "coarse-grained"  time, 

t  =  It  At  .  n  =  0. 1,2, 


(11) 


Then  (9)  can  be  written  as 


4  Hr,d  I  tuff)) 

(it 

and  orK*  has 

Po(n  =  iif.tio  11' . 


(12) 


(l:Vi 


Collapsf  or  no  collapse:  How  does  this  result  compare  with  that  calculated  from  (2)'.’ 
,Surprisingly,  within  the  coarse-grained  time  scale  our  Po(t)-  obtained  by  n  fold  reductions, 
coincides  completely  with  that  obtained  with  no  redtictions  [19j.  The  n-fold  repealed 
reduction.s  do  not  seem  to  have  an  effect  except  for  the  temporal  coarse-graining!  1  he 
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approach  of  this  section,  however,  has  the  advantage  of  mathematical  simplicity  since 
straightforward  perturbation  theory  can  be  used. 


Ensemble  or  individual  system:  The  coarse-grained  time  can,  for  all  questions  relating 
to  time  differences  much  larger  than  At,  be  considered  as  practically  continuous.  On  the 
coarse-grained  time  scale  the  detection  of  photons  from  an  atom  can  thus  be  described  by 
a  sample  path  of  a  classical  stochastic  process  with  continuous  time,  a  process  which  is 
governed  by  quantum  mechanics.  Without  external  pumping  these  paths  terminate  and 
then  it  is  clear  that  one  can  make  no  definite  statements  about  an  individual  system.  With 
external  pumping,  however,  this  is  possible  due  to  the  ergodic  property  of  the  process. 
Ergodicity  allows  one  to  replace  time  averages  over  a  sample  path  by  ensemble  averages 
which  in  turn  can  be  calculated  by  probability'  theory.  For  a  renewal  process  this  is  more 
or  less  evident,  and  for  the  general  case  ergodicity  is  physically  expected.  This  explains 
that  although  in  the  statistical  interpretation  quantum  mechanics  deals  with  ensembles 
it  can  make  certain  definite  predictions  for  a  single  driven  atom. 


4.  Applications 


Macroscopic  dark  periods  [3,  4,  6,  17].  For  the  Dehmelt  V-system  the  off-diagonal 
elements  in  Hr^d  can  be  neglected.  This  is  most  easily  seen  by  going  to  an  interaction 
picture  with  respect  to  an  auxiliary  Hamiltonian  H'q  =  uiii  1 1)(1  |  -t-  o-'li  |2)(2  |  which 
removes  the  time  dependence  from  the  fl, -terms  and  adds  an  exp to 
the  y^j-terms.  This  produces  rapid  oscillations  which  lead  to  negligible  contributions. 
With  their  neglect  one  obtains  a  Po(0  identical  to  that  of  Cohen-Tannoudji  and  Dalibard 
[3],  and  their  analysis  applies.  Due  to  the  fact  that  one  level  is  metastable,  level  2  say,  one 
has  Ai  <4i  and  this  leads  Po(t)  to  split  into  the  sum  of  two  parts,  one  rapidly  decaying 
roughly  like  exp{— .Ijt},  the  other  very  slowly  decaying,  roughly  like  exp{  — .djf},  and 
with  a  very  small  fa 'tor  in  front.  There  is  thus  a  small  probability  to  reach  this  region 
where  the  second  tei  m  prevails  —  i.e.  very  many  photon  detections  will  be  needed  — , 
but  once  this  region  is  reached  one  has  to  wait  a  very  long  time  for  the  next  photon 
since  its  probability  density  is  «;i(f)  =  — Pglt).  During  this  dark  period,  lt!>,4(/))  is  not 
completely  in  the  mctaistable  state  |2)  but  has  a  |  l)-component.  Hence  in  contradiction 
to  the  semi-classical  electron-shelving  picture  there  is  a  finite  probability  -  in  fact  it 
can  be  approximately  1/2  -  that  the  next  photon  does  not  originate  from  the  transition 
metastable  to  ground  state  [6.  17). 

Quantum  beats.  We  consider  a  three-level  V-system  whose  upper  levels  have  only  a 
verysmallenergy  diflerencef)6,*)and  nolaser(ft,  =  0).  We  consider  the  decay  from  one  of 
the  excited  states.  In  this  case  the  off-diagonal  terms  yq  in  ( 10)  become  important.  Po(t) 
will  now  contain  oscillating  terms  which  leads  to  a  non-exponential  decay,  the  well-known 
quantum  beats.  Here  it  turns  out  that  these  beats  also  occur  for  the  decays  of  levels  1 
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and  2  separately,  not  only  for  coherent  superpositions  as  required  in  some  textbooks  [20]. 

Macroscopic  dark  periods  without  metasfable  state  [21].  .‘\gain  we  consider  a  V-system 
with  very  small  upper-level  separation  hSui  and  irradiate  it  with  a  single  laser  tuned  to 
the  vicinity  of  the  upper  levels.  The  Rabi  frequency  is  denoted  by  fl.  We  now  assume 
in  addition  that  the  transition  dipole  moments  are  parallel.  For  Su)  fl  light  and  dark 
periods  are  predicted.  Their  mean  duration  Ti  and  Tp  can  be  explicitly  calculated  for 
arbitrary  laser  detuning.  In  particular,  if  the  transition  dipole  moments  are  equal  and  if 
the  laser  is  tuned  to  the  0  —  1  or  0  —  2  transition  one  finds 

Tl  = 

Td/Tl  =  nV2(M^ 

If  the  laser  is  tuned  exactly  halfway  between  the  upper  levels  the  surprising  phenomenon 
is  predicted,  for  any  Su,  that  after  the  emission  of  a  number  of  photons  the  atom  will 
stop  fluorescing  completely  (To  — *  oo).  This  is  related  to  a  nonabsorption  resonance  in 
gases  [22,  23]. 


5.  Connection  with  the  Continuous  Measurement  Theory 
of  Davies  and  Srinivas 


Davies  and  Srinivas  [13]  have  extended  the  axiomatics  of  quantum  mechanics  by  postu¬ 
lates  for  'homogeneo  IS  quantum  counting  processes’.  In  particular,  their  postulates  imply 
the  existence  of  two  ‘superoperators’  J  and  5(  which  map  trace  class  operators  to  trace 
class  operators  and  satisfy  certain  properties.  For  an  individual  system  of  an  ensemble 
described  by  a  density  matrix  p  their  meaning  is  as  follows.  Tr{Stp}  is  the  probability 
of  finding  no  counting  event  in  [0,<],  and  the  probability  density  u'(ti.  •  ■  • ,  [0.  <])  for 

finding  a  counting  e\ ent  exactly  at  the  times  f i,  ■  •  • .  In  in  [0,  t]  is  given  by 

u.(t„---,t,;[0,<l)  =  Tr{S..,„J  ■■■  J  S,,-,,  J  S,,p)  (14) 

For  a  particular  system  J  and  St  have  to  be  determined  phenomenologically  or  by  intu¬ 
ition. 

Since  we  have  an  explicit  expression  for  Po(l)  we  can  derive  the  form  of  the  superop¬ 
erators  J  and  5(.  Only  ordinary  quantum  mechanics  is  used  and  no  additional  postulates 
are  required.  We  illustrate  this  for  the  three-level  V-system,  two  excited  states  coupled 
to  a  common  ground  state,  with  two  lasers.  Let  the  initial  atomic  state  be  p.  The  cor¬ 
responding  Po{t;p),  valid  until  the  detection  of  the  first  photon,  is  obtained  from  (9)  and 
(10)  by  carrying  these  equations  over  to  density  matrices  in  an  obvious  way.  Then,  after 
the  detection  of  the  i-th  photon  the  atom  is  each  time  reset  to  the  ground  state,  and  the 
corresponding  Po(t  --  tisjO))  is  obtained  from  (10)  with  jVu)  =  |fl)-  By  standard  argu¬ 
ments  of  classical  probability  theory  one  then  finds  for  the  n-photon  probability  density 
[0,  tj)  [17] 

u>(<,.--,<n;[0.  t])  =  Poll -In',  10))  |0))  •••  Wi{h-tu\0))wAU\p)  (15) 
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where  u?i  =  —  ^o- 

We  now  define  superoperators  J  and  St  by 

J  P  ■.=  |0)(0  I  Tr{  HHru  -  H:,^)p  }  (16) 

Stp  ;=  Texp{-ir'jf'<fl' p  [Texp|-rfi-"j^'tft'/r„,(t')}]  (17) 

We  note  that  J  is  time  independent,  by  (10).  Now,  first  of  all  it  is  apparent  that  Tr  (St  p) 
coincides  with  Po(<;p).  Inserting  (16)  and  (17)  on  the  right-hand  side  of  (14)  one  finds 
by  a  calculation  similar  to  one  in  Ref.  [17]  that  this  agrees  with  (15). 

Using  only  ordinary  quantum  mechanics  we  have  in  this  way  exhibited  operators  that 
satisfy  the  requirements  of  the  quantum  counting  process  of  Ref.  [13].  There  is.  however,  a 
severe  conceptual  proviso.  In  our  approach  we  are  dealing  with  a  coarse-grained  time,  and 
the  above  seemingly  continuous  variables  in  (15)  are,  truly  speaking,  discrete. 

We  thus  arrive  at  the  conclusion  that  the  '’continuous"  measurement  theory  of  Ref.  [13] 
can,  at  least  in  the  case  considered  here,  be  derived  from  ordinary  quantum  mechanics  if 
one  rela.xes  the  "continuous"  and  goes  over  to  a  coarse-grained  time  scale. 


6.  Discussion 


Our  intuitive  idea  is  that  it  should  make  no  difference  for  the  photon  statistics  whether 
or  not  all  photons  are  actually  observed  once  they  are  sufficiently  far  away  from  the  atom 
and  do  no  longer  interact  with  it.  In  a  cavity  with  reflecting  wails  this  would  evidently 
not  be  true.  Therefore  we  think  that  the  results  of  Section  3.  together  with  ordinary 
probability  theory,  can  also  be  applied  to  situations  where  only  a  part  of  the  photons 
are  actually  detected.  This  is  substantiated  by  ihe  result  that  for  the  photon  statistics 
it  makes  no  difference  whether  or  not  reductions  are  performed  at  no-photon  ("null") 
measurements.  With  these  reductions,  however,  elementary  perturbations  theory  can  be 
used  since  At  is  very  small,  and  this  simplifies  the  analysis  considerably.  In  this  sense  the 
null  reductions  may  be  considered  as  technical  tool. 

No  attempt  has  been  made  to  give  a  detailed  theory  of  the  measurements,  but  at 
each  measurement  and  depending  on  its  outcome  a  straightforward  reduction  of  the  state 
vector  according  to  the  von  Neumann-Luders  rule  is  carried  out.  These  reductions  put 
an  individual  system  each  time  into  a  particular  subensemble,  and  this  branching  into 
subensembles  may  depend  on  the  system  under  consideration.  In  the  simple  case  con¬ 
sidered  in  Section  3  the  atom  is  reset  to  the  ground  state  after  a  photon  detection,  and 
for  a  driven  atom  one  then  obtains  a  sample  path  of  a  renewal  process  .  In  general, 
however,  the  resetting  will  not  always  be  to  the  same  state  and  might  in  fact  even  be 
time  dependent.  In  this  way  we  arrive  at  the  result  that  on  a  time  scale  much  coarser 
than  At  the  photon  emissions  of  an  atom  can  be  regarded  as  a  sample  path  of  a  classical 
stochastic  process  obtained  from  ordinary  quantum  mechanics.  Ergodicity  allows  one  to 
replace  time  averages  over  a  sample  path  by  ensemble  averages,  and  such  quantities  can 
thus  be  calculated  for  a  single  radiating  atom. 
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It  should  be  pointed  out,  however,  that  our  gedanken  experiment  with  its  repeated 
reductions  and  temporal  coarse-graining  and  its  reduced  description  of  the  atomic  state  is 
not  applicable  to  all  questions  encountered  for  a  single  radiating  atom.  The  term  ‘emission 
of  a  photon  appears  to  be  imprecise  and  should  be  replaced  by  ‘detection'  since  it  is 
doubtful  whether  it  makes  sense  quantum  mechanically  to  speak  about  emission  without 
an  actual  observation.  If  one  is  interested  in  spectral  distributions  of  the  emitted  light 
repeated  observations  would  cause  changes,  as  is  clear  from  the  time-energy  uncertainty 
relation.  For  such  observables  like  the  spectrum,  which  in  a  sense  is  complementary 
to  photon  counting,  one  will  need  other  facets  of  the  complete  wave  function  of  atom 
plus  radiation  field.  The  true  wave  function  contains  all  information  and  gives  a  ’holistic’ 
description  of  all  aspects  of  the  system  while  some  partial  aspects,  as  the  photon  statistics, 
may  be  amenable  to  a  simplified  description. 

Part  of  this  work  was  done  while  one  of  us  (G.C.H.)  was  at  the  Institute  for  Advanced 
Study,  Princeton,  New  Jersey.  The  research  was  partially  supported  by  the  Monell  Foun¬ 
dation  and  the  Deutsche  Forschungsgemeinschaft. 
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Electrons  restricted  to  a  plane  perpendicular  to  a  constant,  homogeneous  magnetic 
field  D  and  subject  to  a  weak  lateral  superlattice  potential  have  unusual  properties. 
The  energy  spectrum  plotted  versus  1  //?  shows  a  self-similar  fractal  structure  known 
as  ”  Hofstadter’s  butterfly”.  The  origin  of  this  interesting  behavior  is  the  interplay  of 
two  independent  length  scales,  the  period  a  of  the  two-dimensional  superlattice  and 
the  magnetic  length  /  =  (chf  e Mat  hematical  aspects  of  this  problem  have  been 
discussed  during  the  last  four  decades.  But  only  with  modern  microstructuring  tech¬ 
niques  it  becomes  possible  to  fabricate  samples  for  which  measurable  conseqiieiu  es 
of  these  commensurability  effects  can  be  expected  in  an  accessible  range  of  magnet  i( 
field  values  and  temperature.  Recent  experiments  related  to  this  mathematics  will 
be  discussed. 


1  Introduction 

With  the  method  of  molecular-beam-epitaxy.  Ga.\l  —  Al,Gai_xAs  heterostructures 
(with  x~0.3)  can  be  fabricated  which  contain  a  ne.a’-ly  ideal  two-dimensional  elect  rot. 
gas  (2DF.,G),  with  a  mobility  as  high  as /t  >  I0'’cTn*/V'.s.  The2DEG  is  defined  bythe 
lowest  energy  eigenstate  in  the  triangular  quantum  well,  formed  by  the  conduction 
band  discontinuity  at  the  nterfaceand  the  self-consistent  elect rostc.tic  potential  in 
the  GaAs  [1|.  At  low  temperatures  (T  <  5A' ),  the  energy  gap  (~  'iOnir  V')  to  the  next 
state  in  the  well  prohibits  motion  of  the  electrons  in  the  z-direction  perpendicular  to 
the  interface,  whereas  the  electrons  move  freely,  with  the  effective  mass  tn  =  O.OfiTmo 
of  GaAs,  in  the  x-y-plane  parallel  to  the  interface.  In  a  strong  homogeneous  magnetic 
field  B  —  Bz  the  cyclotron  motion  of  the  electrons  is  quantized,  and  the  single¬ 
electron  energy  spectrum  is  purely  discrete  but  highly  degenerate.  Of  course,  in  real 
systems  this  degeneracy  is  lifted  by  random  impurity  scattering,  and  the  discrete 
Landau  levels  (LLs)  are  collision-broadened.  This  system  shows  many  interesting 
properties,  such  as  the  integer  and  the  fractional  quantum  Hall  effect  [2],  and  at  still 
higher  B-values,  eventually  a  magnetic-field  induced  Wigner  crystallization. 

In  the  following  we  will  discuss  properties  of  a  periodically  viodnlated  2r)EG  in 
a  perpendicular  magnetic  field,  but  we  will  consider  a  situation  relevant  to  experi¬ 
ments,  where  a  lateral  superlattice  is  imposed  on  the  2DEG  by  external  electrostatic 
fields,  and  where  it  is  not  necessary  to  take  the  Goulomb  interaction  explicitly  into 
account,  A  2DEG  subject  to  such  conditions  has  unusual  properties  due  to  the  in¬ 
terplay  of  two  length  scales,  the  period  a  of  the  superlattice  and  the  magi.etic  length 
/  =  The  single-particle  energy  spectrum  for  such  a  situation  has  been 

investigated  theoretically  by  many  authors  [3-6].  For  a  two-dimensional  (2D)  super- 
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Figure  1:  Hofstadter’s  butterfly  [.5],  The  scaled-energy  eigenvahie  spectrum  f.,  of 
Eq.  (7)  was  calculated  for  Vy  —  V>  and  all  rational  values  p/q  of  the  flux  ratio. 
Eq.(l).  with  relative  prime  integers  p  and  q  satisfying  1  <  q  <  p  <  60.  I'lie  allowed 
energy  intervals  (subbands)  are  plotted,  in  units  of  V'x.  as  vertical  lines  over  the 
inverse  flux  ratio  q/p. 

lattice,  the  energy  spectrum  as  a  function  of  the  magnetic  field  B  is  determined  by 
the  complicated  self-similar,  fractal  structure,  which  is  shown  in  Fig.  ( 1 )  and  know 
as  Hofstadter’s  “butterfly”  [5].  This  result  is  obtained  in  the  two  complementary, 
but  mathematically  equivalent  limits  [-1]  of.  first,  a  strong  lattice  |)otential  and  a 
weak  magnetic  field  in  the  tight-binding  approximation  [d.l,.')],  and  of.  second,  a 
weak  periodic  perturbation  in  a  f,andau  quantized  2DF>C  [l.Oj.  In  the  second  cas<’. 
which  we  will  consirler  in  the  following,  one  finds  that  each  bb  splits  into  p  subbands 
if 

=  p/q  ,  ( 1  ) 

i.e.,  if  the  flux  B(B  per  unit  cell  is  a  rational  multipleof  the  flux  (juantum  =  hr/( . 
Some  important  results  on  the  single-electron  spectrum  for  this  situation  will  be 
recalled  in  sect.  2. 

On  the  basis  of  this  energy  spectrum  the  Hall  conductivity  has  been  predicti'd 
to  a.ssunie  quantized  values,  integer  multiples  of  <  if  the  Fermi  energy  falls  into 
a  gap  between  such  subbands  [7,8].  .Al.so  the  diagonal  components  of  the  (oiniucti- 
vity  tensor  for  a  2 DEG  in  an  one-dimensional  (ID)  superlattice  have  been  calculated 
before,  and  a  pronounced,  strongly  anisotropic  dependence  on  the  filling  fraction  wi 
thin  a  bb  was  predicted  [9].  Up  to  now,  none  of  these  tlu-oretical  predictions  could 
be  verified  experimentally,  since  flux  ratios  in  a  suitable  range  (0.1  <  a^f’lTzB  <101 
could  not  be  achiev'ed.  With  the  modern  techniques  of  niicrostructuring,  however. 
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it  becomes  possible  to  approach  this  situation.  Lateral  superlatticcs  with  periods 
a  ~  lOOnm  and  of  different  modulation  strength  have  been  produced,  and  the  re 
suiting  effects  on  the  transport  properties  of  the  2DEG  have  been  reviewed  recently 
[10,11].  We  keep  the  following  discussion  short  and  refer  the  interested  reader  to 
these  reviews.  In  sect.  3  we  present  transport  experiments  on  samples  with  weak 
lateral  superlattice  potentials,  with  distinctly  different  results  for  ID  and  for  2D 
superlattices,  respectively  [12-16].  In  sect.  4  we  sketch  a  transport  theory  based 
on  Kubo’s  formulas,  which  explains  these  differences  as  resulting  from  the  subband 
splitting  of  the  Hofstadter-type  spectrum.  This  provides  the  first  indication  for  the 
realization  of  the  Hofstadter-type  spectrum  in  these  semiconductor  systems.  An 
explicit  resolution  of  this  spectrum  is,  however,  not  yet  possible  and  requires  super¬ 
lattices  with  still  smaller  periods. 

2  Hofstadter-type  energy  spectrum 

Since,  in  the  experiments,  the  period  of  the  superlattice  (a  ~  300rrm)  is  much 
smaller  than  the  electronic  mean  free  path  (Xjrec  ^  lOpm).  we  include  the  effect  of 
the  modulation  potential,  which  we  assume  to  be  of  the  simple  form 

=  14cos(/\'j)  +  VyCos(Ky)  ,  (2) 

with  the  same  period  a  =  2vl K  in  the  x-  and  the  y-direction,  in  the  single-electron 
energy-spectrum.  We  consider  the  model  Hamiltonian 

^  “  2m 

where  — e  is  the  charge  of  an  electron,  A(r)  =  (0,tB)  is  the  vector  potential  in 
Landau  gauge,  and  all  the  vectors  are  in  the  x-y-plane.  Classically,  this  is,  for 
VrVy  /  0  a  non  intcgrable  Hamiltonian  sytem  and  leads  to  chaotic  motion  in  certain 
energy  regions  [16].  The  quantum  treatment  starts  from  the  unmodulated  (V'(r  )  = 
0)  system  which  has  energy  eigenvalues  E„  =  hu!c{n+  |)  and  eigenstates  |t!,  ky)  with 
wavefunctions  i'nk,{x,y)  =  Ly '^^exp(iT-j,3/)i^„(T  -  jq),  where  Xq  =  -Pky  and  is 
an  oscillator  function.  The  modulation  potential  V{x,y)  is  as.siimed  to  be  so  weak, 
that  it  does  not  .-ouplc  different  Landau  levels  and  can  be  taken  into  account  in  first 
order  perturbation  theory.  Then  the  relevant  matrix  elements  of  the  sup^  lattice 
potential  follow  from 

{nky\pxp(7q-  f)\n,ky)  =  cxp[- +  ky)\  C„(Q)  ,  (1) 

with  Q  =  \Pq^,  9  =  (<7i  +  and  £„(Q}  =  exp(-fC?)L„(C?),  where  L„(Q)  is  a 

Laguerre  polynomial. 

For  a  ID  modulation  potential  V'(r)  =  Vv cos( A'x),  the  Hamiltonian  (3)  is,  in 
the  Landau  gauge,  tran.slation-invariant  in  the  y-dircction.  Thus,  tq  =  —Pky  is  still 
a  good  quantum  number.  One  obtains  the  energy  eigenvalues 


F’n(jo)  =  ftU>c(n  +  2^  +  rOs(/\  Xo)  . 
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Figure  2:  Sketch  of  the  modulation-broadened  Landau  fan  diagram,  calculated  from 
Eq.  (5)  with  14  =  0.2meV'  and  2n/ K  =  20(inm.  Allowed  energy  regions  in  the 
Landau  bands  with  n  =  0,1,..., 9  are  shown  black.  The  fiat  band  energies,  e\  for 
A  =1,2, .3,  are  indicated  by  dashed  lines. 


where  £„  =  It  was  checked  [17]  that  this  first-order  result  is,  under  the 

conditions  of  the  experiment  [12,13],  an  excellent  approximation  for  B  >  OAT,  but 
breaks  down  for  B  —*  0.  The  Lagiierre  polynomials  in  C„  lead  to  an  oscillatory 
bandwidth  of  the  modulation-broadened  Landau  levels,  as  is  illustrated  in  Fig.  (2). 
The  bandwidth  becomes  zero,  i.e.,  the  Landau  bands  become  flat,  at  the  zeroes  of 
the  Laguerre  polynomials.  For  large  n,  this  flat  band  condition  can  be  expressed  in 
terms  of  the  cyclotron  radius  /?„  =  l\/2n  -1-  1  as 

2/?„=a(A-i),  A  =1,2 .  (6) 


The  corresponding  ’’flat  band  energies”  e\  =  appear  in 

Fig.  (2)  as  (dashed)  parabolas.  The  eigenstates  carry  current  in  y-direction,  (e^)  = 
h~^dEn('-Plcy)/dky,  the  quantum  analogue  of  the  classical  Hall  drift. 

For  the  2D  modulation  (2),  the  modulations  in  the  x-  and  in  the  y-direction 
have  the  same  period  and  lead  to  the  same  factors  £„  in  Eq.  (<1).  Thus,  the  energy 
eigenvalues  can  be  written  in  the  form 


Bn;ft  —  2  ^  ' 


(7) 


i.e.,  all  LLs  have  the  same  internal  structure,  which  is  represented  by  the  n-indepen- 
dent  fa.  (Here  we  make  use  of  the  fact  that  a  weak  modulation  does  not  mix  the 
LLs.  The  case  of  arl  itrary  LL  mixing  has  also  been  trer.ted  [18].)  The  factor  £„(Q), 
which  has  an  oscillatory  n-dependence  and  determines  the  width  of  the  n-th  Landau 
level,  is  the  same  as  in  the  corresponding  ID  case  and  illustrated  in  Fig.  2.  The 
modulation  in  y-direction  couples  Landau  states  with  center  coordinates  differing  by 
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by  integer  multiples  of  PK,  so  that  the  eigenstates  can  be  written  in  the  form 
|n;Q)  =  Considering  the  magnetic  translation  group 

[19]  it  can  be  shown  that,  if  the  commensurability  condition  (1)  holds,  the  quantum 
numbers  a  =  (fc,  j)  can  be  chosen  as  a  wavevector  k  defined  on  the  magnetic  Brillouin 
zone  (MBZ)  jfcij  <  ir/aq,  <  it /a  [6,15]  and  a  discrete  number  j  =  l,...,p  that 
labels  the  eigenstates  of  an  effectivepxp  Harhiitonian  matrix  h^'’’^(k)  with  eigenvalues 
e{k-,j),  which  determine  p  energy  subbands  En,{k)  =  E„  +  Cnt(k‘,j)  per  LL.  The 
allowed  t(k\j)  plotted  versus  the  ratio  qjp  of  Eq.(l)  yield  the  self-similar  [20,21] 
pattern  shown  in  Fig.  1. 

Contrary  to  the  unmodulated  case,  the  velocity  operator  now  has  nonzero  intra- 
LL  matrix  elements  which  are  diagonal  in  k  but  not  in  the  subband  quantum  number 
j.  It  can  be  shown  that  the  matrix  elements  of  the  velocity  operators  can  be  calcu¬ 
lated  from  the  p  x  p  matrices  [6,15] 

v'-^\k)  =  h-^  C„dh^’>\k)ldk,  ,  (8) 

where  fi  =  x,y,  and  the  matrix  vll’\k)  is  independent  of  the  modulation  amplitude 
V],  in  p-direction  and  depends  only  on  the  modulation  in  the  other  direction,  just 
as  the  classical  drift  velocity. 

3  Experiments 

Typical  results  for  the  magnetoresistivity  obtained  by  Weiss  et  al.  [12]  on  samples 
with  a  1 D  superlattice  are  shown  in  Fig.  3.  For  the  simultaneous  measurement  of  the 
resistance  parallel  (p||  =  p^j,)  and  perpendicular  (pj.  =  Pix)  to  the  equipotential  lines, 
L-shaped  samples  were  used  as  sketched  in  the  inset  of  Fig.  3.  In  addition  to  the 
usual  Shubnikov-de  Haas  (SdH)  oscillations,  which  occur  for  B  >  0.5T,  pronounced 
novel  oscillations  appear  in  p±,  and  weaker  oscillations  with  a  phase  shift  of  180"  are 
seen  in  p||,  whereas  the  Hall  resistance  shows  no  sizable  oscillations.  Similar  to  the 
SdH  oscillations,  the  novel  o.scillations  are  periodic  in  l/B.  The  period  depends, 
however,  on  the  period  a  of  the  modulation,  with  minima  of  p^  and  maxima  of  p|| 
if  the  cyclotron  radius  Rc  =  Pkp  at  the  Fermi  level  E/r  =  h^kjr/2m  satisfies  the 
commensurability  condition  (6)  with  R„  =  R^. 

The  first  theoretical  explanation  of  these  findings  was  based  on  the  quantum 
mechanical  picture  [13,22]:  the  group  velocity  (vy)  according  to  Eq.  (5)  leads  a  "band 
conductivity”  [22]  <Tyy,  which  determines  the  novel  oscillations  of  pxx-  However,  this 
’’band  conductivity”  can  also  be  obtained  from  a  quasi-classical  calculation  [23] 
emphasizing  the  importance  of  the  guiding  center  drift  of  the  cyclotron  orbits  in  the 
weak  electric  field  of  the  1  D  superlattice. 

The  weaker  antiphase  oscillations  of  p||,  which  are  observed  in  all  the  high- 
mobility  samples  [12,10],  can  neither  be  explained  by  the  quasi-classical  approach 
[23],  nor  by  the  quantum  mechanical  approach  assuming  ad  hoc  a  constant  relaxation 
time  [13].  These  oscillations  reflect  the  quantum  oscillations  of  the  electron-impurity 
scattering  rate  [17],  which  is  determined  by  the  thermal  average  of  the  square  of 
the  density  of  states  (DOS)  |1|.  As  an  immediate  consequence  of  the  band-width 
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Figure  3;  Magnetoresistivity  p  and  Hall  resistance  Rh  parallel  and  perpendicular  to 
the  interference  fringes  (equipotential  lines).  The  inset  defines  the  use  of  the  indices 
±  and  II  with  respect  to  the  latter.  From  Ref.  [12]. 

Figure  4;  Magnetoresistance  in  a  grating  (with  modulation  in  x-direction)  and  a  grid 
potential  for  two  periods  and  samples.  The  insets  sketch  the  creation  of  the  potential 
(a)  by  in  situ  holographic  illumination,  and  (b1  the  resulting  pattern.  The  arrows 
indicate  the  flat  band  situation  defined  by  Eq.(6)  (the  second  illumination  always 
increases  the  electron  density).  The  grid  potential,  created  as  superposition  of  two 
gratings  at  right  angles,  suppresses  the  bandconductivity  in  high-mobility  samples, 
and  the  oscillations  due  to  the  scattering  rate  (with  maxima  at  the  arrow  positions) 
dominate.  From  Ref.  [14] 


oscillations,  the  Landau  DOS  shows  an  -periodic  amplitude  modulation.  This 
results  in  envelope  oscillations  of  the  magnetocapacitance  signal  [24]. 

Recently,  also  the  effects  of  two-dimensional  s\iper\aXi\ces  on  a  2DEG  have  been 
studied.  Figure  4  summarizes  typical  results  of  a  series  of  experiments  in  which  a 
grid  modulation  with  square-lattice  symmetry  was  created  in  two  steps  by  hologra¬ 
phic  illumination  [12,13].  In  a  first  step  a  split  laser  beam  reflected  from  two  mirrors, 
as  sketched  in  the  inset  of  Fig.  4a,  produced  an  interference  line  pattern.  Thus,  a 
grating  potential  with  modulation  in  x-direction  was  created  and  the  anisotropic 
resistivity  components  (Fig.  4b)  and  (Fig.  4a)  for  the  unidirectionally  mo¬ 
dulated  (ID)  systems  were  measured.  The  second  illumination,  with  the  sample 
rotated  by  90°,  results  in  a  grid  potential  with  modulation  in  x-  and  in  y-direction. 
As  demonstrated  in  Fig.  4,  the  resistivities  p^xi^  =  p^yy^  of  the  bidirectionally  mo¬ 
dulated  (2D)  samples  show  oscillations  which,  at  small  magnetic  fields  {B  <  O.fiT), 
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are  similar  to  and  in  phase  with  the  weak  oscillations  of  (Fig-  4a),  but  smaller 
than  and  180°  out  of  phase  with  the  large-amplitude  oscillations  of  in  the  cor¬ 
responding  ID  situation.  The  data  shown  in  Fig.  4a  were  obtained  from  a  sample 
with  mobility  1.4  •  l(fcm^/Vs  and  electron  density  N,  =  5.1  •  IO^ctt?-^  after  the 
second  illumination,  those  of  Fig.  4b  from  a  sample  with  mobility  1.2  •  K^cm^/Vs 
and  N,  =  3.7  •  10"cm”^. 

Figure  4  shows  that  a  square  superlattice  leads  to  magnetoconductance  oscillati¬ 
ons  with  the  same  period  in  5"'  as  a  ID  superlattice  with  the  same  lattice  constant 
a.  This  is  immediately  understood  if  the  oscillations  result  from  the  bandwidth 
oscillations  of  the  modulation-broadened  LLs,  since  the  £„  factors  are  the  same  for 
the  ID  and  the  2D  superlattice.  Phase  and  amplitudes  of  the  oscillations  clearly 
show  that  the  band  conductivity  is  strongly  suppressed  by  the  2D  superlattice  in 
these  high-mobility  samples.  This  behavior  is  not  expected  within  the  quasi-classical 
approach  [1 1].  A  quantum  mechanical  approach,  using  the  simplest  approximations 
for  both  modulation  potential  and  collision  broadening,  explains  this  suppression  as 
a  consequence  of  the  subband  splitting  of  the  Hofstadter-type  spectrum,  cf.  Fig.  1. 

4  Collision  broadening  and  conductivities 

We  [17,14,11]  describe  collision  broadening  effects  by  a  quantum-number  indepen¬ 
dent  self-energy  (a  cut  off  n  <  is  implied) 

S-(£)  =  r^^(/V2tr)  fd^k  ,  (9) 

with  the  Green’s  function  G~^{E)  =  [E  —  Ena  —  E”]^)]”’.  !n  the  absence  of  modu¬ 
lation  (14  =  Vy  =  0)  this  reduces  to  the  self-consistent  Born  approximation  (SCBA) 
for  randomly  distributed  short-range  scatterers  [1],  with  Fp  =  -hlr  and  r  the 

corresponding  life  time  for  zero  magnetic  field.  With  the  spectral  function  .4„a(£)  = 
MmG;a(E)  this  yields  for  the  DOS  D(E}  =  2^^D„(E)  =  Im[E-(£')/(;r/ro)']  . 
where  Dn(E)  =  (27r)"^  J  <Pk  Ano(E)  is  the  DOS  of  the  n-th  LL  and  one  spin 
direction.  For  comparison  of  the  ID  (Vy  =  0)  and  the  2D  {Vy  =  V'l)  case.  Fig.  5a 
shows  Dn{E)  for  B  —  0.2.3T'  and  a  =  300nm,  which  means  p  =  5  and  9  =  1,  and  for 
both  small  (Fq  >C  V^Cn)  and  large  collision  broadening. 

Our  calculation  of  conductivities  is  based  on  Kiibo’s  formulas  [1,17],  which  for 
the  diagonal  components  and  in  the  approximation  consistent  with  Eq.(9)  read  [17] 
o’Me  =  /  [— /'(£')]<Taa(E),  with  /'  the  derivative  of  the  Fermi  hinction  and 

(TuniE)  =  ^  j  ^  .  (10) 

n,n'  },y 

where  a  —  (k;j)  and  a'  =  (k;  j').  For  the  ID  case,  Eqs.  (10)  and  the  corresponding 
equation  for  the  Hall  conductivity  have  been  evaluated  numerically  on  the  basis 
of  Eqs.  (5)  and  (9)  [17].  A  typical  result  is  shown  in  Fig.  6.  It  reproduces  all 
the  characteristic  features  of  the  experiment;  the  pronounced  Weiss  o.scillations  of 
Pxr  find,  with  opposite  pha.se,  pyy  superimposed  on  the  SdH  oscillations,  which  are 
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Figure  5:  (a)  Calculated  density  of  states  D„{B)  and  (b)  band  conductivity  A(Tyy(E) 
for  one  Landau  level  and  two  values  of  the  collision  broadening,  ro/V„=1.0  and 
0.05.  Solid  (dashed)  curves  are  for  a  grid  (grating)  potential  with  Vj.C„=VyC„=Vn 
(yx^n=Vn,  V'j,=0)  and  plq=5.  For  ro/l4=1.0  the  internal  bandstructure  is  not 
resolved,  Dn{E)  and  A<Tyy(E)  [here  15  x  A<Tyy{E)  is  plotted]  are  similar  for  grid  and 
grating.  For  ro/Ki=0.05,  the  resolved  subband  splitting  dramatically  reduces  A<Tyy 
for  the  grid.  From  Ref.  [14] 

Figure  6;  Calculated  resistivity  in  units  of  10“®A/e^=25.8n  for  a  2DEG  with 
mean  density  A^5=3.4  •  10''cm“*,  collision  broadening  ro=0.056Y/ B[T]meV  and  an 
one-dimensional  potential  modulation  in  x-direction  with  14=0.25meV  and  period 
a=  294nm  at  temperature  T=4.2K.  From  Ref.  [17] 


resolved  only  at  higher  magnetic  fields,  whereas  the  Weiss  oscillations  extend  to 
much  lower  B-values,  and  no  sizable  oscillations  of  the  Hall  resistance. 

To  gain  a  deeper  understanding  of  these  effects  [14,15]  it  is  important  to  di¬ 
stinguish  two  contributions  to  Eq.  (10),  <t^^{E)  =  (t’^^{E)  +  Aa„^(£'),  a  band  con¬ 
ductivity  Aff^,f,{E)  arising  from  intra-LL  contributions  (n'  =  n)  which  diverges  in 
the  absence  of  random  scatterers  and  vanishes  for  the  unmodulated  systei.i,  and 
an  inter-LL  (n'  5^  n)  contribution  <t*^(E),  which  arises  from  scattering  and  is  the 
only  contribution  in  the  unmodulated  case.  These  contributions  are  further  inve¬ 
stigated  to  lowest  order  in  the  modulation  (V^Cn,  VyC„  <C  hwc)  and  in  the  collision 
broadening  (WcT  1).  Then,  for  the  Hall  conductivity  the  free  electron  result 
CTyi  ~  e^N,fmu!c  is  sufficient,  and  the  resitivity  components  are  given  by  the  con¬ 
ductivities  according  to  p^T  «  Pvv  *  and  Pry  =  l/ff^i-. 

Since  the  intra-LL  (n'  =  n)  velocity  matrix  elements  are  proportional  to  the 
modulation  potential,  one  might  calculate  A<t^„(£)  to  lowest  order  in  the  modu¬ 
lation  using  the  approximation  /l„„(E)/\„„.(£)  w  [y4n(£;)]^.  The  resulting  AcTyy  is 
independent  of  Vy  and  equals  exactly  the  result  for  a  unidirectional  modulation  in 
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x-direction  [15].  At  fiat  bands  the  velocity  matrix  elements  and  thus  Acr^^  vanish. 
In  the  interesting  range  of  temperatures,  where  kgT  is  larger  than  hujc  but  smaller 
than  the  energy  separation  Ax  «  jmw*a^(A  —  j)  of  adjacent  flat  bands,  this  reduces 
to  the  result  of  the  quasi-classical  approach,  but  it  can  not  explain  the  suppression 
Oi  the  band  conduct!  .'ily  obseive<l  in  e.\peiiineni. 

To  understand  this  suppression,  we  must  take  the  peculiar  subband  splitting  of 
the  Hofstadter-type  energy  spectrum  seriously.  From  the  mobility  at  zero  magnetic 
field,  one  can  estimate  [17]  that,  in  the  experiments  shown  in  Fig.  4,  the  collision 
broadening  is  indeed  small  enough  to  resolve  the  gross  features  of  the  Hofstadter 
spectrum  (if  one  is  not  near  a  flat  band  situation).  If  the  splitting  of  the  subbands 
j  and  y  is  resolved,  the  corresponding  spectral  functions  in  Eq.  (10)  do  not  overlap, 
and  thus  the  non-diagonal  matrix  elements  of  the  velocity  between  these  subbands 
do  not  contribute  to  A(t^^(E).  Then  the  band  conductivity  of  the  system  with  a  2D 
superlattice  is  considerably  smaller  than  that  of  same  system  with  a  1 D  superlattice, 
as  is  visualized  for  a  typical  situation  by  the  numerical  results  in  Fig.  5b. 

In  the  inter-LL  contribution  to  the  conductivity,  one  may  neglect  the  effect 
of  the  modulation  on  the  velocity  matrix  elements  [17].  Then,  the  modulation 
affects  <7p^(E)  only  via  the  self-energy  and  one  gets  cr*^(£)  =  (e^/^)52„(2n  -f 
1)  [lvETiiDn{E)Y ,  the  same  analytical  form  as  for  zero  modulation  [1].  In  the 
interesting  temperature  range,  hwe  <  ksT  <  Ax,  is  then  proportional  to  an 
effective  scattering  rate  r„/^  defined  by 

f„  =  27r  y  dE  [27r/*^oZ)n(£)]^  (H) 

which  oscillates  as  a  function  of  n  with  maxima  for  flat  bands.  It  is  obvious  from 
Eq.  (11)  that  becomes  maximum  if  the  Landau  bands  at  the  Fermi  energy  be¬ 
come  flat  (and  the  peaks  of  the  DOS  become  high  near  E  =  Ep).  In  this  situation 
the  band  conductivitybecomes  minimum,  since  the  intra-LL  velocity  matrix  elements 
approach  zero. 

5  Summary 

We  have  sketched  a  straightforward  quantum  transport  theory  which  explains  all 
the  novel  magnetoresistance  oscillations  observed  experimentally  [12,15,1 1].  Among 
these,  only  the  large-amplitude  ’band  conductivity’  oscillations,  observed  in  unidi- 
rectionally  modulated  systems  when  the  current  flows  in  the  modulation  direction, 
can  be  understood  within  a  quasi-classical  approach  ]23].  The  weaker  antiphase 
oscillations,  observed  when  the  current  flows  in  the  other  direction  and  determined 
by  the  ’scattering  conductivity’,  as  well  as  the  suppression  of  the  band  conductivity 
in  bidirectionally  modulated  systems  reflect  properties  of  the  peculiar,  quantized 
energy  spectrum,  which  persist  at  elevated  temperatures  where  the  individual  SdH 
oscillations  are  not  resolved.  The  key  for  the  understanding  is  the  oscillatory  width 
of  the  modulation-broadened  Landau  bands.  If  these  become  narrow,  the  density 
of  states  and  the  scattering  conductivity  become  large,  whereas  the  group  velocity 
and  the  band  conductivity  become  small.  The  experiment  reflects  these  antiphase 
oscillations  at  the  Fermi  energy. 


Oiir  theory  predicts  that  at  very  low  temperatures  the  novel  oscillations  ap¬ 
pear  as  amplitude  modulations  of  the  SdH  oscillations.  For  a  2D  grid  modulation, 
the  magnitude  of  the  band  conductivity  depends  on  the  values  of  and  To  in 
a  complicated  manner  and  may  dominate  the  scattering  conductivity  or  not  [11], 
Experimentally  both  situations  are  possible,  too,  as  has  been  shown  recently  for  a 
gated  nigii-mobiiity  sample  in  which  the  modulation  strcng*'i  cea'd  be  tuned  over 
a  wide  range  [15], 

In  summary,  the  existing  experiments  are  well  explained  by  our  quantum  theory, 
and,  in  particular,  the  observed  suppression  of  the  band  conductivity  indicates  a 
subband  splitting  of  the  Landau  levels.  For  a  direct  resolution  of  such  a  Hofstadter- 
type  energy  spectrum,  however,  still  smaller  nanostructures  are  required.  In  the 
experimental  situation  of  Fig.  4,  with  a  period  a  ~  300nm,  the  flux  ratio  of  Eq.  (1) 
is  at  B  =  0.27"  about  Ba^j^o  =  5,  corresponding  to  qjp  =  0.2  in  Fig.  1.  The 
Fermi  energy  (Ep  ~  12meV')  is  then  in  a  high  Landau  band  (n  ~  35).  Due  to  the 
Laguerre  polynomial  factors  [cf.  Eq.  (7)],  these  bands  are  very  narrow  [cf.  Fig.  2] 
and  internal  structure  can  not  be  resolved.  At  higher  magnetic  fields  (B  ~  107  ), 
Ep  is  in  the  lowest  Landau  band.  But  then  q/p  is  so  small  and  the  subbands  in 
Fig.  1  are  so  dense,  that  the  subband  structure  again  can  not  be  resolved.  It  is  not 
only  the  temperature  that  prohibits  to  resolve  these  structures,  but  also  mesoscopic 
fluctuations  of  the  electrostatic  potential  across  the  sample.  For  supcrlattices  with 
a  ~  fiOnm  the  situation  would  be  much  better.  Experimental  progress  in  this  di¬ 
rection  is  expected  for  the  near  future.  Thus  we  may  hope  that  a  fascinating  area 
of  physics,  which  so  far  was  a  reserved  playground  for  theorists,  will  soon  become 
accessible  to  experimental  investigation. 

It  is  a  pleasure  to  thank  Dieter  Weiss  for  stimulating  and  fruitful  cooperation 
and  Klaus  v.  Klitzing  for  continuous  interest  and  support.  1  also  wo\ild  like  to  ex¬ 
press  my  sincere  gratitude  to  my  theoretical  coworkers  Chao  Zhang,  Ulrich  Wulf, 
and  Daniela  Pfannkuche  for  helpful  discussions  and  valuable  numerical  contributi¬ 
ons.  The  work  was  supported  in  part  by  the  Bundesministerium  fur  Forschung  und 
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Symmetries,  Points,  SuperaelecUon 
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U,'i;v''r„;Lat  Haiiiburg 


It  was  in  in  Copenhagen  that  I  was  first  drawn  into  the  spell  of 

Wignerism.  Arthur  Wightman.  then  a  fervent  missionary  of  this  creed 
told  me  that  I  absolutely  must  read  the  1437  paper  by  Wigner  on  the 
irreducible,  unitary  representations  of  the  inhomogeneous  Lorentz  group. 
Returning  to  my  home  base.  Munich,  after  the  conference  1  sat  down, 
read  it  and  indeed  found  it  a  revelation  which  dominated  the  direction  of 
my  work  for  many  years.  Here  was  a  rational  approach,  leading  from  a 
few  simple  principles  to  important  physical  consequences.  1  list  a  few. 

1)  Pure  states  correspond  to  rays  rather  than  vectors  in  Hilbert  space. 
Therefore  a  symmetry  in  quantum  physics  is  described  by  either  a  unitary 
or  an  antiunitary  operator.  In  the  case  of  a  continuous  symmetry  group 
we  need  a  unitary  representation  up  to  a  phase  factor,  a  projective  re¬ 
presentation.  This  is  equivalent  to  a  true  representation  of  the  covering 
group. 

2)  In  the  context  of  special  relativity  the  geometric  symmetry  group  is 
the  inhomogeneous  Lorentz  group,  nowadays  called  the  Poincare  group. 
The  first  task  is  therefore  to  classify  the  irreducible,  unitary  representa¬ 
tions  of  its  covering  group. 

3)  This  task  being  done  one  recognizes  that  among  the  resulting  repre¬ 
sent-  ations  there  are  some  which  correspond  to  the  simplest  physical 
systems,  namely  to  single  particles.  These  are  the  representations  in 
which  the  generator  of  time  translations,  the  energy,  has  positive  spec¬ 
trum,  There  are  two  classification  parameters,  the  mass  and  the  spin  ( or 
in  the  case  of  zero  mass  the  helicity).  To  conserve  the  positivity  of  the 
energy  the  operator  corresponding  to  time  reversal  must  be  antiunitary. 
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This  1939  paper,  its  results  but  perhaps  even  more  its  spirit,  provided 
the  ignition  spark  for  the  developmnet  of  axiomatic  (  general  Iquantum 
field  theory  in  the  fifties.  In  fact,  many  of  the  ingredients  were  there. 
The  main  one  yet  missing  was  the  principle  of  locality.  Wigner  addressed 
this  in  his  beautiful  study  of  the  localization  properties  of  single  partic¬ 
le  states  J^tl.  The  conclusion;  no  Lorentz  covariant  definition  of  the  po¬ 
sition  operator  of  a  particle  is  possible.  Localization  of  a  particle  is  a 
qualitative  concept,  meaningful  up  to  length  scales  of  the  order  of  the 
Compton  wave  length  (  for  zero  mass  particles  not  at  all  ).  On  the  other 
hand  we  have  the  tremendous  impact  of  the  locality  principle  in  classical 
physics  (Faraday- Maxwell- Einstein  I  and  its  transcription  to  quantum  phy¬ 
sics  in  quantum  field  theory.  One  regards  a  4-dimensional  space-time 
continuum  as  the  basic  arena  of  physics  and,  as  long  as  we  do  not  go 
beyond  special  relativity,  this  continuum  is  equipped  with  a  known  causal 
and  metric  structure.  Strict  locality  is  implemented  in  the  quantum  theo¬ 
ry  by  the  requirement  of  commutativity  between  any  two  observables 
which  are  attached  to  mutually  space-like  regions. 

Between  I9S7  and  19,59  I  had  the  benefit  of  many  personal  discussions 
with  Wigner.  I  was  a  little  disappointed  by  noting  that  he  did  not  belie¬ 
ve  in  quantum  field  theory.  When  1  once  mentioned  lliis  he  replied; 
"That  is  an  understatement".  Here  it  may  be  perhaps  app  oriate  to  re¬ 
call  a  few  other  of  his  remarks,  unforgettable  because  of  their  unique 
combination  of  penetrating  perception  with  courteousness  and  benevolent 
irony.  Talking  once  about  a  collegue  who  had  spent  a  few  years  in  Ger¬ 
many  he  said:  "...  and  when  he  came  back  he  was  transformed  into  a 
German  physicist”.  Puzzled.  I  asked  "What  is  a  German  physicist?"  The 
answer:  "Well,  an  American  physicist,  if  he  has  no  ideas,  he  makes  him¬ 
self  useful,  perhaps  he  calculates  something.  A  German  physicist,  if  he 
has  no  ideas,  he  just  does  nothing".  Or  once,  I  complained  that  it  was  a 
shame  that  nobody  had  properly  thought  about  collision  theory  in  quan¬ 
tum  physics.  Reply:  "Surely  somebody  must  have  thought  of  this.  Perhaps 
it  was  Mott.  But  that  was  a  few  years  before  you  were  born". 


129 


Coming  back  to  the  question  of  locality  we  may  recall  that  in  the 
decades  between  1940  and  1970  there  was  a  strong  undercurrent  of  dis¬ 
satisfaction  with  our  uncritical  acceptance  of  Minkowski  space,  with 
strict  locality  and  the  excessive  formalism  of  quantum  field  theory.  The 
ideas  about  a  fundamental  length,  pure  S-  matrix  theory  where  space-time 
enters  only  on  the  macroscopic  level,  are  examples.  We  can  say  now 
that  the  pendulum  has  swung  back  and  that  the  principle  of  locality  has 
proved  its  worth  to  a  much  finer  level  of  accuracy  than  one  had  any 
reason  to  expect.  This  implied  a  dethronitation  of  the  concept  of  partic¬ 
les  as  the  basic  building  blocks  of  the  theory  and  the  realization  that 
the  concepts  of  particles  and  fields  are  not  closely  related.  Fields  are 
the  vehicle  to  implement  the  principle  of  locality.  Particles  are  states  of 
special  interest,  related  in  general  in  a  complicated  way  to  the  basic 
fields.  The  distinction  between  elementary  and  composite  particles  is  not 
fundamental;  no  sharp  definition  is  known. 

Let  us  come  now  to  the  third  item  in  the  title.  Again  it  was  Wigncr 
who  recognized  first  that  the  superposition  principle  could  not  have  un¬ 
restricted  validity.  In  it  was  suggested  that  the  Hilbert  space  of 

state  vectors  we  usually  consider  decomposes  into  a  direct  sum  of  mu¬ 
tually  incoherent  subspaces,  the  superselection  sectors.  The  search  for  a 
natural  understanding  of  this  feature  was  the  seed  for  the  so  called 
"algebraic  approach  to  quantum  field  theory".  The  essential  point  here  is 
that  the  algebras  generated  by  local  observables  must  be  regarded  as 
abstract  algebras,  not  primarily  as  algebras  of  operators  acting  in  a  Hil¬ 
bert  space.  The  latter  result  by  representations  of  the  abstract  algebra 
and,  if  there  are  inequivalent  representations  then  each  equivalence  class 
gives  a  superselection  sector.  In  particle  physics  the  superselection  quan¬ 
tum  numbers  correspond  to  generalized  charges.  The  abstract  point  of 
view  leads  to  an  understanding  of  the  possible  types  of  exchange  sym¬ 
metry  compatible  with  the  locality  principle  (the  Bose- Fermi-alternative 
and  its  generalizations,  up  to  braid  group  statistics  in  low  dimensional 
models).  It  relates  the  composition  and  conjugation  rules  of  the  charges 
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to  global  gauge  groups.  But  the  range  of  superselection  rules  is  not  ex¬ 
hausted  by  this.  One  may.  for  instance,  consider  thermal  equilibrium  sta¬ 
tes  of  an  infinitely  extended  medium.  Then  the  temperature  and  chemical 
potentials  appear  as  superselection  parameters. 

Let  us  turn  back  once  more  to  the  problem  of  locality.  Again  I  take 
ver>  seriously  the  question  which  Wigner  put  at  the  end  of  a  talk  by 
me  a  few  years  ago:  "There  are  those  of  us  who  think  there  are  no 
points.  What  do  you  think?"  Somewhat  later  he  elaborated  on  this  by 
pointing  out  that  if  we  consider  space-time  points  as  basic  in  the  theory 
then  we  must,  at  least  in  principle,  give  a  physical  method  to  mark 
them.  If  particles  are  not  adequate  foi  this,  what  else?  We  should  bear 
this  in  mind,  in  particular  in  view  of  the  challenge  to  quantum  field 
theory  posed  by  general  .-elativity. 

1  Newton,  T.D.  and  Wigner.  E.P.  Localized  states  For  elementary  sy¬ 
stems  Rev.  Mod.  Phys.  21.  (1949) 

2  Wick.  J.C.  ,  Wightman.  A.S.  and  Wigner.  E.P.  The  intrinsic  parity  of 
elementary  particles  Phys.  Rev.  88.  tOI  (19,S2) 
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Abstract 

It  has  been  suggested  that  the  Standard  Model  SU(2)  x  U(l)  be  embedded 
in  the  supergroup  SU(2/1).  The  successful  features  relate  mostly  to  the 
composition  of  the  spectrum  of  leptons  and  quarks  and  to  the  Higgs  field 
assignment.  The  result  s1n*8  =  .25  Involves  normalization  of  the  algebra 
by  traces  rather  than  by  supertraces.  We  derive  this  result  from  the 
"superconnection"  geometry  and  discuss  the  present  state  of  the  theory. 
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l.SU(2/l).  The  Weinberg-Sala, '  theory  involves  a  large  number  of  independent 
assumptions:  6  choices  of  SU(2)xU(l)  multiplets  for  leptons  and  quarks 
[  (vliOl)  .ejj.Up,  (uL.d^)  ,d(j]  and  for  the  Higgs  Goldstone  scalar  field  4,  5 
couplings  [g,  sin’e,  -m*.  A,  g^J.  It  was  suggested  [1,2]  in  1979  that  this 
apparent  arbitrariness  be  reduced  by  embedding  SU(2)xU(l)  in  the  supergroup 
SU(2/1).  The  fermion  multiplets  are  grouped  in  the  3  (leptons)  and  4 
(quarks),  the  fundamental  representations  of  SU(2/1)  [3,4];  moreover,  the  4 
reduces  into  3+1^  for  integer  charges!  The  assignment  for  4  is  forced  by  tlie 
superalgebra  structure.  All  couplings  except  for  -m’  are  related;  the  eleven 
independent  choices  are  thus  reduced  to  four.  About  twenty  papers  on 
SU(2/1)  were  published  between  1979  and  1982;  two  basic  difficulties  were 
encountered:  the  apparent  loss  of  the  spin-statistics  correlation  in  repre¬ 
sentations  and  the  fact  that  sin*e  =  .25  involves  normalization  of  the 
algebra's  p  matrices  by  tr(p’)  =  N  (while  supertraces  yield  no  result). 

The  answer  was  given  in  1982  [5],  in  the  form  of  a  method  for  the  gauging  of 
an  internal  supergroup,  further  developed  in  1990  [6].  An  alternative 
approach  was  suggested  in  1986  [7].  The  theory  has  recently  been 
"rediscovered",  causing  a  new  flurry  of  excitement  [8].  It  has  been  linked 
with  the  methods  of  non-coimiutative  geometry  [9]  -  related  to  the  conceptual 
advances  we  introduced  in  ref.  [5].  We  review  the  status  of  the  theory  in 
this  study. 

The  possibility  explored  in  ref.  [7]  assumes  that  SU(2/I)  is  an  acci¬ 
dental  low  energy  "flavour-type"  symmetry  (like  the  eightfold  way).  The 
emergence  of  SU(2/1)  may  just  be  due  [10]  to  the  fact  that,  to  the  extent 
that  we  correlate  gradings  with  chirality  assignments  for  the  lepton  and 
quark  multiplets,  and  since  the  electric  charges  0  are  the  same  for  left  and 
right  chiralities  of  the  same  particle,  str(O)  =  0.  Since  weak  isospin  ly 
is  confined  to  left-chiral  states,  tr(I^()  =  0  implies  str(Iy)  =  0.  Applying 
the  Gell-Mann  /  Nishijima  rule,  we  then  get  str(Yy)  =  0  too.  Our  postulate 
would  thus  amount  to  the  embedding  of  the  "naturally"  supertraceless 
SU(2)xU(l)  within  the  smallest  supergroup  with  that  property.  We  predict  [7] 
M(4)  =  2  M(W;  -  175  GeV;  should  the  mass  formula  for  mesons  be  written  for 
M’  instead  of  M,  as  in  SU(3),  we  would  have  M’(4)  =  2  MMW),  i.e.  M(4)  -  125 
GeV.  Note  that  SU(2/1)  was  extended  so  as  to  include  SU(3)j.Q,Qyp;  the 
embedding  supergroup  is  SU(7/1),  with  4  generations  of  quark  and  leptons 
[11]  and  vanishing  anomalies  [12]-  Since  the  2°  decays  limit  the  number  of 
generations  to  3,  the  fourth  would  presumably  involve  a  very  heavy  neutrino. 
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Now  to  the  spin-statistics  problem.  In  a  lepton  or  quark  multiplet,  if 
the  left-  (or  right-)  chiral  states  are  fermionic,  are  the  right-  (or  left-) 
chiral  states  to  be  considered  as  bosonic?  This  should  be  so  within 
Lagranqian  field  theory,  as  applied  to  the  superalgebra  generators  in  a 
Noether  theorem,  according  to  the  spin-statistics  constraints.  The  answer 
is  that  the  odd  generators  of  SU(2/1)  contain  the  Parity  operator  (v” 
matrix),  as  they  relate  left  and  right  chiralities.  They  operate  on  a 
direct  sum  (l/2,0)+(0,l/2) ;  the  odd  operators  are  in  (1/2, 1/2)  .  Acting  on 
the  SL(2,C)l  representation,  for  instance,  they  connect  1/2  to  0  (and  simi¬ 
larly  in  SL{2,C)u  ).  The  R  state  is  thus  a  spinless  boson  under  SL(2,C)|_ 
and  vice  versa.  The  lesson  is  then  to  use  doubled  representations  [4].  This 
interpretation  still  does  not  tell  us  what  are  the  K*  -like  “fermionic" 
vector-mesons  accompanying  the  W+,  Z,  Y,  in  the  vector  (j  =  1)  octet,  though 
we  understand  how  they  arise.  We  shall  return  to  that  point  in  what 
follows.  Note,  however,  that  in  the  case  of  the  Higgs  field  i,  the  sta¬ 
tistics  do  fit  "natural"  field  assignments:  its  companions  in  the  spin  0 
meson  multiplet  are  Identifiable  with  the  (fermionic)  ghosts  of  the  W+,  2,  y 
vector  mesons  (of  course,  the  entire  issue  does  not  arise  if  we  assume 
SU(2/1)  to  mere}y  represent  a  set  of  “accidental"  algebraic  constraints,  as 
treated  in  refs.  [7,10]).  An  answer  was  provided  in  ref. [5],  in  which  the 
method  of  gauging  an  internal  supergroup  was  developed,  including  the 
construction  of  “superconnections",  later  independently  suggested  in  mathe¬ 
matics  [9].  The  new  gauge  ghosts  fit  into  the  appropriate  BRST  equations 
[5,13,14],  but  the  situation  is  not  entirely  clear  for  the  lepton  and  quark 
ghost-like  states.  Another  open  question  relates  to  the  '‘-m’4*“  term 
triggering  the  spontaneous  symmetry  breakdown.  In  [5]  it  was  put  in  "by 
hand";  can  it  have  a  dynamical  or  geometrical  derivation?  A  tentative 
geometric  answer  has  been  suggested  in  the  new  work  [8],  based  on  the  addi¬ 
tion  of  a  discrete  piece  to  the  exterior  derivative  operator;  an  alternative 
dynamical  triggering  has  been  tried  in  ref. [14]  but  appears  to  yield  too 
small  a  mass  for  the  Higgs  field. 

In  what  follows,  we  shall  discuss  the  resolution  of  the  sin'9  =  .25 
paradox.  This  result  is  derived  with  a  normalization  of  the  superalgebra's  p 
matrices  by  the  traces,  as  in  SU(3),  whereas  the  Killing  metric  of  SU(2/1) 
would  have  involved  nor  malization  by  str  (p;^  p^)  =  N,  which  in  this  case 
would  have  yielded  no  result;  similarly,  the  (gauge)  geometric  Lagrangian 
with  the  X#*  coupling  Involves  the  compact  metric  or  SU(3),  rather  than  that 
of  SU(2/1)  with  its  unwanted  minus  sign. 
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2.  The  Supergroup.  6  is  a  supergroup  gauged  internally,  P  its  Lie 
superalgebra  P  =  r*  +  P',  p*  the  even  and  P“  the  odd  generators,  with  the 
Lie  superbrackets  [P^.Psl  =  ifae^  Pj.  lPa,P,l  ^  P3,  {P,,Pj}  =  d,^^  P^, 

with  P^^s  •=  P'*'  and  P^^j  c  r".  Selecting  a  section  over  the  superbundle,  x  is 
the  (spacetime)  horizontal  coordinate,  y  the  (internal)  vertical.  We 
construct  the  Grassmann  algebra  A(x.y)  over  both,  with  A  =  A*  *  A',  the  even 
and  Odd  pieces  (A“,A*...)c  a+.  (A‘,A*,..)=  A"  ;  for  forms  in  x,  a":  n  s  4, 
whereas  n  ^  N,  N  -  dim  A*(y)  for  forms  In  y.  Notice  that  the  y  coordinate 
itself  is  commutative,  like  x;  to  supply  an  anticoniiiuting  parameter  for 
P^  we  simply  use  odd  order  forms,  e.g.  P^.f’[n(x.y)  dy'"  =  P^.F^.  The  anti- 
cQirmutativity  property  of  the  parameter  derives  from  its  being  a  one-form 
in  the  y  variable.  The  carets  "  over  the  indices  indicate  the  presence  of  a 
superalgebra,  i.e.  the  caret  over  the  1  index  contains  the  information  about 
the  anti  commutation  property,  which  is  not  yet  present  in  the  function 
f'(x,y).  Here  the  1  index  stands  for  the  same  subalgebraic  quantum  numbers, 
but  taken  within  the  related  (even)  Lie  algebra  within  the  “Hermitian  Lie 
algebra"  [15,16].  Such  a  Hermitian  Lie  algebra  occurs  when  the  same  basic 
set  of  generators  can  close  either  as  a  Lie  algeora,  or  by  selecting  a 
subalgebra  P*  and  Imposing  a  Z(2)  grading  and  anticonmutation  rules  for 
P"  »  P/P*  ,  they  close  on  a  superalgebra.  For  our  application,  we  use 
U(3)  •  U(2/l).  For  the  1*i  transition,  the  transformation  relates  only  to 
the  change  in  the  generalized  Lie  bracket  with  j-j,  from  {!,]}  to  li,j]:  for 
the  a»a  transition,  the  change  is  only  in  the  decomposition  over  the  (p®,p*^) 
versus  (A®.a°)  vectors  in  the  (8.0)  plane,  since  str(p®)  =  0,  but  tr(A®)  =  0. 
In  ref,  [5],  F^'=  f^'^j  dxi*  was  used  explicitly,  the  forms  being  taken  over 
A(x),  i.e.  only  over  space  time.  As  a  result,  gauging  involved  higher  ten¬ 
sors  as  gauge  fields  (such  as  the  Kalb-Ramond  o’^jy).  However,  we  shall  now 
show  that  the  Identification  of  the  Higgs  field  used  A(y),  an  important 
point  in  the  understanding  of  the  emergence  of  the  U(3)  metric. 


3.  Connections  and  gauge,  ghost  and  Higgs  fields.  Connections  C  over  a 
Principal  Fibre  Bundle  {=  a  Yang-Mills  gauge  theory)  enter  D  =  A  +  C  and 
when  acting  on  the  forms  over  that  bundle  (coordinates  x,y)  increase  their 
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degree  by  one,  with  D  =  Ot  +  D-*  (vertical  and  horizontal  -  projecting  over  a 
selected  section)  A  =  d  ^  s  with  d  the  horizontal  exterior  derivative 
d  =  dx^*  a/ax^*  and  s  the  vertical  exterior  derivative  s  =  dy™  a/By"*.  In  the 
geometric  interpretation  [17-19]  s  is  the  BRST  operator,  C  =  A  +  x  where  A 
is  the  horizontal  one-form  A  =  A^^^  dxl*,  with  A®p(x,y)  the  Yang-Mills 
field  for  the  algebra  X^,  Here  x  =  x*(x,y)  Xg  and  x*  *  X^n,  dy"*  is  the  ghost 
field.  Note  that  physics  texts  write  A^^(x)  and  x^(x),  making  no  mention  of 
the  y  dependence,  but  this  is  Just  the  selection  of  a  gauge,  since  the  usual 
local  gauge  transformation  will  induce  such  a  dependence.  Note  that  this 
geometric  interpretation  of  s  and  X®(x,y)  and  the  identification  of  the 
anti  commutative  property  of  ghost  fields  (originally  derived  from  the 
Feynman  diagram  analysis)  with  the  characteristic  feature  of  odd  degree 
forms  was  resisted  for  a  number  of  years  but  is  now  accepted  by  the  scien¬ 
tific  concensus  [20].  Note  that  there  is  no  nilpotence  problem  [21]  because 
we  are  working  in  quantum  field  theory,  A  and  x  are  fields,  i.e.  distribu¬ 
tions  and  their  products  in  the  Lagrangian,  etc  are  taken  at  different 
points  X. 

Changing  now  to  a  supergroup,  but  staying  still  with  the  Yang-Mills 
picture  in  which  y  (and  not  yet  A)  spans  the  fibre,  we  can  immediately  iden¬ 
tify  the  Higgs  field.  The  connection  C  is  still  an  anticomnutatlve  one-form 
and  so  are  A  and  x.  However,  A  =  A^y  pg  dx'^  +  dx''  and 

X  =  Pa  d/"  +  X^)„  p^  dV'^'.  We  have  underlined  in  each  term  the  factors 

inducing  fermion  behaviour,  whether  it  is  the  odd  degree  of  the  form  or  the 
odd  part  in  the  superalgebra.  We  note  that  whereas  x^  =  X^ni  Sx”*  is  indeed  a 
fermionic  scalar  ghost  field,  x^  =  x\,  dy"’  has  boson  statistics  (the  fermi 
feature  in  x  is  supplied  here  by  the  pi).  This  is  how  SU(2/1)  occured  to 
Ne'eman  [1]  (Fairlie  arrived  at  the  supergroup  from  dimensional  reduction 
arguments).  Here  the  Higgs  is  a  one-form  valued  in  the  odd  part  of  the 
superalgebra.  We  now  change  to  the  "superconnection"  geometry  of  refs. 

[5,6].  The  fibre  is  no  more  spanned  by  y,  it  is  spanned  by  A(y).  The  para¬ 

meters  F^(x,y)  £  A'*’(x,y)  and  F^(x,y)  e  A'(x,y).  The  gauge  field  has  the 
quantum  numbers  of  the  parameters  it  gauges  (this  is  the  essence  of  the 
Yang-Mills  idea)  and  a  degree  higher  by  one,  in  the  variable  of  the  relevant 
parallel -transport  (covariant  derivative)  it  spans.  For  F®(x,y)  nothing  has 
changed  if  it  is  taken  from  A*(x,y);  should  it,  however,  involve  a  higher 
even  degree,  such  as  A’(x,y),  the  relevant  piece  of  the  connection  is  the 
gauge  totally  antisymmetric  tensor  of  [5]. 
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Now  take  the  action  of  the  odd  generator  r^,  the  f1  e  A^(x,y)  parame¬ 
ters,  one-forms  In  dy"".  For  the  vertical  projection  ("the  ghost“)  of  the 
connection  H’(x,y)  =  x-^  dy**  =  '  dy”.  x')  Is 

now  an  even-order  form  In  dy”*.  In  ref.  [5],  using  a  symmetric 
(Curci-Ferrari)  BRST  with  A(x,y,y),  y  the  complex  conjugate  of  y,  we  found  a 
two-form  =  h^|^j,(x,y,y)  dy"*  *  dy”  .  The  forms  dy  have  ghost  number  1, 

those  in  dy  have  -1.  Thus  the  has  ghost  number  0  and  appears  accor¬ 
dingly  in  the  horizontal  (and  thus  non-vanishing)  part  of  the  "generalized" 
curvature  of  the  superconnection,  i.e.  in  the  relevant  BRST  equations  [14]. 
The  transition  from  the  Principal  Fibre  Bundle  (Yang-Mills)  [22]  geometry 
for  an  internal  supergauge  to  that  of  the  Superconnection  [S.S]  thus  puts 
the  9^  field  in  the  even  part  of  the  Grassmann  algebra  and  with  the  relevant 
U(3)  index  instead  of  U(2/l).  As  a  matter  of  fact,  we  can  generalize  the 
result  and  directly  Identify  j’  with  a  zero-form  [6].  The  supercurvature 
involves  (d^^j  4^  9'^),  which  is  then  squared,  yielding  the  \  9*  term.  Since 
the  geometry  of  the  superconnection  makes  the  transition  from  U(2/l)  to  U(3) 
for  the  entire  algebra  (the  "super"  feature  having  been  relegated  to  the  dy 
parameter  field),  we  get  the  sin*8  =  .25.  However,  U{3)  is  not  simple,  and 
we  should  still  check  whether  or  not  this  coupling  is  preserved  in  the 
renormalization  procedure. 


References 


[1]  Y.  Ne'eman,  Phys.  Lett.  B8l  (1979)  190. 

[2]  O.B.  Fairlie,  Phys.  Lett.  B82  (1979)  97. 

[3]  M.  Scheunert,  W.  Nahm  and  V.  Rittenberg,  J.  Math.  Phys.  18  (1977)  155. 

[4]  Y.  Ne’eman  and  J.  Thierry-Mieg,  Springer  Verlag  Lect.  Notes  in  Math. 

836  (1980)  pp.  318-348  (Proc.  Salamanca  Int.  Conf.  01 ff.  Geom.  Methods 
in  Phys.,  1979,  A.  Perez-Rendon  ed.) 

[5]  J.  Thierry-Mieg  and  Y.  Ne'eman,  Proc.  Nat.  Aca.  Scl.  USA,  79  (1982) 
7068. 

[6]  Y.  Ne'eman  and  S.  Sternberg,  Proc.  Nat.  Acad.  Sci.  USA  87  (1990)  7875. 

[7]  Y.  Ne'eman,  Phys.  Lett.  8181  (1986)  308. 

[8]  R.  Coquereaux  et  a1,  Nucl.  Phys.  B3S3  (1991)  689;  B.S.  Balakrishna  et 
al,  Phys.  Lett.  B254  (1991)  430;  R.  Haussling  et  a1 ,  Physics  Lett.  B260 
(1991)  125;  R.  Coquereaux,  Phys.  Lett.  B261  (1991)  449;  R.  Coquereaux 
et  al,  preprint  CPT-90/P.E.2464. 


137 


[9]  D.  Quillen.  Topology  U  (1985)  89;  A.  Connes  and  J.  Lott,  In  Stora 
Festschrift  volume. 

[10]  Y.  Ne'eman,  In  Unification  of  the  Fundamental  Particle  Interactions. 

S.  Ferrara  et  al  eds..  Plenum  Press.  NY  and  London  (1980),  pp.  89-100. 

[11]  Y.  Ne'eman  and  S.  Sternberg,  Proc.  Nat.  Acad,  Scl.  USA  77  (1980)  3127. 

[12]  Y.  Ne'eman  and  J.  Thierry-Mleg.  Phys.  Lett.  8108  (1982)  399. 

[13]  J.  Thierry-Mieg  and  Y.  Ne'eman,  Nuo.  Cim.  ^  (1982)  104. 

[14]  C.Y.  Lee  and  Y.  Ne'eman,  Phys.  Lett.  B,  In  press. 

[15]  S.  Sternberg  and  J.  Wolf,  Trans.  Amer.  Math.  Soc.  ^  (1978)  1. 

[16]  0.  Sanchez-Valenzuela  and  S.  Sternberg,  In  Lecture  Notes  In  Mathematics 
1251.  Springer  Verlag.  Berlin  (1985),  pp.  1-48. 

[17]  J.  Thierry-Mieg,  These  de  Doctorat  d'Etat  (Universite  de  Paris  Sud, 
Orsay,  France,  1978). 

[18]  J.  Thierry-Mieg.  J. Math. Phys.  n  (1980)  2834;  Nuovo  Cim.  ^  (1980) 

396. 

[19]  Y.  Ne'eman,  T.  Regge  and  J.  Thierry-Mieg,  Proc.  19th  Intern.  Conf.  on 
High  Energy  Physics,  Tokyo,  1978,  S.  Honma  et  al.  eds.,  Phys.  Soc, 

Jap.,  Tokyo  (1979),  pp.  552-554. 

[20]  B.  Zumino,  In  Anomalies.  W.A.  Bardeen  and  A.R.  White  eds..  World 
Scientific  Pub.,  Singapore  (1985),  pp.  111-128  (see  In  particular 
eqn  (4.1));  J.  Thierry-Mieg,  Idem,  pp.  239-246  -  see  comment  quoting 
R.  Stora. 

[21]  J.M.  Lelnaas  and  K.  Olaussen,  Phys.  Lett.  BIDS  (1982)  199. 

[22]  Y.  Ne'eman  and  J.  Thierry-Mieg,  Proc.  Nat.  Acad.  Sci.  USA  77  (1980) 

720. 


W- Algebras  and  Conformally  Reduced 
WZNW  Theories 


L.  O’Raifeartaigh 

Dublin  Institute  for  Advanced  Studies,  10  Burlington  Road,  Dublin  4, 

Ireland. 


Abstract:  W-algebras  are  defined  as  polynomial  extensions  of  the  Virasoro  algebra  by- 
primary  fields,  and  their  occurrence  in  the  context  of  Kac-Moody  (KM)  algebras  and  inte- 
grable  systems  is  recalled.  It  is  shown  that  their  occurrence  in  2-dimensional  Toda  theories 
is  explained  by  the  fact  that  the  Toda  theories  can  be  regarded  as  Wess-Zumino-Novikov- 
WilUii  (WZNW)  theories  which  are  reduced  by  a  set  of  first-class  conformal-invariant 
constraints.  The  general  form  of  such  constraints,  which  leads  to  other  2-dimensional 
integrable  systems  with  W-algebras  as  symmetry  algebras,  is  sketched. 


1  Introduction. 

In  recent  years  two-dimensional  conformally-invariant  field  theories  have  attracted 
an  enormous  amount  of  attention.  This  is  due  to  the  fact  they  they  span  a  number 
of  hitherto  unrelated  physical  and  mathematical  disciplines  such  ais  statistical  me¬ 
chanics,  string  theory  and  the  theories  of  integrable  systems,  Riemann  surfaces  and 
Hamiltonian  reductions.  All  these  properties  are  based  on  the  fact  that  the  two- 
dimensional  conformal  group  is  much  less  trivial  than  its  higher-dimensional  coun¬ 
terparts,  consisting  of  of/ analytic  transformations  x^.  — *  f(x+)  and  x_  — *  g(x  ), 
where  =  x  i- 1  (or  i  ±  if  in  the  Euclidean  case),  where  x,  t  are  the  conventional 
space-time  coordinates.  Correspondingly,  its  Lie  algebra  is  the  direct  sum  of  two 
Virasoro  algebras  [Ij  of  the  form 

^  dyL{y)5{y  -  y')  +  L{y)dy6(y  -  y')  +  c.{dyf6(y  -  y'),  (1.1) 
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where  y  =  x±,  the  bracket  is  either  Poisson  or  commutator  and  c  is  a  constant  that 
characterizes  the  one-parameter  central  extension.  The  physical  meaning  of  the 
generators  L{y)  =  L{x±)  is  that  they  are  the  components  T+  +  (i+)  and  T__(z_) 
of  the  energy  -momentum  tensor  (which  are  chiral  because  of  translational 
invariance  and  the  vanishing  of  the  trace,  T+_(*,<)  =  0).  Thus  the  generators  of 
the  Virasoro  algebra  carry  all  of  the  physical  information  contained  in  the  energy 
momentum  tensor. 

The  continuous  unitary  irreducible  representations  of  the  2-dimensional  con¬ 
formal  group  can  be  classified  using  essentially  the  same  methods  as  were  used  by 
Wigner  for  the  4-dimensional  Poincare  group  in  1939,  and  can  be  realized  in  terms 
of  local  tensor  fields.  These  fields,  called  pTtmary  fields,  transform  according  to 

->  V  **  (1-2) 

and  similiarly  for  i_,  where  the  indices  s±  are  called  the  conformed  weights.  The 
infinitesimal  form  of  ( 1 .2)  is  easily  seen  to  be 

,y)}  dy<i>{y,y)S(y  -  y)  +  (1  -  s)4>[y,y)dyb(y  -  y')  (1.3) 

where  L(y)  are  the  Virasoro  generators  and  y  =  x±  and  y  =  x^. 

In  1984  Zamolodchikov  [2]  considered  the  possibility  that  given  a  Virasoro 
algebra  with  generators  L{x)  and  a  finite  set  of  primary  fields  4>k(x)  the  Poisson 
brackets  or  commutators  of  the  primary  fields  with  themselves  might  close  to  yield 
a  polynomial  in  the  Virasoro  operator,  the  primary  fields  and  their  derivatives.  If 
the  the  space- time  coordinates  are  assigned  a  conformal  weight  (  —  1),  in  which  case 
the  delta-functions  would  have  unit  conformal  weight,  then  the  polynomial  has  to 
be  homogeneous  and  the  brackets  would  be  of  the  general  form 

my)My')}  =  -  vl  (i-4) 

where  fn-t-1  —  s  +  t.  Such  algebras  are  called  W- 

algebras  and  since  their  first  proposal  have  been  realized  in  a  number  of  different 
situations. 

The  most  straightforward  realization  of  W-algebras  is  in  the  context  of  KM 
algebras,  which  [1]  are  current-edgebras  of  the  form 

{J‘‘(y),  J‘(y')}  =  f:^r{y))S[y  ~  y')  +  -  y'), 


(1.5) 


where  the  /“*  and  the  g®*  are  the  structure  constants  and  Cartan  metric  of  a  semi¬ 
simple  Lie  algebra  G  and  k  is  a  constant.  For  these  a  (Poisson-bracket)  W-algebra 
is  generated  by  the  Sugawara-Virasoro  operator 


L(.y)  =  g.,r{y)j'’{y),  (1.6) 

(suitably  normal-ordered  in  the  quantum  case)  and  the  set  of  primary  fields 

W,{y)=d,tc..J%y)J\y)r{y)...  where  C,  =  d,t,c,X'"X'’X‘^ ...  (1.8) 

are  the  Casimir  operators  of  order  s  for  the  generators  of  a  simple  Lie  group  G. 
This  was  first  shown  by  Zamolodchikov  himself  [2]  for  the  SU(3)  case.  (Whether 
the  Poisson  brackets  can  be  generalized  to  commutator  brackets  for  all  represen¬ 
tations  is  not  yet  clear  [3]). 

Shortly  afterwards  it  was  found  that  a  set  of  Poisson-bracket  algebrcis  already 
considered  by  the  mathemations  in  connection  with  KdV  hierarchies  [4]  were  W- 
algebras.  In  a  further  development  it  was  found  that  W-algebrais  were  realized  in 
a  variety  of  Lax-pair  systems  [5]  and  in  particular  in  Toda  systems  [6).  It  is  the 
Toda  realization  (and  its  generadizations)  that  I  wish  to  consider  in  the  present 
talk. 

The  main  point  is  that  this  and  other  aspects  of  Toda  theory  (such  as  their 
integrability)  can  be  very  easily  understood  by  the  observation  [7]  that  Toda  theory 
is  nothing  but  a  Wess-Zumino-Novokov-Witten  (WZNW)  theory  which  is  reduced 
by  a  set  of  first-class  linear  constraints.  Using  these  constraints  the  general  solution 
of  the  Toda  field  equations  is  easily  deduced  from  the  (trivial)  general  WZNW 
solution  and  the  W-algebras  emerge  as  the  canonical  symmetry  algebras  of  the 
Toda  system.  They  are  also  seen  to  be  the  algebras  of  gauge-invariant  polynomials 
of  the  constrained  KM  currents  and  to  be  the  Dirac  star-eilgebrcis  of  the  second- 
class  constraints  produced  by  gauge-fixing. 


2  Standard  Two-Dimensional  Conformal  Field  Theories. 


For  scalar  fields  the  generej  two  dimensional  conformal  action  is  [8]  of  the  form 

^(^0  =  +  <7.e'"“*‘},  (2.1) 


where  C,  K  and  g  are  constants  i.e.  it  has  exponential-type  potentials.  The  special 
case  in  which  there  is  only  one  field  is  the  well-known  Liouville  theory  which  occurrs 
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in  a  variety  of  situations.  In  particular  it  is  just  the  action  for  the  two-dimensional 
gravity  theory  induced  by  renormalization  in  standard  string  theory,  expressed  in 
the  conformal  gauge  [9],  The  Liouville  theory  is  integrable  but  for  more  than  one 
scalar  field  the  system  (2.1)  is  in  general  not  integrable.  On  the  other  hand  it  is 
well-known  that  for  any  number  of  fields  it  becomes  integrable  if  the  g’s  are  unity 
and  C  and  K  are  the  Coxeter  and  Killing  matrices  of  any  simple  Lie  algebra  of 
rank  I  with  fundamental  roots  a,  i.e. 


3.  =  1, 


^  4(a,,Qt) 


and 


2(a,,  ofc) 


(2.2) 


Equations  (2.1)  and  (2.2)  define  the  Toda  theories  [10].  It  is  not  clear  at  this 
level  why  the  association  of  couplings  in  (2.1)  with  the  C-K  matrices  of  a  simple 
Lie  group  makes  the  system  integrable,  but  this  is  one  of  the  questions  which  is 
clarified  by  the  WZNW  reduction. 

The  natural  generalization  of  the  above  examples  to  non-abelian  groups  is  the 
WZNW  action  [1],  for  which  the  fields  g(x)  take  their  values  in  a  simple  Lie  group 
G  and  the  action  takes  the  form 

J  cl^xirstir{Jr{x)J,{x)Jt(x)),  (2.3) 

where 

7+(x)  =  q(x)a+g~'(x)  and  7  (x)  =  ((9_g’’(i))g(x).  (2.4) 


I{9)  =  J  d^xtT{J+(x)J-(x))  -I-  y 


Here  the  3-dimensional  integral  is  topological  in  the  sense  that  its  variation  is 
a  pure  divergence  and  thus  reduces  to  an  integral  over  its  boundary,  which  is 
assumed  to  be  the  2-dimensional  space  under  consideration.  The  insertion  of  this 
term  has  the  consequence  that  the  field  equations  take  the  simple  form 


i9_ J+(i)  =  0  and  d^J-{x)  ~  0, 


(2.5) 


which  simply  state  that  the  currents  J{x)  are  chiral  i.e.  are  functions  of  only. 
The  WZNW  action  (2.3)  is  invariant  with  respect  to  the  global  transformations 


g{x)  ^  g{x^)g{x)  and  g(x]  g(x)g(x^),  (2.6) 

and  the  Noether  currents  for  these  transformations  are  just  the  chiral  currents 
J^(x±).  As  a  result  each  of  these  currents  satisfies  a  KM  algebra  of  the  form  (1.5) 
and  commutes  with  the  other  one.  Thus  the  WZNW  theories  provide  a  natural 
Lagrangian  realization  of  the  KM  algebras. 
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Since  the  WZNW  theory  is  conformally-invariant  the  trace  T+_(i,<)  of  the 
WZNW  energy-momentum  tensor  is  zero  and  the  remaining  two  components  are 
the  Virasoro  operators.  These  are  actually  quadratic  in  the  currents  and  take  the 
form 

Hy)  = >  where  L(j/)  =  T++(a;+)  or  T_-(x_),  (2.7) 

and  2K  —  2k  and  (2k  -f  g)  where  g  is  the  Coxeter  number  of  G  in  tne  classical 
and  quantum  cases  respectively. 


3  Conformal  Reduction. 

In  this  section  we  wish  to  show  that  the  WZNW  theories  can  be  reduced  to  the 
Toda  theories  by  means  of  first  class  constraints.  The  form  of  the  first-class  con¬ 
straints  can  be  expressed  very  simply  at  the  KM  level  as  follows:  Let  the  KM 
currents  J{y)  of  (1.5)  be  those  in  the  Cartan  basis  i.e.  {J-a{y),  Jtiv),  Ja(y)}  in 
conventional  notation.  Then  the  reduction  is  simply  to  let 

J-a,(y)-l  and  J_a(j/)  =  0,  (3.1) 

according  as  the  roots  are  fundamental  or  not  fundamental.  This  reduction  is  first 
class  since  from  (1.5)  the  commutation  relations  of  any  two  negative  components 
has  no  central  term  and  no  fundamental  root.  Of  course,  this  reduction  is  only  pos¬ 
sible  for  those  Lie  algebras  which  are  the  real  linear  spans  of  the  Cartan  generators, 
the  so-called  split  Lie  2ilgebras.  These  Lie  algebras  are  highly  non-compact  and  for 
each  series  of  Lie  algebras  there  is  just  one.  For  example,  for  the  A  and  D  series 
of  Lie  algebras  they  are  the  Lie  algebras  of  SL(N,  R)  and  SO(N,  N)  respectively 
To  obtain  an  intuitive  feeling  for  the  meaning  of  the  reduction  (3.1)  it  is  useful 
to  consider  the  S L{N,  R)  case,  for  which  the  reduced  current  takes  the  form 


juiy)  jisiy)  .  jin{y)\ 

1  h2{y}  hsly)  j2n{y) 

0  1  jssiy)  j3n(y) 

J""’'^(z)=  0  0  1  .  j44y)  ,  (3.2) 

0  0  0  jin{y) 


V  0  0  0  1  inn(y)/ 

Although  the  first-class  nature  of  the  reduction  (3.1)  is  obvious  the  conformal 
invariance  is  not,  since  KM  currents  have  conformal  spins  (±1)  and  hence  to  put 
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some  of  them  equal  to  constants  breaks  the  conformal  invariance  generated  by  the 
WZNW  Virasoro  algebra  (2.9).  So  how  is  the  conformal  invariance  preserved?  The 
answer  is  that  the  Virasoro  generators  can  be  modified  so  that  the  components  of 
the  currents  which  are  set  equal  to  constants  become  scalars.  The  modification  is 

L{y)  -*  My)  =  My)  +  where  H{y)  =  (3.3) 

and  H  is  the  (unique)  element  of  the  Cartan  subalgebra  for  which  all  the  funda¬ 
mental  roots  have  weight  unity,  \H,E°]  =  It  is  easy  to  verify  from  the  KM 
algebra  that  with  respect  to  the  conformal  group  generated  by  A{y)  the  conformal 
spins  of  the  KM  current-components  become  (1  -t-  h)  where  the  h  are  their  weights 
with  respect  to  H .  Thus  in  particular  the  components  corresponding  to  the  nega¬ 
tive  fundamental  roots  become  scalars.  Setting  them  equal  to  constants  then 
preserves  the  conformal  invariance. 

Of  course,  since  there  are  two  chiral  sectors  a  similiar  procedure  must  be  carried 
out  for  each  one.  So  far  the  procedures  have  been  chosen  to  be  dual  in  the  sense 
that  for  the  respective  chiral  sectors  it  is  the  J±a{y)  that  are  are  constrained,  and 
L{y)  — ►  L{y)  ±  dyH(y)  that  are  the  modifications. 

The  physical  meaning  of  the  field  H(y)  is  two-fold.  First,  in  Toda  theories 
(and  their  generalizations)  the  field  /f(x-)  +  ff(a:+ )  can  be  interpreted  as  a  2- 
dimensional  gravitational  connection  [11].  Second  the  modified  Virasoro  generators 
/l(a:i)  turn  out  to  be  the  components  of  the  improved  energy  momentum  tensor 
in  the  reduced  theory. 

4  Reduction  of  the  WZNW  Action. 

For  any  set  of  first-class  constraints  there  is  a  standard  strategy  for  obtaining 
the  reduced  action.  This  is  to  gauge  the  original  action  with  respect  to  the  group 
generated  by  the  constraints,  omitting  kinetic  terms  for  the  gauge  fields  which 
then  appear  as  Lagrange-mullipliers,  and  then  to  eliminate  the  gauge-fields  means 
of  their  Euler- Lagrange  equations  (or  by  functional  integration  in  the  quantum 
case). 

Applying  this  general  strategy  to  our  case  we  see  that  the  gauge  groups  for 
our  constraints  are  the  KM  transformations  generated  by  the  current  components 
J*“(r±))  and  hence  the  gauge  fields  are  simply 

A  +  {x^)  =  aa{x^.)E°‘  and  A_(z:_ )  =  o_„(a:- )£J~",  (4.1) 


(4,2) 


respectively.  Accordingly,  the  gauged  WZNW  action  is 

^wzig)  +  J  d^xiT{A+{J  -  M.  )  +  A4J  -  M+)  + 

and  the  Euler- Lagrange  field  equations  for  the  Lagrange-multiplier  fields  A±  are 
A%  =iE^,g{J  -  M^)g-']  and  ^1“  =  -  A/- )3).  (4.3) 

If  one  re-inserts  these  vaJues  of  A±  in  (4.2)  and  makes  the  (Gauss)  decomposition 

(4  4) 

of  g  one  finds  that  the  fields  e±(x,  i)  drop  out  and  (4.2)  reduces  to  exactly  the  Toda 
action  (2.3)  for  the  fields  <l>k{x,  t).  This  derivation  of  the  Toda  theory  explains  why 
that  theory  is  associated  with  the  C-K  matrices  of  a  semi-simple  Lie  group.  It  also 
explains  the  integrability  of  the  Toda  theory.  Indeed  the  general  solution  of  the 
Toda  field  equations  can  be  obtained  directly  from  the  well-known  general  solution 
g{x,i)  =  g+(x^  )g^(x-  )  of  the  WZNW  field  equations  [7]. 


5  W-algebras  and  their  Interpretation. 


A  KM  algebra  such  as  (1.5)  may  be  thought  of  as  a  defining  a  closed  symplectic 
form  and  hence  a  phase  space  for  ihe  current  components  J“(y)  =  (a,  Jfy)).  In 
such  a  phase  space  the  canonical  transformations  generated  by  functionals  F(J) 
of  the  currents  would  be  then  of  the  form 

iJ^g)=.{F,ng)}  =  I  d^y'j^-{Ay'),r(y)}.  (5.1) 

Let  us  now  consider  those  functionals  which  preserve  the  constrained  form  of 
the  current  i.e.  such  that 

(£;“,(5r(y))-0,  (5.2) 

for  the  chiral  sector  with  positive  a  (and  similiarly  for  the  other  sector).  This 
property  is  evidently  preserved  under  the  Poisson  bracket  operation  and  hence  the 
set  of  all  such  functionals,  which  will  be  denoted  by  H’(,/),  forms  a  closed  Eilgebra 
(the  little  algebra  of  the  constrained  currents  within  the  canonical  algebra)  with 
respect  to  Poisson  brackets.  It  will  be  seen  below  that  for  the  constraints  of  section 
3  it  is  a  W-algebra  in  the  sense  of  Zamolodchikov. 

Because  the  W-algebras  as  just  defined  are  chiral  they  preserve  the  W'ZN  W  field 
equations  (2.7)  and  since  by  definition  they  respect  the  constraints  on  the  currents 
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it  follows  that  they  preserve  also  the  Toda  equations.  Thus  the  W-aJgebras  emerge 
as  symmetry  algebras  of  the  Toda  system  and  their  Noether  charges  are  conserved 
by  the  Toda  field  equations.  Furthermore,  it  turns  out  that  there  are  as  many 
independent  generators  of  the  W-algebras  as  there  are  independent  components  of 
the  Toda  fields,  so  in  a  certaun  sense  they  give  a  complete  description  of  the  Toda 
system. 

A  second  interpretation  of  the  W-algebras  can  be  obtained  if  one  recalls  that 
the  constrained  components  of  the  KM  currents  generate  a  gauge  group.  Then 
the  fact  that  the  the  generators  W  of  the  W-algebras  commute  (weakly)  with 
the  constraints  means  that  the  W  are  gauge-invariant  functions  of  the  currents. 
(And,  conversely,  every  gauge  invariant  functional  of  the  currents  quaJifies  as  a 
W).  Hence  an  alternative  definition  of  the  W-algebras  is  as  the  algebras  of  gauge- 
invariant  functions  of  the  constrained  currents. 

Although  for  general  reductions  the  bases  for  such  algebras  would  not  be  a  set 
of  polynomial  functions,  the  present  reduction  is  such  that  they  are  polynomials 
and  thus  the  W-algebra  is  a  polynomial  algebi  as  specified  by  Zamolodchikov.  To 
see  this  one  first  notes  that  the  gauge  transformations  of  the  currents  are  of  the 
form 

=  +  where  J{y)  =  j(y)  +  M,  (5.3) 

the  j(y)  are  zero  on  the  negative  root  sector  and  (M_  )r,  =  <5r,j-n  ■  With  respect  to 
the  grading  operator  H  the  current  components  are  non  negative  and  the  parame¬ 
ters  are  strictly  positive  and  the  crucial  point  is  that  there  exist  a  set  of  gauges  (the 
so-called  Drinfeld-Sokolov  (DS)  gauges  (12))  in  which  the  current  has  no  zero  grade 
components  and  only  one  component  for  each  positive  grade.  Furthermore  these 
gauge-fixings  are  complete,  so  the  current-components  in  these  gauges  constitute 
a  complete  set  of  gauge-invariant  functions.  Their  polynomiality  then  follows  from 
the  fact  that  according  to  (5.3)  the  J^(y)  are  polynomials  in  the  parameters  a(j/) 
and  their  derivatives,  and  according  to  (5.3),  using  J^{y)  =  iterat¬ 

ing  in  the  grades,  that  the  parameters  themselves  are  polynomials  in  the  original 
currents  and  their  derivatives.  The  explicit  detaiils  are  given  in  [6]. 

A  final  interpretation  of  the  W-aigebras  may  be  obtained  by  noting  that  total 
set  of  constraints  consisting  of  the  original  first-class  constraints  and  the  DS  gauge- 
fixing  form  a  second-class  system  of  constraints  in  the  sense  of  Dirac.  But  since  the 
ordinary  and  Dirac  star-brakets  for  the  functionals  W(J)  coincide  (because  they 
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respect  the  first-class  constraints)  and  because  theH''(J)’s  reduce  to  the  current 
components  in  the  DS  gauges  we  have 

{W(J(y)),W(J(y'))}  =  {W(J{y)),W(J(y'))r  =  {J  ^^(y),  {v')}' ■  (5.4) 

Thus  we  obtain  a  final  interpretation  of  the  W-algebras  as  the  Dirac  star-algebras 
of  the  gauge-fixed  currents. 


6  General  Structure  of  Reduction  and  Generalizations. 

More  recent  work  [13]  [14]  [15]  concerns  the  analysis  of  the  WZNW— >  Toda  re¬ 
duction  with  a  view  to  simplifying  and  generalizing  it  As  the  general  structure  is 
actually  quite  simple  (in  some  respects  simpler  than  the  specific  Toda  example)  I 
should  like  to  conclude  by  sketching  this  structure.  The  general  idea  is  to  impose 
linear  constraints  of  the  form 

Hy)  =  i{y) where  (7j(j/))  =  0,  for  ■yeF,  (6.1) 

on  a  a  KM  algebra  (15),  where  T  is  a  subalgebra  of  the  Lie  algebra  G,  and  M  is 
a  constant  element  of  the  Lie  algebra  whi^'h  is  not  zero  and  not  in  F . 

The  conditions  that  the  contraints  described  by  (6.1)  be  first-class  are  two-fold, 
namely, 

(a,/3)  0  and  ^(n,  0)  ----  {M  ,[o,.  i3])  0,  aJieF.  (6.2) 

and  follow  from  the  fact  that  the  KM  centre  k  and  the  constant  component  A/  of 
the  current  are  not  zero,  respectively  The  anti-symmetric  form  u;  will  be  recognized 
as  the  Kostant-Kirilov  (KK)  form  for  A/  evaluated  at  the  origin.  It  plays  a  centra) 
role  and  can  be  used  to  simplify  the  definition  of  the  DS  gauges  as  follows;  The 
extension  of  u)  to  the  whole  Lie  algebra  G  vanishes  on  the  kernel  K  of  the  operator 
M ,  but  on  any  subspace  of  G  complementary  to  K  it  is  non-degenerate  Hence 
if  w<'  assume  that  /  does  not  intersect  K  we  can  choose  a  complementary  spare 
which  contains  F  and  an  ui-dual  space  (-)  The  DS  gauges  are  then  simply  the 
gauges  m  which  {6,j{y))  0  for  all 

The  condition  that  the  constraints  (6  1)  be  conforinally-invariant  is  that  there 
should  exist  some  grading  element  li  in  the  Lie  algebra  G  such  that 


i//.7.  /■  (//,7)  0  .and  j//,A;, 


A/ 


(6,3) 
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The  first  condition  in  (6.3)  implies  that  H  should  be  a  grading  operator  for  F 
as  well  as  G.  The  most  important  condition  is  the  third  one  which  gives  a  spe¬ 
cific  relation  between  H  and  M.  In  particular  it  implies  that  the  generator  M  is 
nilpotent. 

Using  the  constraints  (6.1)  satisfying  the  first-class  and  conformal  invariant 
conditions  (6.2)  and  (6.3)  one  obtains  a  conformal  invariant  reduction  of  the  KM 
system  and  hence  (using  the  dual  conditions  for  the  opposite  chiral  sector)  of  any 
concomitant  field  theory,  such  as  the  WZNW  theory.  The  reduced  theory  will  have 
symmetry  algebras  corresponding  to  the  W-algebras  of  the  Toda  theory,  and,  as 
before,  these  will  be  the  algebras  of  gauge-invariant  functions  of  the  constrained 
currents,  or,  equivalently,  the  Dirac  star-algebras  of  gauge-fixed  currents.  The  only 
difference  will  be  that,  in  general,  the  gauge-invariant  functions  will  not  be  poly¬ 
nomials  in  the  constrciined  KM  currents  and  their  derivatives. 

A  fairly  general  sufficient  condition  for  the  algebras  to  be  polynomial  can  be 
found  and  can  be  expressed  quite  simply  in  terms  of  the  form  ui  and,  using  this 
condition,  a  class  of  WZNW  reductions  which  generalize  the  Toda  reduction  can 
be  constructed.  The  condition  is  that  if  {7,,^;}  is  an  /f-graded  basis  for  the  com¬ 
plementary  space  spanned  by  (6),  T}  such  that 

(6.4) 

then  the  corresponding  W-algebra  will  be  polynomial  if 

b.,ej\c  r  for  h(7.)  >  (6.5) 

where  h  are  the  W-grades.  This  condition  is  automatically  satisfied  for  the  Toda 
reduction.  But  it  can  be  satisfied  in  a  variety  of  other  cases  and  in  these  cases 
provides  new  conformal  reductions  of  the  WZNW  theories  to  integrable  systems 
with  polynomial  W-algebras.  For  example  it  provides  a  generalization  of  the  Toda 
system  to  one  which  consists  of  WZNW  fields  interacting  in  a  nearest-neighbour 
fashion.  More  precisely  it  provides  an  action  of  the  form 

^igp)  ’^fpiUp)  *  /d^-rlr(7p  '  A/p.p  i^F  l,p)'  (6  6) 

p 

where  the  gp  are  WZNW  fields  belonging  to  diagonal  blocks  in  the  original  WZNW 
algebra  and  the  A/p  ^  1  and  Afp  i.p  are  constant  matrices  that  connect  neigh¬ 
bouring  blocks.  This  system  reduces  to  the  original  Toda  one  when  the  blocks  are 
1 -dimensional.  It  also  produces  the  systems  discussed  recently  in  |13]  and  |14]. 
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The  Wave  Equation  on  Symmetric  Spaces 


SlGl  RDL'R  HELGASON* 


1.  Introduction.  Hadamard’s  Problem. 

To  begin  with  let  us  consider  the  wave  equation  in  Euclidean  space, 
du^  du^  d^u 

for  which  one  has  the  classical  solution  fonnula  of  Poisson  and  Tedone  (cf.  [7]) 


u(x,f )  = 


1  d" 
(n  -2)!^ 


^  r 

j (.\rf)(x)r(f  - 


where  {Xf  f){x)  denotes  the  spherical  mean  value 


f{y)dw(y) 


with  A(r)  denoting  the  area  of  the  sphere  SAi)  of  radius  r.  Denoting  by  Dr(i]  the 
corresponding  open  ball  formula  (1.1)  implies 

(1.2)  u(x,t)  is  determined  by  f\Bi{i). 

the  vertical  bar  denoting  restriction.  If  n  is  odd  the  right  hand  side  of  (1.1)  can  be 
differentiated  out  and  we  obtain  for  certain  constants  at. 


u(x.t)=  ^  <i*f‘-^'^(.\/7)(x). 


This  implies  that  for  each  e  >  0  : 

(1.4)  u(x,  t)  is  detennined  by  /| ( B(+,(x )  -  i?(_,(x )) . 

In  other  words.  ti{.r.t)  is  determined  by  the  initial  data  in  an  arbitrarily  thin  shell 
around  5((x ). 

This  is  an  instance  of  the  well  known  Huygens’  principle  which  for  general  Rie- 
mannian  manifolds  can  be  formulated  as  follows.  Let  .Y  be  a  Riemannian  manifold 


•  Supporlwi  by  NSF  DMS  S«0.'i665  and  SERC  (GR/G01928)) 
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with  distance  function  d  and  let  Lx  denote  the  Laplace-Beltrami  operator.  Consider 
the  equation  with  initial  data 

(1.5)  ^  =  (i.v+c)u,  u{x,0)  =  0,  u,(-r,0)  = /(x), 

c  being  some  constant.  Huygens  'principle  is  said  to  hold  for  (1.5)  if  property  (1.4)  holds 
for  each  e  >  0.  Hadamard  proved  that  if  dimX  is  even,  Huygens’  principle  does  not 
hold;  he  posed  the  problem  of  finding  all  X  such  that  Huygens’  principle  holds  for  (1.5). 
In  spite  of  important  work  on  this  problem,  particularly  by  Hadamard,  Stellmacher. 
Gunther,  Asgeirsson  and  others,  the  problem  cannot  be  said  to  be  .satisfactorily  solved 
and  it  appears  doubtful  that  there  are  simple  geometric  conditions  which  are  both 
necessary  and  sufficient.  For  a  quick  orientation  and  a  deep  study  of  the  problem  see 
Gunther  [5c]  and  [5b),  respectively. 

2.  The  Case  of  a  Symmetric  Space.  The  Fourier  Transform  and  the  Radon 
Transform. 

In  the  group-theoretic  spirit  of  this  conference  we  shall  now  investigate  Hadamard’s 
problem  in  the  case  of  a  symmetric  space  X  =  G/h  where  G  is  a  connected  seimsimple 
Lie  group  with  finite  center  and  K  a  maximal  compact  subgroup.  The  took  we  employ 
au-e  a  certain  Fourier  transform  and  a  Radon  transform  on  .Y.  To  describe  these  consider 
the  Iwaaawa  decomposition  of  G  and  its  Lie  algebra  g, 

(2.1)  G  =  NAK,  0  =  n-)-a  +  t, 

where  X  and  .4  tire  nilpotent  and  abelian,  respectively.  The  Haar  measure  dg  on  G 
decomposes  accordingly,  dg  =  da  dk  where  p  6  o',  the  dual  space  of  o.  By 

a  hoTOcycle  in  .Y  is  meant  an  orbit  of  a  point  in  .Y  under  a  subgroup  of  G  of  the  form 
gNg~^.  If  M  denotes  the  centralizer  of  ,4  in  K  and  o  =  { A },  $o  =  -Y  ■  o  then  each 
horocyle  f  has  the  form 

(2.2)  i  =  kai„, 

where  kM  €  A'/M  and  a  €  4  are  unique.  Thus  we  have  the  identification 

(2.3)  KfM  X  4  =  H, 

where  H  denotes  the  space  of  all  horocycles.  The  coset  kM  is  called  the  normal  to  the 
horocyle  {  in  (2.2)  and  a  is  called  its  composite  distance  from  the  origin  o.  If  |  j  is  the 
norm  on  a  corresponding  to  the  Killing  form  metric  and  d  the  distance  function  on  -\ 
then  d(o,0  =  |loga|.  Given  x  €  -Y  and  6  G  B  =  K/M  there  exists  a  unique  horocycle 
{(x,6)  through  x  with  normal  6.  If  6  =  kM  we  determine  .4(x,6)  G  o  by 

(2.4)  ^(x,kM)  =  fcexp.4(x,kA/)  ■  {„. 

These  notions  are  ea.sily  visualized  in  the  case  of  the  hyperbolic  plane  H^;  in  the  unit 
disk  model  the  horocycles  are  the  circles  ttmgential  to  the  unit  circle. 
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Definition.  Given  a  function  /  on  A’  its  Fourier  transform  f(X,b)  is  defined  by 

(2.5)  /(A,  b)  =  j  A  6  o*,  6  e  B. 

A' 

and  its  Radon  transform  f(^)  by 

(2.6)  f(^)  =  J  f{x)dm(x)  i  eE. 

Here  dx  is  the  G-invarietnt  volume  element  on  X  and  dm(x)  is  the  induced  measure  on 
(■ 

These  definitions  are  motivated  by  analogies  with  R",  the  horocycles  corresponding 
to  hyperplanes.  In  fact,  if  F  is  a  function  on  R"  we  can  write  its  Fourier  transform  as 

(2.7)  F(\uj)  =  j  F(i)e-^<^'“'>di  A  e  R,  |u;l  =  1 

R" 

and  then  (x.uj)  is  the  distance  from  0  to  the  pleine  through  x  with  normal  u;. 

While  one  has  inversion-  and  Plancherel  type  formulas  for  the  transforms  (2.5), 
(2.6),  (cf.  [6a],  [6b|),  results  about  their  ranges  are  more  useful  for  applications  to 
differential  equations. 

Definition.  A  function  v  on  a'  x  B  is  said  to  be  of  uniform  exponential  type  if 

(i)  A  — ►  i^{\.  b)  extends  to  a  holomorphic  function  on  the  complex  space  o*  =  a*  -I-  la": 

(ii)  There  exists  an  /?  >  0  such  that  for  each  AT  >  0 

(2.8)  sup  d-t-IAD'^'e-'*'^”’ ^l|tt>(A,6)|  <  oo. 

(A.6)€o:xB 

Theorem  2.1.  The  Fourier  transform  f  — *  /  is  a  bijection  of  C^(.Y)  onto  the  space 
of  functions  \p  of  uniform  exponential  type  satisfying  the  functional  equations 

B  B 

for  each  s  in  the  Weyl  group  W  =  ^(g,  o). 

The  proof  ([6d])  gives  at  the  same  time  a  description  of  the  range  of  C^(X)  under 
the  Radon  transform;  this  is  because  of  the  connection 

(2.9)  /(A,ArA/)  =  y  /(!:«  . 

A 

The  following  corollary  is  however  more  suitable  for  the  applications. 
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Corollary  2.2.  Let  R>  0.  Suppose  f  G  Cf^(.V)  satisfies 

/(^)  =  0  for  ti(o,0  >  R. 


Then 

/(x)  =  0  for  d{o,x)  >  R. 

These  results  imply  the  following  solvability  result  for  an  arbitrary  G  -invariant 
differential  operator  £)  /  0  on  A'  :  DC°°(X)  =  C'^(A');  in  other  words,  the  equation 
Du  =  /  is  always  globally  solvable. 

For  applications  to  the  wave  equation  we  need  to  extend  these  results  to  distribu¬ 
tions  T  of  compact  support,  that  is,  elements  of  S'[X).  The  definition  of  the  Fourier 
transform  T{X,  h)  is  obvious:  ju.st  replace  f(x)dx  in  (2.5)  by  dT(x).  The  characterization 
in  Theorem  2.1  extends  to  a  similar  description  of  S'(X}~  :  the  condition  (2.8)  is  then 
just  required  to  hold  for  one  R  >  0  and  one  X  <  0  (cf.  [6d],  proof  of  Theorem  8.5  or 
[2]).  This  done,  defining  the  polynomial  PdW  by 

one  proves  that  for  T  £  £'(X)  the  equation  DS  =  T  has  a  solution  5  G  S'{X)  if  and 
only  if  r(A,6)/Po(A)  is  holomorphic  on  a*. 

For  a  definition  of  the  Radon  transform  T  formula  (2.6)  is  unsuitable  since  the 
restriction  of  a  distribution  to  a  submanifold  is  not  defined.  Thus  we  proceed  indirectly: 
Given  a  function  d>  on  the  horocycle  space  E  we  define  the  point  function  o  on  .Y  by 

(2.10)  <^(x)=  j  0(Odp(O, 

Ox 

the  average  of  0  over  the  set  of  horocycles  {  passing  through  x.  The  transform  o  — >  P  is 
geometrically  dual  to  /  — ►  /  but  in  addition  these  transforms  are  adjoint  as  operators, 
in  fact  (cf.  [6c j) 

(2.11)  J  f{x)i{x)dx  =  y 

X  H 

where  d^  is  a  G-invariant  meastire  on  E.  This  relation  suggests  defining  T  by 

(2.12)  f(<t>)  =  T(4>),  t!>eC'*(E). 

Corollary  2.2  now  extends  as  follows  ((Og).  p.  119,  or  [6hl)  where  we  put 

dfi  =  (^  e  H  :  d(o.O  <  R). 
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Theorem  2.3.  Let  T  6  £'(X)  and  suppose 

suppID  C  3r. 


Then  _ 

supp(T)  C  Br(o). 

Here  supp  denotes  support.  We  shall  also  need  the  inversion  formula  alluded  to 
earlier. 

Theorem  2.4.  There  exists  a  specific  pseudodifferential  operator  A  on  E  such  that 
(2.13)  f  =  for  /GC-(.Y). 

Moreover,  A  is  a  differential  operator  exactly  when  G  has  all  its  Cartan  subgroups 
conjugate. 

For  the  Radon  transform  on  R"  (with  integration  over  hyperplanes)  one  has  a 
formula  like  (2.13);  then  A  is  a  differential  operator  if  and  only  if  n  is  odd. 

3.  Huygens’  Principle  for  X  =  GJ K. 

Using  tools  from  §2  one  can  prove  the  following  result  about  Huygens'  principle. 

Theorem  3.1.  Suppose  G  has  all  its  Cartan  subgroups  conjugate  and  that  dim.Y  is 
odd.  Then  the  modified  wave  equation  on  .Y, 

(3.1)  ^  =(L.x +  lf>hu  u(j,0)  =  0.  u,(x.0)  =  /(x) 
satisfies  Huygens'  principle. 

Remarks.  The  irreducible  symmetric  spaces  .Y  satisfying  the  conditions  of  the  theorem 
are  the  following: 

(i)  X  —  G/K  with  G  simple,  complex  of  odd  dimension. 

(ii)  -Y  =  the  (2n  +  l)-dimensional  hyperbolic  space.  Here  G  = 

SO„(2n  +  l,l). 

(iii)  X  =  SU‘(4n)/Sp(2n). 

For  ca-ses  (i)  the  result  is  given  in(6ej,(6fj.  For(ii)  an  explicit  solution  formula  can 
be  obtained  in  various  ways([6a].  [9a],  (8),  [6f])  implying  in  particular  the  vedidity  of 
Huygens'  principle.  More  explicitly,  the  space  H"  =  SOo(n,  l)/SO(n)  has  curvature 
—  1  in  the  matric  g  =  R/2(n  —  1),  B  being  the  Killing  form.  Here  p  =  j(n  —  l)a  where 
Q  is  the  single  positive  restricted  root  so  |pp  —  (n  —  l)/8.  Thus 

(3.2)  i.v  +  IPP  = 

where  L  is  the  Laplace-Deltrami  operator  for  H"  relative  to  g.  The  equation 

(3.3)  —  =  (l  +  ^11^)u  u(i,0)  =  0,u,(r,0)  =  /(x) 


F 

1 

► 

► 

i 

b 


r 
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has  thp  solution 
(3,4) 


(  Q  v("-1)/2 


implying  Huygens'  principle.  We  remark  that  the  solution  formula  in  [Gf]  implies  that 
the  solution  v  to 


(3.5) 
is  related  to  u  by 

(3.6) 


gi,, 

^  =  (L+(^f)v,  e(x.0)  =  /{x),  t.,(^.0)  =  0 


V  =  u,. 


While  the  implication  (3.3)  =>  (3.5)  is  obvious  the  converse  is  less  so 

Theorem  3.1  in  general  (even  with  G  reductive)  was  proved  by  Olafsson  and 
Schlichtkrull  in  [10]  using  the  Radon  transform  on  X  (Cor.  2.2  and  Theorem  2.4). 
Such  a  proof  had  been  indicated  without  proof  by  Solomatina  [11]  and  resembles  the 
proof  of  Lax-Phillips  [9a]  for  X  =  H*. 

My  independent  proof  proceeds  via  the  Fourier  transform  and  was  inspired  by  the 
proof  of  Branson-Olafsson  [1]  on  the  energy'  equipartition  which  I  shall  describe  later. 
Taking  the  Fourier  transform  of  (3.1)  one  obtains 

A,  6)  +  |Apu(f,  A,A)  =  0 


whence 

(3.7)  ii(t.A.6)  =  /(A.6)^^^ 

(cf.  (Ij),  By  a  generalization  of  the  classical  Paley-Wiener  theorem  (cf  [3],  p.  145). 

(3.8)  =  /e-^"'’»“'<ir,(a). 

A 

where  T(  €  £'^(  A)  is  unique.  On  the  other  hand,  the  indicated  characterization  of  £*'(  A’ 
shows  that 

(3.9)  sm|^  ^  I 

l-’t  J 

.Y 

where  r,  £  £'{X).  From  an  einalog  of  (2.9)  to  distributions  we  deduce  from  (3.8)'(3.9) 
that 

(3.10)  f,  =  lQe'’r,, 
the  tensor  product  referring  to  (2.3).  For  f?  >  0  let 

=  {(  6  H  :  d(o.O  =  /?}. 

The  following  lemma,  which  follows  from  Theorems  2.3  2,4,  is  crucial. 
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Lemma  3.2.  Suppose  G  has  all  its  Cartan  subgroups  conjugate  and  let  R  >  Q.  Then 
t{TeS'(X), 

supp(r)  C  Oft  =>  supplD  C  Sr(o). 

Now  the  convolution  on  G  induces  a  convolution  *  on  A'.  Moreover,  if  /  €  C^(X) 
and  if  T  e  £'{X)  is  A'-invariaut  we  have 

(3.11)  (/♦r)~(A,6)  =  /(A,6)f{A.6). 

In  particular,  (3.7)  implies 

(3.12)  u{x.t)  =  if  *  T,){i). 

Note  that  by  (3.8)  T,  is  invariant  under  a  — ►  a“'.  Thus  Tx,(g~'  ■  o)  =  T\{g  ■  o)  and 

(3.12)  becomes 

(3.13)  u(goJ)  =  j  fig  ■  x)dTt(x). 

X 

For  dimA  >  1  it  is  well  known  from  Euclidean  Fourier  analysis  (cf.  e.  g.  [4],  Ch.  II,  §3) 
that  ,supp(r/)  C  S((e),  the  sphere  of  radius  t  in  .4.  Thus  by  (3.10)  and  Lemma  3.2  we 
have  supp(r,)  C  St{o)  and  Huygens’  principle  (1.4)  follows  at  once  from  (3.13). 

In  the  case  dim  .4=1  the  spaces  .Y  in  the  theorem  are  just  the  hyperbolic  spaces 
A'  =  of  odd  dimension.  Now  (3.8)  shows  that  Tt  is  a  constant  multiple  of  the 

characteristic  function  of  the  interval  lloga)  <  t.  Taking  the  den\-ative  with  respect  to 
f  we  get 

(3.14)  cos|A|t  =  y’e-*““«“>dT;(a)  = 

A  .V 


(3.15)  u,(g  ■  o.t)  =  J  fig  ■  i)dT',{x). 

.V 

Now  we  have  supp(r,')  C  S,(e)  so  by  (3.10)  and  Lemma  3.2,  supp(rj)  c  S((o).  Thus 
by  (3.6)  Huygens’  principle  holds  for  equation  (3.5).  Formula  (3.4)  shows  the  same  for 
(3.3). 

4.  Huygens’  Principle  for  a  Compact  Lie  Group. 

Let  A'  be  a  simply  connected  semisimple  Lie  group  with  the  bi-invariant  Riemann- 
ian  metric  given  by  the  negative  of  the  Killing  form.  Determine  R  >  Q  such  that  the 
exponential  mapping  is  a  diffeomorphism  of  onto  Bfi{e)  (balls  in  the  Lie  algebra 

and  in  A'). 
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Theorem  4.1.  Suppose  K  above  has  odd  dimension  and  let  f  £  C^iBnle)).  Then  the 
modified  wave  equation 

(4.1)  ^  u  u(fc,0)  =  0,  a,(fc,0)  =  fix] 

satisfies  Huygens'  principle. 

This  is  stated  in  [6e]  with  a  proof  in  [6fj.  For  dim  AT  =  3  we  have  A'  =  so  the 
wave  equation  on  the  3-sphere  satisfies  Huygens’  principle.  This  is  true  more  generally 
on  since  the  sphere  is  conformally  flat  [12];  it  can  also  be  proved  directly  [9b]. 

Since  the  spaces  (i),  (ii)  listed  after  Theorem  3.1  are  the  symmetric  space  duals  to 
the  compact  groups  and  the  spheres  respectively,  Olafsson  and  Schlichtkrull  [10]  raise 
the  question  whether  the  modified  wave  equation  on  the  space  SU(4n)/Sp^)  (which  is 
dual  to  SU*(4n)/Sp(2n))  satisfies  Huygens'  principle.  As  Olafsson  and  I  have  observed, 
the  equations  correspond  formally  under  the  substitution  Xj  — ►  iXj  and  since  the 
operators  are  antilytic,  Gunther’s  necessary  and  sufficient  moment  conditions  ([5b],  Ch. 
VII,  Theorem  5.10)  apply.  This  makes  a  positive  answer  plausible  but  a  genuine  proof 
is  required. 


5.  Equipartition  of  Energy, 

Consider  again  the  modified  wave  equation  (1.5),  -V  being  again  an  arbitrary  Rie- 
mannian  manifold  The  energy  is  then  defined  as  the  integral 


(5.1) 


SA 


u)  =  j\(u] 


-f  Idu]^  -  cu^)(t,x)di 


( u  real). 


Here  (dii|  is  the  norm  of  the  1-form  du  relative  to  the  Riemannian  structure.  It  is  known 
([1],  Lemma  1.1)  that  for  /  of  compact  support,  SAu)  is  finite  and  independent  of  f. 
The  two  terms 

.X 

^(u)(^)=5  j{\du\'^  -  cu'^){t,x)dx 
X 

are  called  the  kinetic  and  potential  energy,  respectively. 

Theorem  5.1.  With  ..Y  as  in  Theorem  3.1  and  c  =  \p\^  the  .solutions  to  the  modified 
wave  equation  (3.1)  .satisfy 

K{n)(t)  =  V{u)(t) 

for  t  >  R,  if  supp(/)  C  Br(o). 

This  is  proved  in  Bran.son-Olafsson  [1],  using,  among  other  things,  some  of  the  tools 
which  were  applied  in  the  proof  of  Theorem  3.1. 
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Abstract 

A  review  is  given  of  the  methofi  of  symmetry  reduction  for  partial  differential 
equations.  Two  physical  applications  are  presented.  One  is  a  solution  of  the 
stimulated  Raman  scattering  equations,  the  other  is  a  classification  of  variable 
coefficient  KdV  equations  according  to  their  Lie  point  symmetry  groups. 


Introduction 

The  jjurpose  of  this  presentation  is  to  first  review  a  general  method  for  ob¬ 
taining  exact  analytic  solutions  of  nonlinear  partial  differential  ecpiations  ^PDEs) 
and  then  to  apply  the  method  to  two  physical  systems.  The  method  is  that  of 
symmetry  red\iction  and  it  goes  back  to  Sophus  Lie.  There  tin'  new  twists  to 
the  method  and  it  ha.s  been  turned  into  an  efficient  algorithm.  This  is  due  to 
developements  in  grouj)  theory,  the  theory  of  integrable  dynamical  systems  and 
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in  computer  science.  Morever,  the  ever  increasing  importance  of  nonlinear  phe¬ 
nomena  in  physics  has  emphasized  the  need  for  mathematical  methods,  providing 
solutions  of  nonlinear  equations. 

The  applications  to  be  discussed  come  from  nonlinear  optics,  namely  stimu¬ 
lated  Raman  scattering  and  from  hydrodynamics,  namely  the  variable  coefficient 
Korteweg-de  Vries  equation. 

1  The  Algorithm  for  Symmetry  Reduction 

The  basic  idea  is  that  one  looks  for  solutions  of  a  given  systems  of  PDEs  that 
are  invariant  under  some  group  Go,  compatible  with  the  equations.  The  in¬ 
variance  condition  reduces  the  number  of  independent  variables  in  the  equation. 
This  amounts  to  obtaining  solutions,  corresponding  to  boundary  conditions  with 
particular  symmetries. 

More  specifically  the  algorithm  consists  of  the  following  steps,  applicable  to 
an  arbitrary  system  of  differential  equations: 

A‘‘(r,  u,Uj.,  Uj-j., . . .)  =  0 

e  R\ue  R\ 

where  for  instance  rixi  denotes  all  second  derivatives,  and  the  order  of  the  ecpia- 
tion  is  N.  with  p,q,n  and  AT  arbitrary. 

Step  1.  Find  the  symmetry  group  G  of  local  point  transformations 

it  ~  Q,{x,ti,g)  ,x  =  A{T,n,g)  ,  (2) 

such  that  whenever  n{x)  is  a  solution,  then  u(x)  is  also  a  solution,  as  long  a.s 
the  functions  Q  and  A  are  defined.  Notice  that  we  restrict  ourselves  to  point 
transformations:  u  and  x  do  not  depend  on  derivatives  of  u.  The  algorithm  for 
finding  the  Lie  group  G,  or  rather  its  Lie  algebra  L  is  well  known  and  described 
e.g,  in  Ref.  [1,2].  Morever,  computer  programs  using  REDUCE  [3].  M.AC  SYM.A 
[4]  and  other  symbolic  languages  exist,  that  realize  it.  The  essence  is  ’.hat  one 
constructs  a  vector  field 


A'  =  ^,(x,u)dx,  -f  4>x{r,ii)dua  ,  (3) 

such  that  its  N  —  th  prolongation  annihilates  ♦he  equations  (1)  on  thei  solution 
set 


pr  A' •  =  0.  (4) 

Eq.(4)  provides  a  system  of  linea''  PDEs  for  the  function  u)  and  (f>,Ax.  u). 
This  system  of  “determining  equations”  is  usually  overdetermined  :md  its  only 
solution  may  be  =  <l>„  =  0.  In  this  case  the  method  is  not  applicable,  in 
interesting  cases  the  sohition  may  depend  on  k  significative  integration  constants, 
and  we  obtain  a  A'-dimensional  symmetry  algebra,  or  the  solution  may  depend 
on  arbitrary  functions  of  x  or  »,  and  we  obtain  an  infinite  dimensional  synunetry 
algebra. 

Step  2.  Identify  the  Lie  algebra  L  as  an  abstract  Lie  algebra  by  transforming  it 
to  a  “canonical”  basis.  If  it  is  decomposable,  it  will  be  decomposed  into  a  direct 
sum  of  Lie  algebras.  Each  component  will  be  vi.sibly  simple,  .solvable,  or  its  Levi 
decompo.sition  into  a  semidirect  sum  with  a  solvable  ideal  (the  radical)  will  be 
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luaiiifrst.  Algorithms  performing  this  identification  exist[5l  and  have  to  some 
degree  been  computerized. 

Stf.p  V.  Classify  the  .stihalgehras  of  L  into  conjugaey  classes  under  the  action  of 
the  symmetry  group  G.  Algorithmic  me, hods  [0,7]  for  doing  this  exist,  different 
for  simple  Lie  algebras,  direct  .stuns,  or  Lie  algebras  with  nontrivial  ideals  (see 
Ref.2  for  a  review). 

Sti  p  /f.  Once  the  .sultalgebras  L,  L  are  known,  wt-  find  the  invariants  of  the  cor- 
resjjonding  subgroti]>  G,  C  G  in  the  sjtace  A’  x  U  of  independent  :ind  dependent 
varialdes.  In  the  0]itimal  ease  we  can  find  k  invariants  $,(  .r ft,  (  x ).  0  <  k  <  p 
depending  only  on  the  indeitentlent  variables  t  anti  q  invariants  Ix[.r  .u).  .  .  .  /,,(  x  .n) 

such  thiit  the  .lacobian  of  the  transformation  (t/i . u,^)  — >  (/, . /^ )  is  non- 

singuhir.  We  then  set 

/,(.!•.  It)  =  Fdfi  —  s*.-).  '  =  1 . <y  (6i 

and  solve  for  (/,  to  obtain 

I',  =  C,(.fi . iV.Fdfl).  I  -  I . <i  .  iGi 

Substit titiug  (0)  into  the  ori.ginttl  system  ( 1 )  w<'  obtain  a  reflucetl  system 

A(f.  F,  F(.  Ffc  •  ■  •)  =  0  ■  (  "  ' 

Since  we  li.'ive  k  <:  ip  we  obtain  <i  dimensional  reduction  (  "svininei ry  reduc 
lion  ),  i.e.  h'wer  iiidciiendent  variables.  F.tr  k  =  0  we  obttiin  algebraic  ecpiations. 
for  k  -  1  a  system  of  oialinary  <lifferential  e<piations. 

Slip  0.  Solve  th<’  nslucetl  eipiations  (7,1  (if  [lossible).  They  m;iy  be  linearizabli', 
or  integrtible  by  some  linear  techui<iue  ,  like  the  inver.se  scatterin,g  transform  !Sj. 
,A  singularity  iunalysis  ( Painleve  antdysis)  may  help  to  solve  tlunn.  .Alteriicitir'ely. 
inor<'  .groii])  thetiry  can  be  used  to  reduce  the  number  of  variables  fuither,  or  to 
retiuce  the  ordei  of  the  etiiiations  for  ODEs. 

Sirp  6.  Do  [iliysics  with  the  solutions,  i.e.  iinalyse  their  stability,  their  asynij) 
totics.  calcuhite  vtirious  observ:d>le  (imintitii’s,  lUc.  The  last  step  is  of  coursi'  th(' 
h’ast  algorithmic  one. 

We  mention  that  gri>U[)  theory  I'an  jirovide  .solutions  even  if  conditions  used 
in  Sti'j)  I  ate  not  salisfieil.  Thus,  if  the  variables  f,  dejiend  on  some  of  the 
depi'iideiif  vari.ables  a,,  we  obt;iin  implicit  .solutions.  If  the  trtinsfonnatioti  n  -  I 
is  not  invert  ibli-.  we  may  obtain  '■•partitdly  invariant  solutions"  [',)  11;. 


2  Soliitioii.s  of  the  Stiiiiiilated  Rainaii  Scattering  Eqnatioirs 

file  airplii'ation  to  Ire  I'onsii leirsl  heir"  is  joint  Work  with  D  Ler  i  and  C'Mi'nyiik 
il2i.  The  SH.S  i-quatious  describi-  the  nonhui-ar  interactiirn  of  three  cohiieai 
conqilex  waves,  for  instanci’  wlu’u  pulses  are  iieriodically  lioosted  l>y  ;ui  optic.al 
jiuniji  [K5.14].  In  a  simjrlifieil  notjition  tin-  SUS  erpiations  are 


r,  j  nr,  ej  ej.  i-j  j  -  nij  ep','.  ci.r  '  til  i  e,’  e' 

II,  d  1.  fr  ^  i'r  F  .  i'i:  •  (I.  0  <  Or  <.  2:r  . 


(SI 


We  shall  idelitify  ci  .  r,  and  e,  with  the  Stokes  wave  (tlie  signal),  the  punili 
wave  and  the  material  excitation.  res])ectively.  We  use  the  ;ilgonthni  desciiix-d 
above  to  olitain  e,.:n-t  solutions  In  jiartiiailar,  we  are  interesteil  in  a  "iihysical 
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solution  in  which  for  t  fixed  goes  to  a  constant  nonzero  value  for  x  — *  -foe. 
where  V2  and  Us  go  to  zero  in  the  same  limit. 

The  symmetry  algebra  for  eq.(8)  is  infinite  dimensional.  A  basis  can  be  writ¬ 
ten  as 

P  =  ,  Z>  =  i  -t-  ^  -f  2^35^,) 

V  =  ,V(h)  =  h{t){-d^,  +5*3)  (9) 

Tif)  =  f(t)d,  -\  'f(t)(eid„  + 

where  /(<)  and  h{t)  arc  arbitrary  functions  of  time.  We  obtain  translations 
P,  T(l),  dilations  D  and  T{t),  constant  and  time  dependent  changes  of  phase  V 
and  U(h).  More  generally  T{f)  corresponds  to  a  reparametrization  of  time  and 
the  corresponding  Lie  algebra  {T(/)}  is  isomorphic  to  the  Virasoro  algebra  (with 
no  central  extension). 

The  Lie  algebra  L  is  the  <lirect  s\un  of  three  Lie  algebras 

i  =  (10) 

the  last  one  being  a  u{\)  Kac-Moody  Virasoro  algebra  [2]. 

The  third  step  is  to  classify  subalgcbras  of  the  symmetry  algebra.  The  SRS 
oejuations  involve  only  two  independent  variables.  We  wish  to  reiluce  to  an  ODE. 
we  hence  only  need  one- dimensional  subalgebras  (and  subgroups).  Ten  clas.ses  of 
them  exist  [12].  For  instance  the  .-'•cebra  {Pi  -f  aPfl)  -f  fcV’}  (a.b  are  constants) 
leads  to  solutions  in  terms  of  '■  'tI,!  .  iilutic  functions,  or  to  solitons.  The  sub¬ 
algebra  {Pi  -f  aU(\)  -t-bV}  lea  '  *'  ions  know  as  “phase  wave  solutions”  in 
optics. 

We  shall  concentrate  on  solutions  invariant  under  the  subgroup  generated  by 
the  subalgebra  (D  +  aT(f)  -f  bV).  The  corresponding  seven  invariants  will  be 
denoted  A/,  and  o,  and  the  complex  wave  amplitudes  are  expressed  as 

=  r^'‘  +  nl-tn  ^  ^  ^^-l/a 

f,  =  A/2(0e'“^‘'^'  n  yt  0 

,.3  =  ■ 

X 

We  fix  the  constants  n,  in  (8)  to  be  03  =  uj  =  -0,  =  1,  a.s  corresponds  to  the 
usual  physical  situation.  We  substitute  eq.fll)  into  eq.(8),  separate  the  real  and 
imaginary  parts  ami  obtain  six  coupled  real  ODEs  for  amplitudes  A/,  and  phases 
o,.  AVe  make  use  of  two  first  integrals 

/,  =  A/,'  -I-  Mj  .  I2  =  MxMihUcosib  -  ^  A/,' 

2  (12) 

0  =  0,  -t  O;,  -f  <1:,  -t-  l»/u(0 

to  decouple  the  e<iuntion.s.  For  A/i  we  olitain  a  second  order  nonlinear  ODE: 


(m  h  - 

02  A/?  -  /, 


(13) 


Eq.(13)  looks  formidable,  but  it  is  linear  in  Mj,  rational  in  Mi  and  Mj,  and 
analytic  (actually  also  rational)  in  Such  equations  were  studied  by  Painleve  and 
Gambier  (see  Incc  [15]  for  a  summary  of  results).  They  classified  all  equations  of 
this  type  that  have  what  is  now  called  the  “Painleve  property".  This  means  that 
their  solutions  have  no  movable  critical  points,  i.e.  no  singularities,  other  than 
poles,  the  position  of  which  depends  on  the  initial  conditions.  An  algorithmic 
necessary  test  for  the  Painleve  property  exists  [16]  and  has  been  turned  into 
a  MACSYMA  routine  [17].  Eq.(13)  passes  the  test  after  the  transformation 
M\  =  Hi .  A  further  transformation  takes  it  into  a  standard  form.  Thus,  we  put 


W-1 

and  o))tain  the  equation  for  a  particular  case  of  the  fifth  Painleve  transcendent 

IV  = 

w  =r  (  —  +  — ? — )\V2  _  i 

'  21V^  I  T  -  1 '  i 

27|  (15) 

«  =  +  fc)^d  =  M  =  2Iia,6  =  0  . 

Thus,  we  have  an  exact  solution  for  M\{^).  valid  for  all  ^.0  <  {  <  cc.  The 
other  amplitudes  .1/2,  A/3  and  phases  o,  are  then  all  expressed  in  terms  of  A/i 
and  the  integrals  I2.I3. 

From  the  point  of  view  of  phy.sics,  the  important  question  is:  given  values  of 
Ml  and  Oi  for  ^  =  0,  how  will  they  develop  for  ^  *  00.  This  is  the  “connection 

problem”  for  Painleve  transcendents  and  a  large  literatrire  exists  on  this  topic 

(18). 

Here  we  shall  address  a  simpler  problem,  namely  give  an  asymptotic  formula 
for  the  waves  0,.  Skipping  all  details  [12],  concerning  the  derivation  .and  the 
absence  of  secul.ar  terms,  we  just  pre.sent  the  final  restilt, valid  for  a  =  —1,  f  — 
+  oc: 


1 

ri  ~  : - 

(.rt) 

I/-!  ' 

112  ~ 

yJTi 

,>/< 

ihlnT 

(  t 

f  =  .rt  . 

For  t  =  to  fixed,  .r  — *  oc  we  have 


Cl  — »  0,  t’l  — »  const,  1)3  — t  0  (17) 

were  C;  is  the  Stokes  wave.  £<).(  17)  <lescribes  the  behavioiir  of  th<’  wave  envelopes, 
the  waves  themselves  oscillate  within  tlies<-  env<‘lopes.  The  experimentally  ob¬ 
served  behiiviour  [19]  is  reproduced  very  well  by  etj.flG). 
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3  Symmetries  of  the  Variable  Coefficient  Korteweg-de  Vries  Equation 

In  tliis  section  we  shall  discuss  the  symmetries  of  an  equation  containing  arbitrary 
functions,  namely 


M(  +  /( J-,  t)uUjr  +  g(x,  i)Urrr  =0 

IS) 

/^O,  g^O 

which  we  shall  call  the  variable  coefficient  Korteweg-de  Vries  equation!  VCKd\'). 
For  /  and  g  constant  we  obtain  the  original  KdV  equation.  This  is  the  proto¬ 
type  of  a  “soliton  equation”.  It  is  integrable  by  inverse  scattering  techniques, 
corresponds  to  a  completely  integrable  Hamiltonian  system  with  infinitely  many 
integrals  of  motion  in  involution,  allows  for  soliton  and  multisoliton  solutions, 
as  well  as  periodic  ;md  multiperiorlic  ones  {see  c.g.  ref.8).  Physically  the  KdV 
describes  long  small  amplitude  waves  in  shallow  water  and  can  be  derived  from 
the  ba.sic  equations  of  hydrodynamics  in  the  corresponding  approximation. 

Eq.(18)  is  obtained  under  less  restrictive  conditions,  allowing  for  a  variable 
density  of  the  fluid,  variable  depth,  the  presence  of  vorticity  and  other  space  and 
time  dependent  effects.  Its  .symmetries  for  various  r]a.s.ses  of  functions  /  and  g 
were  studied  in  collaboration  with  J.P.Gazeau  [20]. 

The  KdV  equation  itself  has  a  four-dimensional  symmetry  group  of  hical  point 
transformations,  generated  by  space  and  time  tran.slations  {Pi,Po).  dilations  D. 
and  Galilei  boosts  D.  It  also  has  infinitely  many  "higher  symmetries",  but  we 
are  not  concerned  with  those  here. 

For  the  VC  KdV’  efiuation  or  aim  is  twofold: 

1.  Classify  these  equations  into  equivalence  classes  undi'r  the  action  of  fiber 
l)reserving  local  point  transformations 


ti  =  U(x.f,ii)  r  =  A’(r,f),  1  =  T{x.'t) 

dll  d(x,t) 


(19) 


2.  Find  the  Lie  j>oiut  symmetry  group  for  each  class. 

The  first  task,  a  preliminary  cl.issification  of  equations,  is  achieved  using 
global  methods,  rather  than  infinitesimal  ones.  The  result  is  that  "allowed  trans¬ 
formations”  taking  eq.(18)  into  a  VC  KdV  equtition.  not  necessarily  with  the 
same  functions  /  and  g.  have  the  form; 


u{x,f)  =  A{t)ii{x .})  -|-  D{x,t) 

(20) 

X  =  a{f}x  + t  = 
where  the  functions  involved  must  satisfy 

d.r  +  ii  +  f  D(i  =  0,  .4-1-  fBj  A  =  0  , 

(21) 

Bi  A  f  D  Hj.  -1-  g  —  0  , 
and  the  dots  signify  time  derivatives. 

Analyzing  the  system  (21)  that  determines  the  "allowed  transformations”,  we 
find  that  we  must  distitigiii.sh  the  following  classes  of  VC  KdV  eijuations. 

1.  The  generic  ca.se,  when  f{xj)  and  g(x,f)  are  arbitrary,  .allowed  transfor 
Illations  are  dilations,  translations  and  the  reparametrization  of  time 
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5  =  0,  A  =  Ao,  a  =  ao,  0  =  3o,  6  =  0(<)  ■  (22) 

Additional  allowed  transformations,  and  hence  additional  symmetries,  exist 
only  in  the  following  special  cases. 

2.  /  =  arbitrary 

3. 

f{x,t)  =  gix,t)  =  -^x  +  hif)  (23) 

9 


f{x,t)  =  p{t)\x  +  q{t)Y^‘^ 

+  {r-  1)9  +  r(x  +  q)ln(x  +  9)} 

r(l  -  r-‘) 

The  Lie  point  symmetries  were  obtained  for  each  class  of  V'C  KdV  equations 
and  the  results  on  the  symmetry  algebra  L  can  be  summed  up  as  follows. 

1.  dim  L  <  4 

2.  dimL  =  4  if  and  only  if  the  VC  KdV  equation  can  be  transformed  into  the 
KdV; 

fi=9x  =  0,  g(t)  =  f{t){ci  f  f(s)ds  +  C2]  (25) 

Jo 

The  same  conditions  have  been  shown  to  be  necessary  and  sufficient  for  the 
V'C  KdV  equation  to  have  the  Painleve  property  [21,22]. 

3.  dim  L  =  3  occurs  in  precisely  the  following  mutually  inequi\'a]ent  cases; 

L  =  sl(2,R) ; 

U(  4“  uUx  4"  xiixTT  —  0  (26) 

1  1 

U(  4-  -Wlix  4-  -Uxxr  =  0  (2/) 

X  X 

M,  4-  (x  4-  UUr  “  ^  (-r  +  tf  Wxxx  =  0  (28) 

L  decomposable,  but  not  abelian 


W(  4-  XliUx  4-  —  Uxxx  =  0 
«,  4-  JUix  4-  lixrx  =  0 

L  nilpotent; 

ttt  4-  .ruMx  +  x^  Uxxx  =  0 

L  solvable  (with  diagfuial  action  on  nilradical): 

«(  4-  uux  4-  t"  Uxxx  =0,  0^2 

L  solvable  (with  complex  action  on  nilradical) 

u,  +  uUx  4-  (1  +  =  0 


(33) 
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L  solvable  (with  Jordan  action  on  nilradical) 

Ut  +  uux  +  Uij-j-  =  0  (34) 

For  a  classification  of  real  Lie  algebras  L  with  dim  L  =  3,  see  ref.23. 

4.  dim  L  =  2  and  L  =  1  occur  for  infinitely  many  different  VC  KdV  equations 
that  in  some  cases  involve  arbitrary  functions  of  one  variable  [20]. 

4  Conclusions 

Lie  group  theory  started  out  as  a  tool  for  solving  differential  equations.  At 
present,  for  most  nonlinear  PDEs,  Lie  group  theory  is  the  only  tool  av'ailable  for 
obtaining  analytic  exact  solutions.  Morever,  it  is  a  powerful  tool.  The  '‘similar¬ 
ity”  solutions  provided  by'  group  theory  tend  to  be  particularly  “robust”;  large 
classes  of  solutions,  starting  out  from  quite  general  initial  conditions,  approach 
the  similarity  .solutions  asy’mptoticaJly.  An  important  part  of  the  symmetry  re¬ 
duction  algorithm  is  a  classification  of  subgroups  of  the  symmetry  group.  From 
the  phy’sical  point  of  view  this  is  equivalent  to  a  classification  of  different  ty'pes 
of  symmetry  breaking  by  boimdary  conditions. 
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BOHR’S  INDETERMINACY  PRINCIPLE 
IN  QUANTUM  HOLOGRAPHY, 
ADAPTIVE  NEURAL  NETWORKS, 
MOLECULAR  COMPUTERS, 

AND  CORTICAL  SELF-ORGANIZATION 


Walter  Sclieinpp 
Lehrstuhl  fiir  Matheniatik  I 
University  of  Siegen 
D-5900  Siegen.  Germany 


Some  ten  years  after  writing  his  fundamental  papers  on  optics,  Hamilton  made 
a  startling  observation:  that  the  same  formalism  applies  to  mechanics  of  point  par¬ 
ticles.  Replace  the  optical  axis  by  the  time.  Then  the  transformation  from  initial 
position  and  momenta  to  final  position  and  momenta  is  always  symplectic.  This  dis¬ 
covery  ted  to  remarkable  progress  in  the  nineteenth  century.  In  the  19-IOs  -  almost 
a  century  later  -  Hamilton's  analogy  between  optics  and  mechanics  served  as  one  of 
the  major  clues  in  the  discovery  of  quantum  mechanics. 

Shlomo  Sternberg  (1988) 

Great  progress  was  possible  thanks  to  the  wonderful  tool  in  atomic  physics  which 
IS  the  laser. 

Alain  Aspect  (1986) 

The  basic  principles  of  cortical  organization  are  similar  at  different  processing 
levels. 

Wolf  Singer  (1990) 


Abstract 

A  rigorous  proof  of  quantum  parallelism  cannot  be  based  on  the  Heisen¬ 
berg  inequality  because  the  standard  deviation  of  self-adjoint  operators  is 
insensitive  to  fine  structures  of  the  interference  distribution  generated  by  a 
Mach-Zehnder  interferometer.  .4rfually  Niels  Bohr's  indeterminacy  principle 
of  spatio-temporal  quantum  electrodynamics  cannot  be  based  on  any  of  the 
known  uncertainty  principles. 

It  is  shown  how  the  holographic  transform  allows  to  circumvent  the  difficul¬ 
ties  with  the  standard  deviation  by  using  a  group  theoretical  implementation 
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of  the  canonical  commutation  relation  of  quantum  electrodynamics.  The  ge¬ 
ometric  quantization  approach  combined  vvith  the  emitter-absorber  transac¬ 
tion  model  of  quantum  dynamics  on  the  whole  real  line  R  allows  to  describe 
by  a  Liouville  density  the  flow  and  counterflow  of  optical  photons  in  split 
fan-in/fan-out  coherent  optical  channels.  It  makes  the  heuristic  arguments 
concerning  quantum  parallelism  rigorous  by  considering  wavepackets  as  sym- 
plectic  spinors  on  the  hologram  plane.  Moreover,  it  implies  the  existence  of 
single-photon  holograms  and  includes  the  standard  uncertainty  inequality  as 
a  special  case. 

As  an  application  of  quantum  holography  to  the  area  of  quantum  computers, 
we  study  adaptive  neural  networks  and  the  photonic  implementation  of  corti¬ 
cal  self-organization  principles  as  suggested  by  recent  experimental  results  in 
brain  research.  These  findings  establish  that  synchronization  reflects  global 
properties  of  the  stimulus.  High  resolution  spectroscopy  leads  to  the  concept 
of  magnetic  resonance  imaging  (MRI)  and.  combined  with  the  imaging  ca¬ 
pabilities  of  optical  holography,  to  the  concept  of  molecular  computer.  .\s 
another  result  of  the  geometric  quantization  approach  to  optical  holography, 
the  uncertainty  minimizing  Ciabor  wavelets  arise.  This  kind  of  wavelets  forms 
excellent  approximations  to  the  receptive  field  profiles  and  provides  useful 
wavelet  expansions  for  image  analysis,  segmentation,  and  compression. 

Es  ist  charakffristisch  fiir  das  Hologramni.  dafi  man  bet  dtr  Beleuchtung  tints 
seiner  Teile  stets  information  iiber  das  ganze  Bild  erhdlt.  wenn  auch  weniger  de- 
tnillierf  und  aus  wtniger  Blickwinktln  geseheii.  Jt  mehr  vom  Hologramm  man 
beleuchtei.  desto  dtlaillitrle.r  und  umfassender  wird  die  Information.  Subjekt  odtr 
Objfkt  dtr  Information  ist  jtdoch  stets  dieses  tint  Gan:e.  Die  vtrschiedenen  Title 
dts  Hologrnmms  sind  nicht  Enlsprtcbungen  ron  re rsi’biedent n  Tetlen  des  Objekis. 

\  telmehr  rermittelt  jeder  einztlne  Teil  etiras  ron  dtm  Ganztn. 

David  Bohni  ( 1986) 

Each  photon  benr.i  information  about  the  entiri  sijsttm. 

H.  .John  Caulfield  (1991) 

The  Srhrodinger  equation  prt.'-erres  llii  norm  of  tin  trnre  function  and  thus  the 
number  of  particles.  .\oir  it  is  will  knoirn  that  in  the  prt.-.fnce  of  sources,  photon.- 
can  be  absorbed  or  emitted.  Thus  one  cannot  introdtici  a  Schrddinger  equation  for 
a  single  photon  in  the  pri.Kiice  of  sources.  In  fad.  the  electromagnetic  field  itself 
must  be  quantized,  and  photons  then  occur  ns  ele  me ntarq  eicitations  of  the  quantized 
field. 

(  laude  Cohen- fannoudji  (1989) 

The  basic  ele  menl  of  the  transactional  inte  rpretation  is  an  e  mitte  r-absorbe  r  t  ran.-^- 
action  through  the  eichange  of  adranced  and  retarded  wares,  as  first  described  bp 
Wheeler  and  Feynman. 

■John  Ci.  Cramer  (1986) 
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1  Holographic  Imaging 

Optical  holography  is  a  two-step  coherent  imaging  process.  In  the  first  processing 
step,  the  recording  or  write-in  step,  the  three-dimensional  image  is  spatio-temporally 
coherently  encoded  in  both  amplitude  and  phase  information  by  an  interference  dis¬ 
tribution  in  the  hologram  plane.  The  interference  distribution  arises  by  coherently 
mixing  the  diffuse  reference  beam  at  optical  frequency  e  and  the  beam  coherently 
scattered  by  the  object.  Thus  the  hologram  forms  a  linear  superposition  of  inter¬ 
ference  fringe  patterns  which  are  generated  by  phase-shifted  beam  splitter  interfer¬ 
ometer  experiments.  The  result  of  these  interferometric  experiments  are  photonic 
excitation  distributions  recording  the  raw  optical  data  that  ar**  transmitted  in  terms 
of  both  amplitude  and  relative  phase  information  by  the  flow  and  counterflow-  of  op¬ 
tical  photons  in  split  coherent  optical  channels.  In  terms  of  geometric  quantization, 
the  symplectic  hologram  plane  (R-f-R.fli,)  which  is  formed  by  quantum-sensitive 
detectors  carries  the  structure  of  a  metaplectic  manifold. 

In  the  second  processing  step,  the  read-out  step,  the  raw  optical  data  spatio-tempo¬ 
rally.  coherently  encoded  by  the  hologram  as  an  excitation  distribution  are  spatially 
coherently  decoded  by  an  application  of  the  adaptive  resonance  procedure,  .-\fter 
slice  selection  by  tuning  the  laser  frequency  v  or  an  application  of  the  first  order 
Bragg  diffraction  condition 

'Ilf.  sin  .i  =  1 

(3  =  diffraction  angle  of  incidence  measured  from  the  normal  of  the  slice)  similar  to 
the  spin  slice  selection  procedure  in  MRl  ([20]).  the  three-dimensional  image  of  the 
object  is  simultaneously  reconstructed  in  both  amplitude  and  phase  by  coherently 
diffracting  the  diffu.se  reading  light  illumination.  .According  to  the  geometric  quan¬ 
tization  procedure,  the  holographic  information  retrieval  is  performed  by  adaptive 
resonance  within  the  Hilbert  space  bundle  associated  witli  the  metaplectic  manifold 
structure  of  the  symplectic  hologram  plane  (R-i-  R.  f?,,). 

The  most  important  difference  between  optical  holography  and  ordinary  photogra¬ 
phy  is  the  interferometric  recording  of  the  relative  phase  between  the  reference  and 
the  object  beam  during  the  write-in  processing  step.  Due  to  this  pioperty  mecha  li- 
cally  stable  conditions  are  needed  and  the  quality  and  th“  reproducibility  of  optical 
holograms  strongly  depend  on  the  full-fillment  of  this  stability  requirement.  It  is 
the  inclusion  of  the  relative  phase  information  which  i  '  orms  the  adaptability  of 
the  holographic  code. 

The  fundamental  information  processing  steps  of  optical  holography  are  the  adap¬ 
tive  encoding  and  decoding  steps.  Because  these  processing  steps  are  concerned  with 
the  flow  and  counterflow  of  photons,  both  the  write-in  and  read-out  steps  are  of  a 
quantum  theoretical  character.  The  quantum  parallelism  according  to  which  differ 
ent  alternatives  at  the  quantum  level  are  allowed  to  coexist  in  linear  superposition, 
irrespective  of  how  different  from  one  anoth<T  the  quantum  states  might  be.  is  equiv 
alent  to  Niels  Bohr’s  indeterminacy  principle  of  spatio-temporal  quantum  dynamics 
which  says  that  in  the  phase  shifted  beam  splitter  interferometer  experiment  the 


170 


interference  distribution  appears  if  and  only  if  we  cannot  determine  the  pathways  of 
the  optical  photons.  Bohr  who  established  his  conclusion  by  a  heuristic  application 
of  the  uncertainty  principle  did  not  realize  that  the  indeterminacy  principle  allows 
to  generate  single-photon  holograms. 

The  uncertainty  principle  occupies  a  peculiar  position  in  physics  and  in  signal  pro¬ 
cessing.  Since  the  fundamental  1927  paper  by  Werner  Heisenberg  ([21]).  it  is  often 
considered  as  the  hallmark  of  quantum  mechanics.  In  his  Chicago  lectures  of  spring 
1929.  he  regarded  the  inecpiality 

as  the  precise  mathematical  expre.ssion  of  the  uncertainty  principle  within  the  for¬ 
malism  of  quantum  theory  ([22]).  On  the  other  hand,  although  it  is  easy  to  derive  it 
in  a  rigorous  mathematical  manner,  there  is  still  a  great  deal  of  discussion  about  it'^ 
correct  interpretation  in  physics,  information  theory,  and  in  the  fusion  of  both  ar¬ 
eas  ([S],  [23].  [24].  [42].  [44]).  It  turns  out  that  the  preceding  Cauchy-Schwarz  type 
inequality  has  a  number  of  weaknesses,  however,  particularly  related  to  the  fact 
that  the  standard  deviations  (A(/)^  and  (Apli  only  give  very  general  information 
about  the  spreads  of  the  probability  density  functions  of  position  and  momentum, 
respectively.  Moreover,  tti  quatitttm  holography  we  fitid  that  (Ay)^  or  (Ap)v  are 
divergent.  Therefore  the  inequality  is  not  ai>propriate  for  the  purposes  of  quantum 
holography.  In  fact,  it  does  not  conclusively  establish  Niels  Bohr's  indeterminacy 
principle  which  states  that  in  the  Mach-Zehnder  interferotneter  "the  interferetice 
(list ributioti  ajtperirs  if  and  only  if  we  cannot  detertnine  the  pathways  of  the  optical 
phototis." 

Ttif  iinrfrtdinly  principU  of  Hf  ist  nhi  I'n  i>  out  of  tin:  important  a-^ptcta  of 

thf  Copt nliagf ri  intnprdatioii. 

John  G.  Cramer  (1986) 

TIk  conut  any  to  un(i(r.->tnnd  tin  uncniainty  nintloii.-,  to  .••tt  that  tiny  nprt- 
sent  an  ininrtnl  limitation  on  tin  .>■  "I  of  datf-  irhirli  inn  b(  proiluctd  for  yunntuni 
nnrhnnical  .systems,  but  that  tiny  cannot  bi  ( iplannd  or  tUductd  by  tin  nain 
disturbancf  argunnni. 

Michael  Redhead  (1987) 


2  The  Uncertainty  Inequality 

bet  I.'  denote  the  state  vector  of  a  otie-dimensional  (piant um-mechanical  system. 
Thus  f  €  ff{R:dl]  satisfies  the  normalization  cotidit ion 

In  the  emitter-absorber  transaction  model  of  quantum  dynamics  ([8])  on  the  whole 
real  line  R.  the  state  vector  c  forms  a  wavepacket  density  i-(t)dt  of  normalized 
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energy  ||  i'  |l-2=  1.  The  position  and  nioinentnm  translation  operators  are  defined  by 
the  C-linear  mappings 

q  :  L'  y-*  .r. 


and 


p  :  V  t—>  —ihv' 


where  v'  denotes  the  distributional  derivative  of  v  with  respect  to  the  real  variable 
x.h  denotes  Planck's  constant,  and  as  usual  in  quantum  theory,  h  —  /i/27r.  Suppose 


I  I  X  1^1  c-{.r)  d,r  <  +CC. 

and 

f  u 

JR 

where  denotes  the  Fourier  transform  of  f  in  the  real  variable  ^  which  is  dual  to 
the  real  variable  x.  Hence 

JR 

in  the  dual  state  space  i^(R;d.r).  Then  the  position  and  momentum  operators  are 
self-adjoint  operators  q  and  p.  respectively,  in  the  complex  Hilbert  space  Z.‘{R:d.r) 
and  the  expected  values  of  position  and  momentum  are  given  by 

<  9  >v=  L  J  I  ti-r)  *'• 

JR 

=  if  I 

Their  standard  deviations  are  the  expressions 


(A</),.  =  {  I  i  X-  <  y  >,.M  '••(x)  i“  ./x)’''-. 

Jk 

=  (/r  I  s"-  <  /'  >vl'  I  I  I*’ 

The  Heisenberg  inequalitv 

f  X*’  I  C-(X)  I'  cIs.  I  e  I  >  7^  (  /  !  t'(xl  f/x)‘ 

JR  JR  luTTi  JR 

which  is  a  direct  conse<iuence  of  the  Plancherel-Fourier  theorem  combined  with  the 
Cauchy-Schwarz  inequality  implies  the  uncertainty  inequality 

(A</),..(Ap),  >  h. 

mentioned  in  Section  1  supra.  It  follows  from  the  f'auchy-Schwarz  inequality  that 
in  the  preceding  inequality  identity  holds  if  and  only  if 


i.''(x)  =  c.xi'(x)  (c  €  C) 


I 

i 
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holds  in  L^(R;</j-),  i.e.,  if  and  only  if  i.-  6  L^(R:</.r)  is  a  vacuum  coherent  state 
vector 

f(j-)  =  (.i-eR) 

where  the  constant  C  g  C  in  front  of  the  Claussian  wavepacket  is  determined  bv 
the  condition  ||  t'  1(2=  1  up  to  one  overall  phase  factor.  The  uncertainty  minimizing 
property  of  the  coherent  states  is  an  important  ingredient  of  the  Gabor  wavelet 
expansions  ([9j,  [10])  for  image  analysis,  segmentation  and  compression;  see  Section 
8  infra. 

.•In  advanlagt  of  the  Hfisenberg  point  of  view  is  that  it  allows  one  to  de.fine  two- 
time  averages  .  that  is  to  say.  mean  values  in  the  state  of  the  system  of  a  product  of 
two  operators  taken  at  two  different  times  t  and  t  ’.  Important  examples  of  two-time 
averages  are  the  symmetric  correlation  functions  and  the  linear  response  functions. 
Claude  Cohen-Tannoudji  (1989) 

Du  siehst,  mein  Sohn,  zum  Raiim  wird  hier  die  Zeit. 

Richard  Wagner.  Parsifal 


3  Quantum  Holography 

The  main  idea  to  avoid  the  difficulties  involved  in  the  standard  deviation  A  of  self- 
adjoint  operators  is  (o  start  off  with  the  quantum  mechanical  commutation  relation 

gop  —  poq  =  it) 

and  to  put  it  in  a  group  theoretical  context. 

Let  G  denote  the  connected  Lie  group  of  unipotent  matrices  ([-50]) 


|.r.C--gR} 


with  the  real  Lie  algebra  g  spanned  by  the  set  Q.  Z}  of  matrices 


1 

0\ 

0 

0\ 

r 

0 

0  . 

(?=  0 

0 

I 

lo 

0 

0/ 

lo 

0 

0/ 

which  satisfy  the  commutator  condition 


/O  0  1\ 

0  0  0 

\o  0  0/ 


\P.Q]=PQ-QP=Z. 


In  order  to  analyze  the  geometry  of  G  one  can  nalurallt  identify  (!  with  the  set 
C  X  R  equipped  with  the  non-cornmutati ve  group  law 


(e,r).(((’.,s)  =  (e  -f  u\r  -k  s  —  Imfi'.ic)). 
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I  hen  the  boundary  of  the  compact  unit  ball  of  C*’  can  naturally  be  identified  with 
the  one-point  cotnpactification  of  C.  The  geoiiietrc  that  the  group  G  inherits  from 
the  biholoniorphic  geometry  of  the  unit  ball  has  been  called  Heisenbeig  geornel  ry 
([14],  [15]).  For  the  purposes  of  quantum  holography,  the  unitary  dual  of  G  and  its 
multilayered  coadjoint  orbit  geometry  is  of  great  importance. 

Hartnonic  analysis  on  the  Heisenberg  nilpotent  hie  group  G  governs  the  emitter- 
absorber  transaction  model  of  quantum  dynamics  {[8])  on  the  whole  real  line  R  and 
therefore  the  flow  and  counterflow  of  optical  photon.s  in  the  photonic  implementation 
of  artificial  neural  networks.  The  argument  ccMicerning  photonic  flows  attd  synapses 
goes  as  follows.  For  any  optical  frequency  t'  /  0.  h,'  admits  an.  irreducible  unitary 
linear  representation  (  unique  up  to  unitary  isomorphy.  acting  oti  v  6  L^i'R-.df) 
according  to  the  prescription 


Gu( 


1  .r 

0  1 

0  0 


1/ 


(/  €  Rj. 


It  is  instructive  to  interpret  as  an  induceil  represetitation  of  G  from  a  normal 
subgroup.  Based  on  the  representation  (],.  the  Heisenberg  inequalit}-  take.s  the  form 
of  a  Robertson  relation  ([48].  [44]) 


\r.AZ)  j  . 

The  mapping  defined  by  the  assignmetit 

:/  .^(t).i'<//  I— ♦  H T A)-i'dx  A  (/f 

i.s  called  the  holographic  tran.sfortn  of  the  tenijjorall)-  coherent  two-mixing  wave- 
packet  densities  and  of  optical  frequency  u  ^  0.  It  describes 

by  complex  linear  superposition  of  spatlo-tetiiporally  coherent  wavepackets  of  time 
difference  i'  —  t  =  x  and  relative  phase  the  interference  dist ribttt ion  in  the 

syrnplectic  hologram  plane  (R-R.  P„).  Directional  di-ii\ at  i  ves  identif\'  tlie  laser 
(R  ;  R.n,,)  with  each  tangent  plain-  to  the  natural  linear  .syniplectic  manifold 
modelled  on  (R  R  . n,, ).  For  each  point  l.r.f)  6  R  :■  R.  a  canonical  isomoiphisiii 

R  ■;  R  5  (•  I— .  7(j.  c){R  R) 


is  defined  by 

‘'ir-of  ~  '  I'')h=o 

for  smooth  complex-valued  functions  /  on  R  R.  In  the  t-  layer  theors’  ([3]).  the 
standard  syniplectic  form 


17^  =  u.dx  A  (!(, 


D'  0) 
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carrioG  the  optical  frequency  i/  as  its  scaling  factor  and  determines  the  diffraction 
angle  3  of  incidence  of  Bragg  diffraction.  It  is  determined  by  the  polarized  primitive 


6^  = 

The  density  with  respect  to  the  Liouville  two-form  on  the 

hologram  plane  (R  tj*  R,  n„)  involved  in  the  holographic  transform  represents  a 
phased  cross-correlation  function.  It  takes  the  form  of  an  entry  function  of  the 
representation 


/a 


n  )^’  I  r  > 


Therefore  the  Liouville  density  ..  ■)  admits  the  interpretation  of  a  wavelet 

transform.  The  integration  along  the  whole  real  line  R  "freezes  up"  the  time  t  of  the 
advanced  and  retarded  wavepackets  in  order  to  convert  it  into  the  spatial  variables 
(z',(f)  of  the  hologram  plane  (R  -j-  R,  f)^).  It  supposes  temporal  coherence  of  the 
mixing  wavepacket  densities.  Because  in  the  emitter-absorber  transaction  model  of 
quantum  dynamics  ([8])  on  the  whole  real  line  R  the  expression 


provides  the  overlap  quantum  probability  in  the  hologram  plane  (R’i-  R,  ffi,).  spa¬ 
tial  encoding  of  the  relative  phase  by  means  of  the  coordinate  ^  avoids  that  phase 
information  gets  lost  under  wavepacket  reduction  or  collapse  of  the  state  vector 
during  the  read-out  process  of  optical  holographv.  The  overall  phase  factor  =  of 

/I  ^ 

f  0  1  ^  I  ft’  €  L^(R)  has  been  normalized  bv  setting  ;  =  0.  .According  to  the 

Vo  0  1/ 


Stone- von  Neumann  uniqueness  theorem.  (i'  ^  0)  is  determined  up  to  unitary 
isomorphy  by  the  central  character 


(I  0  --\ 

:  0  1  o  p- 

Vo  0  1/ 

of  G  ([50]).  Thus  the  Liouville  densities  associated  with  different  frequencies  i/  /  0. 
ly'  ^  0  satisfy  the  orthogonality  condition 


<  I  >=  0  {t/  ^  I/') 

for  all  amplitudes  belonging  to  the  complex  Hilbert  space  L^(R:df).  It 

follows  that  there  is  no  cross  talk  between  iusynchronous  excitation  distributions 
located  in  different  hologram  planes  (R-f'R.fl^)  and  (R-TR,.  n^>)'  respectively.  For 
V  =  t/',  however,  the  Frobenius-Schur-Godement  identity 


<  I  >=<  I  t’  Q'P  > 


(t/^0) 
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shows  that  the  Liouville  density  forms  a  learning  kernel  of  Hebbian 

synaptic  plasticity  ([4]).  By  an  extension,  for  all  /  €  R)  the  kernel 

■  (•*■.*<)  +  u.i^.u) 

'•  =  Fourier  cotransform  acting  on  the  second  variable)  associated  to  the  Hilbert- 
Schmidt  operator  f  „(/)  on  L^{TL:dt)  forms  a  natural  generalization  of  Steinbuch’s 
notion  of  learning  matrix  ([4]).  Adopting  the  terminology  of  adaptive  resonance 
theory  (ART),  the  integrated  form  U\(f)  of  the  linear  Schrodinger  representation 
Ui  of  G  acts  as  a  bottom-up  adaptive  filter  in  response  to  input  distributions  {[5]). 

Something  stronger  is  needed  to  uphold  Bohr's  conclusion. 

John  F.  Price  (1985) 

The  most  surprising  findings  (and  the  most  difficult  to  explain)  are  those  con¬ 
cerning  the  large  spatial  separations  across  which  stimulus- evoked  synchrony  may 
occur. 

Stephen  Grossberg  (1991) 


4  Adaptive  Wavelet  Decomposition  and  Quan¬ 
tum  Parallelism 

It  is  well  known  that  the  Poisson  summation  procedure  plays  an  important  role 
in  the  global  vvavelet  decomposition  of  wavepackets  ([o8]).  In  the  context  of 
harmonic  analysis  on  the  Heisenberg  group  G.  for  any  optical  frequency  i/  ^  0  the 
Poisson  summation  type  operator 

u-V  ;  V  ^  ( (  0  1  n  4-  /)) 

\  0  0  1  /  ”>€Z 

performs  the  adaptive  wavelet  decomposition  w„(w)  of  0  €  L^(B.;dt).  It  maps  for 
v  =  I  the  linear  Schrodinger  representation  (’i  of  G  onto  the  right  translations  6i 
of  G.  The  linear  lattice  representation  of  G  generates  the  global  wavelet  decom¬ 
position 

(I  X  0\ 

//i(r,,^;j,0=<<5i(  0  1  ^  j)u'i{f)  I  u-j(^)  > 

\0  0  1/ 

The  quantum  geometric  background  behind  this  periodization  construction  is  the 
fact  that  G  can  be  projected  onto  the  compact  Heisenberg  nilmanifold  which  forms  a 
principal  circle  bundle  over  the  two-dimensional  flat  torus  T^.  Because  the  compact 
oriented  surface  of  R^  has  the  topological  genus  g  =  1,  the  symplectic  hologram 
plane  (R0  R,  fl,,)  can  be  identified  with  the  cohomology  group  i/*(T*,R)  of  real 
dimension  2g,  see  [2], 
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The  global  wavelet  decomposition  identity  gives  rise  to  a  '  distributed'  form  of  the 
holographic  transform 

v{t').i'dt'  3  ^{f).i/dt  I— »  Y- 


The  quadratic  lattice 

Z^Z 

which  is  at  the  basis  of  the  global  wavelet  decomposition  has  unit  cells  which  are 
cooperatively  coupled  by  adaptive  filtering.  It  gives  rise  to  A--fold  periodic  tilings 
(A-  6  {2, 3. 4. 6})  of  the  hologram  plane  and  allows  to  introduce  the  notion  of  holo¬ 
graphic  fractal  ([51j.  [o2]).  These  fractals  reflect  for  each  specific  tiling  width  the 
translational  and  rotational  symmetries  of  the  kernel  A'i(/)  associated  with  the 
Hilbert-Schmidt  operator  f  i(/)  on  Perturbations  breaking  the  planar  sym¬ 

metry  of  the  holographic  fractals  lead  to  the  speckle  phenomenon  of  coherent  optics. 
This  result  is  in  accord  with  the  fact  that  self-organizing  systems  react  extremely 
sensitively  to  symmetry-breaking  perturbations  of  self-similar  structures. 

.As  another  application,  the  same  global  wavelet  decomposition  forms  the  mathe¬ 
matical  basis  to  rigorously  establish  .\iels  Bohr's  indeterminacy  principle  of  spatio- 
temporal  quantum  dynamics  ([7]).  Indeed,  unfolding  of  the  flat  torus  estab¬ 
lishes  that  the  hologram  appears  if  and  only  if  the  photons  cannot  be  localized  on 
their  pathways  for  an  arbitrary  short  time  interval.  Experimental  evidence  of  this 
mathematical  result  are  the  single-photon  holograms  which  can  be  generated  by 
the  commercially  available  Photon-counting  Image  .Acquisition  System  (Pl.AS)  of 
Hamamatsu  Photonics. 

As  a  final  important  consequence  of  this  reasoning  one  concludes  that  it  is  impossible 
to  construct  an  operator  corresponding  within  the  Heisenberg  picture  to  the  posi¬ 
tion  of  an  individual  optical  photon.  The  non-existence  of  a  position  operator  which 
describes  the  trajectory  of  an  optical  photons  within  the  photonic  flow  and  coun¬ 
terflow  implies  the  quantum  parallelism  by  global  synchronization.  It  plays  a  role 
in  bosonic  string  theory  ([3)J).  too.  However,  uion  than  Bohr's  coiuiusion  about 
quantum  parallelism  in  split  transmission  channels  actually  is  true.  Electrophysio- 
logical  experiments  have  shown  that  quantum  parallelism  by  global  synchronization 
of  different  cortical  areas  plays  an  important  role  as  a  self-organization  principle 
of  the  visual  cortex  ([11],  [16],  [17],  [29].  [-54].  [19]).  Indeed,  simultaneous  multi¬ 
electrode  extracellular  recordings  established  large  spatial  separations  across  which 
stimulus-evoked  synchrony  of  firing  activity  may  occur.  The  nonlocality  of  quantum 
dynamics  de.scribed  by  the  emitter-absorber  transaction  model  ([8])  on  the  whole 
real  line  R  provides  a  natural  explanation  for  these  most  surprising  findings. 

The  anatomical  substrates  of  different  parts  of  the  cortex  appear  similar,  whether 
these  parts  be  devoted  to  various  sensory,  motor,  or  "associational '  tasks. 

Richard  .Miles  (1991) 

Wir  haben  entdeckt.  daft  die  .Anworten  von  .Merkmalsdetektoren  rhythmisch  stnd 
und  mit  einer  mittleren  Frequen:  von  etwn  40  Hertz  oszillieren.  B  i>  haben  ferner 
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beobachttt.  dafl  raumlich  vtrfetif  liegende  Gruppen  von  Merkmalsdetektoren  ihre 
rhythmischen  Aktivitdten  synchronisiertn  konnen  und  dann  in  Phase  schwingen. 
Solche  Synchronisationen  traten  besondtrs  haufig  auf  zwischtn  Zellgruppen,  die 
dhnliche  Merkmale  codieren,  also  zum  Beispitl  zwischen  Neuronen,  die  dhnliche 
Richtungs-  und  Orientiervngsprdferenzen  aufweisen.  Die  oszillierenden  Antworten 
raumlich  verteilter  Merkmalsdetektoren  beginnen  in  Phase  zu  schwingen.  wenn  im 
Bereich  ihrer  rezeptiven  Felder  Konturen  angeboten  werden,  die  sich  mil  gleicher 
Geschwindigkeit  in  die  gltiche  Richtung  bewtgtn. 

Wolf  Singer  (1990) 

Multilayer  optical  neural  network  architectures  based  on  storing  weights  as  holo¬ 
graphic  gratings  in  photorefractive  crystals  have  been  proposed  which  are  capable  of 
implementing  such  neural  network  paradignis  as  backward  propagation  and  simulated 
annealing. 

Yuri  Owechko  (1989) 


5  Adaptive  Neural  Network  Organization 

The  organization  of  neural  networks  is  bcised  on 

-  complex- valued  signals 

and 

-  synaptic  interconnections. 

The  signals  simultaneously  transmit  both  amplitude  and  relative  phase  information 
whereas  the  neurons  act  as  coherence  detectors  ([60]).  .\s  a  consequence,  the  role 
of  the  field  C  of  complex  numbers  and  its  anti-automorphism  !/•  >->  f  of  complex 
conjugation  is  in  the  theory  of  neural  network  organization  as  crucial  as  in  the  de¬ 
scription  of  quantum  dynamical  phenomena.  Notice,  however,  that  the  Schrddinger 
equation  does  not  have  advanced  solutions  t/>((8]). 

The  interconnections  transmit  the  signal  flows  and  counterflows  and  are  character¬ 
ized  by  their  synaptic  weights.  The  simplest  module  of  a  neural  network  is  formed 
by  a  McCulloch-Pitts  neuron  which  acts  cis  an  adaptive  filter.  A  neural  network  gen¬ 
erates  by  adaptive  resonance  certain  excitation  distributions  which  are  determined 
by  the  structure  of  the  network  and  by  the  input  distribution.  Due  to  synaptic 
pl^ticity,  interconnections  are  modified  in  strenght  in  response  to  signals  in  the 
excitation  distribution.  The  competition  rule  for  synaptic  connections  says  that 
only  the  more  successful  synapses  can  grow,  the  less  successful  ones  weaken  and 
eventually  disappear. 

For  the  holographic  implementation  of  neural  networks,  the  identity  of  the  preced¬ 
ing  section  establishes  that  the  information  distributed  by  the  holographic  encoding 
procedure  on  the  natural  linear  symplectic  manifold  structure  of  the  symplectic 
hologram  plane  (RtTR,  fl^)  is  a  nonlocal  one.  The  term  nonlocality  implies  phased 
correlations  across  spatial  distances.  Similar  experimental  results  in  brain  research 
concerning  locally  and  globally  synchronized  connections  in  neural  oscillator  layers 
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are  supporting  the  holographic  hypothesis  of  memory  structure  in  brain  function 
and  perception  ([3],  [39],  [40],  [41]):  Cell  assemblies  adaptively  coding  for  coherent 
features  in  visual  scenes  may  not  be  distinguished  by  the  fact  that  the  constitut¬ 
ing  neurons  are  particularly  active.  Rather  it  appears  that  such  cell  assemblies  are 
characterized  by  global  synchronization  of  oscillatory  responses  over  considerable 
tangential  distances  across  spatially  separate  functional  columns  and  ev'en  bet'.veen 
spatially  separate  regions  of  the  cortex.  In  particular,  these  studies  present  exper¬ 
imental  evidence  that  temporal  coherence  and  resonance  form  a  basic  principle  of 
the  dynamics  of  cortical  coding  and  the  cortical  self-organization  ([11].  [16].  [17]. 
[29],  [.54],  [.57],  [60],  [61]). 

From  the  theory  of  symplectic  spinors  ([30])  it  is  known  that  the  symplectic  holo¬ 
gram  plane  (R  R,  n„)  forms  the  base  of  a  fiber  bundle,  the  fiber  at  each  of  its 
points  (Ju-^o)  being  a  copy  of  the  three-dimensional  Heisenberg  nilpotent  group  G. 
More  precisely,  a  choice  of  a  symplectic  frame  in  a  tangent  plane  at  (^0,^0)  to  the 
natural  symplectic  manifold  modelled  on  (RdrR.  Q^)  determines  a  definite  Lie  group 
isomorphism  of  a  central  extension  ([oO])  of  the  tangent  plane  onto  G.  This  definite 
isomorphism  models  the  information  redundancy  of  the  holographic  encoding  pro¬ 
cedure:  Each  part  of  the  optical  hologram  contains  all  the  information  stored  by  the 
whole  optical  hologram.  In  view  of  Niels  Bohr's  indeterminacy  principle,  the  exci¬ 
tation  distribution  spatio-temporally  coherently  encoded  by  the  hologram  generates 
a  synchronized  neural  network  modelled  by  the  as.sociated  Hilbert  space  bundle. 
The  associative  holographic  memory  of  this  adaptive  optical  neural  network  can  be 
spatial  coherently  decoded  by  the  fundamental  read-out  formula 

/  Jr^R  =  -p(t).vcH  (||  (.•  ||2=  1). 

The  proof  follows  from  the  Frobenius-Schur-Godement  identity  of  Section  3  supra. 

The  read-out  formula  which  is  written  for  a  fiber  at  ,ro  =  0.  =  0  represents  the 

locally  synchronized  response  by  adaptive  resonance  of  the  neural  network  and  there¬ 
fore  forms  the  associative  recall  ([6]).  It  is  this  adaptive  resonance  read-out  which 
performs  the  plasticity  in  the  self-organization  of  the  holographic  neural  network.  In 
this  context,  self-organization  means  the  spontaneous  generation  of  complexity  rep¬ 
resented  by  the  information  bearing  object  beam  which  which  is  exchanged  by  the 
no  information  bearing  reference  beam.  In  the  visual  system,  the  self-organization 
is  performed  by  an  exchange  of  the  retinal  input  signals  and  internally  generated 
gating  signals. 
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The  transactional  interpretation  is  so  apparent  in  the  Schrodingtr- Dirac  form 
of  the  quantum-mechanical  formalism,  which  its  combinations  of  normal  and  time- 
reversed  traces,  that  one  might  fairly  ash  why  this  obvious  interpretation  of  the  for¬ 
malism  had  not  been  made  previously.  .\'o  one  can,  of  course,  eiplain  why  something 
did  not  occur  in  the  history  of  the  development  of  quantum  physics. 

John  G.  Cramer  (1986) 


6  Counterflow 

The  read-out  formula  shows  that  timing  is  crucial  in  neural  network  dj'namics.  The 
phase  conjugation  involved  allc<ws  to  implement  the  feedback  learning  mode  of  the 
counterpropagation  neural  network  by  degenerate  four-wave  mixing.  In  this  way. 
the  Owechko-SofFer  resonator  ([34],  [.o-o].  [56]),  for  instance,  efficiently  uses  the  asso¬ 
ciative  holographic  memory  function  of  volume  holograms  stored  in  photorefractive 
crystals  ([T2],  [13],  [37])  in  the  fields  of  pattern  recognition  and  pattern  completion. 
A  disadvantage  of  this  design  is  the  surprisingly  slow  speed  by  which  the  plasticity 
in  the  self-organization  is  performed.  Currently  available  photorefractive  crystals 
operate  as  phase  conjugate  mirrors  with  time  constants  measured  in  hundreds  of 
milliseconds.  Therefore  considerable  advancement  m  materials  and  techniques  must 
be  made  before  such  devices  become  suitable  for  practical  applications.  However, 
the  Owechko-Soffer  resonator  proves  that  all-optical  neurocomputers  actually  can 
be  built  and  that  their  performance  can  be  improved  by  the  application  of  hybrid 
architectures. 

In  spatio-temporal  quantum  dynamics.  Wigner's  theorem  ([-53])  establishes  the  linear 
transformation  of  quantum  state  vectors  in  time.  It  says  the  transformation  from 
one  time  scale  t  to  a  shifted  time  scale  t'  —  t  .r  can  be  performed  by  an  operator 
that  is  either  linear  or  antilinear.  Both  operators  acting  on  Z.^(R;c/t)  are  uniquely 
determined  up  to  one  overall  phase  factor.  The  contragredient  representation  C\,  to 
bi,  of  G  which  is  determined  up  to  unitary  isomorphy  by  the  central  character 

/I  0  c  \ 

V:  0  1  0 

\0  0  \) 

describes  the  counterflow  in  neural  network  dynamics.  Obviously  the  identity 
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holds  for  all  elements 
in  the  hologram  plane 


0  1  4  €  G.  The  Liouville  densitv  associated  with  I  i, 

0  0  1/ 


(R  R. n_„)  gives  rise  by  an  application  of  the  adaptive 
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resonance  procedure  ([4],  [5])  to  a  similar  read-out  formula  for  the  holographic  in¬ 
formation  retrieval  from  the  counterpropagating  neural  network.  The  learning  kernel 
associated  with  the  Hilbert-Schmidt  operator  U,if)  on  V(R:dt)  is  given  by  jb,(/). 
In  ART  architectures  ([-5]),  it  acts  as  a  top-down  adaptive  filter  that  leads  to  code 
self-stabilization. 

Spectral  hole  buinirig  is  not  only  a  powerful  method  for  the  investigation  of  molec¬ 
ule.'"  properties  and  guest-host  interactions  but  is  also  of  considerable  interest  in  the 
field  of  high  density  optical  storage.  The  fregu'^cy  and  electric  field  multiplexing 
properties  of  spectral  hole  burning  hare  been  combined  with  the  imaging  capability  of 
holography,  leading  to  image-storing  devices. 

Urs  P.  Wild  (1989) 


7  Molecular  Computers 


In  the  concept  of  Next  Generation  Computer  architectures,  the  distinction  between 
hardware  and  software  and  between  meniort'  and  processor  will  become  superflu¬ 
ous.  Data  processing  will  occur  directly  in  the  memory  and  neither  transportation 
nor  processing  in  separate  devices  will  be  needed.  Besides  photorefractive  crystals 
other  recording  media  for  optical  holograms  are  certain  specific  dye-doped  polvmer 
films  like  oxazine-4  in  polywinylbutyral  (P\'B)  immersed  in  superfluid  liquid  helium 
between  transparent  electrodes  in  a  bath  cryostat  at  extremely  low  temperatures  of 
^  Csing  a  tunable  single-mode  dye  laser  source,  these  recording  materials 

for  spectrally  narrow  optical  holograms  allow  to  implement  molecular  computers  by 
the  spectral  hole-burning  method  of  high  resolution  laser  spectroscopy  ([32],  [2.5], 
[31],  [43],  [45],  [46],  [47],  [49],  [62],  [6.3],  [64],  [65].  [20]).  The  interference  distribution 
generated  by  coherent  two-wave  mixing  is  stored  as  a  spectral  hole  burned  by  the 
laser  in  the  absorption  spectrum  of  the  dye  molecules.  Similar  to  the  holographic 
time- reversal  by  volume  holograms  stored  in  photorefractive  crystals  ([12],  [13],  [37]). 
adaptive  resonance  read-out  of  the  burned  holograms  by  a  coherent  beam  which  is 
antiparallel  to  the  reference  beam  generates  the  phase  conjugate  object  beam  ([43]) 
of  the  counterpropagating  neural  network.  The  experiments  performed  with  molec¬ 
ular  computers  ([62])  suggest  that  up  to  20.000  holograms  could  be  stored  at  a 
temperature  of  1.7°  K.  As  in  the  neurophysiology  of  simple  cells  of  the  visual  cortex 
([38])  cyclic  phase  changes  between  adjacent  holograms  can  decrease  the  cross-talk. 


The  development  of  molecular  computers  based  on  the  spectral  hole-burning  method 
is  hampered  by  such  major  limitations  as  cryogenic  operating  conditions,  lack  of  a 
recording  threshold  which  limits  the  number  of  read-out  cycles,  and  the  special  need 
for  a  wavelength-tunable  laser.  But  because  such  processors  can  be  considered  as 
quantum  computers,  quantum  holography'  provides  a  new  approach  to  that  highly 
active  area  of  quantum  computation  which  exploits  the  high  temporal  bandwidth  of 
optics  and  the  massive  parallelism  inherent  in  arrays  of  photonic  devices.  Because  of 
continued  progress,  such  as  the  development  of  new  recording  materials,  molecular 
computers  continue  to  be  promising  designs  for  the  future. 
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Gabor  propostd  a  ntw  mtihod  for  analyzing  arbitrary  signals:  a  type  of  local- 
in-time  frequency  analysis.  The  primary  message  of  Gabor's  paper  was  that  the 
optimal  set  of  basis  functions  for  analyzing  signals  consists  of  sinusoidal  functions 
of  time  multiplied  by  a  Gaussian  function  of  time.  The  sinusoidal  portion  of  this 
signal  introduces  a  "wariness."  whereas  the  Gaussian  portion  of  the  signal  localizes 
it  primarily  to  a  region  in  time  surrounding  the  time  corresponding  to  the  "mean"  of 
the  Gaussian.  Gabor  showed  that,  for  a  signal  of  finite  duration,  the  use  of  such  basis 
functions  minimizes  our  joint  uncertainty  regarding  the  product  of  the  effective  time 
duration  of  the  signal  times  its  effectire  bandwidth.  .\'o  other  set  of  basis  functions 
has  this  property.  Such  Gaussian-weighted  sinusoids  wen  dubbed  logons  by  Gabor. 

Robert  Hecht  . Nielsen  (1990) 

Compressed  data  save  memory  space,  it  is  true,  but  entail  more  computational 
work. 

Tommaso  TofFoli  (1990) 


8  The  Gabor  Filter 

In  a  two-dimensional  real  symplectic  vector  space,  any  line  is  totally  isotropic,  hence 
a  Lagrangian  vector  subspace.  If  V  and  IV  denote  two  transversal  lines  of  the 
tangent  space  at  the  point  (j'o-so)  to  the  natural  symplectic  manifold  modelled  on 
(R  ft  R.  fit-)-  the  one-dimensional  complex  vector  space  of  tempered  distributions 
on  the  plane  R R  annihilated  by  the  vacuum  state  f  ill'-r-  IV  for  the  Lagrangian 
vector  subspace  V' d-  H’  of  g  is  spanned  by  the  Gaussian  envelope  at  (-to- so): 

where  the  real  coefficients  a.b  determine  a  positive  semi-definite  quadratic  form  at 
the  point  (jq-^o)-  -Notice  that  it  forms  the  generating  function  of  the  family  of 
orthogonal  wavelet  transforms 

( 1  {hm.  hfri.  w  .ro- ^  ^o))m>0 

where  denotes  the  normalized  Hermite  function  based  on  the  Gaussian  weight 
and  the  classical  Hermite  polynomial  of  degree  in  >  0  ([oO].  [IS]).  The  interpretation 
of  the  learning  kernel  Hi(hmJi„:.r  —  .ro.^  —  ^o)  as  a  matching  polynomial  of  the 
complete  bichromatic  graph 

{<m.r,l.ro.(.o)  (m>n>0) 

admitting  n?  -|-  n  vertices  in  the  tangent  plane  at  the  point  {.ro.fo)  shows  that 
the  wavelet  transform  performs  the  local  Hebbian  synaptic  plasticity  on  clusters 
of  postsynaptic  neurons  in  a  competitive  neural  network.  Lifting  from  the  polarized 
cross-section  to  the  central  extension  ([■')0])  at  (.I'o.fo)  £  R~R  yields  the  resolution 
generator  or  analyzing  Gabor  wavelet 


where  the  real  modulation  parameters  w  r  determine  a  phase  factor  at  the  position 
This  family  of  complex-valued  functions  on  R  -r  R  for  which  identity  holds 
in  the  Heisenberg  inequality  for  L^(R  -r  R)  give  rise  to  expansions  which  provide 
excellent  fits  to  the  empirical  simple  cell  neural  receptive  field  profiles  ([26],  [27], 
[28]).  Its  action  by  convolution  is  called  the  Gabor  filter. 

One  might  speculate  that  somewhere  deep  in  the  brain,  cells  are  to  be  found  of 
single  quantum  sensitivity.  If  this  proves  to  be  the  case,  then  quantum  mechanics 
will  be  significantly  involved  in  brain  activity. 

Roger  Penrose  (1989) 

The  assembly  of  detectors  which  respond  to  coherent  features  of  a  scene  becomes 
distinguished  from  detectors  responding  to  non-coherent  features  by  the  fact  that  the 
oscillatory  responses  of  the  cells  in  the  assembly  coding  for  coherent  features  are 
synchronous  and  in-phase  .  The  circuits  responsible  for  synchronization  have  not 
been  identified  with  certainty  but  the  tangential  intracortical  connections  are  good 
candidates.  How  synchronization  is  achieved  is  yet  unresolved. 

Wolf  Singer  ( 1990) 

The  source  of  the  40-60  Hz  oscillations  that  have  been  reported  has  yet  to  be 
identified. 

Stephen  Grossberg  (1991) 

Until  a  few  years  ago  the  developed  glial  tissue  was  mainly  and  generally  thought 
of  as  a  pure  support  and  supply  medium  for  the  neuron  network.  But  during  the 
last  decade  several  bioscientists  have  been  led  by  accurate  experiments  to  state,  that 
peculiar  ion  transport  processes,  affecting  the  bioelectrical  activity  of  the  neurons 
and  of  the  cerebral  cortex  as  a  whole,  certainly  take  place  inside  it.  The  sodium  and 
potassium  ion  displacements  cooperate  in  order  to  generate  a  self-sustaining  linear 
electrochemical  wave  which  propagates  throughout  the  glial  tissue. 

Renato  Nobili  (1985) 

9  Quantum  Dynamics  and  Brain  Activity 

Using  the  basis  {P.Q.  Z}  of  the  Heisenberg  Lie  algebra  g  let 

=  +  '<?).  R^  =  \(P-’Q)- 

Then  the  boson  annihilation  and  creation  operators,  respectively,  of  quantum  field 
theory  are  defined  by 

a  =  (•,(/?),  a+  =  (•,(/?+) 
and  satisfy  the  boson  commutation  relation 

«■*■,«]  —  K. 

It  follows  for  the  harmonic  oscillator  wave  functions  (/im)m>o  of  degree  m: 

«(/!m)  = -(jrm)'''^/i„_i  (m  >  1).  (i+(/im)  =  (7r(m-|-l))‘^“/i„+i  (m  >  0). 


’S3 


In  the  Bargmann-Fork-Segal  model  the  standard  symplectic  form  Qu  —  v.dx  A 
(i/  ^  0)  is  determined  by  the  isotropic  primitive 

6,  =  '^.(x.di-i.dx). 

The  Bargmann-Fock-Segal  representation  ([50])  of  G  acts  by  left  and  right  trans¬ 
lations  on  the  Fock  space  of  entire  holomorphic  functions  on  C  square-integrable 
with  respect  to  the  Gaussian  measure  on  C.  By  standard  facts  about  square  inte- 
grable  unitary  group  representations,  the  linear  Schrodinger  representation  bi  of  G 
is  isomorphic  to  the  action  of  the  right  representation  restricted  to  the  Hilbert  space 
spanned  by  the  total  family  of  entry  functions 

RtR  9  (9.p)  <  («+)"'(/(o)  |  f '.(expl^t^  +  pP))(ho)  >  ■ 

From  this  group  representational  reasoning  the  single  quantum  resolution  of  the 
read-out  formula  fcl'ows.  .^s  a  consequence  the  global  synchronization  of  oscilla¬ 
tory  responses  over  tangential  distances  across  spatially  separate  cortical  areas  is 
mathematically  equivalent  to  single  quantum  sensitivity  of  postsynaptic  neurons.  It 
is  well  known  that  the  vertebrate's  retina  morphologically  forms  part  of  the  brain. 
Elect rophysiological  experiments  have  shown  that  cells  with  single-photon  sensitiv¬ 
ity  are  present  in  the  retina:  the  absorption  of  a  single  photon  impinging  on  the 
dark-adapted  retina  can  be  sufficient  to  trigger  a  macroscopic  nerve  signal  by  a  reti¬ 
nal  rod.  Thus  the  synchronization  as  the  basic  neurobiologicai  signaling  mechanism 
and  fundamental  cortical  self-organization  principle  corresponds  to  the  ultra  high 
sensitivity  of  the  detectors. 

The  Bargmann-Fock-Segal  form  of  the  Liouville  density  in  tne  hologram  plane 
(RT-R.  Hi,)  again  is  illustrated  by  single-photon  holograms.  The  quantum  fluc¬ 
tuations  which  are  implicit  in  this  formula  have  been  observed  as  vacuum  state 
holograms  or  daydreaming  phenomena  in  a  holographic  ring  resonator  memory  ([1]). 

left  habe  vox  mthr  als  zwolf  Jahnn  attf  dtr  Grundlagt  btkanntcr  Fakttn  der 
Seuroanatomk  und  Xeuropbysiologit  dne  prazisc  Thcorit  formuUcri.  die  die  aus- 
gedthnte  Spcichcrung  con  Gtdachinis  .m  Gthirn  nach  dtm  Prinzip  dts  Hologramms 
erkldrcn  kann.  StHher  haben  vith  (igtne  und  frtmdc  Exptrimcntc  diesc  These 
gestiilzt. 

Karl.  H.  Pribram  (1986) 

There  is  considerable  controversy  as  to  whether  holography  can  serve  as  a  good 
model  for  certain  aspects  of  brain  function.  The  roots  of  this  controversy  are  often 
to  be  found  in  misunderstanding  of  what  holography  is  and  what  the  proponents  of 
a  holographic  hypothesis  are  claiming. 

Karl  H.  Pribram  (1987) 

Ich  bin  der  Ansicht,  dafi  das  Hologramm  ein  Beispiel  fur  die  eingefaltete  oder 
implizite  Ordnung  ist. 

David  Bohm  (1986) 
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10  Neural  Network  Simulations 

The  quanfuni  hol(ig;aphic  model  does  not  intend  to  re|.resent  in  detail  actual  net¬ 
works  of  neurons  within  the  hrain  nor  the  nenroariatomiv  a'  or  nenroph\ siologii  al 
details,  but  rather  to  shed  light  on  the  basic  cortical  self-organizationai  principles 
by  a  functional  photoni'  implementation  which  works  massively  p.araliel.  The  non- 
locality  of  quantum  holography  in  particular  establishes  the  global  synchronization 
of  oscillatory  responses  oxer  tangential  distances  across  spatially  separate  columns 
and  even  between  cort,  al  areas.  In  a  specific  ^omimter  simulation  of  a  sample 
neural  network,  the  details  of  the  simulation  rlepend  on  the  connectivity  pattern  of 
the  model  network  as  it  exists  in  the  computer  hardware.  But  in  a  conven  ional 
digital  comput  u  the  information  is  not  available  to  make  sure  lliat  the  model  ni'f 
work  matches  the  details  of  the  sample  neural  network.  It  is  impossible  to  predict 
the  firing  rate  of  a  particular  cluster  of  neurons  at  a  given  time,  'n  view  of  this 
fundamental  res;  ictions.  hard  xvired  computer  simulations  of  the  plasticity  in  the 
cortical  self-organization  actually  are  of  a  limited  x'alue  l[3f)].  [’)!)]).  In  a  iiuanMim 
holographic  conqiuter  implementation,  however,  the  gate  coefficients  r,„  „  of  a  satii- 
pie  distribution  /  €  LHR-.R)  are  automatically  and  massively  parallely  comjuiled 
according  to  the  prescription 

fm.n  =<  f  !  ...)  >  {ill  >  0.  II  >  0). 

Theti  the  orthogonal  projection  on  the  Clabor  wavelet 

h ,, , .. .) 

defines  the  synaptic  vveights  of  the  complete  bichroniat  ic  graph  /\'„,,„(n.  0)  ( [plj  1.  By 
wavepacket  reduction  or  collapse  of  the  state  vector  ([fv)).  the  iiUtnbers 

,  fm.ii  1  /  \\  f  Hi 

represent  the  transition  probabilities  of  the  competetive  neural  network.  Notice  th.  t 
these  probabilities  are  determin'd  bv  the  input  distribution  /  0  in  /.‘(R  ;  R) 

and  photonically  generate  by  the  threshold  conditions 

I  Cm,„  p>  l)  II  /  11^  (d  >  0) 

the  synaptic  interconnections  of  the  local  model  neural  network  K„,,n(0.0)  mside  the 
quantum  holographic  computer.  The  s<'lf-organizat ion  is  performed  by  the  phase 
information  via  adaptive  re.sonance  ([oj)  and  linear  superposition. 

Ein  Computfr  ist  tint  Orgnni.-ialionsforni  tiniif  ntnii  rfuiiklionnlt  r  Kowpont  ii- 
ttn,  an  dtnen  fiir  dait  \trhnll<n  di-i  ganzi  n  Sgi-tuns  iiiir  ihn  hinktion  rfUvaiit  n't. 

Herbert  A.  Simcn  (1990) 

Thf  u.-it-dtpt  nd(n>  modifiralion.i  oj .synaptic  Irunsnii.-'.'noii  irliich  pri.sumahly  ini- 
diatt  learning  in  the  adult  brain  depend  on  similar  meclianisms  as  experienri-deptn- 
df.nt  self-organizatwn  of  neuronal  connertiritg  during  development. 

Wolf  .Singer  { 1990) 
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11  Conclusions 

Information  technology  plays  an  increasingly  important  role  in  modern  life.  New 
and  faster  computers  are  presently  used  in  many  areas  and  the  need  of  even  greater 
computing  power  is  accompanied  by  the  need  to  store  even  larger  quantities  of  infor¬ 
mation.  Looking  beyond  the  intrinsic  limits  of  today's  information  systems  -  inte 
gration  density,  interconnection  speed,  storage  density  -  alternative  concepts  ([18]) 
have  to  be  developed.  Keywords  such  as  self-organization,  massive  parallel  infor¬ 
mation  processors,  photonic  computers,  adaptive  neural  networks,  neurocomputer 
architectures,  molecular  electronics,  and  even  quantum  computers  appear  in  'he 
discussions  of  future  high-performance  information  processing  technologies.  Neural 
network  models  form  a  dramatic  departure  from  the  conventional  digital  computing 
paradigm.  The  massive  parallelism  of  photonic  and  molecular  computation  cannot 
be  based  on  any  known  version  of  the  uncertainty  principle.  The  aim  of  th/s  pa¬ 
per,  however,  is  to  establish  that  quantum  holography  provides  a  mathematically 
rigorous  approach  to  describe  by  means  of  a  Liouville  density  ’he  flow  and  coun¬ 
terflow  of  optical  photons  within  split  fan-in/fan-out  optical  channels.  In  particular 
this  quantum  field  approach  proves  Niels  Hohr's  fundamental  indeterminacy  prin¬ 
ciple  and  the  tion-e.\istence  of  a  position  operator  describing  the  trajectory  of  an 
individual  optical  photon.  Finally,  an  application  of  the 

-  linear  Schrodinger  representation 

-  linear  lattice  representation 

-  Bargmann-Fock-Segal  representation 

of  the  Heisenberg  group  G  to  quantum  holography  provides  mathematical  insights 
into  the  recently  discovered  principles  of 

-  cortical  self-organization  by  adaptive  resonance 

■  global  synclironization  and  quantum  parallelism 

-  single-photon  sensitivity 

which  are  shown  to  be  mathematically  etpii valent. 
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1.  Introduction 

Neural  networks  is  presently  in  an  explosive  phase.  Over  the  last 
5  years  or  so  there  has  been  an  exponential  increase  in  activity  in 
the  subject,  as  evidenced  by  the  numbers  of  people  entering  the  field 
and  the  numbers  of  papers  published  (and  by  the  numbers  of  new 
Journals!)  (11.  We  must  remember  that  this  is  a  second  revolution  in 
the  field;  there  was  an  earlier  one,  starting  in  the  late  50's  and  the 
60's  and  associated  with  the  attack  on  the  subject  made  by  Minsky  and 
Papert  in  1969  (21,  which  was  effective  due  not  only  to  the  intrinsic 
shortcomings  of  the  perceptron  and  its  variants  but  also  due  to  at 
least  two  other  key  features:  (i)  the  hype  that  had  accompanied  the 
subject,  with  claims  of  having  plumbed  the  ’secrets  of  the  brain’,  and 
(ii)  the  remoteness  of  the  subject  from  related  areas,  -n  particular 

neurobiological  modelling  and  information  theory.  The  successor  to 
neural  networks  in  the  70’s  and  early  80’s.  artificial  intelligence  (or 
All.  has  apparently  also  fallen  prey  to  the  first  of  these  diseases. 
The  second  time  round  there  seems  to  have  been  more  care  taken  by 

researchers  in  neural  networks  to  avoid  the  earlier  exaggerated  claims 
(although  see  (ll).  At  the  same  time  an  interdisciplinary 

character  has  emerged  for  the  subject,  with  not  only  neurobiology  but 
psychology,  philosophy,  linguistics,  mathematics  physics  and 
numerious  other  subjects  involved.  Moreover  a  vast  range  of 
successful  applications  of  neural  networks  have  emerged,  so  that  the 
engineering  community  are  also  heavily  involved  (as  evinced  by 

the  new  Neural  Networks  chapter  of  the  IEEE). 

We  can  recognise  that  there  are  effectively  two  separate  (although 
related)  motivations  for  neural  network  activity,  which  can  be 
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displayed  by  the  following  diagram; 

ARTIFICIAL  REVERSE  ENG  I NEERINGI 1) 

NNs^ 

“neurobiolog  I  CAL  EXPLAIN  BRAIN 
MODELLING  FUNCTION 

The  first  of  these  tries  to  use  simplified  models  of  neurons  and 
architectures  ('artificial')  to  copstr-ct  systems  able  to  solve 
information  processing  problems,  possibly  even  by  hardware  devices 
(’reverse  engineering’).  The  second  approach  is  to  be  regarded  as  a 
branch  of  biology,  trying  to  mode!  brain  function  by  successively  more 
sophisticated  models.  There  is  a  strong  relationship  between  the  two 
motivations  ;  more  effective  models  of  brain  function  can  be  expected 
to  lead  to  better  ’reverse  engineering’  solutions  of  information 

processing  tasks,  whilst  conversely  a  more  powerful  understanding  of  the 
general  nature  of  information  handling  should  lead  to  more  effective 
models  of  brain  activity. 

The  ultimate  goal  of  constructing  information  processing  systems 
is  to  be  able  to  create  autonomous  devices  with  intelligence. 
Consciousness  and  attention  are  clearly  important  concomitants  of  our 
own  ability  to  solve  tasks  in  an  intelligent  manner.  It  is  therefore 

important  to  understand  consciousness  ;  that  is  one  of  the  areas  of 
increasing  growth  in  neu-al  network  research.  It  is  a;'propriate  to 
consider  this  topic  at  this  Wigner  Symposium.  Eugene  Wigner  pointed 
two  theses  (31  ; 

"  ...  if  certain  physico-chemical  conditions  are  satisfied,  a 

consciousness . arises"  (I) 

"Does,  conversely,  the  consciousness  influence  the  physico¬ 
chemical  conditions?"  (II) 

I  wish  to  add  a  further  thesis  of  my  own  ; 

"Consciousness  is  explicable  without  quantum  mechanics 
directly  but  quanta,  oscillat  ions  and  phases  may  be 
important"  (III) 

The  purpose  of  this  contribution  is  to  explore  these  theses  through 
recent  theoretical  and  experimental  work  on  neural  networks,  the 
theoretical  side  involving  statistical  mechanics,  temporal  sequence 
storage  and  coupled  oscillators,  with  neurobiology  and  coupled  channel 
magneto-encephalography  (MEG)  included  in  the  experimental  one.  The 
contribution  begins  with  an  introduction  to  neural  nets,  reviews  the 
statistical  mechanical  approach,  and  then  turns  to  the  problem  of 
’thinking’  neural  nets. 
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2.  Introduction  to  Neural  Networks 

A  model  neuron  is  considered  as  an  multi  input-single  output 
device 

u  ,  u  .....  u  u  (1) 

i  2  n 

where  the  inputs  u  .....  u  are  evaluated  at  some  time  t.  and  the 
i  n 

output  u  of  the  neuron  will  be  assumed  to  arise  at  some  time  delay  t 
afterwards  (x  arising  from  various  axonal  and  synaptic  delay  times  in 
the  neuron).  Of  the  many  functions  which  may  be  described  by  (1)  it  is 
usual  to  choose  the  simplest,  involving  a  linear  weighted  sum  of  the 
inputs  u^...  u^,  the  weights  a.  being  termed  the  connection  weights. 

Then  (1)  becomes 

u(t  +  T)  =  flT  a..u.(t)  -  t  )  (2) 

J  J  J  o 

where  t  is  a  threshold  value.  The  inputs  u.  and  output  u  may  all  be 
o  I 

binary,  with  u=0(l)  corresponding  to  no  activity  (activity)  on  the 
corresponding  line  ;  f  is  then  the  unit  step  function.  On  the  other 
hand  u.  and  u  may  be  taken  to  belong  to  R.  denoting  the  mean  firing 
activity  on  the  corresponding  lines.  In  that  case  f  is  often  taken  to 
be  the  sigmoidal  function  f(x)  =  It  +  e  *.  for  suitable  $. 

The  above  equation  (2)  becomes  that  for  a  network  if  an  additional 
suffix  i  is  added  to  both  sides,  so  becoming 

u.(t  ♦  t)  =  f(S  a.j  Uj(t)  ■  tj  *  input.)  (3) 

In  (3)  the  input,  denotes  input  from  outside  the  net  apposing  on  neuron 
1.  whereas  the  summation  term  in  f  is  the  total  weighted  activity  from 
the  other  neurons  (including  the  i**'  if  a..»0).  As  before  t.  is  a 
threshold.  The  net  dynamics  is  determined  by  (3).  together  with 
initial  values  of  activity  and  external  inputs  given  at  all  the  times 
considered. 

It  was  already  known  in  the  40’s  that  neural  nets  could  perform 
logical  functions  on  the  inputs  in  the  binary  case.  Regarding  the  set 

(a . a.  )  as  a  vector  a.  (N  being  the  number  of  neurons  in  the 

net),  the  activity  in  f  in  (3)  is  of  form  a..u.  where  u=(u . u  ). 

Response  is  thus  determined  by  geometry,  where  this  latter  is  of  the 
hyperplanes  with  normals  a..  Thus  for  one  binary  neuron  two  classes 
arise,  one  with  a.u<s,  the  other  with  a.u>s. 

The  perceptron  learning  algorithm  changes  the  weights  a.  to 
achieve  a  correct  classification  if  it  had  been  incorrect  :  increase  a. 
if  a.il<t  but  one  should  have  a.u>t,  for  a  given  input  u.  or  decrease  it 


194 


if  vice  versa  (and  otherwise  leave  a  unchanged).  This  learning 
algorithm  is  termed  supervised,  since  the  desired  classification  of  the 
various  feature  vectors  u  is  supposed  known.  It  has  been  extended  to 
the  case  when  there  are  ’hidden’  units,  whose  desired  output  is  not 
known  directly,  by  the  back-error  propagation  method.  This  learning 
method,  whilst  slow  in  training,  has  proved  effective  in  a  broad  range 
of  applications  111.  Other  learning  paradigms  have  also  been  proposed 
for  training  NNs,  these  being  of  either  supervised,  unsupervised  (with 
no  teacher)  or  reinforcement  (with  only  a  single  evaluation  of  the  NN 
response)  types.  All  of  these  a.-o  being  developed,  compared  to  each 
other  and  non-NN  techniques  in  solving  specific  problems,  and  applied 
to  an  enormous  range  of  real-world  problems  in  vision,  time-series, 
control,  finance,  etc  (11. 

3.  Hopfield  Nets  and  Statistical  .Mechanics 

One  of  the  important  contributions  to  NNs  in  the  80’ s,  and  a  prime 
f actor  in  the  emergence  of  the  second  revolution  in  the  subject,  was 
Hopfield’ s  method  of  setting  up  a  relaxation  net  with  given  centres  of 
attraction;  the  Hopfield  net  could  act  as  a  content-addressible  memory, 
functioning  very  effectively  in  pattern  completion. 

Under  the  conditions 

a..=  0  ,  a.  .=  a ..  (4) 

11  ij  Ji 

the  energy  f unction 

E  =  -  r  a.  .u.u.  +  Z  u.t.  (5) 

1  <J  iJ  1  J  J  J  J 

may  be  shown  not  to  increase  if  single  neurons  are  updated  as  binary 
decision  neurons  (31  : 

Z  a.  .u.>t.  at  time  t  »  u.  =  (*)  at  time  (t+i).  (6) 

ij  J<  l  10 

Patterns  uj’*  (s=l....,P)  may  be  stored  by  using  an  outer  product  form 

p 

a..  =  Z  (2u!®’-l)(2u‘.®’-l)  (7) 

U  •=!  1  J 

where  on  average  the  pattern  u***  reproduces  itself  with  few  errors  if 
P/N  =  0.14  (41  otherwise  cross-talk  noise  between  patterns 

becomes  large. 

The  system  can  be  analysed  by  statistical  mechanics  using  the 
energy  function  E  of  (5).  and  the  spin  variables  s.«  (2u.-l)  »  ±  1. 
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Thus  the  NN  becomes  an  interacting  spin  system  with  local  field 

h.  =  S  a.  s .  at  neuron  i. 

‘  1  iJ  J 


At  non-zero  temperature  0  the  partition  f unction  is 
Z  =  r  exp(-0H(s)J 


where 


H(s) 


-  Z  a.  .s,s.+  t.s 
>J  1  J  “  “ 


(8) 


(9) 


Statistical  concepts,  such  as  disorder,  frustration,  competition,  etc 
can  now  be  used.  Also  the  powerful  mean  field  approximation  can  be 
employed.  In  the  case  of  (7),  and  defining  the  overlaps,  for 

e=i . p. 


(f)  .,-1  _  (tl  . 

m  =  N  Is.  <s.> 

1  1 

then  one  obtains  the  mean  field  equations 


(A)  (i) 

m'^  =  «  s.  tanh  Om.s.)» 

i  - 1 


(10) 


(11) 


where  the  double  brackets  denotes  averaging  over  uncorrelated  stored 
patterns.  For  T=@  '>1  there  are  no  solutions,  but  for  T<1  there  are  a 
range  of  solutions.  In  the  range  0.4598<T<1  the  only  stable  states  are 
those  corresponding  to  non-zero  overlap  with  a  single  pattern,  but  for 
lower  T  there  are  other  states,  which  are  termed  spurious,  and  degrade 
the  recall.  The  general  phase  diagram  in  the  (T.a)  plane  has  been 
calculated,  and  the  interested  reader  is  referred  to  [51  for  details. 

This  statistical  mechanical  analysis  has  been  extended  to 
asymmetric  weights,  to  dilute  nets,  to  graded  activity,  to  synaptic 
weights  with  decay,  and  to  a  variety  of  other  modifications.  One 
important  modification  is  to  introduce  biological  realism  into  the 
system  other  then  by  the  temperature  U  '  of  (8).  Living  neurons  have 
synaptic  noise  in  all  nerve  impulse  transmission  due  to  the 
probabilistic  release  of  chemical  transmitter  vesicles  at  the  synapse 
both  on  stimulation  by  arrival  of  a  nerve  impulse  and  spontaneously. 
The  amount  of  chemical  transmitter  in  the  synaptic  cleft  is  thus  a 
random  variable  with  some  distribution  functions  p(q),  which  may  be 
binomial  or  multi-binomial;  the  most  popular  is  the  single  vesicle 
case: 

p(q)  =  p3(q-q^)  ♦  (1  -  pl5(q)  (12) 


where  p  is  the  probability  of  release  of  one  vesicle  of  amount  q^.  The 
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connection  weight  a  will  be  the  product  of  q  and  the  efficiency  e  of 
post-synaptic  up  take  of  transmitter. 

This  framework  leads  to  the  random  iterative  net  (PIN)  approach 
(61.  based  on  the  earlier  work  (71  of  modelling  noisy  synaptic 
transmission.  RINs  arise  from  (3)  (with  f  the  unit  step  function  Y)  by 


replacing  a,,  by  q 


,th 


ij 


e_.  so  leading  to  the  probability  p(i|u)  of  the 


neuron  firing  one  time  step  after  the  net  activity  is  u  as 


p(i|u)  =  frtdq,  .dt.p(q.  .)p(t.).  YlTq.  .e.  .u .-  t.)  (13) 

Jut  ^ij  *^1  ij  ij  J  I 

Note  that  threshold  noise  has  been  included  in  (13),  so  incorporating 
the  spin-glass  approach  above  by  suitable  choices  of  the  p’s  [61.  A 
Markov  chain  then  ensues  on  the  states  u  of  the  net,  and  functional 
techniques  to  analyse  recall  can  then  be  developed  and  applied  to 
obtain  recall  in  various  dilution  limits.  The  RIN  framework  can  thus 
be  recognised  as  biologically  realistic.  and  incorporating  the 
statistical  mechanical  approach. 

At  the  same  time  a  hardware  realisation  of  synaptically  noisy 
neurons  has  been  achieved  in  terms  of  probabilistic  RAMs(pRAMs).  ,’8]  in 
which  the  content  at  any  address  in  a  RAM  is  a  probability.  Tiis  is 
used  to  generate  spike  trains.  Hardware  version  of  the  pRAM  have  been 
built  (91  and  hardware-realisable  learning  algorithms  developed.  By 

the  end  of  ’91  a  chip  with  about  1300  pR.A.M  neurons  should  be  available. 


4.  Towards  Thinking  Neural  Nets 

To  achieve  more  powerful  information  processing,  ever  more 
powerful  forms  of  neurons  (leaky  integrators,  compcu-tmental,  active 
membranes,  noisy  synapses,  etc)  and  architectures  (hidden  layers, 
recurrent  connections,  time  delays,  etc)  are  being  extracted  from 

living  neural  systems  and  employed  in  artificial  systems.  But  whilst 
these  lead  to  better  classification  and  generalisation  systems  they 
have  not  led  to  any  clear  advance  towards  modelling  higher  brain 

function,  especially  that  associated  with  reasoning.  There  are  the 
beginnings  of  ideas  associated  with  temporal  sequence  storage  (TSS) 

(10!,  where  concatination  of  suitable  TSSs  allows  a  neural  system  to 
determine  if  a  suitable  set  of  activities  lead  to  a  desired  goal.  This 
is  related  to  finding  sub-goals  whose  achievement  had  already  been 
learnt  by  the  system.  But  this  still  seems  to  leave  untouched  the 

question  of  attention  and  consciousness.  There  have  been  very  recent 
results  which  indicate  that  a  new  paradigm  may  be  appropriate  here,  and 
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that  new  data  over  the  next  few  years  should  lead  to  much  greater 
clarity  about  how  to  solve  that  problem. 

The  new  data  have  arisen  from  the  deployment  of  multi-channel  MEG 
(Squid)  detectors  of  the  low-level  magnetic  fields  concomitant  with 
neural  activity.  The  main  advance  that  MEG  results  make  over  EEGs  is 
that  the  former  allow  detection  of  activity  at  deep  as  well  as 
superficial  levels;  magnetic  fields  do  not  lead  to  polarisation  effects 
in  intervening  cortex.  This  has  allowed  inverse  problem  programs  to 
determine  simultaneous  cortical  and  brain  stem  neural  activity  whilst 
a  subject  is  awake.  In  particular  it  has  been  found  1111  that  there 

appears  to  be  a  sweep  of  neural  activity  at  about  40Hz  from  front  to 
back  of  the  head,  with  brain  stem  activity  leading  that  in  cortex  by 

about  3msec.  Such  a  correlated  sweep  may  be  functioning  as  a  phase 
difference  detector  for  controlling  attention  in  the  following  manner 
(121.  Activity  from  the  hippocampus  or  nearby  cortex  excited  by 
slightly  earlier  experience,  but  also  determined  by  considerably 
earlier  experience  (episodic  memory),  is  sent  to  frontal  and/or 
parietal  lobes.  It  functions  therefore  as  an  'expectancy'  wave.  It 

is  compared  with  new  activity  from  primary  sensory  cortex.  If  the 
expectancy  is  met  (the  new  activity  is  highly  correlated  with  that 

expected)  attention  is  not  directed  to  the  new  stimulus  for 
further  processing:  if  the  expectancy  is  not  met  then  attention  is 
switched  and  the  new  stimulus  examined  further.  There  is  good 
evidence  that  such  attention  disengagement  occurs  in  parietal  and 
frontal  lobes  (with  brain  stem  causing  movement  and  re-engagement 

of  attention).  The  model  can  be  made  more  precise  by  using 

coupled  oscillatory  neurons,  and  taking  account  of  the  detailed 
architecture  of  the  brain  stem  (12).  It  also  appears  that  the  model 
fits  naturally  into  the  general  framework  for  'thinking'  machines 

given  in  (131,  in  which  meaning  and  conscious  content  are 

determined  by  the  overlap  thesis:  the  meaning  of  an  experience 
is  given  by  the  relations  between  that  experience  and  past  (episodic) 
memories  related  to  the  experience.  It  was  necessary  to  have  a 
discriminator  unit  to  be  able  to  determine  the  degree  of  this 
overlap;  that  may  well  be  provided  by  the  phase  comparisons  in 

frontal/parietal  lobe. 

This  model  is  explicated  in  more  detail  in  1121,  to  which  the 
reader  is  recommended. 
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II.  Foundations  of 

Quantum  Mechanics 


The  Problem  of  Objectification  in  Quantum  Mechanics 
and  the  Ignorance  Literpretation  (  *  ) 

Peter  Mittelstaedt 

Institut  fiir  Theoretische  Physik,  Universitat  zii  Koln,  D  -  5000  Koln,  Germany 

1.  Introduction 

Let  S  be  a  cuantum  system  in  a  pure  state  W -  P[9  J  and  A  a  discre¬ 
te  observable  with  eigenvalues  aj  such  that  <p  is  not  an  eigenstate  of  A  .  The 
pair  (  W,  A  )  then  defines  a  probability  distribution  p(W  ,ai  ).  the  experi¬ 
mental  meaning  of  which  is  given  by  the  statistical  interpretation  of  quan¬ 
tum  mechanics:  The  number  p(W,  aj  )  is  the  probability  to  obtain  the  result 
aj  if  the  observable  A  is  measured  on  the  system  S  in  the  preparation  state 
W  .  This  "minimal  interpretation”  does  not  necessarily  mean  that  after  the 
measuring  process  by  means  of  which  the  result  aj  was  obtained  ,  the  object 
system  S  actually  possesses  the  value  a;  .  This  is  the  rase  only  for  ideal 
premeasurements,  whereas  in  the  general  case  the  object  is  disturbed  in  some 
way  ,  Hence  in  the  most  general  situation  one  knows  merely  that  the  mea¬ 
suring  apparatus  possesses  the  value  Zj  of  the  pointer  which  shows  that  a; 
was  measured.  ^  ^ 

In  addition  to  the  minimal  interpretation  one  could  tentatively  assume 
that  a  certain  value  aj  of  A  pertains  objctiveiy  to  the  system  S  before  the 
measurement  ,  i.  e,  in  state  W,  but  that  this  value  is  subjectively  unknown  to 
the  observer  who  knows  only  the  probability  p(W,aj  )  of  the  value  aj  .  The 
hypothetical  attribution  of  a  certain  A-value  aj  to  the  system  S  will  be 
called  weak  ohjeclification.  It  corresponds  to  the  ’’ignorance  interpretation”  of 
the  probability  distribution  p(W,aj). 
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It  is  obvious  that  one  could  also  make  the  stronger  assumption  that  the 
system  S  does  not  only  possess  a  value  a;  but  that  S  is  actually  in  an  ei¬ 
genstate  of  A.  Th  state  W  would  then  merely  describe  the  observer’s 
incomplete  knowledge  about  the  actual  state  of  the  system.  The  hypo¬ 
thetical  attribution  of  a  certain  eigenstate  of  A  to  the  system  S  as  its  actual 
state  will  be  called  strong  objectification  .It  corresponds  to  a  strengthening  of 
the  "ignorance  interpretation”  of  the  probability  distribution. 

2.  Nonobjectification  theorems  for  pure  states 

The  question  whether  the  strong  or  weak  objectification  hypothesis  can 
be  applied  to  a  system  in  a  pure  state  can  be  answered  by  the  following  two 
theorems  which  make  use  of  the  same  way  of  reasoning:  From  the  assumpti¬ 
on  of  the  strong  (  or  weak  )  objectification  hypothesis  probabilistic  relations 
are  derived  which  are  known  to  be  violated  experimentally  in  agreement 
with  quantum  mechanics .  ^ 

Theorem  I  :  Let  S  be  a  proper  quantum  system  which  is  prepared  in  a  pure 
state  W,  and  let  A  be  a  discrete  observable  with  eigenvalues  aj  such 
that  W  is  not  an  eigenstate  of  A.  Then  it  is  not  possible  to  attribute 
an  eigenstate  <p^i  of  A  which  belongs  to  the  value  a;  to  the  system  such 
that  S  is  actually  in  one  of  the  states  <p®^i  but  the  observer  knows  only 
its  probability  p(W,  aj). 

It  is  obvious  that  theorem  I  does  not  excude  automatically  the  hypothesis  of 
weak  objectification .  In  fact  one  could  imagine  that  for  the  system  in  the 
state  W,  the  values  aj  of  A  can  be  attributed  to  the  system  in  a  hypo¬ 
thetical  way .  This  possibility  is  excluded  by 

Theorem  II  :  Let  S  be  a  proper  quantum  system  in  a  pure  state  W  and  let  A 
be  a  discrete  observable  with  eigenvalues  a;  such  that  W  is  not  an 
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eigenstate  of  A.  Then  it  is  not  possible  to  assign  a  value  a;  to  the 
system  such  that  aj  pertains  objectively  to  the  system  but  that  this 
value  is  subjectively  unknown  to  the  observer. 

3.  Nonobjectification  theorems  for  mixed  states 

The  nonobjectification  theorems  I  and  II  are  of  particular  importance 
for  the  interpretation  of  quantum  mechanics.  They  show  that  for  the  system 
S  with  state  W  the  value  aj  of  A  is  not  only  subjectively  unknown  to  the 
observer  but  objectively  undecided.  The  same  argument  applies  even  more  to 
the  eigenstates  cp^i  of  A.  On  the  basis  of  this  interpretation  the  following 
problem  arises.  If  A  is  not  objective  in  W  and  if  A  can  be  measured  such 
that  after  the  measuring  process  the  system  is  in  an  eigenstate  of  A  and 
hence  possesses  a  value  aj.then  the  measuring  process  must  provide  the 
objectification  of  A.  Hence  one  could  expect  that  the  mixed  state  Wg’  of  S 
after  the  premeasurement(  ^ )  admits  the  strong  or  weak  ignorance  interpre¬ 
tation  i.e.  S  would  be  in  an  eigenstate  <p*i  of  A  or  it  would  at  least  possess 
one  of  the  values  aj.  In  case  of  non-ideal  measurements  one  would  at  least 
expect  that  the  mixed  state  Wj^’  of  the  measuring  apparatus  admits  the 
strong  or  the  weak  ignorance  interpretion,  i.e.  that  M  is  in  an  eigenstate  <I>^' 
of  Z  or  that  a  value  Zj  of  Z  pertains  to  M . 

In  order  to  discuss  this  question  we  consider  the  compound  system  S 
M  in  the  pure  state  T’(S+M)  =  U  (9’'  O  )  =  Z  (9^1,9)  9^1  x  after  the 
premeasurement.  U  is  the  unitary  operator  which  provides  the  premeasure¬ 
ment  of  the  observable  A  .For  simplicity  we  have  assumed  here  an  ideal 
unitary  premeasurement.  If  the  compound  system  is  in  the  pure  state  W’  = 
PIT’]  the  subsystems  S  and  M  will  be  in  the  states  Wg’ =  S  p(  9  ,aj)P  [  9^>  ] 
and  Wj^’  =  Sp('P,aj  )P[<I>^i]  with  p(9,  aj )  =  1(9,9^!)  P,  which  are  in 
general  mixed  states. 
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If  the  system  S  is  separated  from  the  apparatus  M  without  thereby 
changing  the  state  W’  of  the  compound  system,  then  the  system  S  will  be  in 
the  mixed  state  Wg’  and  M  in  the  mixed  state  Wy’.  The  question  whether 
mixed  states  which  are  prepared  in  this  way  by  separation,  admit  an  ’’igno¬ 
rance  interpretation”  -  in  the  strong  or  weak  sense  -  is  answered  by  the  fol¬ 
lowing  theorems.(^) 

Theorem  III  ;  Let  S  be  a  subsystem  of  the  compound  system  S  +  M  which  is 
prepared  in  a  pure  state  W’ =  PCf’]  and  let  A  be  a  discrete  o’oservable 
of  S  with  values  a;  and  eigenstates  <p^i  such  that  W’  is  not  an  eigensta¬ 
te  of  the  extension  A=  Ax  of  A  with  respect  to  the  compound 
system.  Then  S  is  prepared  in  a  well  defined  mixed  state  Wg’  which 
does  not  allow  the  assumption  that  S  is  actually  in  a  state  cp^i  which 
is  merely  unknown  to  the  observer .  Hence  the  system  S  in  state  Wg’ 
does  not  generally  admit  a  ”  strong  ignorance  interpretation”. 

Theorem  III  equally  applies  to  the  apparatus  M  in  the  mixed  state  Wj^’.In 
this  case  it  means  that  it  is  not  possible  to  assume  that  after  the  premeasure¬ 
ment  the  apparatus  M  is  actually  in  an  eigenstate  of  the  pointer  obser¬ 
vable  Z  which  is  merely  unknown  to  the  observer.  Theorem  III  does  not 
necessarily  exclude  the  weak  objectifiation  for  mixed  states  prepared  by 
separation.  However  this  hypothesis  is  excluded  by^^) 

Theorem  TV  :  Let  S  be  a  system  in  the  mixed  state  Wg’  which  is  prepared  by 
separation  and  assume  that  the  compound  system  S  +  M  is  in  a  pure 
state  W=  PfT’]  .Then  it  is  not  possible  to  attribute  a  value  a;  of  the 
observable  A  to  S  such  that  aj  pertains  to  S  with  probability  p(Wg’,aj) 
~  except  when  W  is  an  eigenstate  of  the  extension  A  =  A  x  of  the 
observable  A .  Hence  a  system  S  prepared  in  a  mixed  state  does  not 
generally  admit  a  ”  weak  ignorance  interpretation  ” 
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4.  Results 

Theorems  I  and  II  show  that  a  proper  quantum  system  S  in  a  pure  state  W 
does  generally  not  admit  a  strong  or  weak  objectification  of  the  observable 
A,  except  when  W  is  an  eigenstate  of  A.  These  statements  are  essential  for 
any  interpretation  of  quantum  mechanics.  However,  even  after  the  premca- 
surement  of  the  observable  A  the  objectification  of  A  can  not  be  acchieved. 
The  systems  S  and  M  will  then  be  in  the  mixed  states  Wg’  and  Wj^’,  and 
theorems  III  and  IV  show  that  these  mixed  states  do  not  admit  an  ignorance 
interpretation,  neither  in  its  strong  nor  in  its  weak  version.  Hence  the  system 
S  and  the  measuring  apparatus  M  will  not  be  in  eigenstates  of  A  and  Z,  nor 
will  these  systems  objectively  possess  values  aj  and  Z,  of  A  and  of  the  poin¬ 
ter  observable  Z  ,  respectivly.  On  the  other  hand  the  ’’minimal  interpretati¬ 
on”  of  quantum  mechanics  assumes  that  the  pointer  observable  is  weakly 
objectified  and  thus  presupposes  that  the  mixed  state  Wj^  of  the  measuring 
apparatus  after  the  premeasurement  admits  at  least  the  weak  ignorance 
interpretation.  Consequently  a  unitary  premeasurement  cannot  justify  the 
’’minimal  interpretation”  of  quantum  mechanics  usually  considered  as  one  of 
the  starting  points  of  the  theory 

Notes  and  References 

(*)  This  paper  is  based  essentially  on  a  more  extensive  investigation  by  P. 
Busch  and  the  present  author  (  ref.  (2)). 

(1)  Busch,  P.  ,  Lahti,  P.  and  Mittelstaedt,  P.  (  1991  )  ,  The  Quantum  Theory 
of  Measurement  ,  Berlin,  Heidelberg,  New  York  :  Springer. 

(2)  Busch,  P.  and  Mittelstaedt,  P.  (  1991  ),  ”  The  Problem  of  Objectification 
in  Quantum  Mechanics”,  Foundations  of  Physics  ,  forthcoming. 
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Measurements  in  a  Quantum  Universe 

H.  a  Zeh 

Institut  fiir  Theoretische  Physik 
Universitat  Heicfciberg 

A  measurement  has  to  be  considered  as  a  physical  process,  that  is,  as  an  interaction 
between  the  system  S  to  be  measured  and  an  apparatus  A.  The  ‘pointer  position’  must 
thereby  cliange  in  dependence  on  the  value  of  the  measured  quantiiy.  In  the  quaiuuni 
formalism  this  has  been  described  by  von  Neumann’s  interaction 

t 

where,  more  generally,  the  state  of  the  system  may  also  change  due  to  a  back  reaction. 

However,  the  superposition  Xi  ‘-i  Vi  of  the  system  S  leads  then  to  an  entangled  slate  for 
the  whole  system. 
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instead  of  the  observed  states  with  specific  pointer  positions.  For  measurements  proper 
(that  is,  when  the  pointer  position  is  tead),  this  measurement  problem  is  usually  ‘solved’ 
by  applying  the  collapse  of  the  wave  function  which  is  defined  to  pick  out  one  of  the 
factorizing  components.  This  leads  to  the  open  questions  of  what  this  second  dynamics 
means,  and  what  distinguishes  a  measurement  from  a  ‘normal’  interaction. 

Even  when  the  apparatus  is  not  read,  there  remains  an  effect  of  measurements  on  the 
system  S.  As  is  best  known  from  the  two-slit  experiment  with  measurement  of  the 
particle’s  passage,  one  observes  a  loss  of  interference  between  the  contributions  from 
different  values  of  the  measured  quantity.  In  order  to  describe  this  effect,  no  collapse  is 
required.  The  resuhing  entanglement  corresponds  to  the  local  loss  of  interference 

described  by  the  local  density  matrix  p  =  '‘■i'  Vi  Vi  which  results  from 

tracing  out  system  A. 

Such  a  local  loss  of  coherence  results  also  from  ‘measurement-like  processes’. 
They  are  defined  by  the  same  type  of  von  Neumann  interaction,  but  under  the  more 
general  assumption  that  the  ‘pointer  position’  is  uncontrollable  (not  macroscopic),  so  that 
no  reading  would  in  general  be  possible. 

The  point  to  be  stressed  here  is  that  this  type  of  interaction  is  extremely  important  for  all 
‘macroscopic’  systems  S  in  leading  to  their  unavoidable  ‘continuous  measurement'  by 
their  normal  environment.  This  interaction  leads  to  the  local  disappearance  of  certain 
phase  relations  (‘decoherence’)  which  is  characteristic  for  classical  phenomena.  When  1 
first  tried  to  point  this  out  in  a  preprint  of  1968,  it  was  only  Professor  Eugene  Wigner 
who  responded  positively,  encouraged  me  to  further  elaborate  on  the  idea,  and  later 
helped  me  to  get  it  published.'  I  am  thus  very  grateful  for  this  opportunity  to  express  my 
thanks  to  him! 


Some  examples  may  illustrate  the  widespread  occurrence  of  decoherence  in  quantum 
mechanics: 
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a)  Chiral  states  are  found  for  many  large  or  medium  sized  molecules  like  sugar  or 
alanine  instead  of  the  energy  (parity)  eigenstates  observed  in  microscopic  objects. 
‘Measurement’  of  chirality  by  means  of  the  scattering  of  unavoidably  present  particles 
would  decohere  superpositions  of  different  chirality.  In  contrast,  an  ammonia  molecule  is 
still  ‘microscopic’  in  not  being  continuously  measured  in  this  sense.  A  side  effect  for 
such  discrete  quantum  states  is  Zeno’s  quantum  paradox,  that  is,  the  suppression  of 
transitions  between  different  chirality  states.  In  contrast  to  popular  belief  (also  expressed 
at  this  conference),  continuous  measurement  does  not  lead  to  the  freezing  of  motion  in 
general,  that  is,  not  for  systems  with  sufficiently  dense  sprectra.^ 

b)  Superselection  rules  can  be  explained,  for  example,  by  unavoidable  irreversible 
‘measurements’  of  the  charge  of  a  particle  by  its  environment^  (to  be  distinguished  from 
its  mere  ‘dressing’  by  a  cloud  of  ‘virtual’  particles). 

c)  Positions  and  orientations  of  macroscopic  objects  like  dust  grains  are 
continuously  measured  by  scattered  photons  and  other  particles  even  in  intergalactic 
space.  Classical  (here  particle)  properties  emerge  thereby  from  a  Schrddinger  wave 
function  in  configuration  space.^ 

d)  Quantum  jumps  occur  apparently  instead  of  a  unitary  evolution  if  the  decay  status  is 
permanently  'measured'.  They  may  be  described  by  master  equations  which  lead  to  an 
exact  exponential  decay  law  and  to  the  exclusion  of  any  ‘revivi’  of  the  decaying  state  in 
this  case.2  This  difference  between  closed  systems  and  those  under  continuous  measure¬ 
ment  can  be  nicely  studied  in  laser  physics. 

e)  Incoherent  light  ('different  photons’)  may  be  understood  by  the  decoherence  of  the 
corresponding  parts  of  the  quantum  state  of  the  electromagnetic  field  caused  by  its  source 
(as  by  the  decay  of  different  atoms  leading  to  orthogonal  final  states  of  the  source). 

f)  Classical  spacetime  geometry  emerges  from  quantum  gravity,  since  curvature  is 
unavoidably  ‘measured’  by  the  matter  fields.*-* 

The  quantitative  estimate  of  these  effects  can  in  all  cases  be  based  on  the  same 
assumptions:  ordinary  quantum  mechanics  of  interacting  systems  together  with  a  realistic 
model  for  their  normal  environment  (It  is  the  second  part  where  mo^ls  often  fail.) 

These  considerations  also  allow  one  to  describe  a  realistic  measurement  situation.  Not 
only  is  the  system  measured  by  the  apparatus  -  the  macroscopic  pointer  positions  (like 
Schiodinger’s  cats)  are  further  decohetwi  by  their  environment. 


All  measurements  of  this  kind  (without  reading)  are  based  on  an  arrow  of  time:’  they 
transform  product  states  into  entangled  states.  As  usual  this  requires  very  special  initid 
conditions  (in  this  case  initially  non-entangled  states).  The  origin  of  this  quantum  arrow 
of  time  is  a  major  problem  of  quantum  cosmology.  It  is  intimately  connected  with  the 
thermodynamical  arrow,  although  far  more  delicate.  For  example,  even  two  thermal 
equilibrium  systems  with  the  same  temperature  T  still  offer  considerable  capacity  for 
correlations  to  arise  according  to 


I  »l1 

f  H ) 

{  kTj 

►  ®  expj-j^l  -->exp^ 

[  kTj 

because  of  the  strong  entanglement  of  the  eigenstates  of  H  ^  Hj  +  Hj  as  a  result  of  their 
dense  spectra. 

The  above  arguments  are  still  unrealistic  if  the  environment  itself  possesses  another 
environment.  For  a  realistic  quantum  mechanical  treatment  of  all  but  the  smallest  systems. 
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one  either  has  to  apply  open  systems  quantum  mechanics  or  to  accept  quantum 
cosmology,  that  is,  to  consider  the  wave  function  of  the  whole  universe. 

The  first  approach  is  phenomenological.  In  an  entangled  universe,  ‘outside  the  system’ 
means  ‘under  the  mg’.  Major  problems  swept  under  the  mg  thereby  are  the  arrow  of 
time,  the  collapse  of  the  wave  function,  and  the  role  of  the  observer. 

Quantum  cosmology,  on  the  other  hand,  is  meant  to  be  fundamental:  For  example,  Gell- 
Mann  and  Harde*  claim  that  “Quantum  mechanics  is  best  and  most  fundamentally 
understood  in  the  framework  of  quantum  cosmology.”  ...  “It  is  the  initial  condition  of  the 
universe  that  explains  the  origin  of  quasiclassical  domains  within  quantum  theory  itself.” 

As  the  universe  contains  its  observer  (who  is  assumed  to  be  local),  the  collapse  can  then 
not  be  attributed  to  the  intervention  of  an  outside  observer.  Hence,  decoherence  does  not 
yet  solve  the  problem  of  measurements  proper.  For  this  purpose  one  either  has  to 
introduce  an  explicit  collapse  dynamics,®  or  to  accept  some  variant  of  the  Everett 
interpretation.  The  former  approach  must  lead  to  deviations  from  the  unitary  Schrddinger 
dynamics  which  would  have  to  show  up  somewhere. 

Since  the  universe  as  a  whole  depends  essentially  on  gravity,  quantum  cosmology  must 
necessarily  contain  quantum  gravity  and  its  entanglement  with  matter.  Vice  versa, 
quantum  gravity  was  a  motivation  for  studying  quantum  cosmology.'®  This  leads  to  new 
and  dramatic  conceptual  problems.  Since  quantum  gravity  quantizes  the  spacetime  metric, 
time  itself  has  to  be  quantized. 

In  its  canonical  form,  quantum  gravity  leads  to  the  Wheeler-DeWitt  equation  which  is  of 
the  form  of  a  stationary  Schrddinger  equation,  HT  =  0.  This  is  the  way  how  Mach’s 
principle  has  to  be  taken  into  account  in  the  absence  of  classical  orbits  in  configuration 
space  which  could  otherwise  be  parametrized  by  a  time  parameter.  However,  if  there  is 
no  time,  how  can  the  dynamics  of  measurements,  and  how  can  the  arrow  of  time  (with  its 
special  initial  state)  be  Ascribed? 

Conventional  quantum  theory  tells  us  that  dynamics  (time  dependence)  has  now  to  be 
replaced  by  the  entanglement  of  physical  clocks  with  all  other  variables.' '  In  particular, 
there  is  a  fundamental  clock  in  general  relativity:  spatial  geometry  on  space-like 
hypersurfaces. Banks  has  therefore  proposed  to  derive  a  semiclassical  fundamental 
clock  from  a  Bom-Oppenheimer  approximation  with  respect  to  the  Planck  mass.'^  One 
may  then  parametrize  the  orbits  of  geometrical  optics  in  the  configuration  space  of  gravity 
by  a  variable  called  ‘t’,  and  derive  from  the  Wheeler-DeWitt  equation  a  unitary  dynamics 

for  the  matter  part  tpmauer  of  the  universal  wave  function  along  each  orbit^* 

0  .  iS 

t^tPmalleT  “  ffmauertPmaller  'f  “  O  *«**"«“y  . 

In  order  to  solve  it,  one  also  needs  an  initial  condition  for  tpmattcr  at  each  orbit.  This  must 
also  be  obtained  from  the  total  wave  function  4*.  If  this  initial  condition  is  appropriate, 
the  solution  may  describe  measurements  (increasing  entanglement  and  branching  into 
dynamically  independent  components)  in  one  direction  of  t. 

The  question  remains  of  how  to  determine  the  universal  'P.  Only  its  structure  can  explain 
the  arrow  of  time  required  for  measurements  in  a  general  sense. 

The  Wheeler-DeWitt  equation  H  'F  =  0  seems  to  define  an  eigenvalue  problem  with 
fixed  eigenvalue.  As  conjectured  by  DeWitt,  it  may  possess  a  unique  solution  in  a 
realistic  theory.  However,  the  ‘stationary’  Wheeler-DeWitt  equation  turns  out  to  be 
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hyperbolic  on  Friedmann  type  topologies,  with  the  logarithm  of  the  expansion  parameter, 
a  =  In  a,  as  a  ‘time-like’  variable.  The  Wheeler-DeWitt  Hamiltonian  can  therefore  be 
written  in  the  form’^ 


H  = 


+  V(a,{x^}) , 


that  is,  as  an  intrinsic  Klein-Gordon  dynamics  which  defines  an  initial  value  problem  in 
a.  The  potential  V  has  a  typical  structure  of  the  form 

V(a,{xj^})  =  f(a)  +  e'’"“  v„({x);^})  with  p„  >  0 


f(a)  for  a  — >  , 


This  asymptotic  independence  of  V  of  all  xk  allows  one  to  impose  a  completely 
symmetric  intrinsic  initial  condition  (SIC!)'^ 


'P(a,{xk}) 


4 


1 


exri 


a 

J  ,y-V(a',{x^})da' 


^  'Fo(a) 


at  the  big  bang  and  the  big  crunch  (which  form  one  common  ‘state’  with  respect  to  the 
intrinsic  dynamics). 

The  time  arrow  of  measurement  is  hence  given  by  the  expansion  of  the  universe.  For 
extensions  of  the  universe  beyond  the  Planck  scale  it  leads  to  decoherence  growing  with 
increasing  a.  It  thereby  turns  out  that  a  is  itself  the  ‘most  classical’  quantity  of  the 
universe  in  being  most  efficiently  ‘measured’  by  the  matter  fields.®  So  we  can  at  least  be 
quite  sure  that  we  may  never  observe  any  interference  between  different  sizes  (i.  e.  ages) 
of  the  universe. 
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1.  Introduction 

In  the  quantum  description  of  a  physical  system  the  states  can  be  viewed  as  prob¬ 
ability  measures  on  the  lattice  P{H)  of  projectors  in  the  Hilbert  space  H  associated 
with  the  physical  system.  When  dim  H  >  3,  Gleason  theorem  says  that  a  probability 
measure  o  on  P(H)  has  to  take  the  form  a(P)  =  tr  (DP),  P  €  P(H).  for  some  density 
operator  D.  Given  D  the  probability  that  the  value  of  some  observable  A  is  in  the  Borel 
set  E  of  R  is  accordingly  given  by  tr  (DPa(E))  where  Pa(E)  is  the  projector  associated 
to  the  pair  A,  E  by  the  spectrcJ  theorem.  Thus  the  notion  of  quantum  probability  rests 
on  the  triple  {H,  P{H),a)  in  which  the  elements  of  P(H)  are  viewed  as  the  "events", 
while  a  is  a  state. 

In  a  similar  way,  the  notion  of  classical  probability  rests  on  a  triple  (D,  E,  /;)  where 
D  is  a  set  interpreted  as  the  "phase  space"  of  the  system,  E  a  Boolean  ct-algebra  of 
subsets  of  n  and  /j  a  probability  measure  on  E.  The  elements  of  E  are  viewed  as  the 
events,  while  p  is  a  state. 

The  key  difference  between  the  classical  and  the  quantum  case  is  that  E  is  distribu¬ 
tive,  while  P(H]  is  only  orthomodular.  This  cau.ses  a  series  of  departures  between  the 
two  cases.  One  might  for  instance  think  of  the  notion  of  conditional  probabihty  which 
in  the  classical  situation  fits  with  a  rule  (Bayes  rule)  which  is  untenable  in  the  quantum 
situation. 

In  this  paper  we  shall  approach  the  problem  from  a  different  point  of  view;  given 
a  set  of  empirical  probabilities  how  to  decide  whether  they  come  from  a  classical  or  a 
quantum  situation?  Besides  the  mathematical  interest  of  the  problem,  it  seems  indeed 
closer  to  the  experience  the  idea  of  looking  at  the  probabilities  as  primitive,  and  derive 
from  them  the  structure  of  the  events. 

2.  Some  results 

To  present  in  a  more  compact  way  some  results  we  come  to  a  few  definitions.  If 
S  is  a  non-empty  set.  interpreted  as  the  set  of  states,  we  define  an  S-probability  as 
an  S-indexed  probability,  i.e.,  a  function  p  :  S  — ►  [O.lj.  Should  S  be  a  singleton,  an  S 
probability  would  be  an  ordineu'y  probability;  should  S  contain  n  states,  an  S-probability 
would  be  a  sequence  (p*",...,  p’"*)  of  n  probabilities.  S- probabilities  can  be  endow'ed 
with  a  partial  ordering  p  <  q  p*'*  <  q*'*V  i  €  S,  and  with  an  orthogonality  relation 
P  -L  q  ■<=>  p  -I-  q  <  1.  A  triple  pi,p2,p.i  of  pairwise  orthogonal  S-probabilities  will  be 
denoted  A(pi,P2,P3)-  By  an  S-probabilify  measure  a  on  an  orthomodular  poset  L  we 
shall  mean  an  S-indexed  sequence  of  probability  measures  on  L\  we  shall  say  that  a  is 
complete  when  a  <  b  a(a)  <  Q(b).  a,  b  G  L. 

Now  we  can  quote  some  recent  results’** 
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Representability:  Let  K  be  a  set  of  S-probabilities.  Then  K  is  the  range  of  a  complete 
S-probability  measure  on  some  orthomodular  event  system  L  if  and  only  if  i)  0  6  K. 
ii)  p  €  K  1  -  p  g  K.  iii)  A(p,.p2,p3)  €  K  =>  Pi  +  p2  +  P3  G  K. 

Classical  Representability:  Let  K  be  the  range  of  a  complete  S-probability  measure  on 
L.  Then  L  is  classical  if  and  only  if  for  any  Pi.p2  €  K  there  exists  A(qi,q2.q3)  G  K 
such  that  Pi  =  qi  +  q2 ,  P2  =  q2  "f  q^- 

Non-classical  Representability:  Let  K  be  the  range  of  a  complete  S-probabili*:y  measure 
on  L.  Then  L  is  non-classical  if  and  only  if  there  exist  Pi.p2  G  K  such  that  whenever 
1l  ^  12  and  Pi  <  qi  -t-  q2  for  some  qi .  q2  G  K  then  Pi  —  P2  qi  -t-  q2  —  1- 

It  is  easy,  with  these  criteria,  to  check  the  nature  of  giren  probabilities.  Let  us 
quote  just  two  simple  examples,  both  referring  to  the  case  S  =  {01.02}.  The  set 
of  S-probabilities  K  =  {(0, 0), (1. 0), (0. 1), ( 1, 1 )}  is  classically  representable  (it  might 
come,  e.g.,  from  observations  of  a  coin  with  01,02  referring  to  the  two  coin  states). 
The  set  K  =  {(0.0).  (1, 0)(0,  l),(3/4. 1/4).  ( 1/4. 3/4),(  1, 1 )}  is  instead  non- classically 
representable  (it  might  come,  e.g.,  from  observing  transmission  of  a  photon  through 
properly  positioned  analy2ers,  Oi.  02  being  two  orthogonal  states  of  linear  polarization ). 
In  both  examples  (0,0)  and  (1,1)  correspond  to  observing  nothing  or  anything. 

3.  Other  approaches 

^^hen  the  considered  set  of  S-probabilities  is  sufficiently  small  (and  somewhat 
more  structured)  other  approaches  become  tractable.  We  refer  to  Accardi's  "  statis¬ 
tical  imariants  and  to  Pitowski's  polytope  approach'**.  By  a  "correlation  se¬ 
quence'  of  S-probabilities  we  mean  a  secjuence  like  (pi . pn . pij....).  1  <  i  <  j  <  n. 

and  we  say  that  it  is  classically  representable  if  there  exists  a  classical  event  sys¬ 
tem  L.  a  sequence  (ai . an)  in  £.  and  an  S-probability  measure  o  on  Z  such  that 

Pi  =  Q(ai).Pij  =  o(ai  A  aj).  We  can  now  state  some  facts'*  *  '*  ’*. 

case  n  =  2  :  the  correlation  sequence  iPi.pz-Piz)  is  classically  representable  if  and  only 
if  0  <  pi2  <  Pi  <  1.  0  <  P12  <  P2  <  1  and  pi  -)-  p2  -  pi2  <  1. 

case  n  =  3  :  the  correlation  sequence  (pi. p2. P3-P23- Pit- P12)  is  classically  representable 
if  and  only  if  0  <  pij  <  pi  <  1.  0  <  pjj  <  pj  <  1.  Pi  4-  Pj  —  p.j  <  1-  and  the  Bell's 
inequalities  (pi  -  pi2  —  pis  -)-  P23  >0.  P2  —  P23  -  P12  4-  Pn  >0.  pi  -  pi3  —  P23  P12  S 
0^  Pi  +  P2  -f  P3  —  P12  —  P23  -  Pi3  <  1)  hold  true. 

We  may  notice  that  in  the  special  case  pi  4-  P2  =  1  (Pi.p2  ^  0).  and  pn  =  0  one 
recovers  a  2-slit  like  situation,  pi.p2  being  the  probabilities  of  going  through  one  or  the 
other  hole,  and  ps  the  probability  of  reaching  some  region  on  the  screen.  In  this  case 
the  above  inequalities  lead  to  ps  =  pi3-t-p23  and  pi  =  (pr  - P23/P2 Kpn/Pi  - P23/P2 T* 
from  which  (and  by  use  of  Bayes  formula  for  conditional  probabilities)  one  gets  Accardi  s 
statistical  invariant*^’  for  the  2-slit  experiment. 


The  case  n  —  4  would  lead***  to  the  "Clauser-Honie"  inequalities.  But  further 
increasing  n,  the  number  and  complexity  of  inequalities  grows  so  fast  that  this  approach 
becomes  soon  untractable. 
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4.  On  the  quantum  case 

Let  us  say  that  the  correlation  sequence  (pj _ ,p„ . Pij-  -  )  has  a  quantum  rep¬ 
resentation  if  there  exists  an  Hilbert  space  H.  a  sequence  (Pj . ?„ )  in  P{H).  and  a 

probability  measure  a  on  P{H)  s.t.  p)  =  a(Pi),pij  =  a(Pi  A  Pj).  Call  Q„  the  set  of 
the  correlation  sequences  that  have  a  quantum  representation:  bv  contrast  call  the 
polytope  of  those  which  are  classically  representable.  Let  An  the  closed  convex  polytope 
of  the  correlation  sequencies  that  satisfy  the  basic  inequalities  0  <  pij  ^  Pi  <  1.  0  < 
Pij  ^  Pj  <  1  (0  <  i  <  j  <  n).  Then  we  have***;  (i)  A„  D  Qn.  (h)  An  \  Qn  is  the  set  of 
vertices  not  classically  representable,  (hi)  Qr,  D  Cn- 

Let  us  add  a  remark  on  a  theorem  by  Accardi  and  Fedullo*^*  which  says  that,  given 
three  probabilities  p,  q.  r  (i.e.,  numbers  in  (0,lj)  and  denoting  f  =  |p  -I-  q  r  -  1|-  2 
v'Pqt.  there  exist  three  vectors  V’,  \  in  a  two-dimensional  Hilbert  space  H2  such  that 
p  =  1(9,  ii')l* .  q  =  Ky.  \  )1*.  r  =  1(  f.  \  )1*  if  and  onlv  if  f  <  0.  and  moreover  H2  is  over  C 
iff  <0,  over  i?  if  f  =  0.  The  proposed  interpretation  for  p.  q.  r  is  in  terms  of  conditional 
probabilities  among  three  events  a,  b.  c,  say  p  =  q  (a  |  b).  q  =  o  (a  |  c).  r  =  a  (b  |  c) 
(which  requires,  in  view  of  the  scalar-product  forms  above,  a.  b.  c  to  be  atomic  events). 

If,  for  instance,  we  deal  with  a  spin- j  system  and  suppose  a.  b,  c  to  be  poltirizations 
along  corresponding  axes,  then  the  quoted  theorem  can  be  used  to  draw  conclusions  on 
the  Hilbert  space  of  the  system;  if  a.  b.  c  are  not  coplanar  we  get  f  <  0  (with  the 
above  conditional  probability  interpretation)  so  that  Hz  is  on  C.  if  they  are  coplanar 
f  =  0  and  Hz  is  on  R  (this  fits  with  known  properties  of  the  2-dimensional  projective 
representations  of  rotations). 

If,  as  another  example,  the  three  polarizations  a.  b.  c  refer  to  a  spin-1  system  then 
we  can  have  f  <  0,  f  =  0,  or  f  >  0  according  to  different  positionings  of  the  polarization 
axes,  but  we  know  that  a  spin-1  system  needs  H*  as  its  Hilbert  space.  This  outlines 
that  the  last  mentioned  theorem  does  not  refer,  in  the  general  case,  to  the  Hilbert  spare 
needed  by  the  quantum  mechanical  description  of  the  physical  system:  it  might  however 
suggest  the  possibility  of  generalizations  for  Hilbert  space  dimensions  higher  than  two. 
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Conditional  Probability  and  Strong  Correlat  ions 
in  the  Quantum  Theory  of  Measurement 

Gianni  Caissinelli’  and  Pekka  ,1.  Lahti^ 

1.  Introduction.  The  l2ist  few  years  have  witnessed  an  increase  of  interest  in  the  study 
of  the  measurement  process  in  quantum  mechanics.  A  systematic  theory  of  measurement 
has  emerged  which  allows  one  to  analyse  and  reanalyse  various  aspects  of  measurements. 
In  particular,  several  probabilistic  and  information  theoretical  characterizations  of  the 
measurement  process  have  been  worked  out,  see,  e.g.  [1].  In  this  contribution  we  shall 
present  a  continuation  of  this  work  analysing  the  notion  of  conditicaial  probal)ility  in 
the  quantum  theory  of  measurement. 

The  notion  of  conditional  probability  touches  the  quantum  theory  of  measurement 
in  several  crucial  points,  in  its  probability  reproducibility  condition,  in  various  correla¬ 
tion  conditions,  in  ideality  conditions,  and  also  in  the  theory  of  sequential  measurements. 
Here  we  shall  try  to  explain  a  characteriz'  tion  of  strong  correlation  measurements  in 
terms  of  appropriate  conditionings.  The  very  idea  that  the  final  states  of  the  object 
system  tmd  the  measuring  apparatus  are  their  states  after  the  measurement  with  the 
condition  that  one  of  the  pointer  values  occurs  is  a  typical  question  on  conditional  prob¬ 
ability.  The  fact  that  in  quantum  mechanics  the  notion  of  conditional  probability  is  not 
always  additive  with  respect  to  a  partitioning  of  the  conditioning  event  calls  for  a  special 
attention  to  that  notion. 

We  shall  formulate  our  results  within  the  orditiary  Hill>ert  spact^  formulation  of 
quantum  mechanics.  We  follow  the  notations  and  terminology  of  Ref.  [1].  Here  we 
recall  only  that  any  pair  {E.T)  of  an  obser\'able  E  ■.  E  Hs )  [a  projection  operator 
vtJued  measure  on  a  measurable  space  (Q,/")]  and  a  state  T  €  T{Hs)tc.  [positive  trace 
one  operators]  defines  a  probability  measure  Et  :  — ♦  [0. 1]  through  the  trace  formula 
Et{X)  =  trlTfl-Y)].  .According  to  the  minimal  interpretation,  the  number  Et{X)  is 
the  probability  that  a  measurement  of  the  observable  E  performed  on  the  system  S 
in  the  state  T  leads  to  a  result  in  the  set  A'.  If  T  =  F[-c]  is  a  vector  state  (with  a 
generating  unit  vector  ^),  then  this  probabihty  is  .simply  equal  to  )y). 

The  notion  of  conditional  probability  is  crucial  for  this  study.  Hence  we  briefly  recall 
this  notion  in  the  context  of  Hilbert  space  quantum  mechanics.  .According  to  Gleason's 
theorem  the  probability  measures  in  quantum  mechanics  are  generated  by  states  T 
through  the  formula:  P  i— *  #r[TF|.  P  €  VCHs)-  Consider  a  state  T.  and  let  R  G  ViHs) 
be  a  projection  operator  .such  that  tr[Ti?]  ^  0.  The  conditional  probability  with  respect 
to  R  is  the  probability  measure  induced  by  the  state  T^  =  Contrary  to  the  clas¬ 

sical  probability  theory,  the  conditional  probability  tr[T”  ■  ]  ;  VCHs)  — ►  [0. 1]  is  not.  in 
general,  additive  with  respect  to  a  partitioning  of  the  conditioning  event.  If  i?  =  Dii?,  is 
a  decomposition  of  the  condition  R  into  mutually  orthogonal  conditions  R,  t  'P(  Hs  )■  the 

1.  Dipartimento  di  Fisica,  Unix-ersita  di  Genova,  l.N.F.N.  Sezione  di  Genov-a.  16146 
Genova,  Italia. 

2.  Department  of  Physics,  University  of  Turku.  20500  Turku,  Finland. 
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conditional  ‘probability  with  respect  to  R  which  ts  additive  over  R  =  ^,R,  is  the  probabil¬ 
ity  measure  defined  by  the  state  Probabil¬ 

ity  measure  defined  by  ihe  property  #r(T“^'P]  =  tr[T^P]  for  each  projection  operator 
P  in  any  segment  [0,R,]  [2],  Clearly.  tr[T-'^-R]  =  1  and  tr[r“«'P,]  =  trirP.]/fr[rP] 
for  each  i. 

In  its  usual  formulation  the  measurement  theory  of  an  observable  E  of  the  object 
system  S  starts  with  fixing  a  measuring  apparatus  A  (with  a  Hilbert  space  Ha),  its 
initial  (vector)  state  $  6  Ha-  a  pointer  observable  P_4  :  p  — >  C(Ha)'^-  and  a  measure- 
m^nt  coupling  U  :  Hs  Z  Ha  ->  Hs  i,  Ha  (a  unitary  operator).  The  interpretation  of  the 
resulting  quadruple  (H.4,  P4.  $,  [’)  as  a  measurement  of  E  starts  with  the  assumption 
that  if  6  Hs  is  an  initial  (vector)  state  of  the  object  system  S  then  L'(-p  i  $)  is 
the  final  (vector)  state  of  the  compound  object-apparatus  system  5  -f  >1.  The  reduced 
states  3  $)]]  and  Ra[P[U(-z  Z  $)]]  are  then  the  final  states  of  S  and  A. 

respectively.  As  a  rule,  they  are  mixed  states.  (Here  Rs-  Ha  denote  the  partial  traces 
over  the  apparatus  and  object  system  Hilbert  spaces  Ha  and  Hs-  respectively.)  The 
basic  requirement  for  {Ha-  Pa-  f  )  to  constitute  a  measurement  of  E  is  the  probabil¬ 
ity  reproducibility  condition:  (.^|£( A').,?)  =  #r[7?^[P[{'(.^  .  ^lljPalA")]  for  all  A  €  T. 
and  for  any  vector  state  -p  €  Hs-  Quadruples  Mi  =  (Ha-  Pa-^-P)  which  fulfil  this 
condition  are  known  as  normal  unitary  premeasurements  of  E  [1]. 

We  close  this  preliminary  section  with  recalling  the  notion  of  a  reading  scale.  A 
reading  scale  is  a  countable  partition  of  the  value  space  Q.  that  is  Q  =  uA',.  A',  6  E- 
A,  n  A'j  =  0  for  t  ^  j.  Such  a  reading  scale  will  be  denotetl  Tv.  reading  scale  7? 
determines  a  discrete,  coarse-grained  version  of  the  [Ktinter  olrservable  Pa-  P^  '  i  ■—* 

—  Pa(E,).  The  P_J-value  t  refers  to  the  pointer  value  A’,  which,  in  turn,  may  refer 
to  the  value  A,  of  the  measured  observable  E.  It  is  with  respect  to  such  a  reading  scale 
that  measurement  results  are  to  be  recoded. 

2.  Conditional  final  states.  Consider  a  premeasurement  Mi  of  an  observable  E. 
If  -e  is  the  initial  state  of  S.  then  f'(.^  ; :  $)  is  the  final  state  of  5  +  >1.  Toge  ther  with 
a  condition  I  Z  Pa{-^  )•  this  state  defines  a  ( nonnormaiized )  conditional  final  state  of 
.^  + A: 

:  ^-l)  -  /  PaI.\)P[VIz  ^>)J/ 

Up  to  a  normalization,  this  is  the  final  state  of  5  with  the  condition  I  P4(  A' ). 
that  is.  with  the  condition  that  the  jrointer  observable  Pa  has  the  vahie  A  .  The  corre¬ 
sponding  final  (nonnormaiized)  states  of  S  and  A  are 

Hsir  Z  Pa{X)P[Viz  ■  <!•)!/  P.4(A)1  =  Rs[P[i'ly  .  P.4(A-)i 

and 

TIa[I  Z  Pa{X)P[U{-p  z  ^)]I  :  A)]  =  PaC  <^)11P.4(  A  ) 

respectively.  Let  A ).^).  an<l  denote 

TsiX-z)  =  A^"7?5[P(C(,'  ^)\l  F.4(A)! 

T^(.Y.,')  i  X-^Pa{X)Ra[P[P{z  n\PA{X) 


whenever  A  y  ^  0.  We  also  define  Ts(X.-p)  =  O  =  T^{X.^)  whenever  =  0. 

We  call  Ts{X.^)  and  T_^{X,-p)  the  final  (X-)component  states  of  S  and  A.  respectively. 
These  states  are  conditional  states,  that  is.  they  give  rise  to  conditional  probabilities. 
Indeed,  T,^(X,\p)  is  the  final  state  of  A  with  the  condition  Pa{X).  In  this  state  the 
pointer  observable  has  the  value  A’  in  the  sense  that  tr[T,4(  A',  y  )P^(  A' )]  =  1.  Similarly. 
TsiX.^p)  is  the  final  state  of  S  with  the  condition  P^(X).  Clearly.  fr[TsiX.  y:)E{X )]  = 
1  need  not  hold  now;  the  probability  for  E{X)  in  the  final  A'-component  state  TsiX.  y) 
of  S  need  not  be  equal  to  one.  (For  further  details,  see  [3]). 

Consider  still  a  premeasurement  .Vic  of  E-  and  fix  a  reading  scale  Tt.  For  any 
A,  €  Tl  we  denote  Ts{i.,p)  =  Ts(X,.y)~  TaIi.-p)  =  Ta{X,.  -p)-  and  Xf  =  A'y...  These 
states  are  conditional  states.  They  are  the  final  ( /- )component  states  of  S  and  A. 
with  the  condition  that  the  pointer  observable  P4  has  the  value  A',.  The  reading 
scale  Ti  defines  a  partitioning  of  the  trivial  condition  PaIH)  into  (mutually  orthogonal) 
conditions  P4  ,  =  p4(A’, ).  The  final  states  of  S  and  A  which  give  rise  to  conditional 
probabilities  which  are  additive  over  the  decomposition  P4(fl)  =  X,P4.,  induced  by  7? 
can  be  determined.  The  conditional  state  of  A.  defined  by  the  final  apparatus  state 
=  'R-a[P[E(p  2  ^)]]  and  the  condition  (reading  scale)  TZ  is 

TA(n.p)  =  Y.Pa.,Ta(^.p)Pa.,  =  ^.v/r4(t.^) 

t  t 

In  general,  TaITZ-p)  ^  TaIH-p).  since  Ta(^-P)  need  not  commute  with  each  Pa.i  ■ 
Due  to  the  special  structure  of  the  states  Ts(X.p)  we.  however,  have 

Tsi^.p)  =  Y.SUsU-P)  =  TsiTZ.p) 

t 

for  any  reading  scal<>  7?  (and  for  any  initial  state  p  of  S). 

3.  Strong  correlation  measurements.  Consider  a  premeasurement  .Vlf  of  an 
observable  E.  and  fix  a  reading  scale  7J.  With  respect  to  this  reading  scale,  if  p  is 
the  initial  state  of  S.  then  Tsii.p)  and  TaI'-P)  are  the  final  t-component  states  of  5 
and  A.  The  final  apparatus  state  is  Ta(^-P)  and  it  can  be  expressed  as  T^(fl..p)  = 
^ijPa.iTa(^-P)Pa.j-  The  final  state  of  A  with  the  (additive)  condition  7Z  is.  however. 
Ta(TZ.p)  =  ^iPa.iTa{^.p)Pa.i-  The  question  which  we  should  like  to  address  here 
is  the  following;  when  do  the  above  two  states  coincide?  In  other  words,  under  which 
conditions  the  final  apparatus  state  equals  to  the  final  apparatus  state  with  the  condition 
that  one  of  the  mutually  exclusive  pointer  readings  occurs.  It  turns  out  that  for  a  given 
reading  scale  1Z  and  for  a  given  initial  state  p  of  S  this  is  the  case  exactly  when  the 
final  component  states  Tsli.p)  and  TaIi.p)  are  strongly  correlated  [3J.  To  formulate 
this  result  properly  we  remind  ourselves  that  the  correlation  p{Ts{i.  p).  Ta(i-  p).  I'ip  2 
i)}  of  the  component  states  Tsii.p)  and  Ta(i.p)  in  the  final  state  l'(p  2  of  S  + 
A  is  strong  exactly  when  the  (marginal)  probability  measures  defined  by  the  pairs 
{Ts{i,p).Ts{fl.p))  and  {TA{t.p).TA(fl.p))  are  linearly  dependent  [4]. 
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Theorem  1.  Let  {'Ha-  Pa-  1  )  be  a  normal  unitary  premeasurement  of  an  observable 
E.  For  any  reading  scale  TZ  and  for  any  initial  vector  state  of  the  object  system,  the 
following  two  conditions  are  equiralent: 

(a)  =  r^(72,vp); 

(b)  p{Ts(i,p),TA{i,p),U{p  ©$))  =  1  for  each  i  =  1,2,  for  w'hich  /  0. 

We  go  on  with  studying  a  premeasurement  Me  of  an  observable  E.  If  p  is  the 
initifd  state  of  5,  then  Ts{X,p),  X  6  T.  is  the  final  A'-component  state  of  S  Eifter 
the  measurement  with  the  pointer  condition  Pa{X).  Moreover,  with  respect  to  any 
reading  scale  Ti,  Ts{Q,p)  =  Y,iNfTs{i.p)  =  TsiTZ^p).  As  it  was  already  pointed  out. 
the  conditional  interpretation  of  Ts(i,p)  does  not  imply  that  tr[r5(i, ^)£,]  =  1  (with 
Ei  =  E{Xi)).  Thus  the  final  A', -component  state  Ts{i,p)  of  S  need  not  be  the  fined 
state  of  5  with  the  condition  £’,.  Though  Ts{ii,p)  =  Ts{TZ.p),  the  equality  Ts(il.  p) 
=  EiEiTs{Q,p)E,  need  not  hold.  We  shall  now  address  to  the  question  under  which 
conditions  the  final  state  Ts{Q,p)  of  5  admits  a  conditional  interpretation  with  respect 
to  the  (additive)  condition  I  = 

There  are,  at  least,  two  ways  to  tuckle  this  question.  The  first,  and,  perhaps,  the 
most  natural  approach  is  to  ask  when  does  the  equality  Tsi^.p)  =  ^,E,Ts{^.p)E, 
hold  for  a  given  reading  scale  TZ  and  initial  state  p.  It  appears  that  this  is  the  case 
exactly  when  the  values  of  E  and  Pa  associated  with  TZ  are  strongly  correlated  in  the 
final  object-apparatus  state  E(p  G  The  other,  more  restrictive  approach  is  to  ask 
when  does  the  equality  Ts(Q.p)  =  ^,EiP[p]E,  hold.  It  turns  out  that  this  is  the  case  if 
and  only  if  the  measurement  is  ideal  with  respect  to  TZ.  Here  we  shall  concentrate  only 
on  the  first  approach.  To  do  that  we  shall  recall  that  the  correlation  p(  Ei.P,,  V{p  ‘2’^)) 
of  the  values  Ei  and  P,  of  E  and  (with  respect  to  7?.)  in  the  final  state  L'(p  Z  "J*) 
can  directly  be  computed,  and  the  strong  value  correlation  p{Ei.  P,.L'{p  Z-  4’))  =  1 
is  obtained  exactly  when  the  equality  #r[r5(n..,?)£i]  =  tr[rA(^-  ■p)Pi]  holds  true  [4]. 
Then  we  obtain  [3]: 

Theorem  2.  Let  {Ha  -  Pa^^.  P)  be  a  normal  unitary  premeasurement  of  an  observable 
E.  For  any  reading  scale  TZ  and  for  any  initial  vector  state  p  of  the  object  system,  the 
following  two  conditions  are  equivalent: 

(a)  Ts{fl.p)  =  j:,E.Ts{fl.p)E,-. 

(b)  p{E,.Pi.U[p  G  4>))  =  1  for  each  1  =  1.2. •••  for  which  N}  /  0. 
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1.  In  the  ordinary  formulation  of  quantum  mechanics  the  principles  concerning 
measurement  —  the  probability  law  (PL)  and  the  reduction  postulate  (RP)  —  deal 
with  the  measured  system  5  alone.  The  measuring  apparatus  A  is  supposed  to  be  there 
but  it  remains  outside  the  description.  The  theory  of  measurement  consists  in  applying 
the  quantum  principles  —  first  of  all  the  Schrodinger  equation  (SE)  —  to  the  compound 
system  5  +  A  and  in  deducing  from  such  a  description  the  usual  postulates  dealing  with 
S  alone  (or  at  least  in  showing  the  consistency  of  the  two  descriptions).  This  program  is 
not  universally  accepted:  according  to  the  Copenhagen  interpretation  the  description  of 
the  apparatus  is  necessarily  classical  so  that  a  quantum  treatment  of  5  +  A  is  impossible. 

In  the  ideal  situation  the  dynamics  of  the  system  5  +  A  shall  be  such  that 

lti’m)lAo)  ^  W'n.>lA^,,„), 

where  |t!'m)  are  the  eigenvectors  of  the  measured  variable  and  |Am,j)  those  of  the  pointer 
^’ariable.  Then  because  of  linecirity  of  SE  one  gets 

(1)  ^  V  am|v-„)|Am,,„), 

m  rn 

while  according  to  PL+RP  (and  to  common  sense)  one  should  find 

(2)  V  lf,>|A,,„). 

each  I  happening  with  probability  |ai|^.  In  its  essence  this  is  the  problem  of  the  theory 
of  quantum  measurement. 

In  the  orthodox  theories  of  measurement,  the  unrestricted  veJidity  of  the  Schrod¬ 
inger  equation  and  the  completeness  of  the  description  provided  by  the  state  vector 
are  not  questioned.  Examples,  which  will  be  discussed  here,  are  the  orthodox  effec¬ 
tive  incoherence  (OEl)  theories  and  the  approaches  based  on  the  concept  of  history. 
Counterexamples  are  models  describing  reduction  as  a  real  physical  process  and  hidden 
variable  theories. 

2.  OEI  theories  go  back  to  the  work  of  Daneri,  Loinger  and  Prosperi.’  They 
constitute  the  most  numerous  f2imily  of  theories  of  measurement.  The  few  references 
we  give  here'“^  do  not  exhaust  even  the  most  rele\’ant  ones.  The  logical  structure  of 
these  theories  is  schematically 

SE  -I-  PL  -I-  AM  equivalent  to  SAME  -I-  RP, 

*  Supported  in  part  by  Ministero  dell'U niversita  e  della  Ricerca  Scientifica  e  Tecnologica 
and  Istituto  Nazionale  di  Fisica  Nucleare. 
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where  AM  indicates  a  suitable  assumption  on  measurability  of  the  quantities  of  the 
system  S  +  A  (or  S  +  A  +  £,  £  being  the  environment).  A  preliminary  statement  is  that 
quantum  mechanics  deals  only  with  ensembles.  Then  it  is  shown  that,  for  any  actutdly 
measurable  quantity  of  S  + A  (or  S+A+E),  probabilities  ctin  be  calculated  omitting  the 
cross  contributions  between  the  terms  of  the  r.h.s.  of  eq.  (1).  It  is  concluded  that  the 
superposition  appearing  in  (1)  is  effectively  incoherent,  i.e.  equivalent  for  all  purposes 
to  the  mixture  given  by  (2).  The  various  theories  differ  from  one  another  essentially  in 
the  type  of  limitation  which  is  invoked.  The  above  account  is  obviously  incomplete  zmd 
oversimplified  but  it  gives  the  essence  of  the  argument. 

The  question  immediately  arises  about  OEI  theories  whether  we  can  reconcile  the 
fact  that  in  a  single  measurement  we  actually  get  a  definite  result  with  a  description  of 
the  system  devoid  of  any  counterpart  of  such  a  definite  result.  Remember  that  the  state 
vector  is  always  given  by  the  Schrodinger  equation  and  that  the  only  link  between  the 
state  vector  and  the  results  of  any  (allowed)  measurement  is  the  probability  law.  Let 
us  consider  two  successive  measurements  of  the  same  quantity  of  S.  The  state  vector 
undergoes  the  evolution 

If  we  apply  the  probability  law  to  a  third  measurement  consisting  in  looking  at  the 
pointers  of  the  first  and  second  apparatus,  we  find  that  the  probability  of  equal  results  is 
1.  If,  instead,  we  apply  the  probability  law  after  the  first  to  the  second  measurement  for 
the  subensemble,  say,  for  which  the  result  I  has  been  obtained,  we  find  Pr  (/)  =  |a/|^  <  1. 
We  meet  an  inconsistency,  which  comes  from  allowing  a  selection  of  the  members  of 
the  ensemble.  A  similar  inconsistency  is  mef*  if  the  description  is  applied  to  finite 
ensembles.  We  conclude  that  OEI  theories  are  consistent  only  if  applied  to  indi\'isible 
infinite  ensembles.  One  can  easily  show  that  this  kind  of  inconsistency  disappears 
in  those  theories  of  measurement  in  which  the  description  of  the  system  includes  a 
counterpart  of  the  obtained  result.  However,  effective  incoherence  is  a  fact,  of  vital 
importance  for  any  theory  of  measurement. 

3.  The  history  approach  was  initiated  recently  by  Griffiths^  and  continued  by 
Omnes®  and  Gell-Mann  and  Hartle.*  A  critical  study,  to  which  the  present  discus¬ 
sion  is  largely  inspired,  has  been  given  by  d'Espagnat.®  We  shall  refer  here  to  the 
version  of  Ref.  7.  It  is  a  probabilistic  theory  of  the  universe  (which  implies  to  in¬ 
terpret  probabilities  as  propensities).  The  key  concept  is  that  of  decoherent  set  of 
alternative  histories.  One  starts  considering  projection  operators  in  the  Heisenberg  pic¬ 
ture:  P(t)  =  P(Q)e~'^'l^ .  Then  a  set  of  alternatives  is  a  set  P^a](^)  such  that 

PaWPaW  =  ^aaPaii).  13a  PaW  =  1-  A  particular  history  [Pa]  is  a  particular  time  se¬ 
quence  [Pqj  (<i ) ,  (<2 ) ,  - . .  Pq„  {in )]  of  alternatives  and  a  set  of  alternative  histories 

(SAH)  [P{o)]  Is  a  time  sequence  of  sets  of  alternatives.  A  history  is  a  coarse(fine)- 
graining  of  another  if  the  set  [Pa]  of  the  first  (second)  history  consists  of  sums  of  the 
[Pa]  of  the  second  (first)  history.  One  proceeds  further  defining  for  a  SAH  the  decoher¬ 
ence  functional 

(3)  Z?  ([Pa-]  ,  [Pa])  =  Tr  [p;„,  (#„)...  P^,,  «,  )  im'IPl  (<1  )  •  •  ■  Pal  (^r,)] 


218 


where  is  the  initial  state  vector  of  the  universe.  A  SAH  is  decoherent  (DSAH)  when 
([-Po']  >  [^al)  ~  0^  for  any  a*'  o*. 

It  is  a  property  of  a  SAH  which  depends  on  |ji’)  and  on  the  dynamics  embodied  in 
the  time  evolution  operator.  SAH's  specified  at  only  one  time  are  all  decoherent.  It 
is  easily  seen  that  coarse-graining  preserves  decoherence  and  fine-graining  can  destroy 
it.  Therefore  some  DSAH’s  are  maximal  with  respect  to  fine-graining.  Let  [^{a)]  be  a 
DSAH,  and  [.P{4}]  a  coarse-graining  of  it,  which  is  also  a  DSAH.  Then 

D([P,],[Pd])«  DilP^].[Pr.]) 

allPft  notfixedby j 

This  additivity  property  allows  one  to  interpret  the  (diagonal)  elements  of  D  eis  the 
probabilities  of  the  various  histories  within  the  DSAH  to  which  D  refers.  One  writes 
therefore  the  fundamental  formula' 

^  Pr([Pa]). 

The  origins  of  decoherence  have  been  extensively  discussed  by  the  authors  of  the  historj’ 
approach.  In  the  situations  of  interest  for  the  theory  of  measurement,  decoherence  is 
related  to  the  same  Umitations  on  measurability  on  which  are  beised  OEI  theories. 

In  the  history  theories,  the  element  of  our  description  of  physical  systems  (except 
the  universe)  is  no  more  the  state  vector,  it  is  the  (decoherent)  history.  This  charac¬ 
teristic  fact  has  important  consequences.  The  first  one  is  that  the  kind  of  inconsistency 
we  find  in  OEI  theories  is  overcome.  In  fact,  in  such  theories  the  probability  law  is 
to  be  applied  to  the  state  vector  any  time  we  perform  a  measurement;  here,  instead, 
probabilities  refer  to  whole  histories.  In  the  situation  considered  above,  one  simply  finds 
that,  in  the  relevant  DSAH,  histories  with  different  pointer  positions  have  probability 
zero  because  of  dynamics. 

Given  the  initial  state  of  the  universe  and  its  dynamics  there  are  many  DS.\H's 
and  even  m2my  maximal  DSAH’s.  The  following  question  is  legitimate:  what  does 
decide,  if  anything  does,  between  two  histories  belonging  to  different  DS.^H's?  It  is 
not  chance,  because  probabilities  can  be  assigned  only  within  one  DS.4H.  One  can 
answer  that,  given  it  is  the  dynamics  of  the  universe  that  decides  what  is  the 
relevant  DSAH.  Alternatively,  one  can  state  that  we  have  free  will  and  that  it  is  our 
decision  about  what  to  measure  that  chooses  the  DS.4H.  The  first  answer  is  probably 
more  a«lherent  to  the  spirit  of  a  cosmological  theory  like  that  of  Gell-Mann  and  Hartle, 
even  though,  in  my  opinion,  denying  free  will  goes  beyond  a  reasonable  application  of 
present  day  science.  Anyhow,  the  first  answer  implies  that  one  needs  something  besides 
the  fundamental  formula,  which,  on  the  other  hand,  seems  to  incorporate  completely  the 
initial  condition  and  the  dynamics  through  eq.  (3).  The  second  type  of  answer  appears 
to  me  less  metaphysical.  It  has  some  odd  consequences  as  it  will  be  discussed  below.  I 
think  that  the  structure  of  the  space  of  DSAH's  should  be  studied  and  the  problem  of 
the  choice  of  the  relevant  DSAH  discussed  thoroughly. 

At  any  rate,  it  has  been  pointed  out  by  d'Espagnat®  that,  as  a  rule,  there  are 
different  equally  relevant  DSAH’s  the  choice  among  which  is  completely  arbitrary. 
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Suppose  that  at  time  to  the  component  and  at  time  <2  the  component  Sz  of  the 
spin  of  a  certain  particle  axe  measured.  We  know  from  the  above  discussion  that 
is  a  DSAH.  But  then  also  (to) ,  (ti) , -Pf',}  (<2)] 

and  [Pj^j,}  (to) ,  P{^,}  (ti) ,  P{^jj  (t2)J  are  DSAH's.  Since  the  two  specifications  at 
time  ti  are  incompatible  they  cannot  be  both  true.  According  to  Omnes  they  are  reli¬ 
able.  But  it  remains  the  fact  that  histories  cannot  be  thought  simply  as  unfoldings  of 
true  assertions  about  the  system. 

Another  problematic  feature  of  history  theories  is  the  future-past  relation.®  In 
order  to  make  predictions  about  a  tomorrow’s  measurement  I  must  foresee  what  type  of 
measurement  I  will  perform,  consider  the  corresponding  SAH,  ascertain  its  decoherence 
(no  problem),  calculate  the  probabilities.  Assuming  free  will,  what  are  the  relevant 
DSAH’s  depends  on  what  I  will  decide  tomorrow.  Since  the  set  of  relevant  DSAH’s 
specifies  what  quantities  today  have  reliable  values,  we  must  conclude  that  in  some 
sense  the  future  can  influence  the  past. 

4.  History  theories  appear  to  be  an  important  improvement  of  the  Copenhagen 
interpretation,  essentially  because  they  provide  a  quantum  description  of  the  system 
5  +  A.  They  tire  also  an  improvement  with  respect  to  OEI  theories,  which  we  found 
to  be  not  fully  consistent.  However,  the  fact  that  only  a  part  of  the  assertions  mtdcing 
up  a  history  can  be  said  to  be  true  (in  practice,  those  more  directly  related  to  readings 
of  instruments)  is  a  severe  limitation  of  our  faculty  of  predicating  something  about  the 
system  we  are  considering.  If,  on  the  other  hand,  we  tend  to  give  some  value  of  truth 
to  reliability,  then  we  must  either  deny  free  will,  or  accept  that  the  future  can  influence 
the  past. 

My  conclusion,  not  a  new  one,  is  that  the  history  interpretation  of  quantum  me¬ 
chanics  provides  a  consistent  set  of  precise  rules  for  making  previsions,  but  that  it  does 
not  allow  to  ascribe  individual  properties  to  physical  systems  beyond  those  directly 
related  to  measurements. 
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1.  Quantum  Measurements. 

Measurement  and  state  preparation  procedures  are  often  discussed  in  terms  of 
the  projection  postulate,  i.e.  sudden  and  non-unitary  processes  are  employed  to 
accomplish  a  measurement  or  a  state  preparation.  Our  object  here  is  to  try  to  show 
that  the  mathematical  structure  of  orthodox  quantum  mechanics  is  rich  enough  to 
allow  the  formulation  of  “continuous”  unitary  processes  for  mecisurements  and  for 
state  prepara; ....... 

Consider  the  measurement  of  an  observable  A  having  eigenvalues  a,.  A  typical 
quantum  measurement  process  involves  the  following  two  steps. 

Step  one  is  referred  to  as  a  spectral  separation  step.  This  involves  the  splitting  up 
of  the  initial  wave  function  into  spatially  separated  components;  each  component 
corresponding  to  an  eigenvalue  aj  (M.  Namiki,  Found.  Phys.  18  (1988)  28). 

These  components  are  then  guided  towards  detectors  at  different  locations.  Step 
two  involves  the  direct  detection  of  the  particle  by  detectors  at  various  locations;  we 
call  this  the  local  position  measurement  step. 

A  spectral  separation  is  a  time  evolution  process.  The  question  is  whether  there  is 
an  interaction  described  by  an  observable  H  which  can  produce  the  desired  spectral 
separation  of  the  wave  function.  Mathematically  we  seek  a  unitary  evolution  group 
U ,  where  Ut  =  {t  €  R),  which  will  cause  the  initial  wave  function  to  undergo 

a  spectral  separation  in  time. 

Suppose  A  has  a  discrete  and  nondegenerate  spectrum  with  eigenvectors  <f>j  cor¬ 
responding  to  eigenvalues  Uj.  Then  A  =  ZjojPj  where  P,  =  Let  $  be 

a  given  initial  state.  Then  we  have  ($|>4$)  =  where  $  =  ^Cj<j>j,  and 

Cj  =  ($|Pj$)  =  (0;j^)-  The  quantity  |cj|*  represents  the  probability  of  obtaining 
the  value  ay.  Under  an  evolution  group  U  we  have  =  Hcyf/i^j 

To  achieve  a  spectral  separation  we  want  the  Ut4)j  to  evolve  into  different  spatial 
regions  at  large  times.  Let  Ay  be  a  collection  of  disjoint  regions  in  space  V?,  and  let 
tAy  denote  the  set  €  Ay}.  Then  the  regions  fAy  in  P?  are  mutually  disjoint 

for  each  t  >  0.  We  want  each  state  f/,^y  to  evolve  asymptoticeJly  into  the  region 
«Ay. 

The  following  diagram  illustrates  the  idea. 
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Let  Xtt^j  the  characteristic  function  of  the  region  tAj.  We  wcint 

lim  \\Xt£,Vt(l>]\\  =  1,  or  equivalently  lim  {Ut<i>j\XtCL,^t<t>i)  =  1- 

The  next  step  is  to  detect  the  arrived  of  the  paurticles  at  detectors  located  in  various 
regions.  The  count  or  count  rate  detected  in  region  tAj  should  give,  with  arbitrary 
accuracy,  the  probabilities  |cyp  needed  to  obtain  {$|j4$). 

Let  us  now  carry  out  a  more  detailed  analysis.  Given  a  finite  number  N  of 
detectors  we  can  place  them  in  N  disjoint  regions,  e.g.  {TAjll  <j  <iV},  at 
some  large  time  T.  This  implies  we  can  only  positively  detect  the  components 
{Ui<i>j\l  <  j  <  A^}  and  therefore  can  only  measure  the  observable  >4yv  =  ojPj. 
This  is  good  enough  because  for  every  tl>  in  the  domain  of  A  we  have  AtP  = 
lim^/_oo  Astl>,  and  the  operator  As  has  the  same  eigenvectors  <f>j  and  eigenvalues 
Oj  as  A  for  j  =  1, . . . ,  iV  plus  an  additional  infinitely  degenerate  eigenvalue  0.  Writ¬ 
ing  $  =  +  ^iv  where  c,^j  and  ❖jv  is  orthogonal  to  ❖at,  we  obtain 

(<I>|Aa,$)  =  Icypa,. 

The  question  now  is  whether  there  is  an  evolution  group  U  which  can  effect  a 
spectral  separation  of  the  initial  state  $  into  its  components  Ut<i>\,. . . , 

The  answer  is  given  by  the  following  result. 

Theorem  1.  (K.K.  Wan  and  R.G.  M*^Lean,  J.  Phys.  24A  (1991)  L425)  Let 
{V’j|l  ^  J  <  A"}  be  a  finite  orthonormal  set  in  L'^{R^)  and  let  {Aj|l  <  j  <  K)  be  a 
set  of  disjoint  regions  in  R^.  Then  there  is  an  evolution  group  U  on  L^(R^)  such 
that 

1.  lim<_oo(f/«l/’>lX,^^l/itl’i)  =  1,  i-e.  evolves  into  tAj  asymptotically; 

2.  every  element  of  L^{R^)  is  a  scattering  state  of  U; 

3.  the  wave  operator  G''’  =  s-/»mt_oo  UtUf  exists  and  is  unitary,  where  f/®  ts  the 
free  evolution  group. 

With  K  =  N  +  1,  ipj  =  (l>j,  tpN+i  =  the  theorem  ensures  the  desired  spectral 
separation,  i.e.  the  existence  of  an  evolution  group  U  such  that 

lim{f/.^^|X..  ^,>  =  1  (l<;<Af) 

»— *00  ' 

for  some  disjoint  regions  Ai , . . . ,  A/v- 
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We  can  now  obtain  each  \cj  by  a  local  position  measurement  at  some  large  time 
T  using  a  detector  sited  in  the  region  TAy;  these  detectors  Dj  measure  the  local 
position  observables  Xta,  ■  Intuitively  we  have; 


Mathematically  we  have  the  following  consequence  of  Theorem  1. 

Corollary.  lim  {Ut^Xte^Vt^)  =  \cif- 

t—^OO  •* 

It  follows  that  the  probabilities  |cy|*  (1  <  i  ^  are  obtainable  by  measuring 

the  local  position  observable  Xta,  *‘•1'  H^nce  we  can  obtain 

>=i 

Conclusion.  We  have  indeed  a  unitary  evolution  process  which  reduces  a 
general  measurement  to  local  position  measurements. 

2.  State  Preparation. 

We  want  to  prepare  an  arbitrarily  chosen  state  by  a  unitary  evolution  process 
without  a  sudden  wavepacket  reduction.  This  cein  be  achieved  by  the  following. 

Theorem  2.  (K.K.  Wan  and  R.G.  McLean,  preprint,  1991)  Given  any  unit 
vector  <j)  in  L^{R^)  there  is  a  selfadjoint  operator  H  with  the  following  properties: 

1.  H<t>  =  0  i.e.  (j)  is  an  eigenvector  of  A  coiresponding  to  the  eigenvalue  O; 

2.  every  vector  orthogonal  to  <!>  is  a  scattering  state  of  H ; 

3.  the  wave  operator  =  s-limt-,oaVfU^  exists,  where  U  is  the  evolution  group 

generated  by  H ,  i.e.  Ut  =  (t  €  K). 

First  consider  the  ceise  of  an  ideal  particle  source,  i.e.  suppose  that  we  are  given 
a  source  which  produces  particles  in  a  definite  but  unknown  pure  state  $  at  the 
rate  of  one  particle  per  unit  time.  We  want  to  “process”  these  particles  to  produce 
some  particles  in  the  desired  state  <!>.  Let  ^  =  a<t>  +  bd>^  where  is  a  unit  vector 
orthogoncil  to  <t>-  Theorem  2  then  implies  the  existence  of  an  evolution  group  U 
under  which  is  a  bound  state  and  Vtd  =  d  for  all  t,  and  d^  's  a  scattering  state 
(W.O.  Amrein,  Non- Relativistic  Quantum  Dynamics,  Reidel,  Dordrecht,  1981). 


Now  for  any  bounded  operator  B  on  =  0  (K.K.  Wan 

and  F.E.  Harrison,  preprint,  1991).  So  at  large  times  the  scattering  state  <t>j-  is  not 
correlated  to  the  bound  state  (f>  by  any  observables  and  the  linear  combination 

Ut^  =  0^  +  hUt^^ 

becomes  indistinguishable  from  the  mixture  represented  by  the  density  operator 

Pi  =  a’aP^  + 

That  is  \im  (Ut^lBUt^)  =  Um  Tr(Bpt) 

for  all  bounded  operators  B.  In  other  words  at  Icirge  times  T  we  have  a  mixture  of 
the  desired  state  and  the  state  which  is  far  away. 

We  can  make  everything  precise  by  introducing  the  concepts  of  states  at  infinity 
(K.K.  Wan  and  R.G.  McLean,  preprint,! 991)  and  of  asymptotic  superselection  rules 
(K.K.  Wan  and  F.E.  Harrison,  preprint,  1991). 

Now  consider  the  case  of  a  random  particle  source,  i.e.  suppose  that  the  particle 
source  produces  particles  in  various  states  in  some  random  manner,  e.g.  these  various 
states  form  a  dense  set  in  L*(jR^)  and  they  appear  with  certeiin  probabilities.  Then 
the  same  evolution  group  U  again  produces  particles  in  the  desired  state  <j>  This  is 
a  useful  result  since  in  practice  a  particle  source  is  likely  to  be  a  random  souic“. 

Let  us  now  consider  spin.  The  traditional  Stern-Gerlach  set-up  does  not  lead 
to  spin  measurement  with  arbitrary  accuracy  because  the  set-up  cannot  eliminate 
the  overlap  of  the  spin-up  and  spin-down  beams  even  asymptotically  (P.  Busch  and 
F.E.  Schroeck  Jr.,  Found.  Phys.  19  (1989)  807). 

Question:  Can  spin  be  accurately  measured  at  all,  or  equivalently,  can  the  spin- 
up  and  spin-down  components  be  asymptotically  separated  by  some  interaction? 

Answer:  Our  present  analysis  can  be  extended  to  prove  the  existence  of  am  evo¬ 
lution  group  U‘  acting  on  the  Hilbert  space  H‘  =  L*(R®)  which  can  produce 
the  desired  spectral  sepsu-ation,  i.e.  to  separate  the  spin-up  and  the  spin-down  com¬ 
ponents  asymptotically.  This  should  allow  the  measurements  of  spin  with  arbitrary 
accuracy.  Our  present  anadysis  can  also  be  extended  to  allow  the  prepau’ation  of 
definite  spin  states  (K.K.  Wan  amd  R.G.  McLean,  preprint, 1991). 

3.  Final  Remarks. 

In  praictice  we  often  use  the  waiting  technique  to  prepare  the  ground  state  of  a 
system,  i.e.  we  simply  wait  for  the  system  to  settle  down  into  the  ground  state.  This 
is  a  method  of  preparing  a  state  asymptoticadly  in  time.  L.E.  Ballentine  ( Quantum 
Mechanics,  Prentice-Hall,  1990)  discusses  this  method  and  the  type  of  potential  re¬ 
quired  to  prepare  certain  states.  Our  analysis  is  a  general  mathematical  formulation 
of  an  asymptotic  method  for  measurements  and  for  state  preparation. 
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1.  Introduction 

In  [5],  VVigner  posed  a  claim  that  observables  which  do  not  commute  with  the  addi¬ 
tive  conserved  quantities  cannot  be  measured  precisely.  Araki  and  Yanase  [1]  gave 
a  proof  of  this  claim,  later  called  the  Wigner-Araki-Yanase  theorem,  for  measure¬ 
ments  of  discrete  observables  and  bounded  conserved  quantities,  and  showed  that,  if 
the  conserved  quantity  Li  is  of  finite  rank,  an  observable  A  not  commuting  with  Lx 
can  be  measured  approximately.  .A  little  later,  Yanase  [8]  obtained,  by  macroscopic 
approximation,  an  upper  limit  for  the  accuracy  of  the  measurement  of  the  spin  com¬ 
ponent  in  terms  of  the  size  of  the  apparatus.  Since  then,  there  has  been  continuing 
researches  on  this  subject,  and  the  following  statements  are  currently  supported  in 
the  literature;  No  observable  which  does  not  commute  with  the  additive  conserved 
quantities  (such  as  linear  or  angular  momentum  or  electric  charge)  can  be  measured 
precisely,  and  in  order  to  increase  the  accuracy  of  the  measurement  one  has  to  use 
a  very  large  measuring  apparatus  [7,  p.  14].  However,  no  rigorous  approach  to  this 
subject  has  been  advanced  much,  and  the  following  problems  still  remain  unanswe¬ 
red;  1)  to  prove  the  Wigner-Araki-Yanase  theorem  for  continuous  observables;  2) 
to  determine  if  the  theorem  holds  for  unbounded  conserved  quantities;  3)  to  obtain 
the  bound  for  the  accuracy  of  the  spin  measurement  without  any  macroscopic  ap¬ 
proximation.  In  order  to  solve  these  problems,  in  this  paper  we  shall  introduce  a 
new  rigorous  approach  based  on  the  analysis  of  commutation  relations  obeyed  by 
the  noise  operators,  and  give  rigorous  results  for  the  above  problems. 

2.  Noise  commutation  relations 

Let  Hx  be  the  Hilbert  space  of  an  object  and  the  Hilbert  space  of  the  measuring 
apparatus.  Let  A  be  the  observable  (self-adjoint  operator)  of  the  object,  which  is 
to  be  measured  by  the  apparatus,  and  B  the  observable  in  the  apparatus  actually 
measured  by  the  observer.  Let  (.■  be  the  unitary  operator  on  Hx  ©  'H2  representing 
the  time  evolution  of  the  object-plus-apparatus  during  the  me2isurement.  Suppose 
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that  there  is  a  pair  of  observables  Lx  in  Hi  and  Lj  in  Hi  representing  an  additive 
conserved  quantity,  i.e., 

[U,Lx  0  1  +  1  01,2]  =  0. 

In  order  to  generalize  the  Wigner-Araki-Yanase  theorem  to  measurements  of  conti¬ 
nuous  observables,  it  is  convenient  to  discuss  the  problem  in  the  Heisenberg  picture. 
The  noise  operators  Ni  and  N2  are  then  defined  by 

Nx  =  uH^®B)U  -  A®1, 

N2  =  uhAQ\)U  -  Aq,\. 

The  following  theorem  gives  fundamental  commutation  relations  obeyed  by  the  noise 
operators. 

Theorem  1.  We  have  the  following  relations: 


[Nx.U\Lx  ©  l]U]  +  [N2,U\1  G  L2)U]  -  [Lx,A]Q  1,  (1) 

©  1  -hi  0 12]  =  [ii.  d]  ©  1  -  f  A(1  0  IL2.  B])U,  (2) 

[A'2,  ii  0  1  +  1  G  12]  =  [ii.  A]  ©  1  -  U\[Lx,  A]  0  l)U,  (3) 

[Nx,L’\l  0  L2)U]  -f  \N2,UHLx  Q  l)r] 

=  [Ii,  A]  ©  1  -  UHlLuA]  Ql  +  IQ  [L2,  B])U.  (4) 


3.  A  generalized  Wigner-Araki-Yanase  theorem 

We  say  that  t  he  unitary  U  gives  an  exact  measurement  of  A  Virith  meter  B,  if  for  any 
£  >  0  there  is  some  ^  €  Wi  with  ||^||  =  1  such  that  for  any  w  €  H2  with  ||t/'||  =  1 
satisfying 


(t/’©^jAi|ti'0O  =0,  (5) 

{0  0dA2|V-©O  =0-  (6) 

llAi(t/’OOII  <-%  (7) 

11^2(0  0  011  <£•  (8) 


It  is  easily  seen  that  the  above  conditions  are  rigorous  requirements  for  that,  when 
the  apparatus  is  prepared  in  the  absolute  precision  before  the  measurement,  the 
measurement  represented  by  U  satisfies  the  statistical  formula  for  the  outcomes  of 
the  measurement  [4,  pp.  200-201],  and  the  repeatability  hypothesis  [4,  p.  335]. 

The  folloAving  theorem  generalizes  the  Wigner-Araki-Yanase  theorem  to  the  case 
where  the  observable  has  a  continuous  spectrum. 
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Theorem  2.  If  [A,  L\]  ^  0,  and  if  L\  and  L2  are  bounded,  then  A  cannot  be 
measured  exactly. 

Proof.  Suppose  that  A  can  be  measured  exactly.  From  Eq.  (1)  and  the  Schwarz 
inequality, 


<  •2(|iA\(v'- 0^)11 1|£,||  +  ||A’,(t.  3  011  ||i2||) 

<  •2c-(||I,ll  +  ||i,l|). 

Since  £  and  v  are  arbitrary,  we  have  [,4,  Z-i]  =  0.  □ 

Contrary  to  the  standard  understanding  of  the  Wigner-Araki-Yanase  theorem, 
the  following  theorem  shows  in  particular  that  the  momentum  conservation  law  does 
not  prevent  exact  position  metisurements. 

Theorem  3.  If  [A,  Li]  is  a  c-number,  then  A  can  be  measured  exactly  with  B 
such  that  [B.  I2]  =  0. 

Proof.  By  uniqueness  of  representations  of  the  CCR.  it  suffices  to  consider  the 
case  where  the  object  is  a  one-dimensional  mass  with  position  x  and  momentum  Pi 
and  A  =  X.  Li  =  p^.  For  this  case,  a  counter  example  is  obtained  in  [2],  □ 

4.  Bound  for  the  accuracy  of  spin  measurements 

Now  we  shall  consider  the  case  where  [B,  L2]  =  0.  In  this  case  the  measurement  of 
B  is  not  limited  by  the  additive  conservation  law  of  ij. 

Theorem  4.  If[B.L2]  —  0,  tee  have,  for  any  ti’  €  Hi  and  ^  with  ||^||  =  ], 

|■>|[£.,2lliv)|  <  2||A',(fGf)llllAI,t'3f  +  rG 

Proof.  From  Eq.  (2)  and  the  Schwarz  inequality. 

=  \{wQf\[Ni.LiQ\  +  l2L2]WZ(.)\ 

<  2||At(t'’  0  011  llAiit’  3  (  +  V  0  Al^eil- 

□ 


For  w  =  T  ,y,z,\et  s^,  be  the  spin  observable  in  the  ut-direction  of  an  object 
with  spin  1/2,  the  positive  spin  state.  5^.  the  negative  spin  state,  and  the 
angular  monientum  of  the  apparatus  in  the  (c-direction.  Yana.se  [S]  considered  the 
following  meiisuring  interaction  ('  of  a  measurement  of  the  x-component  of  the  spin. 

G  0  =  Ox  c>  -V  +  0  y, 

VdhGO  =  ix  0 -Y' +  Q,  ,3 
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where  ^  is  the  initial  state  of  the  apparatus,  and  -Y,  and  X'  are  eigenvectors  of  B 
for  different  eigenvalues.  In  this  case,  .4  =  and  we  "hall  consider  the  additive 
conservation  law  of  the  ^-component  of  the  angular  momentum,  i.e.. 

[^^s, +  Z.]  =  0. 

We  suppose  that  B  commutes  with  Zj,  and  define  the  total  error  probability  of  this 
measuring  apparatus  by 


Then  the  following  relation  is  obtained  by  applying  Theorem  4  to  w  —  Oy  (rf. 


[3]): 


£  > 


2h^+S{XL.)^ 

This  relation  coincides  with  the  bound  obtained  by  Yanase  [8] 


£  > 


in  the  macroscopic  case  where  s:  {^>1))  ^^d  coincides  with  the  bound 

obtained  bv  Wigner  [6] 

in  c£ise  where  ft^  <c  AL]  ss  {Ll)f4,  the  latter  relation  of  which  follows  for  instance 
from  that  Lz  is  uniformly  distributed  in  the  positive  part  of  the  spectrum. 
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Variations  on  a  Theme  by  E.P.Wigner 


Susumu  KAMEFUCHI 


Atomic  Energy  Research  Institute,  College  of  Science  and  Technology 
Nihon  University,  Tokyo  101.  Japan 


The  problem  of  quantizing  a  simple  harmonic  oscillator  is  examined  on  the  basis 
of  some  general  formulae.  .411  known,  as  well  as  new.  methods  of  quantization  are 
incorporated  into  our  framework.  Remarks  are  also  made  on  some  related  problems. 


1.  Theme 

Professor  Wigner’s  original  theme  on  which  our  following  discussions  will  be  based 
is  the  one  presented  in  his  1950  paper",  titled  "Do  the  Equations  of  Motion  Determine 
the  Quantum  Mechanical  Commutation  Relations?"  For  the  case  of  a  simple  harmonic 
oscillator  in  which  we  shall  hereafter  be  interested  his  question  can  be  stated  more 
explicitly  as:  whether  the  canonical  commutation  relation  between  the  coordinate  Q 
and  its  conjugate  momentum  P  =  Q,  that  is. 

(Q.P]  =  i  (1) 

is  the  unique  possibility  of  quantization,  when  both  the  classical  equation  of  motion 

<?  +  Q  =  0,  (2) 

and  the  classical  expression  for  the  Hamiltonian 

H  =  (3) 

are  to  be  preserved  after  quantization,  w-here  our  units  are  such  that  m  =  yj  =  h  =  1. 
In  addition  to  these  the  Heisenberg  equation  of  motion,  of  course,  is  taken  for  granted 

t.4  =  (A,/fl  (4) 

for  any  operator  .4. 

Now.  the  answer  given  by  Wigner  himself  to  the  above  question  is  that  there  exists 
an  infinite  family  of  possibilities,  parametrized  by  Eo  >  0.  the  minimum  eigen\'alu" 
of  H ,  and  that  the  canonical  quantization  corresponds  to  the  simplest  nontrivitd  case 
Eo  =  1/2. 

In  the  present  paper  \\c  shall  try,  so  to  speak,  a  number  of  variations  on  this  theme 
by  Wigner.  and  sup])lement  them  with  some  remarks  on  related  problems. 


2.  Formulation  of  the  problem 
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Instead  of  Q  and  P  we  employ  three  operators  a,a*  and  A'  =  H  such  that 

Let  us  then  assume  that 


(5) 


{!)  Ia,A^]=a,  [at,Ar)  =  -at;  (6) 

(11)  N  =  F([a\aU  or  [a\aU  =  F-\N)  =  G(Ny,  (7) 

where  [.4,  B]a  s  ,4B  4-  qB.4  with  o  ^  0,  and  G{  x)  is  a  real  function  of  x,  and  (III)  that 

there  exists  at  least  one  representation  in  which  the  spectrum  oi  N  is  bounded  below 
2) 

Since  H  =  N  as  noted  above,  (4),  (5)  and  (6)  lead  us  to  (2).  On  the  other  hand, 
(I)  and  (III)  imply  that  the  n-th  eigenvalue  N„  of  A'  is  of  the  form:  N„  =  A'o  +  n  with 
n  =  0. 1. 2.  ■  ■  (hence  Eq  =  A’o).  Thus,  a.  and  (A’  —  A’o)  play  the  roles  of  annihilation, 
creation  and  occupation  number  of  energy-quanta,  respectively.  Further,  the  use  of  (7) 
enables  us  to  see  that  the  eigenstate  |A'n  >s  |n  >  of  N  with  eigenvalue  A’n  is  non¬ 
degenerate,  provided  |0  >  is  taken  to  be  so.  All  matrix  elements  of  a  and  are  then 
fixed  to  be 


<  n|aln  -h  1  >=<  n  -f  l|a*|n  >=  \/l(n).  (8) 

n 

I(n)  =  1  at|n  >  f  =  ^ (-l)'"a-<'"+“G(n  -  m)  >  0.  (9) 

m=0 

where  G(n)  =  G(N„). 

Quantization  in  our  formulation  is  thus  completely  specified  by  o.  G  and  A’o.  The 
condition  (9)  determines  whether  n  has  no  maximal  \-alue( Bose- like)  or  has  the  maximal 
value  rimar  <  oc  (Fermi- like). 


3.  V’ariations 

By  suitably  choosing  o,  G  and  A’o  we  csm  accomodate,  in  our  framework,  various 
methods  of  quantization  so  far  proposed,  and  moreover  invent  netv  ones. 

Theme:  Wigner  quantization  (Bose-like,  A’o  >  0).  Wigner's  results’*  are  reproduced  by 
putting  Q  =  1.  G(N)  =  2A’,  whence  I(n)  =  r}-|-2A’o(=  n-f-1)  for  7j=even(odd).  Bose(or 
canonical)  quantization  (A’o  =  1/2)  and  para-Bose  quantization’*!  A’o  =  Pl~,P  = 
1, 2, 3,  •  ■  ■)  are  special  cases  thereof. 

Var.l:  para-Fermi  quantization^^ Fermi-like,  A’o  =  — p/2  =  —n„,ar)-  o  =  — 1,G(A’)  = 
2iV,  whence  I(n)  =  — (n  2No)(n  +  1).  Note  that  no  other  values  than  A’o  =  —p/2  are 
permissible  here.  Fermi  quantization  (p  =  1)  is  a  special  case. 

VaT.2:  q-deformed  quantization  (Bose-like,  q  >  0,  Aq  real).  The  choice'**  a  =  — g“’, 
G(N)  =  — leads  to  I(n)  =  [n  -f- 1],9“''’“,  where  [x],  =  (q'^  -  q~^)l(q  -  g”’ ).  On 
the  other  hand,  the  choice’*  q  =  —1,  G(N)  =  [A],  —  [A  -)- 1],  leads  to  I(n)  =  [n  1  -|- 
Ao],  —  [Ao]g.  Note  that  the  above  two  choices  are  equivalent  only  for  A’o  =  0(contrary 
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to  the  statement  often  made  in  the  literature). 

Var.S:  q-deformed  Wigner  quantization  (Bose-like,  q  >  0,  No  >  0).  To  generalize  the 
original  theme  we  put  a  =  1,  G(N)  =  [2iV],.  Then  7(n)  =  [n  +  2.Vo],{n  +  !},(  = 
{n  +  2Aro},[n  +  1],)  for  n=even(odd),  where  {j},  =  (q^  +  q~^)/(q  +  ). 

Var.4:  q-deformed  para-Fermi  quantization  (Fermi-like,  q  >  0,  No  =  —p/2).  To  gen¬ 
eralize  Var.  1  we  put  o  =  -1,  G(N)  =  [2iV],.  Then  I(n)  =  [-(n  -|-  2JVo)]Jn  +  1],. 
Variations  similar  to  Var.  3  and  Var.  4  were  also  discussed  by  other  authors®h 

Var.S:  O'Raifeartaigh- Ryan- Gruber  quantization'^  (Bose-like.No  >  0).  In  this  case 
o  >  0,  G(N)  =  N.  The  expression  for  I(n)  is  easily  found  from  (9). 

Var.S:  T-D  cut-off  deformation  (Bose-like,  q  >  I,  No  real).  The  choice  o  =  —q, 
G(N}  =  -q-'^'  leads  to  I(n)  =  (n  -1-  Since  I(n)  —  0  as  n  oc,  the 

mechanism  of  the  so-called  Tamm-Dancoff  cut-off  is  built  in  here. 

Var.7:  Greenberg's  q-mutator^^  (Bose-like,  —  1  <  5  <  1,  No  =  0).  Having  a  =  G(N)  = 
—q  this  is  an  exceptional  case  in  that  (7)  no  longer  defines  N,  but  serves  instead  as 
a  commutation  relation.  By  using  this  relation,  however,  we  can  determine  N  in  such 
a  way  that  (6)  holds  true,  the  result  being 

n=0 '  ’  ' 


4.  Coda:  Supplementary  remarks 

(a)  It  is  possible  to  express  general  operators  a  and  a*  in  terms  of  the  ordinary  Bose 
operators  6,  and  Ni,  =  b*b  together  with  A’o: 


a  =  Ub,  a*  = 

n!  V  n  4-  1' 


sin(  kNi,  ) 
ttAT 


6". 


(11) 


(b)  It  is  not  difficult  either  to  construct  a  single  coherent  state  for  the  operator  a.  In 
the  Bose-like  case,  for  example,  it  is  given  as 

>=  [Exp«*^)|->/2Exp(^a^)|0  >.  (12) 

where  Exp(x)  =  Y,7=o^’'/  <  n  >1,  <  n  >!  =<  1  ><  2  >  ■  ■  ■  <  n  >,  <  n  >  = 

I(n  —  1)  and  (,  is  taken  to  be  a  complex  number.  When  a  set  of  coherent  states  are 
concerned,  corresponding  to  different  eigenvalues  a  question  arises,  however, 

as  to  what  the  most  convenient  way  is  to  express  4"s.  It  may  be  necessary'  to  introduce 
new  types  of  numbers  more  general  than  e.g.  para-Grassmann  numbers,  j-numbers®*. 
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(c)  In  order  to  deal  with  (4)  for  the  case  of  a  general  oscillator  in  self-interaction  we 

need  the  (anti-)  commutator  [0,0^]^  =  where  <  Tj|7*^^|n  >=  I(n)  ^  I{n  —  1). 

Owing  to  the  appearance  of  the  Heisenberg  equation  for  a  takes,  in  general,  a 

different  and  more  nonlinear  form  than  the  corresponding  classical!  Hamilton)  equation 
of  motion. 

(d)  We  would  like  to  make  a  corresponding  generalization  of  the  commutation  relations 
for  the  operators  ajt,  and  Nullc  =  1,2, •  •  ■ ,/)  of  many  oscillator  system.  Certainly, 
the  naive  choice  [ai-,ai]:p  =  0,  etc.  (k  ^  /)  is  mathematicrJly  possible,  but  physi¬ 
cally  of  very  limited  applicability.  We  need,  therefore,  a  more  sophisticated,  possibly 
(quantum)  group  theoretical  way  of  generalization,  such  as  found  useful  in  the  case  of 
parastatistics®^.  If  we  want  to  apply’  the  resulting  commutation  relations  to  field  theory, 
however,  a  further  condition  has  to  be  imposed  on  them:  that  is,  those  relations  be 
invariant  under  unitary  transformations  of  the  operators  at  — *  a'^  =  ^/Ctiai.  If  sue  h 
is  not  the  case,  the  statistics  to  be  obeyed  by  field  quanta,  which  is  a  consequence  of 
field  quantization,  will  no  longer  be  a  general,  but  merely  state-dependent,  property’. 


References 

1)  E.P.Wigner,  Phys.Rev.77,  711(1950). 

2)  K.Odaka,  T.Kishi  and  S.Kamefuchi,  J.Phys.A:Math.Gen.24.L591(1991). 

3)  H.S. Green,  Phys.Rev.90,  270(1953). 

4)  L.C.Biedenham,  J.Phys.A:Math.Gen.22.  L873(1989). 

5)  A.J.Macfarlane,  J.Phys.A'.Math. Gen. 22,  4581(1989). 

6)  R.Floreanini  and  L.Vinet,  J.Phys.A:Math.Gen.23.Ll019(1990): 

E.Celeghini,  T.D.Palev  and  M.Tarlini.  Mod. Phy’s.Lett. 85.187(1991). 

7)  L.O'Raifeartaigh  and  C.Ryan,  Proc.R. Irish  Acad.  A62,  83(1963): 

B. Gruber  and  L.O’Raifeartaigh,  ibid.  A63.  69(1963). 

8)  O.W. Greenberg,  to  appear  in  Proceedings  of  the  Spring  Workshop  on  Quantum 
Groups,  Argonne,  1990. 

9)  Y.Ohnuki  emd  S.Kamefuchi,  Quantum  Field  Theory  and  Parastatistio. 

Univ.of  Tokyo  Press/  Springer  Verlag(1982). 


232 


The  Action  Uncertainty  Principle 
in  Continuous  Quantum  Measurements 
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The  path-integral  approach  to  quantum  theory  of  continuous  measurements  de¬ 
veloped  in  preceding  works  of  the  author  is  applied  to  derive  a  simple  estimation 
for  variance  of  the  measurement  outputs.  This  estimation  is  given  in  the  form 
of  an  inequality  containing  the  action  functional  5  and  called  the  action  uncer¬ 
tainty  principle  (.AL'P).  The  most  general  form  of  .A.UP  is  SS^fi.  It  can  also  be 
written  (for  ideal  measurements  performed  in  the  quantum  regime)  symbolically  as 
A(Equation)A(Path)  ~  h.  This  means  that  deviation  of  the  observed  (measured) 
motion  from  the  classical  motion  is  inversely  proportional  to  the  uncertainty  in  a 
path  (resulting  from  the  measurement  error).  The  con.sequence  of  AUP  is  that  im¬ 
proving  the  measurement  precision  beyond  the  threshold  of  the  quantum  regime 
leads  to  decreasing  information  resulting  from  the  measurement. 

1  Introduction 

The  question  of  measurements  was  one  of  the  central  conceptual  problems  of  quan¬ 
tum  mechan  cs  from  the  very  beginning  and  became  recently  even  more  burning 
(see  for  e.xample  [1)  and  references  therein).  .An  important  example  of  a  compli¬ 
cated  regime  of  measurement  is  continuous  (prolonged  in  time)  measurement  which 
attracted  much  attention  in  connection  with  the  so-called  quantum  Zeno  effect  (para¬ 
dox)  [2].  This  effect  consists  in  that  the  state  of  a  quantum  system  “is  freezed"  (its 
change  is  prevented)  if  it  is  observed  (measured)  continuously. 

.As  a  result  of  the  quantum  Zeno  effect  a  continuous  measurement  should  give 
the  trivial  oitput  (a  constant  function).  However  this  is  valid  only  for  precise 
measurement  of  an  observable  having  a  discrete  spectrum.  If  an  observable  having 
a  continuous  spectrum  is  measured  approximately  (an  unsharp  measurement),  then 
the  continuous  measurement  leads  tvr  a  nontrivial  output  (expressed  by  a  function 
of  time).  It  is  this  type  of  continuous  mea.surenient  that  will  be  investigated  in  the 
present  paper  in  the  framework  of  the  path-integral  approach. 

The  formalism  of  Feynman  path  integrals  was  applied  to  continuous  quantum 
measurements  in  [3.  4j  and  proved  to  be  natural  and  efficient.  .A  probability  ampli¬ 
tude  Ac  for  each  output  o  of  a  continuous  measurement  can  be  presented  in  the  form 
of  a  path  integral.  The  variance  fio  of  probable  outputs  around  the  most  probai>le 
one  Ocias,  is  one  of  the  most  important  conclusions  of  the  theory.  The  objective  of 
the  present  paper  is  expression  of  this  variance  in  a  simple  form  called  the  action 
uncertainty  principle  (.AFP). 
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The  simplest  form  of  AUP  is  8S^h  and  more  complicated  form  valid  for  ideal 
measurements  in  the  quantum  regime  is  |  J‘,  ^  h. 

2  Paths  and  Continuous  Measurements 

The  amplitude  A(q'',q')  for  a  quantum  system  to  go  over  from  the  point  q'  (of 
configuration  space)  to  the  point  q"  was  expressed  by  Feynman  [5]  in  the  form  of  an 
integral  of  the  amplitudes  A[q\  =  exp  (iS[v])  corresponding  to  all  possible  paths  [q] 
connecting  q'  and  q".  This  is  however  valid  only  if  there  is  no  possibility  to  find  out 
what  path  is  realized  as  a  channel  for  the  transition. 

Let  however  suppose  that  a  continuous  measurement  is  performed  simultaneously 
with  this  transition.  Then  this  measurement  gives  some  information  about  the  path. 
This  information  can  be  expressed  by  some  set  of  paths  o.  If  the  measurement  gives 
the  result  (output)  a  then  the  transition  is  realized  through  one  of  the  paths  [q] 
belonging  to  the  set  o.  Then  the  amplitude  for  transition  from  q'  to  q"  can  be 
expressed  [.3]  as  an  integral  over  paths  belonging  to  a: 

AJq".q')=  f  ei^'Mdlq].  (1) 

Jo 

If  q'.  q"  are  fixed,  the  amplitude  .4^  can  be  thought  of  as  the  probability  ampli¬ 
tude  for  the  continuous  measurement  to  give  the  result  o.  Taking  a  square  modulus 
1.4ap  of  the  amplitude  one  can  obtain  the  probability  density  for  different  results  of 
the  continuous  measurement. 

3  Classical  Regime  of  Measurement 

The  natural  lask  arises  to  obtain  restrictions  of  the  type  of  the  uncertainly  principle 
but  for  continuous  measurements.  This  can  be  achieved  by  analyzing  Eq.  (1). 

The  value  Aa  can  be  interpreted  as  an  amplitude  for  the  measurement  to  give  the 
result  Q.  This  means  that  only  those  measurement  results  are  probable  for  which 
Aa  is  large  in  absolute  value.  We  shall  try  to  estimate  this  value  analyzing  beha\  ior 
of  the  action  functional  5[q].  In  what  follows  we  shall  suggest  that  all  sets  o  have 
the  same  "width”  differing  only  by  their  forms.  Then  the  value  of  Aa  depends  only 
on  how  rapidly  5[q]  v’aries  along  a. 

It  is  known  that  only  paths  close  in  a  sense  to  the  classical  trajectory  [qclaw]  con¬ 
tribute  the  unrestricted  Feynman  integral.  This  is  because  the  action  functional  5[q] 
changes  slowly  in  the  vicinity  of  [qctM,]  and  all  partial  amplitudes  4[q]  =  exp  (^^[q]) 
have  close  phases  in  this  vicinity  giving  "constructive  interference'  . 

Con.struclive  interference  maintains  in  the  limits  of  the  set 

/ci«.  =  {Ml  l^’M  -  ■i’MiM.ll  ;S  fi) 

and  changes  into  "destructive  interference”  outside  this  set  when  oscillation  becomes 
rapid.  Therefore,  main  contribution  into  the  Fejnman  path  integral  is  given  by  the 
set  of  paths  /c1m«. 

It  is  evident  (by  analogous  argument)  that  the  measurement  amplitude  (1)  has 
maximum  value  for  o  =  Oci„5  where  the  set  Odu.  contains  [qci^s]  as  its  middle  path. 
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Now  classical  regime  of  measurement  can  be  defined  by  the  requirement  that 
Qclass  3  /class-  In  this  case  the  integral  is  practically  equal  to  complete  Feyn¬ 

man  integral.  It  is  evident  that  .4^  remains  the  same  for  t>  D  /class-  However  A„ 
decays  when  an  intersection  a  n  /dass  grows  less  tending  to  zero  for  q  n  /dass  =  0- 

From  the  argument  of  the  preceding  paragraph  one  can  see  that  the  probable 
outputs  of  the  measurement  performed  in  classical  regime  may  be  characterized  by 
the  condition  [^dass]  €  a  in  agreement  with  classical  theory. 

4  Quantum  Regime  and  AUP 

Consider  now  quantum  regime  of  measurement  when  no  set  a  includes  /dass-  The 
most  probable  in  this  case  is  the  output  corresponding  to  the  set  Odass  lying  in 
the  middle  of  /dass-  However  other  o  are  probable  too  provided  that  variation  of 
the  action  in  the  limits  of  this  set  is  small  enough.  for  some  of  probable 

outputs  Q  therefore  variation  of  .s'  is  A^  ~  h.  Taking  all  probable  (emerging  with 
high  probability)  sets  a  and  estimating  variation  ^5  of  5  for  all  of  them  we  obtain 
for  this  variation  6S>h. 

This  con<  lusion  is  made  for  the  quantum  regime  of  measurement.  However  in  the 
classical  regime  A5>fi.  We  conclude  thus  that  for  the  measurement  outputs  arising 
with  compaiatively  large  probability  the  variance  SS  of  .?  satisfies  the  following 
inequality: 

65>fi.  (-2) 

This  is  the  simplest  form  of  the  action  uncertainty  principk.  .4l’P. 

In  the  ca.e  of  linear  system  different  components  of  some  linear  decomposition 
of  the  system  motion  can  be  analyzed  separately.  For  a  given  measurement  some 
of  these  components  may  turn  out  to  be  measured  in  classical  regime  while  other 
components  are  measured  (by  the  same  measurement)  in  quantum  regime.  The 
analysis  based  upon  such  a  decomposition  gives  the  following  form  of  .M  P: 

Here  [9]  is  the  middle  path  of  the  set  of  paths  o.  and  [Aq]  is  a  deviation  of  [q] 
which  does  rot  drive  it  from  o  so  that  [^-1-  Aq]  €  o  too.  If  the  inequality  (3)  is 
fulfilled  for  a  given  set  o  and  for  any  deflection  [Aq]  not  driving  out  from  o.  then 
the  corresponding  measurement  output  o  emerges  with  high  probability. 

Since  Eq  (3)  is  a  condition  for  an  output  o  to  be  probable,  there  are  some 
probable  out  ruts  o  for  which  the  l.h.s.  of  Eq.  (3)  is  of  the  order  of  h.  Thus 

IS  valid  for  typical  probable  outputs  of  measurement  performed  in  the  quantum 
regime.  The  inequality  (3)  and  the  equality  (4)  present  another  form  of  the  action 
uncertainty  principle.  AUP. 

The  entity  6.S'[q]/0q(f)  is  nothing  else  than  the  left-hand  side  of  the  classical 
equation  of  motion,  0-‘’[q]/0q(t)  =  0.  This  is  why  Eq.  (4)  can  be  symbolically 
rewritten  as  follows; 


A( Equation )A( Path)  ci  h. 
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This  means  that  deviation  from  classical  picture  has  to  be  small  for  rough  measure¬ 
ments  (when  ^(Path)  is  large)  but  it  can  be  large  for  fine  measurements  (with  small 
A(Path)). 

The  qualitative  difference  of  AUP  from  the  Heisenberg  uncertainty  principle  is 
that  the  first  one  deals  with  variance  of  outputs  of  a  single  measurement,  not  of  two 
measurements  (of  complementary  variables)  as  in  the  second  one.  This  of  course  is 
a  direct  consequence  of  this  single  measurement  being  continuous,  thus  containing 
in  itself  information  about  both  complementary  observables. 
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Quantum  theory  and  causality 
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”...  quantum  mechanics  a:id  general  relativity 
theory  are  widely  separated  both  in  applications  and 
in  concepts  and  this  is  a  very  significant  weakness  of 
present  day  physics.” 

(E.  P.  Wigner) 

The  strange  spacetime  behavior  of  quantum  mechanical  systems  in  an  EPR  type 
experiment  (or  that  of  a  single  neutron  in  a  Rauch  interferometer [5])  leads  to  inve¬ 
stigation:  What  is  the  correct  relation  of  the  spacetime  causality  to  the  basic  ideas 
of  quantum  theory?  According  to  the  standard  interpretation  of  the  violation  of 
Bell  inequalities  we  have  to  make  a  dramatic  revision  of  our  conception  of  space  and 
time[7j.  I  suggested  such  a  new  theory  of  the  structure  of  spacetime,  intrinsically 
based  on  quantum  theory[16].  The  primary  object  of  the  current  formulation  of  ge¬ 
neral  relativity  is  an  "underlying  set”  on  which  the  (causal,  topological,  geometrical ) 
structure  of  spacetime  is  defined.  The  elements  of  this  set  are  called  "events”.  The 
meaning  of  an  event  is  rather  vague,  especially  if  we  want  to  abstain  from  tautology; 
defining  an  event  with  reference  to  the  spacetime  structure  itself. 

In  quantum  theory  an  event  means  a  possible  result  of  a  possible  measurement 
or  observation  performed  on  a  physical  object.  I  consider  the  set  of  all  physical 
events  belonging  to  the  whole  universe,  rather  than  to  a  separate  physical  system. 

This  set  of  events  has  an  immanent  "logical"  structure,  a  non-Boolean  orthomo- 
dular  lattice  structure  on  which  the  quantum-mechanical  probability  theory  can  be 
defined.  The  (quantum)  spacetime  is  a  structure  defined  over  the  quantum  lattice  of 
physical  events. 

One  can  make  a  longer  justification  of  the  assumption  that  the  elements  of  the 
quantum  lattice  play  the  same  role  as  the  subsets  of  the  (classical)  spacetime.  In 
general,  a  physical  event  corresponds  to  a  subset  of  spacetime[16]. 

A  quantum  causal  structure  is  given  by  the  causal  and  chronological  future  and 
past  defined  as  maps 

J*  ;  5  5 

:S  -*  S 
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with  the  following  properties: 

Ql.  A  <  J*(A) 

Q2.  I^(A)  <  J^{A) 

Q3.  J±(J±(7l))  =  J*{A) 

Q4.  J±(A  V  B)  =  J±( A)  V  J±(B) 

Q5.  /±(AVB)  =  /±(A)V/±(B) 

Q6.  J±(/±(A))  =  /±(J*(A))  =  /±(A) 

Q7.  I*{M)  /  0 
Q8.  X  it  I^{x) 

Q9.  X  <  J'*'(y)  •<=>  y  <  J~(x) 

QIO.  I  <  /+(y)  <!=»  y  <  7“(i) 

Qll.  J^{x)  -  J^(y)  X  -  y 

where  S  is  the  dual  of  the  quantum  lattice,  x  and  y  are  atoms  of  S,  A,  B  €  S,  M 
and  0  denote  the  maximal  element  and  the  minimal  element  of  .9. 

The  causality  and  chronology  relations  can  be  defined  cis 

A  B  ^  B  <  J±(A)  or  A  <  J*(B) 

A  <  B  /*(A)  or  A  <  /*(B) 

A  and  B  are  spafially  separated  iff  neither  A  ■<  B  nor  B  <  A  hold. 

These  axioms  are  straightforward  non-Boolean  generalization  of  the  Kronheimer- 
Penrose  axioms  describing  an  abstract  causal  space[12j.  If  5  is  a  Boolean  lattice,  it 
can  be  represented  by  a  suitable  subset  lattice  and  the  quantum  causality  leads  to 
the  usual  causality  of  Kronheimer  and  Penrose  on  an  "underlying  set." 

The  causality  is  the  most  important  part  of  the  structure  of  spacetime.  On  the 
ground  of  the  causal  structure  one  can  introduce  further  structures.  In  absence  of 
an  underlying  set  one  cannot  introduce  a  topology  that  could  make  the  quantum 
spacetime  a  topological  space.  Fortunately,  the  so  called  T-structure  can  generalize 
the  notion  of  topology  for  a  non-Boolean  case[l7].  As  is  well  known  the  causal 
structure  on  an  underlying  set  singles  out  a  topology  called  Alexandrov  topology 
that  is  the  coarsest  topology  in  which  each  chronological  future  and  past  is  open. 
One  can  introduce  the  Alexandrov  T-structure  in  a  similar  way:  as  the  coarsest 
T-structure  in  which  each  /*(A)  is  open. 

On  the  ground  of  the  Alexandrov  T-structure  one  can  introduce  the  covering 
dimension  of  quantum  spacetime.  Dimension  of  a  quantum  causal  structure  at  a 
given  atom  x  is  the  smallest  integer  d(x)  such  that  for  each  open  covering  there  is 
a  refined  open  covering  with  overlap  d(x)  1  at  x. 


Bc'*attc£> 
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Fig.  1.  This  scheme  shows  how  many  questions  are  related  to 
the  violation  of  Bell  inequalities.  It  is  obvious  from  this  pic¬ 
ture  that  the  heuristic  stimulating  force  of  the  violation  of  Bell 
inequalities  is  much  more  important  than  its  strict  logical  con¬ 
sequence.  The  theory  of  quantum  causal  structure  connects 
the  proposition  calculus  of  quantum  logic  to  causality.  The 
numbers  denote  items  from  the  "References"  belonging  to  the 
corresponding  topic. 
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I  also  investigated  the  spin  correlation  experiments  in  the  light  of  the  quantum 
causal  structures[18].  Exploring  all  possible  quantum  causal  structures  on  a  model 
quantum  lattice  I  found  the  following  surprising  result.  Non  of  them  makes  the 
crucial  EPR  events  spatially  separated,  therefore  the  causal  structure  of  events  does 
not  exclude  the  possibility  of  a  direct  correlation.  If  the  similar  result  were  valid 
on  the  whole  infinite  quantum  lattice  (this  question  is  open  yet)  it  would  mean  an 
interesting  resolution  of  the  EPR  "paradox”. 

While  some  of  the  most  common  explanations  of  the  violation  of  Bell  inequalities 
provide  a  good  background  for  such  speculations,  to  avoid  the  wishful  thinking  I 
would  like  to  emphasize  that  the  violation  of  Bell  inequalities  hcis  nothing  to  do 
with  the  problem  of  causality.  As  it  was  shown[l,  1-3]  it  only  indicates  the  fact 
that  quantum  theory  is  a  non-Kolmogorovian  probability  theory  defined  over  a  non- 
Boolean  lattice  of  events.  Figure  1.  shows  a  scheme  on  which  I  summed  up  the 
most  important  aspects  arising  with  respect  to  the  violation  of  Bell  inequalities. 
Some  of  these  aspects  have  been  hotly  discussed  in  the  literature.  The  heuristic 
stimulating  force  of  the  Bell  theorems  seems  much  more  important  than  the  real 
logical  consequences  of  them. 
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ABSTRACT:  He  present  arguments  that  Piron's  covering  Ian-  of  quantum  logic 
can  be  substantiated  by  lorentz  covariance  and  the  assumption  that  correlations  in  a 
physical  state  cannot  be  used  to  send  signals  between  apparatuses  te  ing  commuting 
propositions,  in  particular  across  space-like  intervals. 

One  sideline  of  the  debates  about  correlated  quantum  events  taking  place  at  space¬ 
like  separations  has  been  concerning  the  existence  or  not  of  superluminal  influences  or 
signals  that  would  in  principle  mitigate  some  of  the  puzzling  "non-realist  '  or  "non¬ 
local”  aspects  of  these  correlations.  By  now  it  has  been  reasonably  well  established  that 
very  general  features  of  ordinary  hilbert-space  quantum  mechanics  are  sufficient  to  pre¬ 
vent  humanly  controlled  superluminal  communication  using  such  long-range  quantum 
correlations. 

Here  we  ask  a  reciprocal  question.  Assuming  the  "no- signal  hypothesis"  (NS)  of  the 
impossibility  of  using  long-range  correlations  as  a  superluminal  signaling  device,  what 
can  one  deduce  about  the  structure  of  physical  theories?  Assuming  special  relativity, 
NS  is  a  very  natural  hypothesis,  for  the  existence  of  the  proscribed  signals  would  give 
rise  to  well  known  and  paradoxical  problems  of  causality  and  free  will. 

Our  first  result  in  this  direction  1  shows  that  certain  deviations  from  hilbert  space 
are  precluded  by  NS  We  consider  an  EPR  apparatus  in  which  a  physical  system  decom¬ 
poses  into  two  parts  which  then  separate  in  opposite  directions.  Focusing  on  the  internal 
degrees  of  freedom  of  each  part  which  we  assume  to  be  described  by  finite- dimensional 
hilbert  spaces  of  the  same  dimension  which  is  at  least  three,  and  asstiming  for  observ¬ 
ables  stationed  on  one  arm  of  the  apparatiu  and  for  the  state  vector  of  the  composite 
system,  the  usual  projection  postulate  with  the  usual  calculus  of  probabilities,  we  prove, 
essentially  by  Gleason's  theorem,  that  NS  implies  that  at  the  other  arm  of  the  appara¬ 
tus:  1)  the  expected  value  in  a  pure  quantum  vector  state  $  of  any  observable  musi  be 
given  by  the  usual  expectation  value  formula  ($..4$)  for  .some  self-adjoint  operator  .-1. 

2)  any  state-tran.sfoimer  (such  as  time-evolution)  must  art  liue.irly  on  density  matrices. 

3)  any  state-transformer  that  transforms  pure  state  into  pure  states  and  whose  range 
contains  more  than  one  state  must  be  given  liy  either  a  linear  or  anti-linear  operator  on 
hilbert  space. 

What  this  shows  is  that  once  a  large  enough  portion  of  phjsical  phenomena  obey 
the  usual  quantum  mechanical  rules,  such  rules  must  be  universal  in  order  to  preclude 
superluminal  communication.  Long-range  quantum  correlations  thus  have  a  globalizing 
effect  on  the  quantum  formalism  making  it  structurally  unstable. 

Now  this  res’dt  is  “local"  in  that  it  shows  that  no  deviations  of  certain  types  from 
ordinary  hilbert-space  quantum  mechanics,  no  matter  how  small,  ran  be  allowed  if  NS 
is  to  be  maintained  But  one  is  then  immediately  led  to  ask  the  interesting  "global” 
question  as  to  whether  NS  can  be  used  as  an  axiom  leading  to  hilbert  space  itself.  This 
would  provide  a  tndy  physical  basis  for  hilbert  space  quantum  theory  motivated  by 
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the  space  time  condition  of  lorentz  covariance.  We  present  some  preliminary  results  in 
quantum  logics  that  show  that  such  a  thesis  is  plausible.  We  know  from  Piron  2  that 
a  generalized  hilbert-space  model  can  be  constructed  if  the  quantum  logic  obeys  the 
so-called  covering  law.  It  is  this  law  that  we  shall  try  to  substantiate  by  space-time 
considerations. 

-Although  the  detection  process,  which  underlines  the  notion  of  signals,  is  not  the 
usual  fare  for  quanttim  logic,  it's  fortunate  that  the  literature  already  contains  significant 
progress  in  this  direction,  especially  in  the  papers  of  the  late  polish  quantum  logician 
W'awrzyniec  Guz  3  -  3.  Guz  presents  various  axiomatic  schemes  in  which  the  covering 
law  follows  from  other  jthysically  clearer  asstimj>tions.  One  of  these  schemes  concerns 
the  existence  of  generalized  filters  .  that  is.  state  transformers  that  generalize  the  hilbert- 
space  projection  postulate  to  more  general  quantum  logics. 

Due  to  space  limitations  we  can  only  present  here  a  sketch  of  the  axiom  scheme. 
W’e  use  the  notation  of  Reference  5  to  which  the  reader  must  refer  for  more  details. 

A  physical  system  is  represented  by  a  pair  of  sets  (£.  S)  where  L  is  an  orthomodular 
poset  whose  elements  are  called  propositions  and  S  is  a  ir-convex  set  of  probability 
measures  on  L  which  are  called  states  .  A  further  axiom  (A3)  asserts  the  existence  of 
a  subset  P  C  S  of  extreme  points  whose  elements  correspond  to  pure  states  and  from 
whose  properties  one  deduces  that  L  is  atomic  and  atomistic  and  that  if  A(L)  is  the 
set  of  atoms  of  L.  then  there  is  a  bijectiou  s  ;  F  — ♦  .4(1)  satisfying  p(s(p))  =  1  and 
p(fl)  =  1  =>  s(p)  <  a. 

The  atom  s(p)  is  interpreted  as  the  proposition  that  identifies  the  state. 

For  two  pure  states  p.q  €  P  the  immber  (p  :  ?)  =  inf{p(o)|u  €  L.q[o)  =  1)  is 
called  the  transition  probability  of  p  to  q.  with  the  usual  physical  interpretation,  and 
can  be  shown  to  be  equal  to  p(>{q)). 

Given  a  €  L.  a  partial  mapping  £„  from  F  into  itself.  Ea  D{Ea)  —  P  called  a 
generalized  filter  if  D{E„  )  =  {p  €  Fip(</)  >  0}  and.  setting  p„  =  E„p.  if  p(o)  =  (p  :  p„  ) 
and  Paid)  =  1 

Generalized  filters  provide  for  state-collapse,  that  is.  subject  to  an  observation  of 
t;  €  T  a  state  p  undergoes  a  "collapse"  to  the  state  p„  with  transition  probability 
ip  :  p„  ).  The  coveting  law  follows  from  the  existence  of  generalized  filters  pro\ided 
some  additional  properties  hold.  One  of  these  is;  (p  ■  Pa)  =  ip  '■  qa)  0  =>  Pa  =  qa-  It  >s 
this  projjerty  that  we  shall  try  to  substantiate  by  lorentz  covariance  and  the  no-, signal 
hypothesis. 

W'e  shall  assume  that  given  a  set  of  pair-wise  orthogonal  propositions  {hi . 1)„  } 

there  is  a  physical  tipparatus  that  tests  tluMu  simultaneously  with  mutually  exclusive 
outcomes.  If  the  state  is  p  €  F  then  the  outcome  that  renders  proposition  bj  true  and 
all  the  others  false  occurs  with  frequency  pfftj'  =  ip  ■  Pk,  )■  Note  that  in  this  case  the 
"detection  rate  "  of  the  whole  apparatus  is  Yi'j=iU>  '■  Pl>,  '  =  ~  p(fti  V  •  V  ), 

If  V"=i  bj  =  1.  then  after  the  state  passes  through  the  api>aratus  we  suitpose  it  becomes 
the  mixed  state  ,  (p  :  pi,^  )pb^ . 

Let  us  now  contemplate  again  an  EPK-type  space  time  situation  in  which  one  h.is 
a  state  p  and  at  one  site  ,4.  an  aiqtaratus  corresponding  to  a  proposition  «  t  L,  and  at  a 
distant  site  B  an  apparatus  corresixmding  to  the  pair-wise  ort  hogonal  set  of  propositions 

(ft) . 1)„ }  with  Vy=i  ^7  =  1-  The  arrangement  is  to  operate  in  stich  a  way  that  the 

events  corresponding  to  registries  in  the  ap])aratuses  are  space-like  separated.  We  thus 
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assume  that  the  propositions  a  along  with  the  bj  form  a  commuting  set.  For  there  to 
be  no  signals  from  site  B  to  site  .4  due  to  correlations  present  in  state  p,  the  detection 
rate  at  .4  must  be  independent  of  the  apparatus  used  at  site  B. 

Now  because  of  space-like  separation,  the  temporal  order  of  the  registries  of  the 
apparatuses  depend  on  the  inertial  frame,  and  in  fact  in  some  frame  they  are  simul¬ 
taneous,  From  this  one  can  argue,  if  lorentz  comriance  is  to  be  maintained,  that  the 
following  space-like  equivalence  hypothesis  (SE)  should  hold:  The  situation  described 
above  can  be  equivalet  tly  viewed  as  either  an  observation  of  {bi.....b„}  followed  by  a 
or  as  a  single  observation  o/  {a  A  fej , . . . ,  o  A  fc„  } . 

Now,  viewed  as  successive  observations,  the  rate  of  detection  at  ,4  is  given  by 
53J=i(P  •  Pb,  )Pbj(o)  and  when  viewed  as  a  single  observation  the  rate  is  p(  \/"=i(“N6;  ))  = 
p(a).  This  last  number  is  independent  of  the  apparatus  at  B  and  we  see  that  the  no¬ 
signal  hypothesis  follows  from  SE.  Lorentz  covariance  thus  motivates  SE  which  in  turns 
implies  the  no-signal  hypothesis.  Now  it  doesn't  seem  possible  to  deduce  the  covering 
law  from  SE,  yet  a  slightly  stronger  hypothesis  implies  both.  Let  us  assume  the  no-signal 
hypothesis  not  only  for  space-like  separated  observations  but  for  any  situation  formally 
as  above  where  only  commutativity  is  assumed.  We  thus  introduce  the  Commutative 

no-signal  hypothesis  fCNSj:  Let  a.bi . b„  ^  L  be  a  commutative  set  and  suppose  the 

6,  pair-wise  orthogonal  with  Vj=i  —  I-  5Z"=i(P  •  Pbj)Pb,{‘t)  is  independent  of 
the  set  {ij .....  6n  }. 

Picking  the  singleton  {1}  for  the  set  of  bj  one  concludes  that  the  number  whose 
independence  is  pos  ted  has  to  be  p(ci).  From  this  SE  for  detection  rates  follows  imme¬ 
diately. 

But  CNS  likewise  implies  the  covering  law.  Let  a  and  b  l>e  two  commuting  propo¬ 
sitions.  then  from  the  CNS  we  deduce;  (p  ;  Pb)Pb{<')  +  (P  t  Pb')Pb’{f)  =  p(<i)  and 
(p  :  P6Aa')P6An'(«)  +  (p  :  P6Aa)P6Aa(<J)  +  (p  :  Pb'  )Pf(«)  =  p(«)  from  which  using  the  fact 
that  p6Aa'(o)  =  0  and  pbAaio)  =  1  we  deduce:  (p  :  pblpbin)  =  (P  t  PbAo)  which  is  the 
same  as  (p  :  p6)(p6  :  (pb)a )  =  (p  :  PaAb)  which  says  that  the  detection  rate  with  the  suc¬ 
cessive  observations  of  b  followed  by  a  is  equal  to  the  detection  rate  of  the  observation 
of  a  A  6.  By  complete  symmetry  we  also  have  (p  :  pa  ){pa  :  [pa  )b)  =  iP  '■  PaAb)- 

Consider  now  b  —  s{qa)  where  q  is  any  other  state.  .4s  h  <  a.  the  two  commute 
and  we  can  apply  the  above  results.  Now.  since  b  is  an  atom,  for  any  state  r  one  has 
rj  =  s  — 1(6)  =  qa  provided  r(6)  jt  0.  .Assume  p(6)  0.  then  by  the  last  formula  of  the 

previous  paragraph  one  deduces  (p  :  pa  )(Pa  ■  <h)  =  Ip  ■  qa)-  fr  tiow  [p  ■  Pa)  =  iP  '■  qa) 
one  concludes  that  Pa  :  9a)  =  1  which  implies  that  pa  =  qa  aud  this  is  precisely  the 
property  that  leads  to  the  covering  law  in  the  present  axiomatic  context. 

Some  final  considerations  are  in  order  concerning  these  results.  We  have  been  gath¬ 
ering  evidence  to  substantiate  the  following  strong  form  of  our  thesis;  The  covering  law 
of  quantum  theory  follows  from  the  requirement  of  lorentz  covariance  and  the  hypothesis 
that  correlations  within  physical  states  cannot  be  used  to  transmit  superluminal  signals. 

Now  we  haven't  quite  proven  this.  We  have  a  weaker  result  in  that  a  stronger 
hypothesis  (CNS).  leads  to  the  covering  law  in  at  least  one  axiomatic  framework.  Now 
CNS  can  it. self  be  motivated  by  lorentz  covariance  as  it  leads  to  SE  which  guarantees 
lorentz  covariance  for  detection  rates.  Within  the  axiomatic  schi’ine  lorentz  covariance 
and  NS  do  not  seem  to  play  independent  roles,  as  the  thesis  suggests  they  should.  This  is 
likely  due  to  anothei  apparent  weakness  in  the  scheme,  the  fart  that  it  cannot  distinguish 
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space-like  separated  propositions  from  other  commutative  pairs.  This  last  weakness  is 
at  the  present  stage  unavoidable  for  the  only  relation  that  one  normally  posits  between 
space-time  and  quantum  logic  is  that  space-like  separation  leads  to  commutativity. 
Only  through  a  joint  axiomatization  of  both  lorentzian  space-time  and  hilbert-space 
quantum  mechanics  can  one  hope  for  anything  better.  Now  commutativity  is  generally 
interpreted  as  "commensurability"  and  this  means  the  ability  to  make  simultaneous 
measurements  which  in  turn  suggests  that  space-like  separations  always  play  some  role 
in  commutativity,  yet  this  has  never  been  thoroughly  examined.  Furthermore  if  one 
believes  in  general  unitary  symmetry  in  hilbert  space,  it's  not  hard  to  find  examples 
in  which  a  commutative  pair  of  observables  pertaining  to  a  single  localized  system  ( a 
bound  pair  of  particles  say)  is  unitarily  equivalent  to  a  pair  of  observables  at  the  opposite 
arms  of  an  EPR  apparatus.  Such  a  symmetry  would  thus  extend  the  requirements  on 
space-like  commutativity  to  commutativity  in  general.  That  arguments  pertmning  to 
space-like  commutativity  can  be  carried  over  to  general  commutativity  has  already  been 
pointed  out  by  Home  and  Sengupta  6  in  relation  to  Bell’s  inequalities.  It  may  thus  well 
be  that  the  weaker  thesis  with  the  CNS  assumption  is  not  too  distant  from  the  strong 
thesis  especially  if  one  imposes  strong  symmetry  requirements.  In  any  case,  it  is  clear 
that  one  cannot  hope  to  reach  a  full  understanding  of  hilbert-space  quantum  mechanics 
without  linking  it  to  space-time  structure. 

After  this  text  was  written  I  discovered  through  e-mail  conversations  with  Nicolsis 
Gisin  that  he  too  has  postulated  a  connection  between  the  covering  law  and  the  no¬ 
signaling  constraint  with  results  similar  to  the  ones  presented  here.  Details  should 
appear  in  a  forthcoming  publication. 
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ABSTRACT:  E.  P.  Wigner  [1]  was  one  of  the  first  to  realize  the 
importance  of  Bell  theorem  for  our  understanding  of  quantum  mechanics. 

Rercently  Greenberger,  Horne  and  Zeilinger  (GHZ)  have  shown,  that 
this  theorem  becomes  much  stronger  for  the  case  of  more  than  two 
particles. 

It  will  be  shown,  that  the  state  of  light  generated  in  the  process 
of  parametric  down  conversion  produces  the  following  phenomenon.  Under 
special  conditions  the  correlated  counts  at  four  balanced  homodyne 
detectors  show  the  highly  non-classical,  non-local,  behavior  of  the  type 
predicted  by  GHZ. 

The  work  of  Greenberger  Horne  and  Zeilinger  (GHZ)  (21  has  shed  new  light 
on  the  problem  of  hidden  variable  theories.  By  considering  three  and 
four  particle  correlation  Igedanken)  experiments,  they  were  able  to  show 
that  the  very  premises  which  led  Einstein,  Podolsky  and  Rosen  to  their 
criterion  for  an  element  of  reality  are  ruled  out  for  the  case  of  more 
than  two  particles.  In  contradistinction  with  the  (two  particle)  Bell’s 
theorem  (31  a  contradiction  arises  already  for  the  case  of  perfect 
correlations. 

It  will  be  shown  here,  that  under  certain  conditions  the  two  photon 
emissions  of  the  parametric  down  conversion  process  can  lead  to  the  four 
particle  GHZ  correlations,  (f  four  balanced  homodyne  detectors  are  used, 
the  (weak)  coherent  local  oscillator  fields  will  deliver  the  two  other 
photons.  The  coincident  counts  reveal  the  traits  of  the  four  particle 
GHZ  correlations. 

The  possibility  of  using  measurements  of  quadrature  phases  as  tests 
of  other  nonclassical  classical  phenomena  (Bell's  inequalities-  has  been 
suggested  earlier  in  refs  4-7. 

The  experimental  configuration  proposed  here  io  shown  ir.  figs  I  and 
2,  The  first  represents  the  typical  situation  for  a  non-degenerate 
spontaneous  down  conversion  process,  the  second  one  the  actual 
measurements  to  be  performed. 

Fig  1;  a  pump  beam  L  of  frequency  u  falls  on  a  nonlinear  crystal, 
and  in  the  interaction  between  the  light  and  the  medium  the  process  of 
parametric  down  conversion  occurs,  which  results  in  fission  of  some  pump 
photons  into  pairs  of  two  lower  frequency  photons  known  as  the  signal 
(s)  of  frequency  u(s)  and  the  idler  (i)  of  frequency  u(i).  If  the  phase 
matching  condition  is  satisfied,  then  within  the  medium  the  three  wave 
vectors  and  frequencies  are  related  by 

k  =  k,.  k  ,  (1) 

I  s 

w  =  ti)(i)+  u(s).  (2) 

Under  suitable  conditions,  outside  the  medium  the  down  converted  signal 
and  idler  beams  form  cones  with  their  axes  centered  on  the  pump  beam. 
The  most  essential  feature  of  (II  is  the  following  one.  Since  the  wave 
vector  of  the  pump  field,  k,  is  vvell  defined,  one  can  select,  by  placing 
a  diaphragm  with  suitable  apertures,  pairs  of  photons  of  well  correlated 
directions,  and  frequencies.  The  apertures  should  be  followed  by  very 
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narrow  filters  centered  at  wd)  =  u(i)  and  u(S)  ~  u(s).  The  arrangement 
of  the  apertures  of  the  diaphragm  D  of  Fig.  1  is  that  tested  by  Rarity 
and  Tapster  18|.  Four  beams  1,  2,  3  and  4,  emerge  from  four  linearly 
placed  pinholes.  The  phase  matching  condition,  and  the  filters  enable  us 
to  assume  that  one  can  expect  here  only  two  cases.  Either  the  pair  of 
photons  emerges  via  beams  1  (signal)  and  4  (idler),  or  2  (signal)  and  3 
(idler).  Of  course  one  has  here  the  case  of  quantum  superposition  of 
those  two  possibilities.  With  the  use  of  suitably  placed  mirrors  M,  the 
four  beams  (but  two  photons)  are  directed  towards  balanced  homodyne 
detectors. 

The  field  emerging  from  the  four  pinholes  can  be  described  by 

•y  I  *y  _|  •  •  9  V 

|*>  =(1-|/3|  )  |0>  2  Plb  (l)b  (4)  +  +  b  (2)b  (3)J|0>,  (3) 

where,  for  the  simjj^icity  of  further  calculations,  the  ijiscrete  mode 
creation  operators  b  were  used.  They  satisfy  [b(k),  b  (1)1  =  5(kl). 

Each  mode  has  well  defined  frequency  ud)  or  u(S).  They  play  no  role  in 
the  following  calculations. 

Fig  .2:  each  of  the  four  beams  of  fig.  1  is  directed  to  a  balanced 
homodyne  detector.  The  following  intensity  correlation  function  is 
measured: 

4  4 

=  <n  (H4.j)  -  I(-.j)>(<n  (I(-t.j’)  4  l(-,j’)>)‘‘,  (4) 

j=i  j'=i 

where  Ki.j)  is  the  intensity  at  the  detector  D(i,j).  The  balanced 

homodyne  detector  B(j)  constituting  of  D(+.j)  and  D(-,j)  and  a  perfect 

507.-507.  beam  splitter  BS  is  fed  by  the  light  coming  from  the  parametric 

down  conversion  source  in  mode  b(j),  and  by  coherent  local  oscillator 
field  (at  a  suitable  frequency)  in  mode  denoted  as  a(j).  If  one  denotes 
the  mode  reaching  D(-,j)  by  c(j).  and  D(+,j)  by  dlj),  the  quantum 
mechanicai  formula  for  (10)  is  given  by 


<:n  (d  (j)d(j)  -  c  (j)c(j)):>(<:n  (d  (j’)d(j’) 

j  =  l  j'=i 


+  C  (j‘)c(j’)):>)  ' 


(5) 


where  ::  denotes  the  normal  ordering  of  the  creation  and  annihilation 
operators.  The  average  is  over  the  full  state  of  the  whole  system  140 
which  includes  the  state  of  the  local  oscillator  fields: 


!♦>  =  |0>|a(l).a(2),a(3),a(4)>.  (6) 

where  a(j]  denotes  the  amplitude  of  the  coherent  field  feeding  the 
balanced  homodyne  detector  B(j).  It  will  be  assumed  that 

a(j)  =  a  exp(i0^),  (7) 

i.e.  the  fields  have  the  same  average  intensity.  It  should  be  remembered 
that  the  local  oscillator  fields  are  of  frequency  u(l)  (j=3,4)  or  u  (S) 
(j=1.2). 

In  order  to  compute  the  quantum  mechanical  predictions,  one  has  to 
recail  the  weil  known  relations  between  the  input  an  output  modes  of  a 
perfect  507.-507.  beam  splitter.  For  the  modes  considered  here  they  read: 

c(j)  =  2'‘^^[a(j)  4  ib(j)I  =  -2''^^ilia(j)  -  b(j)l. 


d(j)  =  2'‘''^(ta(j)  4  b(j)l.  (8) 

Let  us  assume  that  the  local  oscillator  fields  are  very  weak.  Therefore, 
one  should  compute  the  lowest  order,  in  o,  contributio.n  to  (5)  . 

Thus  one  gets 
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‘  •  2  4 

<:fj  (d  (j)d(j)):>  ~  Pa  /8ll  +  cos(0  -0  ~<p  )|. 

<:n  (d*(j)d(j))c*(k)c(k):>  =  pV/8ll  -  cos{(j>  *4)  -0  -0  )1.  (9) 

J  =  i  ‘  ^ 

J*n 

etc.  The  final  quantum  mechanical  prediction,  in  the  limit  of  small  a. 
reads 

E  (0  ,0  .0  ,0  )  =  cos(0  +0  -0  -0  ).  (10) 

OM  1  2  3  4  I  4  2  3 

We  have  the  four  particle  correlations  of  the  type  considered  by  GHZ.  As 

it  has  been  shown  in  the  paper  of  GHZ  (21  only  quite  bizarre,  non-local 

hidden  variable  theories  could  reproduce  the  above  quantum  mechanical 

prediction,  even  for  the  case  of  perfect  correlations,  i.e.  for  those 

phases  for  which  |E„,,(0,0  .0  ,0  )l  =  1.  Neither,  the  classical 

QM  1234 

descrition  of  light  can  lead  to  this  result.  For  lack  of  space,  the 
reader  is  asked  to  consult  the  work  of  GHZ,  or  ref  (9),  for  a 

confrontation  of  the  formula  (10)  with  the  basic  assumptions  of  local 
hidden  variable  theories. 

The  proposed  experimental  configuration  is  very  difficult  to 
realize  in  practice.  Nevertheless,  one  may  be  tempted  to  say  that  it  a 
feasible  one.  The  main  problem  is  in  locking  of  the  coherent  local 
oscillator  fields  of  two  different  frequencies  to  the  signal  and  idler 
frequencies  (j(S)  and  a»(I). 

The  derivation  presented  here  uses  the  simplest  possible  approach 

(discrete  mode  description,  monochromaticity).  The  time  dependence  is 
absent  within  it.  Therefore,  as  we  are  here  interested  in  coincident 
counts,  the  full  description  should  use  the  formalism  for  photons  of 

finite  coherence  length  (compare  e.g.  (10)).  Results  of  such  a 
calculation  suggest  that  the  four  coincident  photons  should  emerge  via  a 
common  generation  process.  I.e.,  the  sources  of  the  coherent  local 
oscillator  fields  must  be  also  involved  in  the  generation  of  the  pump 
field  for  parametric  down  conversion  process.  This  technical  point  will 
be  discussed  elsewhere. 
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A  Mach-Zehnder  interferometer  with  a  single  photon  source  is  arranged  so  that 
one  output  mode  is  dark.  An  atom  is  then  placed  in  each  arm  of  the  interferometer. 
By  considering  only  those  events  for  which  a  photon  is  detected  in  the  previously  dark 
output  mode  we  find  that  the  atoms  are  in  an  entangled  state.  Certain  measurements 
on  this  entangled  state  will  violate  Bell's  inequalities. 


In  a  recent  paper  by  Tan,  Walls  and  Collett  1  it  was  shown  that  single  photons 
can  be  used  to  demonstrate  nonlocality.  In  this  paper  we  consider  a  very  different 
experimental  set  up  where,  again,  the  nonlocality  of  a  single  photon  is  demonstrated. 
Vte  will  see  that,  unlike  the  proposal  of  Tan,  Walls  and  Collett,  this  demonstration  can 
be  generalised  to  all  single  particles,  fermions  as  well  as  bosons. 

The  experiment  is  motivated  by  a  recent  paper  by  Elitzur  and  Vaidman2  illustrating 
the  possibility  of  interaction  free  measurements  using  a  Mach-Zehnder  interferometer 
with  a  single  photon  source.  Their  idea  is  simple.  The  interferometer  is  arranged  so 
that,  when  both  routes  through  it  are  open,  no  photons  will  arrive  at  the  detector  D2 
(see  fig.  1)  due  to  destructive  interference.  On  the  other  hand,  if  an  obstacle  is  placed 
so  that  it  blocks  light  througn  one  route,  then  it  is  possible  for  the  photon  to  arrive 
at  £>2  because  there  is  no  longer  tmy  destructive  interference.  How-ever,  if  the  photon 
has  arrived  at  D2  then  it  must  have  taken  the  other  route  through  the  interferometer 
otherwise  it  w'ould  have  been  blocked  by  the  obtacle.  Therefore  it  did  not  ’touch'  the 
obstacle.  This  means  that  we  can  deduce  the  presence  of  an  obstacle  without  ‘touching' 
it.  The  obstacle  could,  for  example,  be  an  atom  which,  when  it  is  in  the  state  |,4), 
absorbs  the  photon  with  probability  equal  to  one.  If  the  atom  is  in  any  other  state  it 
will  not  absorb  the  photon.  Thus  a  detection  at  Dz  lets  us  know  that  the  atom  is  in 
the  state  |.4)  without  interacting  with  it. 

Now  consider  what  happens  if  we  place  an  atom  in  each  route  of  the  interferometer 
(fig.l).  Suppose  that  when  the  atoms  are  in  the  states  |.4)  for  atom  ,4  and  |B)  for  atom 
B  then  they  absorb  the  incident  photons  with  probability  equal  to  one  and  when  they 
are  in  the  states  |.4')  for  atom  A  and  \B')  for  atom  B  then  they  are  transparent  to 
incident  photons.  If  a  photon  arrives  at  detector  Dz  then  one  route  must  be  open  and 
the  other  must  be  closed.  Therefore  the  state  of  the  atoms  is  given  by 

u\A)\B')  +  v\A')\B),  (1) 

In  fact,  it  is  not  necessary  that  atoms  in  the  state  |.4)  or  |B)  absorb  the  photons  with  a 
probabilit)’  of  one  to  get  the  entangled  state  (1).  To  see  this,  first  let  the  atoms  .4  and 
B  be  prepared  in  in  the  states 


IV/t)  =  cl-d)  -I-  c'|.4'). 


(2) 
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\^B)  =  d\B)-^d'\B').  (3) 

The  state  of  the  photon  moving  to  the  right  in  the  interferometer  is  represented  by  [I) 
and  the  state  of  the  photon  moving  up  is  represented  by  |2).  The  operations  of  the 
beam  splitters  on  the  state  of  the  photon  are 


|1>^^(|1)  +  '|2».  (4) 

|2)^^(12)  +  ,11».  (5) 

The  operations  of  the  fully-silvered  mirrors  mirrors  are 

|1)  il2).  (6) 

|2)^*11).  (7) 

Now,  let  us  relax  the  requirement  that  atoms  in  the  state  |-4)  or  |B)  absorb  photons 
with  a  probability  one.  Thus,  the  operations  of  the  atoms  etre 

|l)|.4>-^o|l)(.4>+a'|0>|.4'').  (8) 

— +  (91 

|1)|.4')  —  |1)|.4').  (10) 

|1)|S'>  ^  |1)|5').  (11) 


where  )0)  indicates  that  the  photon  htis  been  absorbed  and  |.4")  and  |B")  are  the  states 
of  atoms  .4  and  B  respectively  when  they  have  absorbed  the  photon.  The  evolution  of 
the  state  of  the  photon  and  two  atoms  is  described  by 

|1)|v.4)W'b) ^(|1) +<12})|./-^)W>b). 

^(Qcll)|.4)+a'c|0)|.4")-l-c'll)l.4'))|fB)  +  ~|2)|tM)lfB). 

— ►  i(;Qc|2)|.4)  -I-  q'c|0)|.4'')  -t-  ic'|2)|.4'))|t’B)  -  ;^|l)|tU>|fB)- 

—  i(tQcl2)|.4}  +  a'c|0)|.4")  ic'|2)|.4'))|i’B) 

v2 

-  ^(;}d\\)\B)  -t-  d'd|0)|B")  +  d'\l)\B'))WA). 

+  l2))IA)+a'clO)lA"}  +  ^(>V)  +  |2))M'))(fB) 

-  ^(^(ll)  +  H2»|B)  4-  d'd|0)|B'')  +  ^(|1)  +  »12))|B'))  Ivn). 


Simplifying,  we  get  for  the  final  state 

I'f)  =  -  5ll)(cd(a  +  /J)1A)|B)  +2cV|A')|B') 

+  c<i'(l  +  a)lA>|B'>  +  c'd(l  +  ;3)1A')|B)) 

+  ^|2)Mq  -  ,d)|A)|B)  -cd'd  -a)|.4)|B')  +c'd(l  -  i3)\A')\B)j 

+  ^|0)(a'c|A")|t/’B) 

We  consider  only  those  events  in  which  the  photon  is  detected  at  B2.  For  these  events 
the  state  vector  collapses  onto  the  second  term  on  the  RHS  of  (12).  If  the  atoms  A  and 
B  are  identical  so  that  a  =  i3  then  the  unnormalised  state  of  the  atoms  becomes 

|<^}  =  c'd|.4')lB)  -cd'lA)|B').  (13) 

To  demonstrate  nonlocality  take  identical  atoms  .4  and  B.  By  preparing  them  so  that 
they  have  spin  along  the  x-axis,  their  states  can  be  written 

lva)  =  ;^(|+)4  +  |-).4),  (14) 

lvb)  =  ^(1+)b  +  |->b),  (15) 

where  the  states  |±)4  and  1±)b  have  spin  ±5  along  the  s-axis.  Now,  if  a  magnetic  field 
is  applied  along  the  x-axis  then  Zeeman  splitting  will  occur.  We  choose  the  frequency 
of  our  single  photon  so  that  it  corresponds  to  some  excitation  energy  of  the  |— )/i  and 
|— )b  states  but  not  to  any  excitation  energy  of  the  |+}y»  and  |+)b  states.  Thus,  the 
),4  and  |  — )b  states  will  absorb  some  of  the  photons  and,  therefore,  can  be  identified 
with  the  1-4)  and  \B)  states  respectively.  On  the  other  hand,  the  |.4')  tmd  \B')  states 
will  be  transparent  to  the  photons  and,  therefore,  can  be  identified  with  the  |.4')  and 
\B')  states  respectively.  The  initial  state  of  the  atoms  can  be  written  as  a  product; 

Iv’i)  =  ^(1+)^  +  |-).4)(|+>B  +  |-)b)  (16) 

However,  after  interaction  with  the  photon,  the  state  of  the  atoms  becomes  entangled: 

I't?)  =  ^{l  +  >/t|-)8  -  |-).4l  +  ).-i)  (1‘) 

This  is  a  singlet  state.  It  is  well  known  that  measurements  of  spin  along  appropriate 
dirrections  on  a  singlet  state  will  violate  Bell's  inequalities. 3 

The  experiment  proposed  by  Tan,  Walls  and  Collett  depends  on  the  ability  to  pro¬ 
duce  coherent  states,  and  so  can  only  be  generalized  to  single  boson  sources.  However, 
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it  is  clear  that  the  experiment  discussed  above  can  be  generalised  to  all  single  particle 
sources,  fermions  as  well  as  bosons.  This  is.  then,  the  first  demonstration  of  the 
nonlocality  of  a  single  particle  that  holds  for  all  particles. 

The  author  thanks  Professor  E.  J.  Scjuires  for  helpful  discussions  on  this  topic. 

1  S.  M.  Tan,  D.  P'.  Walls,  and  M.  J.  Collett,  Plus.  Rev.  Lett. 66  2.52  (1991). 

2  A.  C.  Elitzur  and  L  Vaidman,  Quantum  Mechanical  Interaction-Free  Measurements, 
Tel-.Aviv  preprint  (1991). 

3  J.  S.  Bell,  Physics  1  195  (1964),  and 

J.  S.  Bell  in  Foundations  of  Quantum  mechanics,  edited  by  B.  d'Espagnat  (Academic, 
.\ew  York,  1971).  pl71. 


Fig.  1  Mach-Zender  interferometer  with  single  photon  source  arranged  so  that  there 
are  no  objects  in  the  path  pf  the  routes  through  it  no  photons  arrive  at  detector  D2. 
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Abstract 

T.V\'.  Marshall  and  E.  Santos  have  proposed  recently  a  theory,  called  Stochas¬ 
tic  Optics,  taht  explains  in  a  local  way  some  experiments  thought  to  be  non 
classical. 

We  generalize  their  results  in  order  to  calculate  the  difference  between  quan¬ 
tum  mechanics  and  the  stochastic  optics  model  used  by  them  for  the  optical 
test  of  Bell's  inequalities. 


The  quantum-optical  prediction  for  the  coincidence  rate  in  a  typical  atomic  cas¬ 
cade  experiment  or  the  decay  of  the  metastable  state  of  atomic  hydrogen  is.  for  ideal 
experiments  [0]: 

Ri2(«)  =  7Ro(1 +2cos20),  (1) 

4 

where  Ro  is  the  rate  at  which  cascades  occur. 

Most  of  the  experiments  designed  to  test  the  Bell  inequalities  using  single-channel 
polarizers  have  measured  the  quantity: 


ri2(e)  = 


R(a.  0+6) 
R[<x>,  cxd) 


-(1  -f-  cos  2^), 
4 


(2) 


where  R(oo,oo)  is  the  corresponding  prediction  for  the  rate  with  the  polarizers  re¬ 
molded. 

In  order  to  reproduce  this  results  Marshall  and  Santos  defined  the  function: 

r(fl)  =  (Qfcos 2^)Q(cos 2$))  =  f  dxl^  f  sin 2.,7Q cos(2^)Q cos(2$ld4?  (3) 

2tr  Jo  Jo 

where  ^  and  v  play  the  role  of  hidden  variables,  with  domains  0  <  +  <  /2  and 

0  <  4'  <  2tr,  and: 


Q(cos24>) 


1 

iP--, 


cos^($)  +  sin^^o  -  '>)-^sin2^odv’o 


(4) 


where: 


cos  2^  =  cos  2+  cos  26  -I-  sin  2^  sin  26  cos  li'. 


(5) 
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with  0  <  ^’  <  7r/2,  and  3  and  7  are  parameters  of  the  theory.  Ihe  notation  (...)+ 
means  putting  zero  if  the  argument  is  negative.  Marshall  and  Santos  wrote  Q(x)  in 
terms  of  Legendre  polynomials: 

=  (6) 

n 

and  they  showed  that  the  first  order  approximation  Q(\)  w  flo  +  ui\  gave; 

r(e)  =  a^+ ^«Jcos2^  (7) 

so,  choosing  the  values  uq  =  1/2  and  ai  =  \/3/2  they  got  the  quantum  prediction  (2). 
They  have  also  shown  that: 

(P2(cos2i^)Po(cos2'I»))  =  {P2(cos2>p)Pi(cos2'^)) 

and 

(P2(cos  2>^)P2(cos2.p))  =  -P2(cos26)  (S) 

5 

making  possible  to  consider  a  second  order  approximation  Q(\)  ^  ao  +  ai\  +a2P2(\) 
which  leads  to  the  result; 

r(0)  Ufl  +  ^afcos20+  lajP2(cos20)  (9) 

3  0 

We  have  found  that  considering  the  complete  Legendre  expansion  (6)  the  corre¬ 
sponding  expression  for  r(ff)  is: 

=  (10) 

In  order  to  prove  (10)  we  need  to  demonstrate  first  that: 

(F„(cos2^)P„{cos2'P))  =  -^F„(cos20)  (11) 

To  prove  (11)  we  use  definition  (3); 

{P„(cos2'^)P„{cos  2'i/))  =  ~  f  sin  2.pFn(cos2,p)f/.p  /  P„,  (cos  i'll )(/'!'  (12) 

27r  Jo  Jo 

Applying  now  the  addition  theorem  for  associated  Legendre  functions; 

P.(cos2'I')  =  P„(cos2^}P„(cos20)  +  ^  p-—-j^P^(cos2y^)Pj^'(co»2ff)cos/,-Lil'3} 
to  the  integral  fg’'  P,„( cos 2'!' )</'!'  in  (12).  we  get: 

2ir 

P„  (cos  2'!' )(/'!'  =  2’rP„,(cos2p)P,„(cos2S) 


(14) 
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Putting  (14)  in  (12): 

(P„(cos2>p)P^(cos2^'))  =  P^(cos‘20)  f  sin2^P„(co?2y)/'„,(cos  2^)(/^  (15) 

Jo 

and  using  the  orthogonality  condition  for  Legendre  functions: 

I  sin2v5P„(cos2^)P^(cos2v-)dv3  =  (16) 

Jo  2n  +  1 

we  get,  finally  (11). 

To  obtain  the  Legend'e  expansion  of  the  function  r(0)  we  use  the  full  expansion 
(6)  of  Q(\)  in  the  definition  (3): 

=  (Q(toj2^)(5(cos2'I»))  =  ^^a„(i^(P„(cos2y  )P„(cos2'I'))  (17) 

n  rn 

and  using  (11)  we  get  (10). 

VVe  will  apply  now  the  previous  results  to  the  optical  test  of  the  Bell's  inequalities. 
We  will  do  it  assuming,  as  Marshall  and  Santos  did,  a  perfect  correlation  between  the 
hidden  variables  of  the  two  signals.  In  this  case  we  can  define  the  angular  relations: 

=  cos(2y>)cos(2a)  +  sin(2:^)sin(2«)cos(^') 

\6  =  cos(2^)cos(26)  4-sin(29)sin(2fc)cos(^') 

The  probability  of  a  coincidence  count,  as  proposed  by  Bell,  can  be  written: 

{Pn{\a)Pm{\b)) 

W'  will  now  prove: 


(Pn(\a)Pn,(\t)>  =  :r^P.(cOs20) 
2n  +  1 


where  6  =  a  —  b. 

Using  the  definition  (3): 


{Pr,{\a)Pm(\b))  =  ry  f  s\n2^d^  f  Pn{\a)Pm{\b)d^ 
zn  Jo  Jo 


and  applying  the  addition  theorem  for  associated  Legendre  functions  to  /„  ’  Pn(  Xolf’ml  \b)d'^- 
we  get: 


f2r 

/  Pn'\  \a)Pm(\b)<'-'il  =  27r  P„  (cOS  2o  )  Pn(  COS  2y' )P„,  (cOS  26)  P„  (  COS  2.^-' )  + 

Jo 

"  (n  —  A-)!(7Ti  —  IV 

H  (n  -I-  A-)!(,„  +  iy  Pni<^os2<i)P!;(co^2^)Pj„(cos2h)P‘jcob.2y)dki  ('21) 

Puttine  back  (21)  in  ('20),  this  last  expression  can  be  written: 

(/’n(\a)Pm(\6))  =  /l  +  /2 


(22) 


with  an  ob\  ions  identification. 

•After  a  straightforward  calculation  the  integrals  /)  and  I2  give: 
1 


h  = 


2n  +  1 


P„  ( cos  2a )  P„  ( cos  2b)h„„ 


h 


^  77-7-7^  cos  2a  )P^(  cos 


2)1  + 1  (» +  k-y. 

Putting  (23)  in  (22): 


(23) 


{P,A\-.)Pr..[\^))  =  .y 


2ii  +  1 


/'„(ros  >»)/'„ (■■O'. 2/»)  +  2  V  ; - — P‘‘(cos2«)/'',^'(cos2/i) 

ctl  (»  +  ^-)! 


and  applying  again  the  addition  theorem  of  a.ssociated  Legendre  functions  to  (23).  we 
get  (19). 

I’sing  this  last  result  it  is  very  easy  to  show  that: 

ruUi.b)  =  {Q(u)Q{\,))  =  ^-^PAcos20)  (25) 

n  2n  +  1 

We  think  that  with  this  results  it  should  be  possible  the  generalize  the  Marshall 
and  Santos  calculations  [0]  and  get  the  difference  between  the  predictions  made  by 
quantum  mechanics  and  the  stochastic  model  proposed  by  them  for  atomic  cascade 
experiments.  This  problem  will  be  the  subject  of  a  future  work. 
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Abstract 


Tht*  quaiitnui  spin  ran  br  modelled  by  a  top  in  which  the  magnetir  field  couples  to 
the  angular  velocity  2,  A  eoniplete  sympleetie  theory  ran  be  giveti  and  the  system  is 
integrahle.  Although  the  top  performs  a  complicated  motion  the  magnetic  moment  has 
the  exact  Pauli  precession.  The  system  is  <iuantized,  and  a  point  charge  model  is  developi-d 
to  calculate  the  gyromagnetic  ratio  g. 


I.  Introduction 

The  spin  of  the  electron  was  introduced  into  the  quantum  theory  directly  liy  the  Pauli 
or  Dirac  matrices  without  (piantizing  any  preexisting  classical  spin  model.  This  fits  quite 
well  into  the  statistical  interpretation  of  quantum  mechanics,  but  the  understanding  of 
the  physical  nature  and  origin  of  sjiin  and  spin  magnetic  moment  is  lacking. ‘  Neither  of 
the  proposed  theoretical  explanations  (see  for  example  Refs. 3-6)  was  generally  accepted. 
Spin  models  have  imt  been  veiy  conclusive  in  the  past  because  the  jihase  sjiace  of  classical 
models  .seems  to  be  larger  than  that  of  (|uantum  spin.' 

In  our  recent  work*  we  removed  this  shorthconiings  of  previous  classical  models  by 
a  proper  coupling  of  the  magnetic  field  D  to  the  angular  velocity  T-  of  the  top.  The  top 
with  such  coupling  we  call  the  magnetic  top.  Tlie  magnetic  moment  /7  of  the  magnetic  top 
performs  <i  simple  precession  motion  leatling  immedititly  to  the  Pauli  eiiuation.  whereas 
the  motion  of  the  toji  it.self  is  more  complicated. 

In  order  to  show  how  essential  the  form  of  the  coupling  is.  we  compare  the  magnetic 
to])  with  tlie  case  when  the  toj)  coiqiles  to  a  fixed  Vf-ctor  on  the  toji  (as  in  the  case  of 
gravitational  coupling).  There  is  a  big  difference. 

Becau.se  this  model  is  suci-essful  in  ])rovi<ling  the  Pauli  equation,  one  might  ask,  if 
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thr  possible  vinderlying  structure  of  the  top  could  be  revealed  in  future  experiments,  or  in 
understanding  the  eiiange  of  phase  of  the  spin  under  2it  rotations.  We  elaborate  further 
here  on  the  origin  and  value  of  the  magnetic  moment  and  study  a  simple  model  where 
a  point  charge  r  juoduces  the  magnetic  moment  due  to  the  motion  of  the  top  and  the 
relativi'  motion  of  charge  on  the  top. 


II.  Lagraiigian  and  Hamiltonian  of  the  symmetric  magnetic  top 


The  Lagrangian  and  Hamiltonian  for  the  symmetric  magnetic  top  in  a  magnetic  field 


are  : 

1 

-f  gluj  ■  B 

L^T-l 

(1) 

H  =  -12'^ 
2 

-pi 

21  ^ 

~is-glB] 

(2) 

where  I  is  the  moment  of  inertia,  S  =  /le  the  kinetic  angular  momentum  and 

s  =  t+gJB  (3) 

is  the  canonical  angular  momentum  (in  analogy  with  the  kinetic  linear  momentum  ir  =  mf 
and  canonical  nioii-.entum  ;7  =  riif+  f  .4  for  the  point  particle  Hamiltonian  H  =  - 

c.4)^).  The  pha.se  space  of  the  top  consists  of  the  three  Euler  angles 

and  their  conjtigate  momenta.  We  have  here  a  gauge  theory  with  B  playing  the  role  of  the 
gauge  field. 

Using  the  Lagrange  and  Hamilton  equations  we  showed  that  in  magnetic  field  B(f) 
kinetic  and  canonical  angular  momenta  as  well  as  kinetic  {M  =  ^E)  and  canonical 
{ft  =  g.i)  magnetic  moments  satisfy  the  torqtie  equation. 

^=9/7x5(<)  (4) 

Therefore,  in  the  time-independent  field  B,,  the  vectors  E..7. /7,  .M  simply  precess  around 
the  fiehl. 

In  contrast  to  this  simple  one-dimeiLsional  motion  of  p  of  the  magnetic  top,  a  magnetic 
moment  fixed  to  the  body,  e.  g.  m  =  inf.  satisfies  a  more  complicated  equation  of  motion 
and  ct)nscquently  performs  a  com[>licated  precession  with  nutation. 


III.  Quantum  magnetic  top 


The  usual  quantization  via  Pois.son  brackets  gir'es  the  usual  spin  algebra 


(•''■.•Si  = 


(5) 
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but  docs  not  provide  us  immediately  wave  functions  on  the  configuration  spare  (6,  -f,  \  )  of 
the  top.  In  the  Schrddinger  (piantization  the  canonical  angular  momenta  operators  ,s,  are 
represented  by  differential  ojjerators  on  the  space  which  gives  the  Hamiltonian, 

without  the  ambiguity  of  operator  ordering,  as 


+  ghB(,  —  )+-g^IB'^ 


■2 

s 


sini^  9^  ^  " HinO  d<pd\ 


(6) 

(7) 


In  particular,  for  s  =  1/2  we  obtain  the  wave  functions  \)  and  u_iy2(®.  \ ) 

which  span  the  suhspaces  D'^~  of  tire  two- valued  representations  of  the  rotation  group^ 


ll\/2(0<Y,\) 


2trv/2  2 

_ 5_f'[-(-r7-')+(\/2)l,,j, 

2ks/2 


(8) 


IV.  Magnetic  moment  and  g  -  factor 

We  adress  ourselves  now  to  the  question  of  the  origin  of  the  magnetic  moment  g  which 
so  far  was  introduced  via  the  coupling  V  =  —glX-  •  B  in  the  Lagrangian.  We  now  show 
that  a  point  charge  e  whicii  moves  on  the  top  and  which  is  coupled  to  the  electromagnetic 
potential  .4  by  the  term  j  ■  A  =  (R  ■  A  can  lead  to  a  magnetic  moment  cotipling  gU  ■  B. 
Then  we  will  compute  y. 

For  a  homogeneous  magnetic  field,  we  can  set  .4(/7)  =  };B  x  R.  Hence 

U  =  eR  mH)  =  <  R  \S  X  R  =  '-R  X  R  B  =  -Si  B  (9) 

with 

Si=^-'-RxR  (10) 

Using  the  relation 

R spurt  —  RhO'ty  4-  X  R,  (11) 

we  find: 

.\7  =  -^[^  X  (u;  X  17)  f?  X  =  -^p/7'^  -  /?(-■  R\  +  R  X  Ry]  (12) 

We  now  require  tlie  relation 

a7  -  -  R(-  ih  t  /?  X  /ffc)  =  -glJ 


(13) 
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One  simple  solution  of  (13)  is  obtained  by  setting; 

u;f?  =  0;  RxRi,  =  AJ  (14) 

where  A  is  a  constant  parameter  which  is  different  from  zero.  The  charge  moves  with 
respect  to  the  body  in  such  a  way  that  R  is  always  perpendicular  to  the  time  dependent 
vector  ui.  Then  the  g  factor  is  equal  to: 

9  =  ^(A  +  i?")  (15) 

Taking  into  account  that  moment  of  inertia,  /  =  fy  pcir,  of  the  extended  particle,  is 
different  from  the  moment  of  inertia  /  =  niR^,  of  the  point  particle,  we  conclude  that  the 
g  factor  takes  values  different  from  g  —  ( 1‘lin  value  of  the  point  charged  particle. 
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TOPOLOGICAL  ARROW  OF  TIME  AND  QUANTUM-MECHANICAL 

EVOLUTION 
Pedro  F.  Gonzalez-Di'az. 
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The  quantum  measurement  problem  remaijis  still  unsolved’.  Actually,  it  just 
expresses  the  essentially  dual  character  of  evolution  in  quantum  mechanics.  On 
the  one  hand,  the  state  vector  evolves  according  to  deterministic,  time-symmetric, 
local  and  unitary  laws,  such  as  the  Schroedinger  equation;  during  this  kind  of 
evolution  the  state  as  a  whole  remains  unobservable.  On  the  other  hand,  the  es¬ 
sential  probabilistic  nature  of  the  quantum-mechanical  predictions  requires  that 
the  wave  function  should  evolve  following  nonunitary,  time-asymmetric  and  non¬ 
local  laws  during  the  mecisurement  process  which,  moreover,  is  associated  with  a 
loss  of  quantum  coherence.  Thus,  if  we  want  to  render  quantum  mechanics  a  pre¬ 
dictive  theory,  then  we  will  need  a  collapse  of  the  wave  function,  and  this  implies 
an  arrow  of  time  for  the  measurement  process. 

Clearly,  quantum  mechanics  describes  the  behaviour  of  ordinary  matter  in  flat 
space.  At  least  at  the  microscopic  level,  this  represents  an  extremely  good  approxi¬ 
mation  whenever  spacetime  is  considered  as  a  classical  construct  which  is  indepen¬ 
dent  of  the  observer.  However,  if  quantum  fluctuations  of  the  spacetime  topology 
are  allowed  to  occur,  one  could  still  expect  the  appearance  of  gravitationally- 
induced  important  effects  during  evolution  of  microscopic  matter.  1  will  show  that 
such  effects  are  precisely  those  required  to  induce  an  arrow  of  time  for  quantum 
measurement. 

Topological  fluctuations  of  spacetime  are  best  described  as  wormholes  which 
are  microscopic  connections  between  two  otherwise  disconnected  flat  regions  of 
spacetime^,  A  wormhole  represents  a  topology  change  in  that  it  induces  an  initial 
state  which  is  just  flat  space  to  evolve  into  a  final  state  which  is  flat  space  plus 
a  given  number  of  baby  universes.  Baby  universes  are  very  little  closed  universes 
described  by  just  the  Lorentzian  version  of  the  corresponding  wormhole  spacetime 
which,  in  turn,  can  only  crop  up  in  Euclidean  gravity. 

From  a  topological  point  of  view,  two  types  of  wormholes  which  insert  into  the 
large  flat  region  at  only  one  contact  point  can  be  considered.  Simply-connected 
wormholes  are  those  wormholes  describable  by  a  pure  quantum  state  given  as  a 
wave  function* 

(1) 

w  here  I  is  the  Euclidean  action  and  C*  describes  the  class  of  paths  in  the  path  inte¬ 
gral  (1)  associated  with  Euclidean  asymptotically  flat  four-geometries  and  asymp¬ 
totically  vanishing  scalar  fields  which  match  the  configuration  l/i,;, <f)ol  given 
by  the  three-metric  h,j  and  the  scalar  field  value  <^o  on  an  inner  three-boundary 
S,  which  divides  the  four-dimensional  wormhole  manifold  into  two  disconnected 


parts. 

Nonsimply-connected  wormholes  possess  a  quantum  state  given  by  a  density 
matrix^,  p[h,j,  <^o; /I'y,  that  describes  a  mixed  state.  It  is  also  given  by  a  path 
integral  as  in  (1),  but  for  a  class  of  paths,  having  as  inner  three-boundary 
the  sum  of  the  disjoint  three-surfaces  S  and  their  copy  S'.  This  expresses  the 
distinguishing  feature  of  this  kind  of  wormholes  that  S  does  not  divide  the  whole 
manifold  into  two  disconnected  parts,  and  leads  to  a  crucial  difference  between  the 
effects  that  the  two  kinds  of  wormhole  topology  have  on  ordinary  matter  in  the 
asymptotic  region.  In  general,  the  effects  of  wormholes  on  conformally  invariant 
scalar  particles  at  low  energy  are  evaluated  by  using  the  propagator^ 

<  0  I  I  I  4>{yi)...4>[yr)  I  0  >,  (2) 

where  the  x’s  and  the  y’s  are  points  on  the  two  asymptotic  regions,  and  O^,  is  a 
filter  operator  which  is  given  by  |  ^  ><  |  for  simply-connected  wormholes^  or 

by  p  for  nonsimply-connected  wormholes'*.  The  Greer,  function  (2)  can  be  worked 
out  to  give  finally  an  effective  Hamiltonian  density  in  the  zisymptotic  region 

+  (3) 

t 

Here,  Ho  is  the  usual  local  Hamiltonian  function  for  scalar  particles.  The  new 
scalar  particle-wormhole  interaction  terms  HiAi  (in  which  the  discrete  index  i 
denotes  the  type  of  wormhole)  contain  both  scalar  field  operators  ff,  and  baby 
universe  operators  >4,.  If  the  wormhole  quantum  state  is  given  by  a  wave  function, 
then^  Ai  -  a]  +  ai  which  is  associated  with  an  uncorrelated  production  or  annihi¬ 
lation  of  baby  universes  characterized  by  Fock  operators  a,.  If  we  consider  mixed 
quantum  states  given  a  density  matrix,  then  it  turns  out  that  A,  will  correspond 
to  the  time-correlated  production  or  annihilation  of  a  number  of  baby  universes, 
all  at  a  time.  For  the  case  of  a  doubly-connected  wormhole  e.g.,  we  would  have 
A,  ~  aj^  +  af. 

Now,  since  uncorrelated  baby  universes  are  all  closed,  such  baby  universes  will 
be  disconnected  from  the  asymptotic  region,  and  cannot  therefore  be  observed 
from  it.  However,  owing  to  their  mutual  correlations,  all  baby  universes  which 
are  branched  off  from  nonsir..ply-connected  wormholes  should  be  connected  to  the 
asymptotic  region,  making  thereby  observable  the  quantum  state  p. 

Single-time  correlations  among  baby  universes  are  destroyed  when  one  chooses 
different  time  orientations  on  the  disjoint  three-surfaces  from  which  baby  universes 
are  branched  off.  An  ob.scrver  in  the  asymptotic  region  does  not  know  anything 
about  the  number  of  disjoint  three-surfaces  on  the  inner  boundary.  It  follows  that 
if,  for  the  sake  of  making  the  Euclidean  action  positive  definite  (so  that  the  path 
integral  becomes  convergent),  one  uses  complex  metrics,  then  the  contributions 
from  complex  metrics  and  their  complex  conjugate  metrics  should  be  the  same 
in  the  case  of  the  wave  function,  but  these  contributions  ought  to  be  necessarily 
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different  for  a  density  matrix.  This  is  best  seen  by  using  the  Laplace  transform  of 
the  density  matrix  p 


P\h,„,l>o,KM,,4>o,K'] 

where  /i.y  is  the  three-metric  up  to  a  conformal  factor  and  K,  the  trace  of  the 
Euclidean  second  fundamental  form,  is  taken  to  play  the  role  of  a  cosmological 
time  concept®.  The  Laplace  transform  P  is  holomorphic  if  the  real  part  of  K  is 
positive;  K  can  then  be  analytically  extended  so  that  K  iKl,  with  Ki  being 
the  Lorentzian  version  of  K.  It  can  be  readily  seen  that  complex  metrics  lead 
to  a  positive  real  part  in  Ki,  and  their  conjugate  counterpart  metrics  lead  to  a 
negative  real  part  of  Ki.  One  has  then, 

-  <iP[h,j,-Ki,4>n]  (5) 

P[kij,KL,(t>o]  7^  P'\hi,-Ki,4>o\,  (6) 

where  we  have  omitted,  for  the  sake  of  simplicity  in  the  formulas,  all  primed 
arguments  for  P.  It  follows  that,  wherejis  (5)  is  a  statement  of  T  invariance 
of  the  quantum  state  of  simply-connected  wormholes,  (6)  is  a  statement  of  T 
noninvariance  for  the  quantum  state  of  nonsimply-connected  wormholes.  Thus,  if 
we  first  replace  the  real  scalar  field  by  a  complex  one  and  then  introduce  a  triad 
of  covectors  ej  on  the  three-surfaces  and  a  fermion  field  ijj,  statements  of  CT  and 
CT P  invariance  for  the  wave  function  and  the  corresponding  statements  for  CT 
and  CTP  noninvariance  for  the  density  matrix  are  obtained,  i.e.  for  P  one  has 

P[h,„f<L,^o]^  (7, 

PlelKL,^^  (8) 

(and  the  corresponding  equalities  for  where  =  Cipl,  and  ej  is  the  triad  on 
the  S's  up  to  a  factor. 

This  result  ultimately  implies  that  causal  locality  as  expressed  in  terms  of 
the  baby  universe  operators  A,  is  violated  for  nonsimply-connected  wormholes, 
i.e.  [i4,(j:),  v4j(j/)]  /  0,  at  lecist  for  some  particular  spacelike  separations.  The 
commutator  will  be  always  zero  nevertheless  for  simply-connected  wormholes. 

Requiring  then  causal  locality  for  operator  H  in  the  asymptotic  region®,  it  fol¬ 
lows  that  the  scalar  particle  interaction  operators  H,  in  (3)  should  always  commute 
for  spacelike  separations  for  wormhole  wave  functions,  but  do  not  for  wormhole 
density  matrices,  i.e. 

[/y.(x),//,(y)|  /O,  (9) 

at  least  for  some  (x  -  y)^  <  0.  Assuming  then  CP  invariance  for  quantum  fields 
at  low  energy,  it  may  be  concluded  that,  whereas  simply-connected  wormholes 
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must  induce  an  evolution  for  these  quantum  fields  which  is  unitary,  deterministic, 
time-symmetric  and  local,  nonsimply-connected  wormholes  make  that  evolution 
nonunitary,  time-asymmetric  and  nonlocal,  inducing  thus  a  loss  of  quantum  co¬ 
herence  for  the  quantum  fields.  Now,  bearing  in  mind  the  observability  properties 
of  'J'  and  p,  we  see  that  the  evolution  of  the  state  vector  of  any  quantum-mechanical 
system  in  flat  space  is  dual  in  exactly  the  same  way  as  that  which  is  induced  by 
wormholes.  Hence,  we  can  see  why  quantum  fluctuations  of  spacetime  topology 
can  make  a  suitable  candidate  for  the  missing  physical  origin  of  the  arrow  of  time 
required  by  quantum  measurement.  It  is  worth  noticing  that,  since  the  probability 
of  occurrence  of  wormholes  is  proportional  to  where  denotes  the  action 

corresponding  to  the  wormhole  cross  section  with  minimal  radius,  the  nonlocal¬ 
ity  induced  by  multiply-connected  wormholes  can  even  hold  over  the  macroscopic 
distances  implied  by  e.g.  any  EPR  experiment. 
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Tensor  Product  of  Quaternion  Hilbert  Modules 
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.di.dract.-  .A  solution  to  the  i>rohlein  of  the  construction  of  a  ti  iisor  ju'oducr  of 
quaternion  modules  is  giv<'n.  .Annihilarion-crention  o[)erators  are  constructed,  with 
Bose- Einstein  or  Fermi-Dirac  statistics.  The  commutation  rel.ations  are  distorted. 

Quaternion  Hilltert  modules  are  of  interest  hecau.se  they  fr)rm  admis.-ihie  repre 
sentations  of  quantum  theory  in  its  alistraci  foriiiT'.  The  analog  of  a  ray  in  coinple.v 
([uaiitum  mechanics  carries  ;i  full  <iuaterniouic  plui-se.  ;ui<l  one  mishr  e.vpect  -ucii  a 
structure  to  he  useftil  as  a  motlel  for  theories  with  uou-.Ah('lian  iiuace  -ytiimetry.  The 
one  ftarticle  theory  has  undergone  sieuificant  <levelopment'2i  .'F.  Ftirti;<'rmoie.  a  Foci; 
space  Wcis  constructed,  with  annihihitioii-  creation  operators,  which  is  linear  on  com- 
plc.x  suhalgehra  [3  .  ;ind  a  somewiiat  restricted  form  of  quaternion  field  tl.cory  has  been 
developeti  using  path  iutegnd  methods  '4J.  hut  a  tensor  product  v.-ith  fnli  q'.'.atertiio;. 
symmetry  has  only  recmitly  been  workt’d  out  ,b’.  We  wish  to  levi.-w  tins  iese.it  and 
emphasize  some  [joints  not  e.xqjlicitly  stated  previously. 

We  first  flefiiie  a  set  of  elements  ff\'n  sueh  that  fit-t-tjh  f\'n:  e.  h  fH .  tiie  (luaternion 
t  star  I  aleelira  generated  over  the  reals  Ijy  1. 1  j .  <  ■.>.  t  t.  for  whicii  t  ■  -  - 1 .  t  , '  -  .  1  - 

1.2.3.  and  t|te  =  .A  scahar  product  is  defined  hy  l/.,-/]  =  ~  '  = 

i  f.  (j)  +  \  f .  h  ).{ f .  (JO  )  s  (/.  ^i<;.  and  the  norm  is  given  byt/. /|  =  /  -  y  (I:  --  o 

if  anrl  only  if  /  =  0.  .A  right  inodnh'  with  these  [jroptTties.  clo.seil  und.er  ti;e  r(,;j(;lo!;y 
defined  hy  tiiis  norm,  will  he  called  a  Hilljert  //  inodule,  Hu.  Such  a  sjiace  may  'oe 
thought  of  as  descrihiug  a  oue-[)article  ([Uiintum  theor.v.  To  constrtict  a  tensor  tirodmu 
sjjace.  we  make  use  of  a  theorem  of  Horwitz  ami  Diedenliarn(3i[6b 

Let  u.s  choo.se  an  algehra  C  of  iuai)[)iugs  Hu  —  Hu  which  is  •■isomoridiic  to 
the  (juaternion  algehra  H.  generated  Ijy  l.E,(/  =  1.2.3)  over  the  reals  i  with  E\E'  = 
E\.  E'  =  —  1.  £,’  =  —  E,).  and  re(]uiii'  the  o])<Tator  bound  lE, =  1  for  each  It  tiien 
follows  that  rlie  tuijoint  E'^  =  E,'  =  -E,.  With  tlie  hel|)  of  this  lemma,  tin-  theorem  3 
states  that  tliere  is  a  decoin|)o.sit(.n 

1  =  0 

wlif^rr 

i 

/.  =^E,(/c,-)c/  ,2i 

J=H 

satisHrs 

•3:i 

’  On  saljhatical  leave  from  rlie  School  of  Physics.  Raymond  and  Beverly  Sackle: 
Faculty  of  E.xact  Sciences.  Ti'l  .Aviv  University.  Ramat  .Aviv.  Israel. 
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and  the  scalar  products  (/,./j)  are  real.  We  call  such  /,  ‘■formally  real".  In  fact, 
with  the  choice  E,  =  J  f/j'|.r  >  c,  <  j],  where  |.r  >  is  the  Dirac  ket  for  the  spectral 
representation  of  the  self-adjoint  position  operator.  <  =  fj  <  r\f,j  =<  .r|/,)Cj, 

and  hence  one  has  <  jt|/)  =  Yj,-,,  <  -r!/,)e,.  with  <  x\f,)  real.  We  identify  the  choice 
of  £  in  each  copy  of  'Hu  in  the  tensor  product  Hu  3  Hu  3  •  -  ••  and  write  ej  for  E'r  on 
the  left  tis  well  as  the  right  (the  /,  then  appear  a.s  real  rained),  ^\'e  may  then  represent 
the  tensor  product  as 

/■  3/,S...3/r  =  (/;■  3/^Y3...3/A^)  (c..  (-D 

■  i  ev 

the  problem  of  constructin.g  a  tensor  product  for  quaternion  Hilbert  modules  therefore 
reduces  to  that  of  constructing  the  tensor  product  for  quaternion  algebra.s.  The  linear 
span  D  of  the  elements  1 3  e i,  35.  ■  ■  f  i  v  forms  a  large  algebra  (  multiplication  is  defined 
by  products  in  the  corresponding  place).  To  embed  elements  of  the  form  (4)  ( ii  riglit  D 
module )  into  quaternionic  Hilbert  space,  it  suffices  to  define  a  scalar  product  with  vtducs 
in  H .  Fermi-Dirac  and  Dose-Einstein  statistics  are  reflected  in  the  symmetrization  <tf  the 
formally  real  elements;  the  scalar  product  of  elements  in  D  must  be  totally  symmetric, 
multilinear  and  non-negative. 

Let  us  define  a  map  of  deD  into  the  complex  d  >—>  ( J)eei?[e]  by  extracting  only  the 
complex  part  ( 1.  e )  for  some  ttlmH  of  each  factor,  and  carrying  out  ordinary  (complex ) 
multiplication.  This  operation  puts  into  correspondence  the  element  f  in  any  position 
in  the  tensor  product,  We  define  the  left  ideal  .4,  generated  hy  the  elements  {[f  q  -  3],}. 
where  ifl,  =  1  3  1  •  ■  ■  3  t  3  1  3  •  •  ■  3J  1.  with  e  in  the  i'*'  position  (.4^  =  {()}  if  .V  =  l  i. 
The  quotient  D/A,  =  Df  is  a  loft  module.  For  d(D.{<l)(  =  0  if  t/f.4f . ( >  0.  and 
is  zero  if  and  otily  if  (/e.4,.  With  these  properties,  we  can  define  an  R'f'  valued  scalar 
product  in  D,.  Define  ly,  =  Iq  +  .4,;  every  dfD,  has  the  form  d  •+•  .4^  =  </ ■  Ip,:  then. 

{d\  ■  lu,-‘h  ■  Id,  )«(,]  =  idi.d,)t  =  (5) 

With  (4).  this  definition  defines  the  embedding  of  the  tensor  product  of  qtiaternion 
Hilbert  modules  into  a  complex  Hilbert  space  ((5)  is  cotnplex  linear).  This  constniction 
is  e<iuivalent  to  the  complex  tensor  product  proposed  by  Horwitz  and  Biedenharn  [3]T]. 
The  generalization  to  the  full  quaternion  case  is  made  by  defining  .4  =  3, ,.4,.  as  the 
appropriate  ideal,  and  D/A  =  D{H).  The  natural  projection  of  d  info  tlie  reals  (see  i'21 
for  i  =  0),  J]]  3  .  .  .  ,3  f  ...  3  Cjv  contains  a  part  in  .4;  in  fact,  a  mapping 

into  the  reals  which  satisfies  all  of  onr  reqtiin  ments  is  given  by 

id)iz  ■  1d(//)  -  Z  Y,  'n 

(TtSv  n  j.v 

from  which  one  can  prove  the  iterative  formula  [5]  l(<j)n  —  Rrri) 

1  , 

(tyi  . .  .  =  -TT - rfl'/.v'/i  ■  ‘7J  •  ■  ■  i'i  '/.v-i  )k  +  ■  •  ■  +  b/i  .  . .  '  1  '/c-v 

.  V  -r  i 

</,\i  I,]  v.v-t  )k1-  (7) 


) 
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The  scalar  product  in  D{H),  defined  by 

■  1d( ;/))//  =  1  3  ■  •  -  C3  e,'  )d2  )7te,  (8) 

provides  an  embedding  of  the  space  (4)  into  a  quaternion  Hilbert  module  (vectors  in 
the  Fock  space  contain  d  C3  1  in  the  algebraic  factor  to  preserve  symmetry  under  (S)). 
One  can  then  construct  annihilation-creation  operators  for  BE  :md  FD  statistics  which, 
however,  satisfy  the  algebraic  relations 

•V  -t-  2 

{a.\'+i(f)asHo)  T  V  ,  o*^v*(g)«.v(/)l'I'/t(gi  ■■■■gs)  = 

iV  +  o 

1  ^ 
j=t 

where  the  heavy  dot  indicates  (normalized)  distributive  multiplication,  indicating  a 
deformation  of  the  usual  annihilation-creation  algebra  (the  same  method  applied  to  the 
complex  structure  (5)  does  not  contain  the  extra  factor).  This  type  of  deformation 
occurs,  for  example,  in  the  well-known  quantum  group  Sf,  (2).  We  also  note  that  the 
scalar  product  for  .V  =  1  does  not  coincide  with  (/.?): 

('K/).'I'(!?))  =  ^l(/.9)  +  2/?e(/.g)l.  llOl 

In  fact,  multiplying  ^(g)  by  the  annihilation  operator  a{f),  one  obtains 

'i(/)'I’(.'7)  =  ^0  ■  ^((/.g)  +2/?e(/.g)].  (11) 

The  one-particle  state  is  the  non-trivial  tensor  product  of  one  particle  with  the  vacuum; 
the  one  particle  sector  therefore  does  not  coincide  with  the  one-particle  theory  which  is 
not  embedded  in  a  Fock  space. 

One  of  us  (L.P.H.)  wishes  to  thank  S.L.  Adler  and  C.  Piron  foi  helpful  and  stimu¬ 
lating  discussions. 

References 

1.  G.  Birkhoff  and  J.  von  Neumann.  .Ann.  Math.  37  (1936)  823. 

2.  D.  Finkelstein,  J.M.  Jauch.  S.  Schiminovich  and  D.  Speiser. 

J.  Math.  Phys.  3  (1962)207:4(1963)788. 

3.  L.P.  Horwitz  and  L.C.  Biedenham,  .Ann.  Phys.  157(1984)432. 

4.  S.L.  .Adler.  Comm.  Math.  Phys.  104  (1986)611. 

■J.  .A.  Razon  and  L.P.  Horwitz,  to  be  published  in  .Acta  .Applicandae  Mathematicae. 

6.  .A.  Razon.  L.P.  Horwitz  and  L.C.  Biedenham,  Jour.  Math.  Phys.  30(1989)59. 

7.  .A  demonstration  will  be  given  elsewhere. 


269 


A  RELATIONSHIP  BETWEEN  LOCAL  AND  IRREDUCIBLE 
REALIZATIONS  OF  LIE  GROUPS 

Javikr  Negro  and  Mariano  A.  del  Olmo 
Depart  ament  o  <le  Fisira  Teorica,  Uiiiversidarl  <le  Valladolid,  47011  V'alladolid,  Sj)ajn 

Abstract.  Wc  study  the  form  of  an  operator  which  connect  local  and  irreducitrle  real- 
izatiorts  (wdilch  are  not  necessarily  representations)  of  Lie  grotrps  which  haie  a  gent'ral 
■seinidirect  product  structure.  VVe  apply  this  development  to  a  sitnple  hot  non  trivia]  case: 
the  uniditnetisional  Galilei  group 


1.  INTRODUCTION 

Since  tile  work  of  Hoogland  [Ij  it  is  well  known  the  important  role  that  local  real¬ 
izations  {l.rl.)  of  a  group  have  in  descrihing  the  kineniatical  symmetries  of  a  physical 
system  in  Quanttun  Mechanics.  Along  this  paper  we  shall  'ise  the  term  "realization  " 
instead  of  "representation  up  to  a  factor’",  as  sometimes  appears  in  the  literature  and 
will  be  defined  precisely  bellow.  The  mathematical  development  of  this  theory  can  be 
found  in  [2],  vvhere  it  wa.s  introduced  the  idea  of  the  representation  group  in  order  to 
classify  and  compute  l.rl.  by  means  of  local  representations  (l.rp.)  in  the  easit'st  possible 
way.  In  general,  a  l.rl.  is  not  irreducible  and  wc  will  study  here  a  jiai  Vular  case  of 
the  problem  of  decomposing  a  l.rl.  of  a  Lie  group  in  terms  of  its  unitary  irretlncihle 
(suh)realizations  (u.i.rl.).  Each  irreducible  suhn'alization  can  he  .selected  by  making  tise 
of  invariant  equations  and  may  be  a.ssociated  to  an  elementary  system,  .kn  investiga¬ 
tion  of  this  question  in  the  lengtiage  of  fibre  bttndles  for  a  C('rtain  kind  of  groups  can 
be  found,  for  instance  in  [G).  Here  wc  shall  work  within  a  space  of  wave  fun>  .ions  and 
we  shall  restrict  cnirsclves  to  groups  which  have  a  general  semidirect  product  structure 
so  that  our  results  come.s  into  well  known  formulas  when  some  of  its  components  are 
abelian. 


2,  LOCAL  VERSUS  IRREDUCIBLE  GROUP  R EALlZ.kTlOXS 

Let  G  =  A’  (•  H  a  eonnerted  Lie  group  cT  symmetries  whose  strni  ttire  is  .hat  of  ii 
semidirect  ijroduct,  where  A’  is  an  invariant  subgroup.  The  gron]>  A’  ei\n  l)e  thought 
of  as  a  homogeneous  space  under  the  action  of  G  and  front  now  on  it  will  he  identified 
physically  with  a  stihmanifold  of  the  spiiee  time.  We  siitill  designe  by  H  tlie  \eetoi 
sjtace  of  wavefunrtions  of  n  eompoiienfs.  ri  :  A'  -+  C".  Th«'n  a  local  reah/.ition  [1.2i  of 
G  in  h  is  a  .set  of  local  operators  of  'H.  M(</).V<y  d  G.  which  are  <iefined  by 

=  .4(</,.r)i;-(j  ),Vy  e  A'.q  d  G,  (2.1) 


and  stieh  th;if 

where  .4  :  G  X  A' 
uj  '•  C  X  G  — *  f '  ( I ) 


U{(f)l4G.i)  =  6  G.  I2  2) 

GL(C")  is  a  non  singular  Borel  matrix  viihn d  function  and 
T  is  a  Borel  factor  system  of  G.  i  e..  u,’  belongs  to  a  ela.ss  oi 
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(G,U(1)).  When  the  factor  system  u;  in  (2.2)  is  always  equal  to  one  it  is  said  that 
W  is  a  local  representation  of  G.  In  physics  one  is  usually  interested  in  reahzations 
rather  than  in  representations,  and  this  means  one  more  complication.  However,  local 
realizations  can  be  studied  in  terms  of  local  representations  by  means  of  a  representation 
group.  It  can  be  shown  [2]  that,  given  G,  there  exists  a  (non-unique)  group  G,  minimal 
in  some  sense,  called  representation  group  of  G,  which  consists  in  a  central  extension  of 
G  by  an  abelian  group  A,  i.e.,  the  sequence  1— »A— »G— >G— >lis  exact,  and  which 
has  the  property  that  any  l.rl.  of  G  can  be  lifted  to  a  local  representation  (l.rp.)  of  G. 
More  precisely,  if  2/  is  a  l.rl.  of  G,  there  exists  a  l.rp.  U  of  G  (where  the  action  of  G  on 
X  is  via  the  canonical  epimorphism  p  ;  G  — »  G,  by  31  =  p{g)x,g  £  G,  i  6  X),  and  a 
Borel  section  r  :  G  — »  G,  such  that 

a.)n{A)  CT 

h)Uig)  =  Uir(g)),ygeG. 

Condition  a)  is  refered  to  as  saying  that  U  is  an  /l-split  l.rp.  of  G.  When  G  =  X  QH , 
as  it  is  our  present  case,  it  can  be  checked  that  G  =  (AX)  ©  H ,  where  the  invariant 
subgroup  (AX)  is  a  central  extension  of  X  by  A.  It  can  also  be  proved  that  all  the 
l.rp.  of  G  can  be  found  by  induction  in  the  following  way.  Let  D  2in  A-split  matrix 
representation  of  A®  H  and  cr  :  X  — *  G  a  normalized  Borel  section,  then  a  l.rp.  Ud  of 
G  is  obtained  by  induction  from  D  and  has  the  form: 

(HD{g)^)(9x)  =  D  {a{gx)~^ga(x))v(x).  (2.3) 

Now  we  turn  to  characterize  the  unitary  irreducible  representations  (u.i.rp.)  of  G, 
which  can  be  used  to  study  the  u.i.rl.  of  G  in  the  saune  way  as  it  happened  with  local 
realizations.  The  u.i.rp.  of  G  can  be  computed  by  means  of  a  well  known  theorem  of 
Mackey  [4].  Roughly  speaking  the  method  can  be  applied  to  the  present  situation  as 
follows.  Let  X  be  a  u.i.rp.  of  (AX),  amd  ft  £  /f,  then  ft[x]  is  a  new  representation 
defined  by  ft[x')(a)  =  x(ft”*2’ft),Va  £  (AX).  If  (AX)*  designes  the  set  of  classes  of 
u.i.rp.  of  (AX),  the  foregoing  action  of  H  on  (AX)*  divides  that  set  into  orbits.  We 
construct  the  closed  subgroup  G^  =  (AX)  0  ,  made  up  of  the  elements  9  £  G  such 

that  g[xl  —  Xt  W(h),  h  £  will  denote  the  operator  that  realizes  the  equivalence 

/t(xl(«)  =  W^(ft)-'x(a)W(ft),Va  €  (AX).  (2.4) 

Fixed  a  u.i.rp.  L  of  H  ,  a.  unitary  realization  (x,L)  of  G^  has  the  form: 

(X,  L)(a,h)  =  x(a)W(h)  ®  L(ft),  V(a,  ft)  £  (AX)  0 

When  the  second  cohomology  group  is  trivial,  i.e.,  {H,U[\))  =  0,  and  if  there  exists 

a  Borel  set  that  intersects  in  a  single  point  each  orbit  of  (AX)*,  Mackey’s  theorem 
states  that  any  u.i.rp.  of  G  can  be  obtfuned,  up  to  equivalence,  by  induction  from  the 
representations  (x^L)  of  G^.  Explicitly,  if  s  :  p  C  GfG^  — »  G,  being  p  Em  orbit  under 
G,  is  a  normalized  Borel  section,  a  u.i.rp.,  have  the  form 

(pc)  =  (x,i)(5(yc)''ys(c))(fc(c),p  6  G,c  €  p.  (2.5) 
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3.  CHARACTERIZATION  OF  AN  INTERTWINNING  OPERATOR 
We  shall  express  the  operator  which  realizes  the  equivalence  between  a  subrepresen¬ 
tation  of  Ud  and  the  u.i.rp.  U(x,l)  by  means  of  a  functional  in  the  form 

4ix)=  f  Kix,c)ipic)d(i{c),  (3.1) 

Jp 

where  p  is  an  orbit  of  (AX)*  under  G,  fJ.(c)  the  invariant  measure  (in  general  it  can  be 
cuasiinvariant)  of  the  homogeneous  space  G/G^  under  G,  and  K{x,  c)  an  operator  which 
acts  on  the  space  that  supports  the  representation  (x,  L)  of  G^  .  In  these  circunstances, 
after  a  straightforward  computation  we  find 

K(x,c)  =  D(s(c))  A'(c)s(c)[xI(<t(x))“’  ,  (3.2) 

where  c  is  the  class  of  the  identity  in  GfG^,  and  the  operator  A'(c)  verifies 

D(x)A'(£)  =  A'(c)W(7)  ®  Z,(q), Vq  &  A®  (3.3) 

So,  A'(c)  is  an  intertwinning  operator  between  the  representations  D  and  W  ®  L  when 
they  are  restricted  to  A  ®  ,  in  particular  they  must  coincide  in  the  abelian  subgroup 

A.  The  form  of  the  operator  (3.1)  given  bv  (3.2)  and  (3.3)  allow  us  to  classify  the  kind 
of  equations  that  a  wavefunction  of  a  l.rl.  must  obbey  if  it  is  to  be  associated  to  an 
elementary  system.  First,  due  to  the  fact  that  the  integral  (3.1)  is  extended  to  an  orbit, 
it  must  satisfy  an  equation  that  we  call  of  orbital  type.  When  D(~f)  and  i(7)  in  (3.3) 
are  matrices,  condition  (3.3)  gives  rise  to  at;  equation  of  a  matricial  character  and  even 
if  they  are  unidimensional  we  get  an  equation  which  we  call  of  equivalence.  If  {AX)  is 
a  trivial  extension  of  A  by  A  and  if  X  is  abelian  then  the  nucleus  (3.2)  becomes  that  of 
a  Fourier  transform  and  this  happens  to  be  the  case  for  the  threedimensional  (in  space) 
Poincare  and  Galilei  groups.  However,  in  general  it  may  be  not  so  simple  as  can  be  seen 
in  the  following  example. 

4.  THE  UNIDIMENSIONAL  GALILEI  GROUP 
The  elements  of  G  have  the  form  [5,6]  (r;,<l,6,a,i»)  =  (Tj,9,g)  =  g,  with  {i),9)  G  A, 
and  a,b,v  the  parameters  of  the  space-time  translations  and  inertial  transformations, 
respectively.  The  composition  law  is 

(f),  0,  b,  a,  v){t}',  6',  b\  a',  v')  =  iv  +  v' +^i(9^9')- ^+^^+W2(?,  g'),  b  +  b' ,a  +  a'  +  b'v,  v  +  v'). 

with  u>i(g,g')  =  ^vb'^  +  ab',  ui2{g,g')  ~  +  va'.  In  this  case,  (AA)  =  {{rj,6,b,a)) 

and  H  =  {(«)).  Physically,  the  extension  corresponding  to  the  parameter  6,  [A',  P\  =  /«, 
is  associated  to  the  mEiss  of  the  system,  while  that  corresponding  to  r;,  [P,  H]  =  /,,  h2« 
to  do  with  the  possibility  of  a  non  null  background  constant  field  which  is  consistent 
with  the  Galilei  (and  Poincare)  group  only  in  one  space  dimension.  The  u.i.rp.  of  ( AA) 
take  the  form 

(p)  =  exp{i(m^ +  /tj  +  pa)}^(p-  /6),m,/  €  R* 


(4.1) 
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and  the  representation  W  Q  L  of  =  H  =  ((v))  is  given  by 
W  (g)  L{v)  =  exp{ftt>  +  ikv),k  £  R*, 

where  Q  =  ip^ /{2f)  +  mdp.  As  for  the  local  representations  of  G,  they  arc  induced  by 
the  matrix  representation  D  of  A®  H  =  {(r},0,v))  which  is  of  the  form  D(r},ff,v)  = 
e'Gi+’nS)  jjj  jjjjg  special  case,  since  coincides  with  H,  the  orbit  p  consists  just  in  one 
single  point  c,  so  the  only  components  of  the  nucleus  (3.2)  to  be  found  are  y  ((t(i))  ' 
and  A'(c).  Let  x  =  (t,x)  and  <t{x)  =  (0,0,<,x,0),  then 

X  ((t(x))"'  =  exp{/<5p  -  2px  +  (4.2) 

while  it  is  easy  to  check  that  A'(c)  is,  up  to  a  constant  factor,  a  projection  operator  of 
the  form 

A'(c)  =  j  F{py4<{p)dp. 

F(p)  verifiying  (f)  +  ik)F(p)  =  0;  explicitly  F^p)  =  exp{— ip^/(6m/)  —  ikp/m}.  Finally 
we  have  for  the  operator  (3.1): 

^{t,x)  =  j  F(py  exp{ftdp  -  ipx  +  ^ifxf}v'{p)dp.  (4.3) 

It  can  be  checked  that  this  operator  is  unitary  with  respect  to  the  inner  products  defined 
in  the  spaces  suppe-ting  these  representations.  We  must  remark  here  that  this  operator 
is  useful  in  order  to  clarify  the  physietd  meaning  of  tiie  parameters  rn ,  /  and  k  which 
lable  each  u.i.rp.  of  G  and  to  stablish  the  invariant  equations  [6]. 
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Skein  relations  for  any  pair  of  irreducible 
representations  of  any  Lie  group 

B.  Broda  * 

Arnold  Sonimerfeid  Institute  for  Mathematical  Physics.  Technical  University  of  Clausthal, 
Leibniistrafie  10,  D-3392  Clausthal-Zellerfeld,  Germany 
and 

Institute  of  Physics.  University  of  Lodz,  Pomorsha  I4S/I53,  PL-90-236  Lodz.  Poland^ 

A  general  approach  to  monodromy  skein  relations  for  any  pair  of  irre¬ 
ducible  representations  of  any  semi-simple  Lie  group  in  the  framework  of 
topological  Yang-Mills  theory  is  proposed.  The  explicit  form  of  the  mon- 
oufoiny  relations  as  v.r!!  a‘'  'he  explicit  "''!t;‘io'’<;  -if  conic  reduction  formula'" 
are  given. 

Skein  relations  are  an  important  tool  in  studying  low-dimensional  topology  of  knots 
and  links,  giving  a  possibility  of  computing  polynomial  invariants  in  a  recursive  way. 
The  recently  discovered  physical  approach  to  skein  relations  utilizes  some  models  of 
topological  Yang-Mills  theory,  namely  Chern- Simons  theory  [1]  and  the.  so-called.  BF 
theory  [2].  It  seems  that  any  pair  of  irreducible  representations  of  any  semi-simple 
Lie  group  gives  rise  to  a  skein  relation.  In  the  first  paper  on  this  subject  [1]  the  tliree- 
dimensional  Chern-Simons  approach  was  effectively  reduced  to  two  dimensions,  and  next 
the  apparatus  of  conformal  field  theory  was  employed  to  the  case  of  the  fundamental 
representation  of  SU(A')  group.  The  case  of  fundamental  representations  of  other  Lie 
groups  has  been  considered  in  [3].  .A  genuinely  three-dimensional  approach  appeared  in 
[4].  and  a  non-perturbative  version  of  it  in  the  framework  of  Chern-Simons  theory  in  [5]. 
and  also  in  [6)  in  the  framework  of  BF  theory  (with  the  possibility  of  a  generalization  to 
some  higher-dimensional  links),  but  only  for  the  fundamental  representation  of  SU(A'). 
A  four- dimensional  Yang-Mills  formulation  of  link  invariants  has  been  suggested  in  [7], 
whereas  a  generalization  to  other  representations  (in  conjunction  with  the  concept  of 
quantum  groups)  is  worked  out  in  [8). 

In  this  work  we  propose  a  general  and  elementary  approach  to  skein  relations  for 
any  pair  of  irreducible  representations  of  any  semi-simple  Lie  group  G  in  the  framework 
of  topological  Yang-Mills  theory  with  the  same  gauge  group  G  [9].  Strictly  speaking, 
since  the  analytical  and  geometrical  side  of  the  approach  has  already  been  developed 
we  will  confine  ourselves  only  to  the  algebraical  aspects  (which  are  independent  of  the 
specific  geometrical  description),  and  our  present  work  should  be  considered  as  a  group- 
theoretical  complement  of  [5-7],  where  onh'  the  case  of  the  fundamental  representation 
of  SU(A')  group  has  been  analysed.  It  appears  that  the  key  calculational  object  in  these 
approaches  is  the  monodromy  matrix  M  of  two  Wilson  lines  (possibly,  m  the  higher- 
dimensional  case,  generalized  Wilson  observables  |6,7)),  rather  than  the  braid  matrix. 
It  means  that  the  prominent  role  is  played  by  the.  so-called,  coloured  (or  pure)  braid 
group  rather  than  by  the  (full)  braid  group. 
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Let  #“  be  generators  of  the  irreducible  representations  R,(G}  of  the  semi-simple 

dc-dimensional  Lie  group  G.  a  =  1,2 . do.  =  1-2.  Physically,  the  group  G  is  the 

gauge  group  of  some  topological  Yang-Mills  theory,  whereas  the  representations  R„(G) 
appear  in  the  (generalized)  Wilson  observables  11'/}^.  From  topological  field  theory 
follows  the  monodromy  matrix  [5-7] 

=  r  =  (1.2) 

a=l 

where  the  coupling  constant  A  =  and  the  level  k  €  Z*.  The  expression  (2)  can  be 
rewritten  in  the  form 

^  3  l2  +  1,  J  C.  l2  +  li  2  (3) 

a=l  ^  a=:l 

The  first  term  in  (3)  contains  the  generator  of  G  in  the  (in  general,  reducible)  product 
representation  R(G}  =  Ri(G}  S  R2{G) 

i"  =  t“  3  l2  +  It  ;l:  (4) 

For  irreducible  representations  the  second  term  considerably  simplifies,  namely 

dc 

(5) 

<1  =  1 

where  Cg  is  the  second  order  Casimir  operator.  Hence 

r  =  J  ^  f”!- -  ic.  c  =  r, -fC.,.  (6) 

"  <1  =  1 

The  Clebsch-Gordaii  expansion 

D 

Ri(G)  Z  R^lG)  =  ^  R^(G)  (7) 

0=1 

gives  rise  to  the  following  generalization  of  (5): 

da  D 

=  Y,CaVo.  (8) 

a  =  l  a  =  l 

where  Vo  are  orthogonal  projectors  onto  irreducible  components  Rq(G)  of  R{G). 
So=i  —  1’  ^aVj  =  hojVo-  .4ccording  to  (6)  and  (8)  the  monodromy  matrix 
(which  geometrically  can  correspond  to  the  full-twist  of  two  Wilson  lines)  is  expressed 
by  the  spectral  decomposition 

A/ = 

a=l 
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Analogously,  the  zero  and  the  positive  integer  powers  of  M  (whi<'h  can  correspond  to 
the  zero-twist  and  the  ji-twist  respectively)  are  given  by  the  following  spectral  formulas 

D 

M°  =  1.  .V"  =  (10) 

Q~  1 

A  general  monodromy  skein  relation  is  expressed  bv  the  poivnoniiai  in  d/  of  the  degree 

-V(-V>2) 

.V 

-^0.  (11) 

n=0 

Using  (10)  we  can  put  (11)  in  the  form 

=  0-  (12) 

Q^l  n:=:0 

^vhich  is  equivalent  to  the  system  of  equations 
.\ 

X!  =  O'  0  =  1.2 . D,  9o  =  exp  A(Co  -  C)  =  (13,14) 

n=0 

Due  to  possible  multiplicities  in  the  Cle  )sch-Gordan  expansion  (7).  and  possible  acci¬ 
dental  degenerations  (in  general)  not  all  are  different.  Thus  we  can  confine  ourselves 
to  the  subset 


for  iJ^i'}C{qa}.  p.i/=1.2 . d  <  D.  (15) 

to  eliminate  identical  equations  in  the  system  (13).  We  should  also  assume  .V  =  d 
becau.se  for  .A  =  d  —  1  the  solubilitt'  of  the  system  (13)  would  be  guaranteed  by  the 
vanishing  A'andermonde  determinant 

VV  =  det9^=  (9,. -9i')  =  0.  (16) 

which  is  impossible  by  virtue  of  our  earlier  assumption  (15).  The  explicit  solution  of 
the  system  (13)  is  of  the  form 


n  []  9^, .  for  0  <  n  <  d. 

I  </II  <(i7<  1=1 


1  (normalization), 


for  n  =  d. 


A  link  L  is  defined  as  a  finite  collection  of  disjoint  simple  curves  in  the  three- 
dimensional  manifold  The  links  entering  a  skein  relation  can  differ,  in  a  suitable 
way,  inside  some  ball  containing  only  four-valent  graphs  (B’  C  -V4^).  They  are 
denoted  by  ijn,  where  2n  is  the  number  of  half-twists  (in  general,  also  an  odd  number 
of  half-twists  is  allowed).  For  simplicity.  L„  denotes  not  only  a  link  itself  but  also  (in 
algebraical  relations)  a  Laurent  polynomial  associated  to  L„  or,  in  physical  language. 
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the  expectation  value  (U  /j„(£„)}  of  related  Wilson  o'osrr-.-ables.  Since  the  iiionodromy 
matrix  M  corresponds  to  the  operation  of  the  twist  one  can  obtain  the  (monodromy) 
skein  relation 

d 

^  .4„Z2n  =  0.  (18) 

n=0 

saturating  the  indices  of  4/"s  in  (11)  with  the  terms  that  correspond  to  the  part  of  the 
links  L2„  outside  the  ball 

It  is  often  possible  and  even  desirable  (intuitively,  it  is  obvious  that  the  less  range 
of  the  indices  of  L„  the  more  calculational  power  of  the  skein  relation)  to  find  the 
corresponding  braid  relation 

d 

(19) 

n=0 

where  the  number  of  half*twists  is  no  longer  necessary  even.  The  explicit  form  of  the 
coefficients  Bn  follows  from  the  consistency  relations 

d  d  d 

^  ^  f^m  ^  ^  BnLni  +  n  ~  ^  ^  A„L2n<  (20) 

m=0  n=0  n=0 

which  is  geometrically  equivalent  to  the  reduction  of  the  monodromy  skein  relation  ( 18) 
by  means  of  the  repeated  use  of  ( 19)  with  shifted  it's:  .i  s  are  some  auxiliary  coefficients. 
It  should  be  emphasized  that  the  existence  itself  of  the  relation  (19)  is  by  no  means 
guaranteed,  and  depends  on  the  case  under  consideration.  For  example,  in  the  case  of 
different  representations  R\(G)  and  i?2(G)  the  reduction  is  excluded.  The  solution  of 
the  equation) s)  (20)  is  of  the  form 


Br,  = 


S  n  Qti,  •  for  0  <  tt  <  d. 


1  (normalization) 


for  11  =  d. 


(21) 


Qe.  =±n/^-  = 

The  braid  .skein  relation  (19)  is,  in  a  sense,  a  square  root  of  the  monodromy  skein 
relation  ( 18). 

It  is  also  possible  to  derive  some  other  reduction  formulas.  For  example,  in  the  case 
of  non-oriented  links  one  can  perform  an  additional  reduction  obtaining  the  relation 


d-l 

y^C„I„+C*I,c  =  0.  (22) 

n=0 

Making  use  of  (22)  twice  we  get  the  following  consistency  relation 

d-i  ,d-l 

^  "  CnZn  "I"  ^cJcZoo  4"  9  f  ^  +  l  “b  GooL-x,\ 

n=0  'n=0 


(23) 
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where  ■)  is  an  auxiliary  coefficient.  The  links  Loc  and  L^\  are  identical  to  the  links  L„ 
except  of  the  inside  of  the  ball  where  possesses  one  half-twist  in  its  lower  part. 
Solving  (23)  we  obtain  d  solutions  of  the  relation  (22)  nuni’cjered  by  p 

n 

C„  =  0<n<d.  -=Q;‘-  ,=1-2 . d.  (24) 

/=0 

where  Bn  and  Q  s  are  given  in  (21 ).  More  explicitly,  the  solutions  have  the  form 


d~n  —1 

n  Qti.  '  0  <  77  <  d  —  1. 

-,<rf  ,=  i  (25) 


1  (normaliaatiou). 


for  n  =  d  —  1 . 


where  the  symbol  y'*'*  denotes  that  p,  ^  p  for  i  =  1,2 . d  —  n  —  1.  Unfortunately. 

the  coefficient  cannot  be  determined  by  the  consistency  relation  (23)  Ian  additional, 
e.  g.  rotational  symmetry  of  the  graph  has  to  be  invoked),  in.stead  we  olrtaiir  a  relation 

ioci  =  -r'isc.  (26) 


Since,  in  general.  '  1  the  third  Reidemeister  move  is  not  preserved  and  the  relation 

(22)  describes  a  link  invariant  of  regular  isotopy  rather  than  of  ambient  i.sofopy. 

In  the  conte.xt  of  quantum  group it  is  worth  to  note  that  the  monodromy  matrix 
(1.2,9)  is  proportional  to  the  generalized  i?-matrix  [S]  of  the  quasi-triangular  quasi- Hopf 
algebra.  Thus  topohrgical  field  theory  can  be  used  to  generate  solutions  of  /?-matrix  for 
any  pair  of  irrechrcible  representations  of  any  semi-simple  Lie  group. 
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^ROUP  EXTENSIONS  AND  UNIFICATION  THEORIES 

Christopher  Cotter  and  Igor  Szczvrba 
Department  of  Mathematics.  University  of  Xorthern  Colorado.  Greeley  $0639.  L  .S..A. 

AbSTRAGT.  The  structure  of  a  group  extension  1— >.V‘— >G— »Z?— »1  and  its 
representations  are  analyzed  from  the  point  of  view  of  unification  theories.  In  particular, 
a  realization  of  a  G  representation  in  a  space  of  functions  on  the  quotient  group  D  ~ 
G/X  is  given  explicitly. 

1.  Introduction 

An  unification  of  two  symmetry  theories  based  on  grovips  Go  and  G'l  consists  usutdly  in 
finding  a  larger  group  G  that  contains  Go  and  G\  as  subgroup.s.  The  simplest  possibility 
is  a  group  G  containing  the  direct  product  Go  x  G\.  Such  an  embedding  was  utilized 
in  Wigner’s  unification  of  spin  and  isospin  [1].  where; 

Go  =  SU(2), C  SU(4)  3  SU(2),p,n  =  G'l. 

In  this  case,  the  link  betwwn  states  of  the  two  unified  theories  is  given  by  transforma¬ 
tions  that  are  not  directly  related  to  Go  or  Gi- 

The  mathematical  structure  of  a  semidirect  jrroduct  G  =  Go  »  G’l  or.  generally,  of 
a  group  extension  automatically  includes  an  unification  link  between  the  symmetries.  .A 
group  G  is  an  extension  of  Go  by  means  of  G;  iff  the  following  sh<jrt  sequence  is  exact: 

1  — ►  Go  — *  G  — >  G]  — *  1. 

It  implies,  in  particular,  that  Go  is  isomorphic  to  a  normal  subgroup  .V  c  G.  that 
Gi  ~  15  =  G/.V.  and  that  there  exists  a  mapping  v.G)  — ►  .Aut  Go  which  provides  a 
link  between  both  groups.  This  link  might  be  interpreted  in  the  following  way:  the  group 
Gi  knows  how  to  act  on  obserrables  related  to  the  symmetry  Go  (although,  in  general, 
it  might  not  know  how  to  act  on  the  corresponding  states).  If  v  is  a  homomorphism 
then  G  is  ctJled  a  central  extension  and  if.  moreover.  Gi  can  be  pulled  back  into  G  as 
a  complementtuy  subgioup  to  Go  then  G  is  <i  -e.  ddire'-t  produc' 

Our  goal  is  to  present  and  analyze  some  results  supporting  the  idea  of  using  group 
extensions  for  unification  purposes.  For  instance,  many  physical  relations  implied  by 
a  symmetry  based  on  a  semisimple  Lie  algebra  su(n)  are.  in  fact,  a  consequence  of  an 
action  of  a  Weyl  group  Gi  =  W{R)  on  observables  that  is  constructed  by  using  a  rep¬ 
resentation  of  an  extension  1  — >  T  <— ►  G  — ►  ir(i?)  — *  1.  where  T  is  a  maximal  torus.  .A 
combination  of  this  extension  with  an  extension  of  the  group  iVI  R)  to  the  EToup  Al  R) 
(of  all  automorphisms  of  the  corresponding  root  system  R)  leads  to  an  unification  capa¬ 
ble  of  describing  conjugation  of  general  charges  (e.g.  particle-antiparticle  conjugation), 
cf.  Section  2. 

In  Section  3.  we  present  a  strictly  mathematical  result  whose  deric'ation  was  moti¬ 
vated  by  the  fact  that  (e.g.  from  the  point  of  view  of  physical  relations  discus.sed  above) 
quotient  groups  are  the  most  essential.  Namely,  we  explicitly  show  how  representations 
of  an  arbitrary  group  extension  G  can  be  realized  in  a  subspace  of  the  space  of  vector 
valued  functions  on  the  quotient  group  D  —  G/X. 
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2.  Group  extensions  and  physical  relations 

Let  g  iie  a  roiiiplox  seiuisitnple  Lie  algehra  compact  form  ie.g..  miIii))  descrihch 

a  given  physical  symmetry.  The  group  Int  g  (ttf  all  inner  automorphisms)  is  a  Lie  grouj) 
corresponding  to  g  and  could  be  considered  as  (a  complexification  of)  a  .symmetry  grouj). 

In  a  previous  paper  [2j.  it  was  shown  that  in  order  to  exjtlain  the  mathematical 
origin  of  physical  relations  such  as  mass  or  magnetic  momentum  formulas,  we  must 
choose  first  a  Cart  an  suhalgehra  f)  C  g  that  describes  the  ba.sic  physical  observables  of 
the  theory.  One  might  say  that  Int  g  tmifies  a  symmetry  related  to  tin'  freetlom  of  choice 
of  the  Cartan  subalgebra  (choice  of  a  reference  systetn'.’i  with  a  symmetry  related  to  a 
fixed  Cartan  algebra.  The  latter  symmetry  is  described  by  those  elements  in  Int  g  which 
preserve  the  Cartan  algebra  Ij.  i.e.,  elements  from  the  grouj)  Int(  g.  fj ).  This  grouj)  is  the 
following  extension  by  means  of  the  Weyl  grouj)  ir(/?i: 

1  _  e-'"’  w  Int(g.l))  -s  1. 

On  the  other  hand,  in  [3]  and  (4).  it  was  shown  that  conjugation  of  general  charges 
(for  instance  under  particle-antijiarticle  symmetry)  can  be  inchuled  in  the  group  de¬ 
scription  of  the  theory  b\'  con.sidering  extensions  of  Int( g.  h  j  and  U'j  R)  by  means  of  the 
group 


Outg  ;=  Autg/Intg  ~  .4( /?)/ir( /fj  ~  £)(/?). 

where  Z)(  /?)  is  the  group  of  all  automorj)hisn;s  of  of  the  corresjionding  Dynkin  diagram. 
In  other  words,  we  have  to  consider  two  short  exact  sequences: 


1  — *  lnt(g.  Ij )  S-,  Aut(g.  h )  —  0\it  g  — >  1  ami  1  — >  U’i  7?|  s-.  .4(  /?i  — <  DiR i  —  1. 

Both  these  extensions  are  semidirect  [jroducts.  .see  [5). 

All  the  considered  extensions  can  be  combined  into  the  following  commutative 
diagram: 


1 

1 

1 

1 

i 

i 

1  e^**  ^ 

liit(g.(7) 

-  IJ'I/?)  1 

i 

i 

1 

' Aut(g.  h) 

T 

T 

i 

i 

i 

1  -)  1 

— *  Out  g 

-)  DiR)  -  1 

1 

i 

i 

1 

_ •  1*  I 

1 

1 

An  'equivalent  diagram  can  be  created  if  we  replace  (the  mathematically  canonical 
group)  Int  g  by  any  connected  covering  G  of  Int  g.  (This  fart  was  checked  for  classical 
simple  Lie  algebras  and  we  believe  this  to  be  true  for  all  semisimple  algebras. )  Mor<' 
precisely,  let  Gi,  C  G  denote  the  corresponding  covering  of  lnt(  g.  f) )  and  let  T  :  =  exp(.(  tj  I 
be  the  maximal  torus  corresponding  to  the  Cartan  algebra  1).  Then  w'e  have; 
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1  1  ! 

1 

1  -  r  c\  U  (/?  ,  ^  1 
1  * 

1  --  r  -  G'h  X  DiR,  •  .i,  /?.  ^  1 
1-1  -  D{R)  .  />:/?  ■  -  1 

1  1  1 

Xow,  let  P  he  a  irpirscutation  » »f  Gti  ■<  D{  R  \  ;n'T  iu«  in  a  vrrror  -j  »a<'<  1'  i  Wf  H'-uai!'.-  on 
taiii  P  Ijy  n'^r rirtniii;  a  rt'pn'scntat lou  of  O  x  Di  R  i.  i  1  ln'  »lri  iva t  ion  of  pln'^iaal  i  <  lar  ji  in- 
( rh<»r  ait'  cliaracrt'n^fic  foj-  starc''  from  [  )  is  ha^f-!  on  twn  pr<  tpt  i  r lo'-  ot  (  .vrcn-vaji;- 

XaiUf'ly.  in  rln*  caM*  of  tht'  iiori/ttniar  (■xron^ion''.  rhf  ino'-r  o'.sf  inial  i'  the  fa*-^  liar 
The  iiuae;*-  of  T  roinridt"^  with  rho  pn-iina.«i-  of  1  \V\R\  on  A{R>\.  Ii  .-naMt'-  u-  n. 

cU'fino  a  ranoniral  rrpu‘M*ntatioii(s)  of  WiR)  (or  .4i /G  '  in  a  sul.-ivar.'  P\[)}'  z  EufiT 
coubisTing  of  ohst’rval>k‘s  that  conmintr  with  ifpifM-ntani"  t»f  ha-ic  ol)st'i \alni'-  tVon;  fj. 
In  thr  rast'  of  fht'  v<*rtiral  t’Xtt'iisiojis.  th»-  •^t rir’iiu'c  ol  r<’j)ii‘''t’nTarioii'-  ot  liioup 
t'xfonsions  hft'onu's  inort*  ossontial.  in  part  iaiilar.  r  ho  farr  r  hai  dana  nT '  of  r-.r  (jia  )rii'nT 
group  D{R)  ran  art  In'twroii  distiurt  invariant  >u!)spai-fs  of  T  .  rf.  3'  ami  4  . 

3.  Realization  of  representations 

\W’  siiali  it'it’ntify  0i\  ^vifh  thr  iioritial  stihgrtntp  A  "  G.  atnl  i  u'ni;  t].r  'jUoTimr  iirouj) 
^  A  .  i.t'..  wr  shall  rt>Usi<it*i  thr  folhnving  sla>rT  i  xarr  nrc; 

1  _  .V  ^  a  -  D  -  1. 

Thr  .<ei  G  ran  hr  idtuififird  with  thr  .'<tf  \  ■  O  in  '^urh  way  that  ihr  sidniroun  .V  roinriflrs 
wit  h  {( tt .  I  ){t.*  t  A  I .  For  any  d  *■:  D.  *  hr  mapping  <  n .  1  >  -  *  ;  1 .  fGt  /o  I  '!  1 .  f7  j  ~  dk ■Hnr" 
an  autoniorpliisin  in  Aut  .\  .  \\r  shall  (Imotr  this  autonioi  phi^iu  h\'  /.((/'.  and  its  vain*' 
on  ti  *z  A  hy  p/if/)/;:.  rf.  iG’.  Thr  gronji  op<-ratiou  in  thr  ^rt  .V  ■  [)  gi\'t’n  h\ ; 

i  tu .  <  }[n .il )  -rr  t  /// jf. 'i  r  )tr  \  *  r.  (/ 1 ,  «  d  i, 

whrrr  thr  funrtion  \l-.-f  A  sati>Hos  tlir  following  ronditioH' 

\(r.  d  )[/.■(  rd  )if  \  =  [».  ■(  r )(.  ■(  d)n|  \  ( r.  d).  i.l  .<iy\>  h.t  ,h  h.  >  <\[  ht  .  d), 

T(>  drsrrihr  thr  rralizatioii  <»f  G  rrproM’ntatioiis  in  ftnaUion  sjiarr^  on  D.  wr  rousiilri 
first  a  A  rrprrsrntatioii  R  artmg  in  a  from]>lrx)  v<'rt»>i  ''pa<'r  \  .  Thr  rorrrspondmg 
iiKTtia  group  of  R  is  giv<'u  hy: 

Gk  ify  t  G  i  Tvy  J,  -  i  Ii  /v,  ,  }  1  A . 

This  drfiiiifi{>n  iinjjhrs  that  for  thr  rrprrsriitation  R  thrrr  exists  a  piojertiv<'  rrprrs»'n 
tation  (^,\  )  of  thr  inertia  grouj>  GA?  siirh  iliat: 

C.J-,  ~  /H  .  V:  *^7,  y;- 
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whore  /(  €  Z'IG’r.C*  )  is  }i  two  coryclo  satisfyiii)>; 


/'(.'/I  ■  !lj  .V>  1  =  /'(.'/I  ■  '/I  h 

\Vo  can  iionnalizo  Q  as  follows:  ^|  v  =  R  arul  l).i/)  =  1. 

Lot  us  cousidor  additionally  a  ])rojoi'ti\.  roprosontatirm  T  “f  the  (juotiont  Kioup 
G);/-^  acting!,  in  a  ooctor  space  d/.  Tlio  r<'pios<’nfation  T  can  bo  liftot!  to  a 
jjrojoctivo  I'oijrosontation  of  the  group  G /:  in  the  natural  way; 

7g  ;=  7f,|.  (</i  €  Gk/X.  i.t  ..  T;  V  =  id- 

Duo  to  otir  normalization  of  the  two-cocyclo  //.  w<'  can  assmno  that  the  lifted  projective 
reitresentation  T  also  has  p  as  its  fwo-cocycle. 

Now,  a  G  rejtresentation  can  be  realized  in  the  sjiace  L^'  of  functions  on  D  with 
values  in  L  :=  £(.)/.  1)  in  the  following  w;iy.  For  any  y  =  [ri.d]  £  G  =  A  •  D.  h  €  D. 
and  Ft-]  o  the  formula: 


defines  a  G  representation.  On  the  other  hand,  for  any  </  »r  C  D.  the  formnia: 

defint's  a  Du  representation  that  coinmutes  with  G  representation  introduced  aitove. 
Thus  the  subspace  ('  L"  of  functions  that  tire  ii..,iriant  witli  rc'-pect  to  this 
action  carries  a  G  representation  P.  If  w«'  assume  thtit  D'Di^  is  finite,  the  following 
refinement  of  the  Clitford  s  theorem  j7|  can  be  proven: 

Thkohfm. 

1.  Tkf:  repTf'Atnto.tion  (P.L'i  with  thf  induc'd  rt prcAHitaliu’i  Dul\’.^{Q.  7'  }. 

2.  Bi’crtj  irTcductblc  fivilc  dirnfii.nuiial  G  ii  pri-fi  ntatuiii  t.<  iijinriih  nt  tii  a  rtpri  Ai  ntatiov 
{P-G). 

Here  T'  denotes  the  representation  contragredient  to  T.  For  proofs  and  some  other 
results  concerning  the  structure  of  representations  for  group  extensions,  see  jS’, 
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Separation 

OF  Pure  Gauge  and  Dynamic  Degrees 
OF  Freedom  in  Chromodynamics 


Egidijus  Norvaisas 

Institute  of  Theoretical  Physics  and  Astronomy 
Gostauto  12.  Vilnius  212600.  Lithuania 


Abstract 

The  SU(3]  gauge  field  theory  or  chromodynamics  is  the  most  popular  non- 
Abelian  gauge  invariant  theory.  As  a  consequnce  of  gauge  invariance  the  su¬ 
perfluous  degrees  of  freedom  not  describing  tlie  field  dynamics  appear  in  the 
theory.  These  pure  gauge  degrees  of  freedom  are  necessary  while  studying  topo 
logical  properties  of  solutions.  Moreover,  correct  <iuantization  must  take  into 
account  any  gauge  transformations.  It  is  the  purpose  of  our  wo''k  to  apply  the 
representation  theory  of  the  Sl'{3)  group  to  the  .ST  (3)  gauge  field  theory. 


Let  uo  introduce  the  5(.’(3)  group  generators  as  the  components  of  irreducible 
tensor  of  rank  (1,1).  They  satisfy  the  commutation  relations; 


— 

(1.1)  (I.l) 

(l.Ua 

. 

y',j'.m'  y".j".m" 

y.j.m 

The  first  factor  in  the  RHS  is  the  Clebsch-CJordan  coefficient  of  the  .ST  (3)  group  and 
corresponds  to  the  structure  constant  of  the  5('(3)  algebra. 

The  5U(3)  \'ang-.Mills  field  can  be  defined  on  the  .''T  '{3)  algebra  for  the  arbitrary 
irrep  (A,/t): 

AM  =  \J(y.y.m)\  (■->) 

We  have  chosen  the  .?(  (3)  group  parametrizalion  very  close  to  Holland's  used  in  [0]. 
The  .SL’{3)  group  representation  matrices  are  used  in  the  form; 


^  I  7"  X  7’'  I  \ 

y'.j'm'  ~  \  y  ./.m  |  ^  2*3*2  |  y'.j'.m'/* 

where 

T’j  —  i  -I) 


(3) 


(U 

(b) 


Tj  is  the  Operator  (4)  with  primed  variables.  The  eight  angles  are  defined  as 
follows; 


0  <  Q,  <  "Zk,  0  <  3.  3'  <  tr.  0  <  y,  ■)*  <  Itr. 

0  S  ^  3tr,  0  <  v"  ^  tr 


(6) 
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Let  us  note  that  there  remain  some  ambiguities  of  0.7  and  o' .  when  J or  ^  =  0.  t. 
The  situation  is  similar  as  in  the  SU{2)  case.  The  parametrization  (3)  allows  the 
SV  (3)  group  representation  matrix  element  to  be  e.xpressed  through  the  .9f  ’(2)  group 
Wigner  /^-functions; 

7-  P,  O''-  7')  = 


X  ^,(a'  ,;9'  [(2j  +  1  )(2u  +  1  f{2/  +  1 )]  ^ 


\(yo  +  y  +  y 


kiVi-y)  J 

')  \(yo~y')  u  /  li 


\[yo  -  y 
{yo y' -‘r  y')  Hyo  —  y' 


')  y  I 

'0  u  /’ 


where  j/o  =  5(A  +  2p)  and  the  two  last  factors  in  the  RHS  are  Sl'{2)  6j-symbols.  ,411 
factors  in  the  RHS  are  well  defined  and  known  as  the  SU{2)  quantities.  A  very  similar 
equation  was  derived  by  projection  technique  in  [0].  It  is  known  that  parameters  of 
the  gauge  transformations  depend  on  the  point  of  space.  For  brevity,  let  us  not  show 
the  functional  dependence  parameters  on  k.  fhe  .'i>f'(3)  matrices  (7)  induced  the 
gauge  trasformations  of  the  Yang-Mills  field: 

^  £,11  ^  ^  y  ^ 

where  the  last  items  of  the  RHS  depend  on  functions  q(k).  7('>') _ and  its 

derivatives.  For  example: 

{Q.ii,7  =  ~2id^p-  j/(I  —  cofi  ■p}{dt,o'  i-  cos  J'd,,-)').  (9) 

The  additive  component  of  the  SU(2)  gauge  transformations  of  7'ang-Mills  field  was 
obtained  in  [0].  The  field  strength  tensor  is  defined  as  usual  and  its  components  are 
transformed  under  gauge  transformations  as  components  of  the  tensor  of  rank  (1.1): 

=  £,a..)  ( 10) 

The  Lagrangian  of  pure  Yang-Mills  chromodynamics  for  the  arbitrary  irrep  (A.p)  is 
described  by 


4 


Lym  = 


[A,  pY  —  27"^  16^^^  +  1  )(p  -)-  1  )(A  -F  /<  -)-  2)(  A^  -f-  -f  Ap  -f  3A  -)-  3p). 

We  can  consider  the  Yang-Mills  field  as  a  Hamiltonian  system.  The  the  generalized 
coordinates  are  and  the  generalized  momenta  are  =  Fw)(v.j.m)-  After 
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renormalization  with  the  factor  [A,/<]  the  constraints  of  the  Hamiltonian  system  may 
be  written  as  follows: 


y'.j'.rn'  y.j,m 

The  Poisson  brackets  of  the  constraints  are: 


=  -[A.A<]'  ' 


(1.1)  (1.1)  (1.1)„ 

yj.m  y'.j'.m'  y",j",m" 


4  (f/'.J c- 

^k 


^k(y".j".m")- 


^(y".j".m")(r)  -  y). 


(12) 


(13) 


The  gauge  transformations  transform  them  as  the  contra  variant  components  of  the 
irreducible  tensor  of  rank  (1,1). 


r'  —  ,4'  \r 


(14) 


Equations  (8),(10),(14)  present  evident  dependence  of  the  quantities  of  the  theory 

on  the  eight  functions  a(«),  ')('') _ i.e.  on  gauge  degrees  of  freedom.  It  is 

necessary  for  the  topological  analysis  as  well  as  for  the  definition  of  continual  inte¬ 
gration  [0].  The  correct  formulation  of  the  theory  is  possible  only  when  there  exists 
the  global  exact  gauge.  The  problem  of  the  exact  global  gauge  is  not  solved  for 
non-Abelian  theories.  The  Coulomb  and  Lorenz  gauges  =  0  are  local  and  ambi¬ 
guities  (by  Gribov)  can  be  formulated  as  solutions  o(k).  .f(s  ).  '  (s  ). ...  of  the  system 
of  differential  equations. 


(l.l)  (1.1)  (l.l)a 

y'.j'.m'  y".j".m"  y.j.m 


System  (1-5)  is  convenient  to  consider  the  .si  inmetry  of  gauge. 


(15) 
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Fate  of  an  Invariant  Operator 
in  the  Enveloping  Algebra  of  SO (d- 1,1) 

Vineer  Bhansali 

Lyman  Labs,  of  Physics,  Harvard  University 
Cambridge,  MA  02138,  USA*^ 


Abstract 

Applying  VVigner’s  method  of  induced  representations  to  the  Lorentz  group 
in  higher  even  dimensions,  the  eigenvalue  of  a  generalized  ‘helicity  operator'  is 
computed  on  physical  states  representing  massless  particles.  .\n  antisymmetric 
invariant  in  the  enveloping  algebra  of  the  higher  dimensional  Lorentz  group 
is  shown  to  factorize  into  this  generalized  'helicity  operator'  and  an  operator 
that  yields  the  boost  eigenvalue.  A  physical  application  of  these  results  is 
the  derivation  of  the  higher  dimensional  analog  of  helicity  suppression  rules  of 
four-dimensional  S  matrix  theory. 


1  Introduction 

In  the  algebra  of  the  four-dimensional  Poincare  group,  there  are  two  well-known 
invariant  operators:  P^^  and  (p  =  0...3),  where 

h;  a  (1) 

is  the  Pauli-Lubanski  pseudo-vector.  is  a  generator  of  the  Lorentz  group  and  F’’ 
generates  translations.  For  a  state  in  the  Hilbert  space  corresponding  to  a  particle 
with  mass  m  and  spin  s  the  eigenvalue  of  F^  is  and  the  eigenvalue  of  H  *  is 
proportional  to  TrPs(s  +  1).  Note  that  W‘P^  =  0  in  general.  In  the  massless  limit, 
this  relationship  remains  true,  and  in  addition  =  F^  =  0  which  implies  that 
as  operators  H'*'  and  F'^  are  proportional.'  The  constant  of  proportionality  is  the 
helicity  of  the  state.  To  see  this  more  explicitly,  consider  a  massless  particle  moving 
in  the  3  direction  with  a  momentum  k^,  //  =  0,1, '2, 3.  In  its  "rest-frame".  A-"  = 


‘bitnet:  bhansali'Shuhepl 

'Supported  in  part  by  NSF  Contract  No.  PHY-87-14654 
'Minkowski  metri  c  =  diag(-l,  1 . 1,1). 
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(i',0, 0,  A:).  Using  the  definition  of  W,  we  obtain  lUo  =  so 

^  ■  Acting  on  a  state  in  the  Hilbert  space  gives  its  helicity,  as  it  is  the  sole 

diagonalizable  (Cartan)  generator  of  the  (restricted)^  little  group  (which,  for  massless 
states  in  four  dimensions  is  50(2)  ~  f'(l)),  and  the  little  group  classifies  the  helicity 
states  of  the  particle.  So  J12  is  the  helicity  operator.  ^ 

The  outline  of  the  paper  is  as  follows;  In  section  2  we  construct  a  vector  oper¬ 
ator  in  higher  (even)  dimensions  analogous  to  the  Pauli-Lubanski  operator  in  four 
dimensions  (we  shall  call  it  the  generalized  Pauli-Lubanski  operator).  For  massless 
particle  states  this  operator  is  shown  to  be  proportional  to  the  momentum  operator, 
and  since  the  constant  of  proportionality  is  reminiscent  of  the  helicity,  we  call  an 
analogous  quotient  the  ‘helicity  operator".  It  belongs  to  the  enveloping  algebra  of  the 
(restricted)  little  group  and  commutes  with  the  raising  and  lowering  operators:  so 
it  ha5  the  same  eigenvalue  on  every  vector  of  an  irreducible  representation  obtained 
by  acting  with  the  lowering  operators  on  a  highest  weight  vector.  It  suffices  thus  to 
compute  its  eigenvalue  on  highest  weight  vectors.  For  sake  of  clarity  we  choose  to 
demonstrate  our  general  ideas  by  explicit  examples,  e.g.  we  compute  the  eigenvalue  of 
the  helicity  operator  in  a  non-trivial  case  (for  six-dimensional  massless  particle  states) 
using  the  Cartan-Weyl  approach  (see  e.g.  [0]).  In  section  .3.  we  show  explicitly  in 
two  non-trivial  cases  that  some  of  the  terms  in  the  expansion  of  a  similar  operator 
in  the  enveloping  algebra  of  the  full  Lorentz  group  can  aKvays  be  written  in  terms 
of  Euclidean  'translations'  .  The  eigenvalue  of  the  remaining  terms  is  known  from 
the  general  results  of  section  2  from  a  similar  computation  in  two  lower  dimensions. 
Finally  we  show  that  if  the  translations  are  required  to  vanish  on  physical  states, 
the  general  antisymmetric  invariant  factorizes  into  the  ‘helicity  operator"  and  a  pure 
boost  piece.  Due  to  space  limitations  we  refer  the  reader  to  [0]  for  detailed  proofs 
and  discussion  of  physical  applications. 

2  ‘Helicity  operator’  in  higher  dimensions 

Analogous  to  the  four  dimensional  Pauli-Lubanski  pseudo- vector,  we  will  construct 
in  this  section  an  antisymmetric  operator  in  the  enveloping  algebra  of  the  generalized 
Poincare  group  of  higher  even  dimensions.  The  Lorentz  group  commutation  relations 
in  d  dimensions  are 

+  (2) 

with  A,  B  =  0, . . .  (d  —  1). 

^The  little  group  is  actually  the  £’(2)  like  group.  But  we  set  Euclidean  translations  to  zero  on 
the  physical  Hilbert  space  to  ensure  finite  dimensional  representations,  reducing  it  to  50(2)  [0]  [0]. 

familiar  example  will  make  this  more  concrete;  note  that  for  spinors  oc  and  since  the 
product  of  gamma-matrices  is  nothing  but  the  Pauli  matrix,  we  get  the  usual  result  that  =  <T||j 
But  this  is  the  projection  of  the  spin  in  the  direction  of  the  momentum,  i.e.  the  helicity. 
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Consider  a  massless  particle  moving  in  the  d—  \  direction  with  a  d-momenlum  k^. 
Choose  as  'standard  momentum  frame'  the  frame  in  which  the  momentum  d- vector  of 
the  particle  is  =  (k,  0, ...  ,0,  k).  The  group  of  transformations  ('little'  group)  that 
leaves  this  d-momentum  invariant  is  the  Euclidean  group  E{d  —  '2).  which  consists  of 
rotations  and  translations  in  hyperplanes  not  formed  out  of  the  0  or  d  —  1  axes.  The 
d  —  2  "translation”  generators'*  are  given  by 

L,  =  J,o  +  (3) 

We  can  find  the  commutation  relations  of  the  generators  J,j  and  L,  using  ecp  3  and 
eq.  2: 


=  0 

(4) 

Lk\ 

(5) 

[  Jij,  Jiri] 

=  i(SikJjt  —  permutations). 

(6) 

As  usual  [0],  require  the  Euclidean  translations,  which  form  an  Abelian  subgroup,  to 
vanish  on  physical  Hilbert  space  states  (A  is  used  as  a  generic  index  for  the  eigenvalues 
of  all  the  commuting  generators): 


I,|A)  =  0 


(T) 


in  order  to  ensure  finite  dimensional  representations.  This  may  also  be  thought  of  as 
^  'gauge-condition'  [0]  and  it  forces  one  to  use  only  gauge-independent  Lorentz  group 
representations.  The  little  group  thus  reduces  from  £(d  —  2)  to  SO(d  —  2). 

Now  consider  the  following  operator  (generalized  'Pauli-Lubanski'  operator) 


H'u  = 


n(  n-1 ) 

(-1)“5— 2’>n! 


(8) 


in  the  enveloping  algebra  of  the  generalized  Poincare  group  in  d  =  2n  +  2  dimensions. 
Since  all  space  components  of  the  d-momentum  except  the  d  —  1  component  are  zero 
for  our  particle,  we  obtain  the  'helicity'  operator  * 

^  (9) 

^  (-1)  2  2'=n! 


Note  that  in  the  limit  that  the  masses  go  to  zero,  not  only  are  the  operators  H'" 
and  orthogonal,  but  also  null:  =  nP  is  indeed  zero  by  definition  when  m  =  0. 

*Note  each  translation  indexed  by  i  is  a  combination  of  a  boost  in  the  i  direction  and  a  rotation 
in  the  i,  (d  -  1)  plane, 

note  on  normalization:  The  factor  of  "2"  appears  because  of  degeneracy  in  the  expansion  from 
permutation  of  indices  within  generators.  The  minus  sign  due  to  antisymmetry  of  a  generator  is 
cancelled  by  a  minus  sign  from  the  c  symbol.  Since  the  generators  appearing  in  each  term  commute, 
one  gets  a  factor  of  n!.  There  are  C(n.2)  =  ways  of  choosing  indices,  which  accounts  for  the 

remaining  factor. 
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Now  has  two  (-tensors  with  indices  contracted  and  a  sequence  of  J's  and  a 

pair  of  P's.  It  can  be  shown  by  tedious  but  straightfoiward  index  manipulation  that 
the  only  surviving  terms  have  both  P's  contracted,  i.e.  ^  P^  .  The  other  terms 
cancel  because  of  signs  from  the  c-tensor.  But  since  P^  =  up.  in  the  massless  limit. 

— ♦  0  as  required.  So  W  is  proportional  to  P  and  one  is  tempted  to  call,  in  analogy 
with  four  dimensions,  the  eigenvalue  of  eq.  9  on  highest  weight  states  the  ’heiicit}  '  of 
that  state. 

We  will  now  compute  this  eigenvalue  explicitly  on  highest  weight  states.  ®  Recall 
that  highest  weight  states  are  given  by  specifying  the  weight  vector  in  terms  of  the 
eigenvalues  of  the  simultaneously  diagonalizable  (Cartan)  generators.  For  d  dimen¬ 
sional  spacetime,  the  Lorentz  group  is  SO('2)t  -|-  1. 1)  with  d  =  2n  -|-  '2,  so  we  specify 

the  highest  weight  vector  as  .\  =  . m„+,)  where  m,  are  the  eigenvalues  of  the 

Cartan  generators. 

Explicit  tvaluation  of  the  eigtnvalut  of  six-diiix  nsioiial  hdicity  optrator  or  tht 
S0(4l  invariant:  Specify  the  little  group  50(4)  ~  D2  highest  weight  vectors  by 
5  =  with  TTij  and  mj  respectively  the  eigenvalues  of  the  Cartan  generators 

J12  and  J34.  We  want  the  eigenvalue  of  3  on  .\.  Expansion  of  eq.  9  with 

n  =  2  gives 

JlxuJc,:)  ^  T12J34  —  -hs.Ju  +  •h4J23-  (10) 

The  raising  and  lowering  operators  defined  by  [//,,  E^]  =  o.Ea  (where  H,  are  the 
Cartan  generators)  are 

^l+o=(+i.+i)  =  2[(>^13  +  iJ23)  —  {J24  —  tTi4)]  (11) 

E-a=(-\.-l)  =  |[(Ti.3  —  /J23)  ~  (T24  +  t</i4)j 

£^+/3=(-1,+1)  =  5[(>/|3  ~  iJ23)  +  (<^24  +  t«/l4)] 

£-,?=(  +  !. -I)  =  |[(•/I3  +  iJls)  +  (J24  —  >J\4)] 

where  the  subscripts  denote  the  root  vectors  given  by  their  coordinates  in  root  space. 
E+a  =  Eo  and  £+,3  =  E3  will  be  taken  to  be  the  positive  simple  roots  (first  nonzero 
entry  from  right  is  positive.).  In  terms  of  the  raising  and  lowering  operators,  the 
generators  can  be  re-expressed  as 

J\3  =  ^(-i-Ea  +  Ej  +  E^3  +  E..0)  (12) 

J24  =  \{  —  Ec  -)-  E.)  -I-  £_,3  —  £_o) 

T,4  =  ^(-£a-£.3  +  £-.t  +  5-J 

J23  =  y(  — £a  +  £.3  —  £-.3  +  £-■>)• 

Substitution  in  eq.  10  and  straightforward  algebra  gives 

JixJs*  —  •^13^24  +  Ti4./23  =  Tl2'^34  +  l/2[{£„,  £-(,  }  —  {E3,  £-.3}]  (13) 

®It  may  be  proved  [0]  that  the  conditions  of  eq.  3  ensure  that  the  states  are  indeed  highest  weight 
states. 
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where  the  braces  indicate  anticommutators.  But  by  definition,  on  highest  weight 
states, 

Ec.\  =  EffA=0  (14) 

so  we  can  replace  the  anticommutators  by  commutators,  when  oijerating  on  highes* 
weight  states: 

A  =  .A  (15) 

and  similarly  for  E±/).  The  action  of  the  commutaioi  on  a  highest  weight  vector  is 
simply  the  scalar  product  between  the  root  vector  and  the  weights,  i.e. 

[Eq,  £_a]A(,nj  mj)  =  {Ji2  +  T34)A(m,,m2)  =  {>”l  +  '^12  )A(m,  .mj)  (16) 

and 

[£^,  _m2)  (  '^12  T  T34).'\^„,j  4“  nl2 )  A(nii  .m2 )'  (10 

Also,  by  definition 

‘^12*^34  Ajnjj  m2)  r/?jr7?2  -A(mi.m2)  (16) 

so  substituting  the  result  of  the  last  five  equations  into  eq.  13  .  we  get  finally  for  the 
six  dimensional  helicity  operator; 

[JuJ34  —  J13J24  +  Jl4'^23]A(m,,m2)  =  >ni(m2  +  l)A(m,,m2)-  (1^) 

Eigenvahue  of  helicity  operator  in  general  ertn  dimensions:  A  similar  computation 
for  SO{2n)  gives  the  following  beautiful  general  result  (see  [0]  or  [0]  for  proof): 

The  eigenvalue  of  the  helicity  operator  eq.  9  for  J  =  2n  +  2  on  highest  weight 
states  is 

mi(m2  4-  l)(m3  +  2)...(m„  +  ri  -  1).  (20) 


3  Factorization 


We  will  now  prove  that  if  we  require  the  generalized  translations  L,  in  arbitrary 
dimensions  to  vanish  on  physical  states,  then  the  full  invariant 


C 

^  SO(2n-l,l) 


{-i: 


"O-D 


2"n! 


/oiJ)  janSn 

^C*it3iO202-  -0inl3rt^  '' 


(21) 


for  SO(2n  —  1, 1)  factorizes  into  a  product  of  the  generalized  ‘helicity’  operator  and 
the  'boost  operator  .  The  idea  is  to  try  and  express  the  combination  of  non-Cartan 
generators  in  the  expansion  of  eq.  21  in  terms  of  the  translations  L,.  which  themselves 
are  required  to  vanish.  Let  us  first  demonstrate  this  strategy  in  four  dimensions,  for 
the  50(3, 1)  invariant: 

Assume  Li  =  Jio  +  J\3  and  L2  =  J20  +  J23  vanish  on  highest  weight  states  given 
by  A{m,,m2)-  Expanding  r.h.s.  of  eq.  21 


Cso(3,i  )  =  J23JW  —  J\3J20  +  JuJsO 


(22) 
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where  we  have  used  the  subscript  0  on  the  non-compact  generators.  The  first  two 
terms  in  eq.  22  can  be  rearranged  in  terms  of  the  translations  by  using  the  commu¬ 
tation  relations  of  eq.  2  : 


l/2[  — ( J20  ~  J23){.JlO  +  J13)  -h  (-^lO  —  •/]3)(./20  +  Ji^)] 

~  1/2[~(>^20  —  "/23)^'l  +  (./lO  —  '^I3)^2j- 

but  since  the  translations  are  required  to  vanish  on  the  physical  states,  the  only 
remaining  part  of  the  50(3, 1)  invariant  (see  eq.  22  )  gives 

•^12*^30  .\(nii.m2)'  ( -"f ) 

The  origin  of  the  i  is  the  VVeyl  trick  '  to  relate  the  compact  and  non-compact  gener¬ 
ators. 

We  obtain  the  advertised  result  that  the  helicity  eigenvalue  (m, )  and  boost  eigen¬ 
value  (imi)  factor.  This  is  an  example  of  the  'factorization'  that  we  mentioned  earlier. 
Here,  it  is  almost  too  trivial.  We  shall  explicitly  do  a  more  non-trivial  example; 

In  six  dimensions,  the  Lorentz  group  is  .50(5, 1 )  and  the  little  group  for  massless 
states  is  50(4).  We  may  work  with  the  Euclideanized  .50(6)  and  use  the  Weyl  trick 
to  relate  J,o  and  J.g.  Then  the  expansion  of  the  invariant  is  (see  eq.  21  ) 


— 

V  S0(5.1)  = 


{J12J34  —  J13J24  +  J\4Jl3)JhO 

+  (~*/24'^35  +  ‘JzsJii  +  </34'/2s)<^10 
+  (  — </34'^l.5  +  '^13/45  +  J14J33  )J20 
+  {+Jl2J4$  —  Ju-hi  +  J\hJ24)J30 
+  (~"^12"^3.5  +  J13J23  +  •h3J23)J40 


(■25) 


and  we  want  to  determine  its  eigenvalue  on  highest  weight  states  specified  by 

The  first  term  in  Cjqjj  jj  heis  the  common  "boost"  generator  J50  vvith  the  definition 

T,SO‘^(mi.m2."*3)  “  tn?3.\(nii  .mi.mj)  (—6) 


and  the  part  inside  the  brackets  we  know  to  give 

(J\2J34  —  >2i3'224  +  J\4J23)‘^{m^.m2.m,)  =  IHl(>1>2  +  1  )V''>1  ."iJ-mj)  (27) 

from  the  discussion  for  50(4)  in  section  2.  We  still  have  to  deal  with  the  remaining 
terms.  Since  ever}'  ~  50(2n)  has  rank  n  and  dimension  »(?»  —  1 ).  for  S0(6)  there 

^The  Weyl  trick  achieve.s  the  following  algebraic  'Wick  rotation':  Given  two  real  forms,  one 
compact,  e.g.  50(4)  and  one  non-compact  e.g.  50(3, 1).  with  the  same  I'niversal  Covering  Group, 
if  the  algebra  and  the  representations  of  the  compact  real  form  are  known,  then  those  of  the  non¬ 
compact  real  form  can  be  found  by  replacing  the  compact  generators  with  i  times  the  corresponding 
non-compact  generators. 
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are  15  —  3  —  12  raising  and  lowering  operators,  and  3  linearly  independent  raising 
operators  (=  rank).  Also  the  little  group  (here  .S'C)(4))  involves  four  translations 

Li  =  Jio  +  i/i3  (28) 

Li  =  J20  + 

L3  s  J30  +  -/as 
L4  ~  J40  +  </|5. 

which  will  vanish  on  .\.  As  in  the  four-dimensional  case,  we  now  wish  to  be  able  to 
simplify  the  invariant  by  expressing  them  in  terms  of  the  I,. ;  =  1 , ...  4.  So  we  want 
to  write 


*^non-Cartaii  =  ("'A'l'/a.S  +  +  J34J2s)J\0  (29) 

+  JliJii  +  Jl4'^35)-f20 
+  (+•^12*^45  —  >^14^2.3  +  J\iJ24)J30 
+  (“•^12*^3$  +  JyiJ25  +  JmJ2z)J4U 

—  (iL\  4-  bLi  "1"  cf-a  4-  d/.4.  (30) 


where  a,b.c,d  are  undetermined  quadratic  forms  of  the  generators  and  can  be  deter¬ 
mined  by  a  recursive  procedure: 


^  —  +'^34('/25  ~  J20)  ~  *f24(‘^3S  ~  >^30)  4-  Jiii'hh  ~  Jao)  (31) 

^  =  ~Jz4[J\h  +  '^lo)  +  J\4(J3h  —  J30)  —  —  J40)  (32) 

^  —  +'^24(<^15  4-  </)o)  ~  •f|4("^25  4-  J20)  +  Jl2{J4i  ~  J40)  (33) 

^  —  ~J23{Jis  4-  Jio)  4-  Jisi'Lii  4-  J20)  ~  JniJzh  4-  J30)  (34) 


So  that  using  eq.  7 
Hence 


^non-Ca4-tan‘^t"U.”0-"*.4) 

^SO(5,l ) .mj.mj )  4"  l)Oi3.\^^j 


(35) 


(36) 


Note  that  in  the  present  calculation,  we  used  our  knowledge  of  the  eigenvalue  of  the 
four  dimensional  operator  to  determine  the  eigenvalue  of  the  six-dimensional  operator. 
The  terms  not  tied  to  J50  could  be  manipulated  to  give  zero  eigenvalue  because  the 
translations  are  required  to  vanish.  This  persists  in  each  higher  dimension.  In  d 
dimensions  the  invariant  is  an  operator  who.se  expansion  is  a  sum  of  terms  multilinear 
in  the  generators  and  degree  equal  to  d/2.  There  are  some  terms  in  this  expansion 
whose  eigenvalue  is  known  from  our  general  theorem  for  the  eigenvalue  of  the  helicity 
operator  in  d  —  2  dimensions  and  the  remaining  terms  can  be  put  into  a  form  with 
translation  generators  at  the  end.  .Since  translations  are  required  to  vanish  on  highest 
weight  states,  these  other  terms  have  zero  eigenvalue  and  we  are  left  with  only  the 
part  whose  eigenvalue  we  know  by  referring  to  a  similar  computation  in  two  lower 
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dimensions.  In  the  six-dimensional  example,  ims  is  the  boost  eigenvalue,  and  mj(ni2-t- 
1)  is  the  helicity  eigenvalue  (it  comes  from  the  part  in  the  invariant  composed  of  only 
the  little  group,  S0(4)  generators).  But  the  eigenvalue  of  the  full  group  invariant  has 
been  shown  to  be  imi(m2  +  Ijmj,  so  f/ic  boost  and  htliciiy  tigtnvaluts  factorizt.ln 
general  (see  [0]  for  details),  for  the  special  class  of  representations  satisfying  eq.  3  the 
boost  eigenvalue  depends  only  on  the  last  index  of  the  representation  weight  vector: 
by  examination  of  the  invariant  in  eq.  21  we  can  see  that  in  d  dimensions  the  surviving 
term  has  a  common  factored  out  of  what  is  the  helicity  operator  (which  is 

formed  out  of  SO{d  —  2)  generators  only). 

As  an  application  of  the  factorization  property,  it  can  be  shown  that  to  determine 
the  behavior  of  matrix  elements  of  massless  particles  coupled  to  currents  in  the  limit  of 
vanishing  energy,  the  minimum  set  of  information  required  is  the  representation  of  the 
fields  and  their  tensor  products,  and  in  particular,  the  boost  eigenvalues.  Discussion 
of  this  issue  and  the  special  simplification  occurring  in  four  dimensions  is  left  to  other 
works  [0]  [0]. 

I  would  like  to  thank  Prof.  H.  Georgi  for  critical  discussion  without  which  this 
paper  could  not  have  been  written.  Thanks  are  also  due  to  Prof.  F.E.  Schroeck  for 
arranging  travel  support  for  attendance  at  the  symposium. 
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1.  Spanners 

We  recall  the  definition  of  the  spannor  representation,  Sd,  of  511(2,2)',  the  universal 
covering  group  of  517(2,2)  [Ij.  Sd  is  the  tensor  product  of  the  scalar  representation 
of  517(2,2)' of  weight  d,  V'd,  with  the  spin  representation  of  517(2,2)',  which  we 
denote  by  S: 


Sd  =  Vd®T,.  (1.1) 

For  the  physically  important  case,  d  —  2,  the  representation  space  may  essentially  be 
identified  with  C^(Mo)  ®  C”,  where  Mq  is  Minkowski  space,  and  the  representation 
V2  of  511(2, 2)' is  just  that  multiplier  representation  with  reol  multiplier  and  which 
preserves  the  norm  on  We  shall  henceforth  consider  only  this  case. 


2.  K  Finite  Basis  and  Weight  Diagram  for  Spanners 

It  suffices,  in  what  follows,  to  consider  just  the  front  half  spannors,  which  can  be 
defined  as  the  section  space  of  all  sections  of  the  spannor  bundle,  whose  lower  four 
components  vanish  in  the  tensor  product  parallelization  [1].  Convenient  basis 
fields,  which  are  defined  in  the  standard  curved  parallelization  [Tj,  are  the  so- 
called  K-finite  basis  fields  [2]: 


|e;  khlmn  >  (2.1) 

where  all  k,l,m  are  integers  and  e  and  h  take  the  values  -i- 1  and  —1;  in  addition, 
n  —  k  —  I  =  X  mod  2]  k  >  0,  I  >  Q,  —I  —  I  <  m  <  I  if  h  =  -tl',  and  k  >  l,l  >  0, 
—  1  —  1  <  m  <  1  if  =  -1.  (A  =  d-h  j).  The  \e;  khlmn  >  “diagonalize”  the  quantum 
numbers  k,h,l,m  and  n  (c.f.  [2]). 

Define  the  K  types 


b(n,k  +  l,k)^  =  {|e  =  ±l;kklmn  > 
with  n,h,k  +  I  fixed;  -I-  for  e  =  -)-l  and  —  for  e  =  ~1}-  (2.2) 

Also  define  the  spaces 

Et  =  ©6(n,fc  -t  l,h)^  and  E',  =  ^  ©6(n,fc  -I-  l,h)~.  (2.3) 

^  n,k  +  t,h  *  n,k  +  l,h 
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n 


FIGURE  1.  WEIGHT  DIAGRAM  FOR  FRONT-HALF  SPANNORS.  Each  circle  or 
cross  represents  two  K  types,  namely  b(n,  k-^e,  h)'  and  b(n.  k-^e,  h)  .  Circles  denote 
h  =  +  1  fields  and  crosses  denote  h  =  -l  fields.  Points  to  the  right  of  and  along  the  dashed 
double  half-line  in  the  first  quadrant  represent  V(V  ).  Points  above  and  along  the  dashed 
half-lines  represent  V[V'l.  Points  to  the  left  of  and  along  the  dashed  double  half  line  in 
the  second  quadrant  represent  V  (V  ].  Points  along  the  solid  half-lines  represent  G  [G  ] 
and  G  (G' '].  They  have  been  slightly  displaced  in  order  to  make  clear  their  disjointness 
from  V[V"]  and  VfV]. 


The  weight  diagram  for  the  front  half  spanners,  which  is  shown  in  Figure  1,  describes 
these  spaces.  (See  section  .3  for  definitions  of  and  V'*'  etc.) 


3.  Irreducible  Composition  Factors  and  their  Unitarity 
Now  recall  the  notation  for  induced  representations  introduced  in  [T: 

lnd^{p([n,m\;d)).  (3.1) 

p  denotes  an  irreducible  representation  of  V~,  the  universal  cover  of  the  extended 
Poincare  group,  that  acts  trivally  on  the  translations.  {G  and  P  denote  the  Lie  alge¬ 
bras  of  SU{2,2)  and  V,  respectively.)  ;n,mj  labels  the  representation  of  SL{2,  2), 
and  scaling  acts  with  weight  d  11.  Further  we  introduce  the  Dirac  operator  on  M, 
the  double  cover  of  the  conformal  compactification  of  ,Wo  (2]: 

3 

Pc  ^  7o-Vo  7iA'i  -r  12X-2  -F  73-^3  - 
where  the  7  matrices  are  defined  in  |2],  and 


A'o  --  L  - 101  A’l  -  Lt 


Xi  —  £2 


A3  =  £3 


£12 


Explicit  expressions  for  the  vector  fields,  L„f,.  are  given  in  [3]. 
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Theorem  1 

The  10  irreducible  composition  factors  of  the  front  half  spannors  are  (s  =  |): 


2j  (X>  oc 


=  E  E  E  h(n,k  +  l,h)\ 

h=-2.  n  =  fc+l  +  | 

(3.3a) 

2.  «  (fc  +  li-t+S 

V=  E  E  E  b(n,k  + 

(3.3b) 

2a  oo 

=  E  E  E  b{n,kyl,hr, 

h=-2i  k+l  =  .-^  fi  +  (ic+i)+|+<>=0,-l,-2. 

(3.3c) 

OO 

G"=  ^  6(n,^.^/,-l)^ 

*4.1  =  0 
n  =  fc+  1  +  ^ 

(3.3d) 

OO 

G-  =  Y.  b{n,k  ^  I,-!)-*-, 

n= 

(3.3e) 

and  V''*"',  V’‘,  V'*',  and  6’'  ,  which  are  V'^.V',  and  G  with  6(n,  fc  + /, /i)"^ 

replaced  by  b(n,k  +  G  acts  as  Ind^{p([2,\]\^))  on  V’‘‘’,V'  and  V'";  G  acts 

via  the  quotient  action  of  /n<ip(p([2, 1);  |))  on  G*  =  T'*' I {V  +  V"*"}  and  G~  = 
T~ I {V~  +  V’},  where  T'*'  and  T"  are  the  essential  extensions  of  4-  and  V~  +  V’ 
given  by  eqns.  (14.12)  and  (14.13)  in  Theorem  14.2  of  [4j.  G  acts  as  Indp(p([l,  2];  |)) 
on  G'*''  and  G”';  and  G  acts  via  the  quotient  action  of  /n<fp(p([l,  2j;  |))  on  V'"*"'  = 
X^IG^',V'  =  Xl{G^'  -r  G-'}  and  I/-'  =  X' lG-\  where  X*,X  and  X'  are 
essential  extensions  of  G'^',G'^'  4-  G~'  and  G“',  respectively. 

The  proof  of  this  theorem  follows  from  results  in  section  14.1  of  [4]  and  from  Ilj. 
The  spaces  X* ,X  and  X~  have  definitions,  which  are  very  similar  to  the  definitions 
of  the  spaces  given  in  eqns.  (14.7),  (14.8)  and  (14.9)  of  I4l,  but  we  do  not  have  space 
here  to  write  them  down. 


Theorem  2 


Let  the  actions  of  G  on  the  irreducible  composition  factors  of  the  front  half  spannors 
be  as  in  Theorem  1. 

Then,  V'*'  and  V~  are  infinitesmally  unitary  with  scalar  products 

=  ±  f  (3.4a) 

Jm 

for  4^,4)  (z  or  V~'  (+  for  V'*',  -  for  V~  V,  G'*'  ,G“  ,G^  and  G  are  infinitesmally 
unitary  with  scalar  products 
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{{i>A))  =  (3.4b) 

V'^  and  V~  are  infinitesmally  unitary  with  scalar  products 

(3.4c) 

for  Vc'>p,T>c4>  £  V'^  or  V~  (+  for  V'"*',  —  for  V").  Neither  V  nor  V'  are  infinitesmally 
unitary.  means  transposed  complex  conjugate  of  and  dQga  and  d*u  are 

defined  in  [2].) 

Most  of  the  proof  of  this  theorem  follows  from  section  14.2  of  [4]  and  also  from 
results  in  [2].  A  similar  result  for  real  spannors  appears  in  [5j.  We  have  also  deter¬ 
mined  the  Poincare  content  of  these  representations,  but  we  do  not  have  space  to 
report  our  results  here. 
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1.  Weyl  realizations!  of  the  Heisenberg  group  are  built  up  in 
terms  of  two  unitary  operators  U  and  V  such  that  =  1  and  = 

1 .  satisfying  the  basic  relation 

V  U  =  U  V  ,  (1 ) 

which  entails 

ynjjm_  gi(2jc/N)  m  n  ^jm  yn  ^2) 

There  is  one  realization  for  each  integer  N.  The  monomials  in  (2) 
constitute  a  complete  basis  for  quantum  operators^.  A  more 
convenient  complete  basis  is  the  set  {Smn}  of  operators 

Smn  =  V".  (3) 

A  general  operator  A  can  be  then  put  into  the  form 

A  =  Sm.nAmnSmn  •  (4) 

2.  The  Smn's  are  unitary,  S''mn  =  Stmn  =  S-m.-nl  Soo  is  the  identity; 
Also  tr[Smn]  =  5mo5noN,  tr[Sf^mnSrs]  =  5mrSnsN;  trA  =  ^OO'  trAtA  = 

(i/N)Zm.nlAmnl^  and  Amn  =  UfSt^nA],  The  basis  is  orthogonal  by 
the  trace  inner  product,  (A,  B)  =  tr  [BtA]. 

3.  The  Smn's  have  some  more  remarkable  properties: 

a)  They  reduce  to  the  Pauli  matrices  for  N  =  2,  and,  for  N  >  2,  they 
are  generalizations  of  Pauli  matrices  providing  the  finest  grading 
of  the  linear  complex  Lie  algebra  gl(N,C)3.  {Smn}  is  so  a  preferred 
basis  in  what  concerns  additive  quantum  numbers. 

b)  They  lead  to  a  classification  of  the  quantum  degrees  of 
freedom  in  terms  of  prime  decompositions  of  integer  numbers. 
When  N  is  a  prime  number,  the  pair  (U,  V)  describes  one  N-valued 
degree  of  freedom.  Otherwise  N  is  a  product  of  prime  numbers  and 


§  On  sabatical  leave  from  Inslituto  de  Fisica  Teorica,  Stale  University  of  Sao 
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the  basis  {Smn}  factorizes  correspondingly  into  a  product  of 
independent  sub-basis,  one  for  each  degree  of  freedom. 

c)  The  Smn's  realize  the  Heisenberg  group  as  a  projective 
representation  of  Zn  ®  Z^.  They  satisfy 

Srs  S„n  =  e‘“2<"’"-  (n.s)  .  (5) 

with  a2(mn,  rs)  =  ^  [ms-nr].  The  basis  commutators  are 

[Srsi  Smn]  =  2i  sin[a2(mn ,rs)]S(m+r)  (n+s)  •  (6) 

d)  {Smn}  is  a  Fourier  operator  basis.  Our  objective  here  is 
precisely  to  point  out  this  property  and  comment  on  some 
consequences.  Besides  making  the  Smn's  specially  convenient  for 
the  consideration  of  the  semi-classical  limit,  this  fact  turns  (4) 
automatically  into  a  discrete  version  of  the  Weyl  prescription. 

4.  All  numbers  m,  n,  etc,  are  defined  mod(N)  and  all  angles  are 
mod(27c).  The  lattice  torus  formed  by  the  double-integer  labels 
(m,n)  constitutes  the  quantum  phase  space.  The  continuum  limit 
comes  from  taking  to  infinite  both  the  torus  radii  while  N 

and  the  area  of  each  lattice  plaquette  (which  is  tends  to  zero. 
It  is  a  phase  space  because  the  phase  a2(mn,rs)  above  provides  a 
symplectic  structure**:  it  is  a  2-cocycle,  has  properties  analogous 
to  the  classical  symplectic  form  ft  and  tends  to  in  the  classical 
limit.  It  is  at  work  even  in  the  discrete  case,  but  the  simplest 
example  is  the  usual  position-momentum  (q,  p)  case,  which 

comes  out  if  we  put  Smo  =  11'”=  mq_  Son  =  V**  =  e'V^it/N  np 

In  the  continuum  limit  the  values  of  V  2n/N  m  and  VijuN  n  tend  to 
constants  a,  b,  so  that  the  eingenvalues  Vzn/N  k  of  q  and  p  tend 
to  numbers  q,  p.  So.  Smo  ^  Sao  =  e'a<i,  Son  ->  Sot  =  and 

Smn -»  Sab  =  eKaq+bp)  (7) 

As  higher  order  terms  vanish  in  the  Weyl-Wigner  transformation, 
only  the  Poisson  bracket  remain  and  02(30, Ob)  =  -  (H2){aq,  bp}.  In 
the  more  general  case  we  obtain  the  Glauber  formula 
ScdSab=e*'^^*'^'*  S{a+c){b+d). 

5.  Again  in  the  (q,p)  case,  the  Wigner  function^  Aw(q,  p)  and  the 
Weyl  operator  are  the  usual  and  the  operator  Fourier  transform 
the  Wigner  density  A{a,  b). 


Aw(q,  P)  =  F  [A]  =  J  Jdadb  b):  (8) 

A(q,  p)  =  ^  [A]  =  J  Jdadb  Sab  A(a,  b).  (9) 

So,  A  =  ^  [F'^[Aw]]  and  {Smn}  appears  as  the  natural  basis  for 
Weyl-Wigner  transformations.  Expansions  like  (4)  are  discrete 
versions  of  the  Weyl®  prescription  (9)  and  the  coeficients  play 
the  role  of  Wigner  densities. 

6.  We  are  giving  examples  for  the  (q,p)  case  but  the  formalism 
holds  in  principle  for  any  degree  of  freedom.  The  product  and  the 
commutator  of  two  operators  are,  from  (5)  and  (6), 

AB  =  ^  Ij,k[lm,nAmn  Bj.^.k.ne' “2(i'<.'nn)js.^  ;  (10) 


[A,  B]  Bp-m.q  n  2isin[a2{pq.mn)]Spq  .  (11) 

7.  Basis  {Smn}  is  consequently  a  (discrete  finite  at  first,  or 
continuum  infinite  in  the  limit)  operatorial  Fourier  basis.  To 
illustrate  how  easy  it  is  to  find  some  results  in  this  formalism, 
let  us  recall  the  twisted  product’’  in  the  special  case  of  phase 
space  R4,  with  x  =  (a,b)  and  y  =  (c,d).  To  the  usual  convolution 

(f*g)(x)  =  Jf(y)g(x-y)dy  will  correspond  the  expression 

2^m,nAmnBp.m.q-n  (12) 

The  twisted  convolution  of  index  ti  is  defined  by 

(f*qg){x)  =  f(y)g(x-y)dy,  (13) 

where  (xxy)  =  ad  -  cd.  so  that  the  coefficient  in  (10), 

(AB)jk=  J  Im.nAmn  B,.n,,k-ne'“2<''''"’'’>,  (14) 

is  just  a  twisted  convolution  of  index  h  =  ^.  the  area  of  an 
elementary  plaquette  on  the  lattice  torus.  The  usual  product  of 
functions  is  f  g  =  F‘i[F[f]-F[g]].  The  twisted  product  is  defined  as 

f  og  =  F-i[F[f]  •^F[g]].  (15) 

We  immediately  see  from  (11)  that  AB  =  ^  [F'’[Aw]*qF'^[Bw]]. 
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It  follows  that  (AB)w  =  ^  "^[AB]  =  [F'HAw]*,,F  ^[Bw]]  and 

(AB)w  =  F[F'^[Aw]  *^F'^[Bw]]  =  Aw  0  Bw.  (16) 
a  twisted  product  in  which  the  phase  a2  gives  the  twisting.  As 
a2  *  0,  "classical"  dynamical  quantities  in  correspondence  with 

quantum  quantities  multiply  each  other  no  more  by  the  simple 
product  but  with  the  noncommutative  twisted  product.  In  the 
process  of  quantization,  it  is  not  the  dynamical  quantities  which 
change  but  their  algebra®.  In  the  Weyl  expression  (11)  for  the 
commutator  we  recognize  the  Moyal  bracket.  It  is  to  be 
confronted  to  the  Wigner  transform  ([A.  B])w  of  the  commutator 
of  two  operators  A  and  B  in  terms  of  their  transforms  Ayy(q,p) 
and  B^(q,p)  in  the  continuum  limit, 


([A,  B])v^,(q,p)  =  2isin  [i  -  a^paSq)]  A^(q,p)  B^(q,p)  (17) 

We  see  that  02  is  a  shortwriting  of  all  the  intricate  action  of  the 
"Poisson"  operator  in  the  sine  argument. 

8.  The  formalism  has  a  great  formal  simplicity  and  holds  for  any 
degree  of  freedom,  discrete  or  (in  the  limit)  continuum.  Degrees 
of  freedom  assuming  a  finite  number  of  values  fall  necessarily  in 
the  discrete  case.  It  has  been  easier  to  uncover  the  role  of  the 
fundamental  cocycle,  which  in  the  continuum  case  replaces  the 
action  of  the  Poisson  double-derivative  operator.  It  has  been 
applied  to  membranes  and  quantum  groups®.  Analysis  of  Yang- 
Baxter  equations,  both  quantum  and  classical,  are  under  way. 
Many  other  questions  are  susceptible  of  improvement  with  this 
formalism:  semi-classical  problems,  aspects  of  classical 
mechanics  of  quantum  origin,  measurement  problems,  uncertainty 
principle  for  general  variables,  the  study  of  other 
correspondences,  2nd  quantization,  quantum  relativity. 
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1.  Sets  of  generators  for  the  center  of  CS„ 

The  representation  theory  of  the  symmetric  group  (S„)  is  considerably  simplified 
by  considering  the  corresponding  group  algebra  (C5„).  As  is  well  known,  the  class- 
sums  of  S„  form  a  linear  basis  for  the  center  of  CSn-  Any  member  of  the  center  can 
be  expressed  as  a  polynomial  in  an  appropriate  set  of  generators,  which  need  not 
necessarily  be  members  of  the  center.  The  only  requirement  we  make  is  that  the  gen¬ 
erators  be  mutually  commutative.  Several  independent  sets  of  operators  were  found 
to  generate  the  center  of  CSn.  each  set  having  certain  specific  advantages.  Kramer 
[1]  showed  that  the  set  of  n  single-cycle  class-sums  {  [(k)]n  ;  k  =  1.  2.  •  ■  •  .  7t  }  gener¬ 
ates  the  center.  In  particular,  any  other  class-sum  can  be  expressed  as  a  polynomial 
in  Kramer’s  set  of  generators,  in  a  manner  which  he  did  not  explicate.  Another 
set  of  n  generators  was  proposed  by  Farahat  and  Higman  [2].  Their  k'th  generator, 
which  we  denote  by  F*.  is  the  sum  of  all  the  clas,ses  consisting  of  k  cycles.  Thus 

F„  =  [(!)"]„.  F„_,  =[(2)]„, 

Fn.2  =  [(3)]„  +  [(2)^]„.  F„_3  =  [(4)]„  -h  [(3)(2)]„  +  [(2)3]„.--  - .  F,  =  [(n)]„,  where 
cycles  of  unit  length  are  usually  suppressed.  Two  sets  of  generators  which  do  not 
themselves  belong  to  the  center  of  the  algebra,  although  they  do  belong  to  the  algebra, 
were  proposed  by  Jucys  [-3]  and  by  Chen  [4],  respectively.  .Jucys’  set  consists  of  {  tt*  = 
i  ^’  =  2,  3,  •••,  n}.  His  k'th  element  is  the  sum  of  the  transpositions 
between  the  index  k  and  all  the  preceding  indices.  Explicitly,  ttj  =  (1.2),  rrj  =  (1.3)+ 
(2,3),  etc.  This  set  has  to  be  augmented  by  tT]  =  1.  Chen's  set  of  generators  consists 
of  the  transposition  class-sums  in  the  group-subgroup  chain  5i  C  Fj  C  •  •  C  5^. 
i.e.,  1,  [(2)]2  =  TTj,  [(2)]3  =  7r2  +  7r3.  •••,  ((2)]„  =  ^"_2^.-  One  immediate  and 
important  consequence  of  the  form  of  Chen's  set  of  generators  is  that  the  center  of 
C Sn  can  be  generated  by  adding  the  class  of  transpositions  of  [(2)]n.  to  the  center 
of 
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This  was  recently  extended  to  the  statement  that  the  center  of  C'5„  can  be  generated 
by  adding  the  set  of  class-sums  [(2)j„.  [(3)]„,  ■  ■  • ,  to  the  center  of  CSn-k  [5]. 

Note  that  this  statement  interpolates  between  Chen's  result,  with  which  it  coincides 
for  ^  =  1,  and  Kramer's  result,  with  which  it  coincides  for  k  =  n.  This  result  was 
recently  found  to  be  useful  in  the  context  of  cluster  physics  [6]. 

These  various  sets  of  generators  are  mutually  interconnected  more  or  less  straight¬ 
forwardly.  Thus,  the  Farahat-Higman  operators  are  symmetric  polynomials  in  Jucys' 
operators:  F„_i=X;.=2^'  i  ^n-2  =  E"<j  3  = 

;  ■  •  •  ;  Fi  =  7r27r3  . . .  7r„.  The  connection  between  Kramer's  generators  and  those 

of  Farahat  and  Higman  can  be  obtained  by  systematic  application  of  the  expressions 
for  the  products  of  class-sums  in  CSn  [7  —  9].  One  obtains  [('2)]„  =  Fn-i  : 
[(3)]n  = 2F'„_2  -  n(n  -  l)/2  ; 

[(4)]„  =  +  3F„_3  —  3F'„_2F„_i  -  (2n  —  3)F„_i  etc.  The  class-sum  products 

also  provide  explicit  expressions  for  arbitrary  class-sums  in  terms  of  either  set  of 
generators. 

2.  The  Dirac  identity:  some  properties  of  spin-operators 

For  a  pair  of  identical  particles  with  an  elementary  spin  equal  to  j  the  Dirac 
identity  flO]  expresses  the  effect  of  a  transposition  (i.J)  of  the  particle  indices  on 
the  two  particle  spin  functions  in  terms  of  the  spin  operator  fq  =  s,  •  Sj.  Explicitly. 
(i,j)  =  2f,j  -h  j.  The  expression  for  a  tran.sposition  of  two  identical  particles  with  an 
arbitrary  elementary  spin  was  presented  by  Schrodinger  [1 1].  Since  the  transpositions 
generate  the  whole  group  algebra  it  is  obvious  that  the  Dirac-Schrodinger  identities 
can  be  used  to  derive  expressions  for  the  operation  of  class-sums  of  the  symmetric 
group  on  spin  functions  of  an  arbitrary  number  of  identical  particles.  This  program 
was  outlined  in  [12],  where  further  references  are  listed.  This  talk  presents  recent 
progress  towards  achieving  this  goal.  To  carry  out  the  required  computations,  for 
particles  with  an  elementary  spin  cr  =  5,  we  need  the  following  quadratic  identities: 

+  tjk)  =  +  ilk)  :  t,J^^k  +  i,ki,i  =  \tik  ■  A 

somewhat  interesting  immediate  application  is  the  identity  t,jfki{t,k  +  ■+t]k  +  tji)  = 

+  til  -t-  tjk  +  ill)  ■  We  emphsize  that  these  identities  are  satisfied  by  spin  | 
particles  only. 

Similarly,  for  spin  1  particles  we  find  the  cubic  identities 

ifj  =  -K  +  t-j  +  2 

tl(t,k  +  t,k]  =  t„(t,k  +  t,k)t.i  =  (t,k  +  tik)tl  =  t.k  +  tjk 

ii](i^k  +  i%)  +  =  ii'k  +  ijk)^  —  (t^,k  +  i]k)  +  ~  +  ijk) 

The  systematic  derivation  of  the  corresponding  identities  for  higher  spin  values  will 
be  considered  elsewhere. 
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3.  Symmetric  polynomials  in  sets  of  spin-operators 

The  properties  of  the  fundamental  symmetric  polynomials  in  a  set  of  commuting 
variables  are  well  known  and  of  central  importance  in  the  representation  theory  of  the 
symmetric  group.  Here,  we  consider  the  set  of  n(n  —  l)/2  non-commuting  variables 
{tij  ;  *  <  j  =  1,  2,  ••• ,  n},  for  the  case  <7=5.  We  define  the  following  set  of 
fundamental  symmetric  polynomials  in  these  variables  f  'i(n)  =  ! 

U2[n)  =  tijtkl  ;  •  ■  •  ;  Up(n)  =  ;  t2<j2  ;  • ; 

The  prime  means  that  the  various  pairs  of  indices  are  ordered  and  are  chosen  in  such  a 
way  that  each  one  of  the  indices  is  distinct.  Note  that  in  the  present  context  we  only 
have  [|]  fundamental  symmetric  polynomials.  For  a  set  of  n(n  —  l)/2  commuting 
variables  we  would  need  that  many  fundamental  symmetric  polynomials.  The  ad¬ 
vantage  of  the  fundamental  symmetric  polynomials  over  the  symmetric  power-sums 
{Ok  =  tfy  ^  =  1,  2,  ■  •  introduced  in  ref.  [12]  is  that  the  former  are  found  to 
be  very  directly  linked  to  the  Higman-Farahat  generators,  as  we  show  in  the  follow¬ 
ing  section.  Note  that  the  equivalence  between  the  symmetric  power-sums  and  the 
fundamental  symmetric  polynomials  was  only  established  for  commuting  variables, 
although  it  holds  in  our  <^  =  \  case. 

Using  the  identities  presented  in  the  previous  section  we  find  that 

^^^  =  ^«(n-l)-t-^r,+2T2 
lhV2  =  ^(n  -  2)(n  -  3)f',  +  2^f '2  +  3t'3 
IhUz  =  ^(n  -  4)(n  -  h)U2  +  +  4f  4 


ViUp  =  -  2p  +  2)(n  -  2p  +  Df  ;.,  -I-  ^(n  -  (2p  +  l))f'p  +  (p+  l)f>+i 

Using  these  equations  consecutively  we  can  express  Up  as  a  p'th  degree  polynomial  in 
Ui-  Similar  results,  for  <t  >  1,  will  be  presented  elsewhere. 

4.  The  center  of  CSn  in  terms  of  the  symmetric  polynomials  in  the  spin 
operators 


For  a  system  of  n  identical  particles  with  elementary  spin  cr  =  j  we  obtain  the 
Farahat-Higman  generators  of  the  center  of  CS„  in  the  form 

= - - - +  2f,(n) 

i=j 

4^  n(n  -  l){n  -  2)(3n  -  1)  ,  (n  -  2)(n  +  1)  „ 

2_^ViWj  = - — - -t- - - - th(n)  +  4t'2(n) 


«} 
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^  n^(n  -  -  2)(n  -  3) 

>  .  Jr.TTjTr*  =  - - 1- 


+ 


i<j<k 

(n-2)(n-3)(n^-5n+28) 

16 


384 

l\{n)  +  ('1^  —  71  —  8)f'2(7i)  +  81  3(71) 


772773  •  •  •  77„  = 


(n 


2n-l 


1)!^  2^' 

^  (2i  - 


TTr,(7.) 


Using  the  results  of  the  previous  section  we  can  express  each  one  of  the  Farahat- 
Higman  operators  as  a  polynomial  in  f  1(77),  which  is  essentially  the  resultant  spin 
operator,  i.e.,  5^  =  -77  -|-  21  1(77).  In  order  to  express  the  class-sums  themselves  in 
terms  of  Ui{n)  we  have  to  use  the  relations  between  the  Kramer  and  the  Farahat- 
Higman  operators,  discussed  in  section  1.  This  is  simply  a  manifestation  of  the  well 
known  fact  that  for  a  system  of  identical  particles  with  an  elementary  spin  77  =  j 
the  class  of  transpositions  is  sufficient  to  determine  the  irreducible  representations 
uniquely.  When  Young  diagrams  with  at  most  k  rows  are  possible,  one  needs  the  first 
^  —  1  single-cycle  class-sums  to  specify  the  irreducible  representations  uniquely  [5j. 
Thus,  for  a  system  of  particles  with  <t  =  1  one  needs  the  two  class-sums  [(2)]„  and 
[(3)]n-  These  class-sums  can  be  expressed  in  terms  of  the  symmetric  power  sums 
and  O2.  obtaining  [(2)]„  =  O2  -h  0|  -  77(77  -  l)/2  and 

=  3t^TT){4(9|  -f  -  4(n^  -  n  +  4)Oi  -1-  77(77  -  l)(n'^  -  7?  -t-  6)}. 

It  was  shown  in  [12]  that  [Oi,  O2]  =  0. 
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1.  Introduction 

It  is  a  well  known  fact  that  the  Poincare  group,  ■p].(3, 1),  the  kinematical  group  of 
Minkowski  spacetime,  can  be  obtained  by  means  of  a  contraction  from  the  anti-de  Sitter 
(AdS)  group,  50o(3, 2),  the  kinematical  group  of  anti-de  Sitter  spacetime.  The  contrac¬ 
tion  parameter  is  the  constant  positive  curvature  k  of  the  anti-de  Sitter  spacetime.  This 
contraction  procedure  is  thus  nothing  but  a  zero  curvature  limit.  .According  to  this  fact, 
one  would  like  to  approximate  T’].(3,  l)-invariant  theories  by  SOo(3. 2)-invariant  ones, 
hoping  that  such  approximations  give  rise  to  regularized  relativistic  theories.  Indeed, 
the  nonzero  curvature  equips  the  AdS  theories  with  a  lengthlike  parameter,  which  is 
actually  the  source  <jf  the  sought  regularizations. 

Up  to  now,  this  very  stimulating  idea  has  not  been  fully  exploited,  though  it  has 
received  a  large  amount  of  attention  for  its  potential  implications  in  the  context  of 
quantum  field  theories.  The  main  drawback  of  the  known  approaches  arises  from  the 
emphasis  made  on  the  spacetime  or  the  momentum  space  realizations  of  those  theories. 
Indeed,  it  is  a  known  fact  that  such  realizations,  in  both  Poincare  and  -AdS  cases, 
lack  of  a  natural  notion  of  localization.  Moreover  the  modulus  of  the  wave  functions 
corresponding  to  the  one  particle  quantum  states  of  a  Poincare,  as  well  as  em  AdS.  free 
massive  theory  can  not  be  interpreted,  in  those  realizations,  as  a  probability  distribution. 
The  regularizing  role  of  k  is  thus  not  effective  for  such  realizations. 

In  this  short  contribution  we  propose  the  phase  space  realization  as  the  regularizing 
alternative  (for  more  details  ses  [1],  [2j  and  [3]).  In  fact,  for  the  case  of  a  free  massive 
spinning  particle  in  AdS  spacetime,  the  phase  space  is  a  K^ler  SOo(3,2)  homogeneous 
space,  whose  (geometric)  quEintization  gives  rise  to  a  discrete  series  representation  of 
50o(3,2).  The  latter  is  known  to  be  a  square  integrable  representation,  so  its  Hilbert 
space  conteiins  a  particular  family  of  quantum  states:  the  coherent  states.  A  natural 
notion  of  loceilization  is  attached  to  these  states.  They  are  optimaly  localized  states  in 
pheise  space.  Moreover  the  modulus  of  the  wave  functions  of  the  quantum  states  in  this 
realization  can  be  actually  interpreted  as  a  probability  distribution. 

Here  we  exhibit  the  explicit  form  of  these  coherent  states  and  we  show  how  their 
physical  interpretation  arises.  We  also  stress  the  disappearance  of  this  notion  of  loctil- 
ization  in  the  flat  space  limit,  confirming  the  effectiveness  of  the  regularizing  character 
of  K.  We  proceed  as  follows.  In  section  2  we  describe  the  classical  theory,  in  order  to  fix 
both  the  notations  imd  the  physical  interpretations.  In  section  3,  the  quantum  theory 
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IS  obtained  through  the  application  of  geometric  quantization,  then  the  explicit  form 
and  the  zero  curvature  limit  of  the  optimaly  localized  states  is  given.  For  more  details 
we  refer  to  papers  [1],  [2]  and  [3]. 

2.  The  classical  theory 

The  phase  space  description  of  the  classical  theory  of  a  spin  s  and  mass  m  ^  0  free 
particle  in  AdS  spacetime  finds  its  best  formulation  within  the  scheme  developped  by 
Souriau.  The  latter  construction  starts  with  the  determination  of  an  evolution  space. 
(£”’*, uig),  which  is  a  presymplectic  manifold  is  a  closed  but  degenerate  2-form), 
with  a  projection  on  the  AdS  spacetime  of  constant  curvature  k,  A/k-  The  symmetries 
of  Mk  are  helpful  guides  in  doing  so.  In  fact.  A/*  is  just  the  one  sheeted  hyperboloid  in 
(R  ,17),  whith  diag  17  =  ( — 

yy  =  i7o,iy“/  =  +  (y*)^  +  +  (2.1) 

a,  fie  {5, 0,1, 2, 3}.  Clearly,  0(3  ,2)  is  the  isometry  group  of  (2.1),  its  connected  com¬ 
ponent  to  the  identity,  SOo(3, 2),  is  the  so-called  .\dS  group. 

We  choose  for  fl™’*  the  SOo(3,2)-principal  homogeneous  space.  ’  =  SOo(3.2), 
realized  through  the  following  SOo(3. 2)-im'ariant  constraints  in  (five  copies  of 

y  •  y  =  — q-q  =  —rtfi.  u  •  u  =  1,  r  •  c  =  1  and  <  <=171^5*.  {2.2a) 

y  •  9  =  0  =  all  the  other  scalar  products  (2.26) 

iai3ip,ry°q^u'’v^t’’  and  y^q°  -  y°q^  >  0.  (2.2c) 

The  physical  interpretation  of  the  coordinates  (y.q.u.v.t)  is  then  as  follows:  in  (2.2a) 
y  is  the  position  on  the  hyperboloid  (2.1),  q  is  its  conjugate  momentum,  t  is  what  we 
call  the  AdS-Pauli-Lubanski  vector.  The  remaining  five- vectors  u  and  f  are  introduced 
in  order  to  have  a  covariant  description  of  E^  ’.  i.e.  E^  ’  =  SC)o(3.2).  They  shcdl 
represent  the  spin  part  in  the  quantum  theory.  The  two  last  constraints  (2.2b-c)  are 
needed  in  order  to  fix  an  orientation. 

The  choice  of  is  constrtiined  by  the  requirement  that  the  projection  on 
of  each  integral  curve  of  the  completely  integrable  distribution  generated  by  ker^u’^  in 
EIP  ',  results  in  a  time-like  geodesic  of  A/„,  i.e.  the  dynamic  of  the  theory  is  obtained 
from  keruij..  Such  an  is  provided  by, 

Wf.  =  dy  Adq  +  sdu  Adv.  (2.3) 

This  choice  is  not  unique  but  it  fulfils  the  above  dynamic  generating  requirement. 
The  phase  space  of  the  theory,  (Il||'  ’,u75. ),  is  obtained  by  symplectic  reduction  of 
(£"’*, w^).  It  appears,  for  ^  ^  s,  to  be  the  SOo(3. 2)  symplectic  homogeneous  space 
50o(3, 2)/50(2)  X  SO{2).  For  symmetry  reasons  .  i.e.  obvious  action  of  SOo(3,2)  on 
we  use  (£™’',u,’j.)  as  the  arena  for  the  forthcoming  constructions. 

In  order  to  carry  out  the  zero  curr^ature  limit  in  a  meaningful  way,  we  introduce  a 
new  set  of  coordinates  on  EJP''.  This  is  the  set  of  four-vectors  {x,p,a.  6,  s).  Interpreted 
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in  the  same  way  as  the  five-vectors  {y,q,  u,  i\t).  they  are  related  to  the  latters  through 
the  following  equations, 

y^  =  ycosKx^,  y®  =  y'sinA-x®  and  y  =  x,  (2.4a) 

where  — tt  <  ki®  <  tt,  f  €  R®  and  Y  =  +(j)^:  and 

<l'dy  =  9itup‘‘dx‘' ,  u-dy  =  ,  v  dy  =■  g^uh'‘ di''  and  t  dy  =  g^„s'‘ dx" .  (2.46) 

Here  is  the  metric  of  for  the  global  coordinates  (r®,  f)  and  p.v  £  {0, 1,2, 3}.  The 
zero  cur\’ature  limit  of  is  just  the  flat  Minkowski  metric.  The  constraints  (2.2a-c) 
translated  in  terms  of  the  new  coordinates  become, 

g^^a'‘a‘'  =  1,  gi,„b'‘b‘'  =  1  and  g^i,»^s‘'  =  m^s^,  (2.3a) 

diivP^s''  =  0  =  all  the  other  sccdar  products  of  the  subset  (p,  a,  6,  s),  (2.56) 

e/ii-A«P*'a*'6^s*  =  m^s  and  p®  >  0.  (2.5c) 

The  physical  interpretation  of  the  above  constraints  can  now  be  confirmed  by  their  zero 
curvature  limits. 

3.  The  quantum  theory  and  the  optimal  localization 

The  methods  of  geometric  quantization  allow  one  to  quantize  the  classical  theory  de¬ 
scribed  above.  In  other  words,  using  those  methods  one  is  able  to  construct  the  unitary 
irreducible  representation  of  SOo(3,2)  associated  to  the  coadjoint  orbit  of  SOo(3,2) 
for  which  the  phase  space  is  a  covering.  Exploiting  the  principal  bundle  structure 
£jm.a  ^  SOo(3,2)  -+  SOo(3, 2)/SO(2)  X  SO(2)  =  the  prequantum  Hilbert  space. 
H,  is  resJized  as  follows. 


n  =  i 

t  :  ^  C  1 

/ 

*  <  oc.  I'soV  =  /  —  V  and  l  ^V  =  isti’  1  . 

l 

JeT‘ 

K  J 

(3.1) 

Here  dp"^’’  is  the  invariant  measure  on  ’  and  i'ao  and  T]2  are  the  left  in\’ariant 
vector  fields  generating  ker^jj..  Since  £1”'^  =  S(7o(3. 2).  there  exists  a  naturM  action  of 
SOo(3,2)  in  ’ ,dp'^  ’).  This  yields  the  left  regular  representation  of  50o(3.2). 

The  latter  restricts  to  a  unit2U'y  (reducible)  representation  in  'H,  i.e.  the  representation 
of  SOo(3,2)  induced  by  the  character  e'* ?’■+*'' '  of  ^  00^2).  h.dc.J.  ll.i.-,  holds 

provided  ~  and  s  are  both  integers. 

There  actually  exists  a  positive  invariant  Kahlerian  polarization  of  S™  ’  allowing 
one  to  select  in  7i  an  invarizmt  subspace  The  restriction  of  the  previous  unitary 

representation  to  the  latter  gives  rise  to  a  unitary  irreducible  representation  of  SOo(3. 2). 
Concretely, 

WIT'’ =  {V’ €  7f  I  Z.tl- =  0.  !  e  {1.2,3}  et  Hv  =  0}  :  (3.2) 

where  Z;  =  Vqi  +  tT,5,  i  €  {1,2, 3}  and  E  =  123  +  'lai-  The  I'qj's  are  the  left  invariant 
vector  fields.  The  way  one  obtains  the  unitary  irreducible  representation  crirried  by 
W”’*  is  known  in  the  mathematic  litterature  as  the  holomorphic  induction,  it  yields 
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the  disrete  series  representation  of  SOo(3, 2)  with  highest  weight  (  ^.s).  (A  necessary 
condition  for  the  unitarity  is  ^  >  5.) 

The  quantum  states  of  the  theory  are  represeiitated  by  well  defined  wave  functions 
belonging  to  .  The  physical  interpretation  of  their  modulus  as  probability  dis¬ 
tributions  on  S™  ’  is  2dso  well  defined.  The  particular  states  belonging  to  the  orbit, 
C  W™'*,  of  the  unitary  representation  of  SOo(3.2)  passing  through  the  highest 
weight  state  possess  many  interesting  properties.  These  states,  which  are  nothing 
but  the  generalized  coherent  states  of  50o(3,2).  are  in  a  natural  way  optimaly  localized 
in  phase  space.  In  fact,  by  construction  they  are  labeled  by  points  w  €  E^  ’.  specifying 
them  through  the  equations, 

<  -ew  I  iad  I  -Pw  >=  iaj(w).  VQ..j  6  {0.O.I.2.3}:  (3.3) 


here  the  Laj's  are  the  classictJ  observables  and  the  ioj  s  are  their  quantum  counter¬ 
parts.  The  determination  through  (3.3)  of  the  ten  Lad(w)  specifies  in  fact  uniquely 
the  leave  of  the  distribution  ker passing  through  w.  Thus  by  symplectic  reduction  a 
unique  point  w  €  *  is  specified  by  (3.3).  The  state  is  then  said  to  be  localized 

in  w  €  S"’*-  Moreover,  since  the  coherent  states  minimize  the  incertainty  relations 
associated  to  the  commutation  relations  of  the  Laj's.  this  notion  of  localization  is  said 
to  be  optimal. 

The  optimaly  localized  states  are  given  by  the  following  formula. 


(3.4) 


Here  (z,0  —  w  are  the  complex  coordinates  of  ’’  associated  to  the  Kahlerian  polar¬ 
ization,  they  are  related  to  the  coordinates  given  in  (2.2)  through  the  trtinsformations 
z  =  Ky  —  im~^  q  and  (  =  u  —  tv. 

The  zero  curvature  limit  of  these  states  is  as  follows. 


lim 

0 


-  m^p°6{p  -  p')€ 


-z") 


(3.5) 


where  =a^  — 15^.  p  €  {0. 1.2,3}.  Clearly,  the.se  states  are  no  longer  optimaly  local¬ 
ized.  They  are  completely  delocalized  in  position  (j).  perfectly  localized  in  momentum 
(p)  and  still  optimaly  localized  in  spin  (C).  This  zero  curvature  behaviour  supports  the 
regularization  argument  stressed  in  the  introduction.  In  fact  one  ran  consider  the  .4dS 
states  in  (3.4)  as  regularizations  of  the  (generalized)  Poincare  states  in  (3.5). 
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Aht^tract.  It  is  well-known  from  the  Inonu-Wijpier  rontraction  profMnre  that  the  Poinrare 
group  P|(l.  1)  jn  one  lime  and  one  space  dimension  can  be  viewed  as  th**  contraction  of  the 
group  1).  VVe  present  here  a  way  to  contract  the  discrete  series  Fock-Bargmann  repre¬ 
sentation  of  Sl.'(l,  1)  to  the  Wigner  positive-energy  representation  of  1)- 

'( his  is  a  report  on  joint  work  with  J.P.  Gazcau  [Ij.  In  this  work  we  study  soriie  a.sperts 
of  the  contraction  process  SOo(l,2)  —  Poincare  1).  W’e  begin  with  the  choice  of  a 

siiitalile  paranietrisation  for  the  desitterian  phase-space  SOo(l.‘2)/SO(2)  S  Sl’(l,  1)/I  (1) 
realised  as  the  open  unit  disk  P.  Then  we  consider  the  Fock-Bargmann  spares  of  holoniorphic 
functions  in  V  that  carry  the  discrete  series  representations  of  1)  and  show  how  this 
representation  contracts  at  the  global  level  onto  the  Wigner  representation  P(m)  of  Pj(  1 .  1) 
VVe  insist  here  on  the  analytic  aspect  an<f  give  a  "seniiclassiral"  expansion  of  the  general 
eh:  Tierit  of  the  Fork  Bargmann  space  in  terms  of  the  curvature  parameter. 

Let  us  recall  that  (!  =  Sli(l,  1)  is  the  group  of  2  x  2  complex  matrices  ;;  of  tlie  form 

•  =  (3  f)'  ■>->«<:  i'> 

with  unit  determinant.  It  admits  the  well-known  Cartan  decomposition  (2)  G  =  PtI .  where 
II  —  l.’(l)  and  P  is  the  subset  of  herniitian  matrices  in  G  Explicitly,  3  =  p(:)h{0)  with 

P(2)=(/.  */).  z=0<y-',  ^  =  (2) 

and 

0  '’  =  2Argo.  0  <  f?  <  4t.  (3) 

The  bundle  section  z(V  — •  p{z]  G  P  gives  the  open  unit  disk  P  =  {c  €  C.  |c|  <  1}  a 

symmetric  space  realisation  as  the  coset  space  G/ H  SU(1,  1)  acts  on  P  by  left  action  on 
the  set  of  matrices  p{z),  i.e.  g  :  p(z)  — -  p(z')  defined  by  gp(z)  =  p{z')h'.  Explicitly,  the 
action  of  3  on  2:  is  homographic 

2' H  3  •  2  =  (nrj a)*'.  (1) 

*Work  supported  in  part  by  the  Natural  Sciences  and  Engineering  Research  Council  of  Canada  and  by  the 
funds  FCAR  du  Quebec 
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As  it  is  well-known  [3,  4],  I>  is  a  Kahlerian  manifold  and  has  the  SU(  1 ,  l)-invariant  Kahlerian 
2-form 

u>  =  2H\-\z\'^y^dzAdi.  (5) 

G  also  admits  the  so-called  “space-time”  factorisation: 


V  0 


0  ^ 

/  cosh  ^ 

sinh  ^  \ 

1  cosh  1  isinhlN 

\  sinh  ^ 

cosh  j  ) 

isinh  1  cosh  f  / 

(6) 


(d,  0)  =  s  is  actually  a  system  of  global  coordinates  for  Anti  De  Sitter  space-time  [l]. 

Let  us  now  come  to  the  new  parametrisation  of  2?.  Any  matrix  representation  (2)  of  a 
point  ;  in  X>  admits  a  space-time  factorisation  (6)  so  that  it  is  easy  to  deduce  the  expression 
of  2:  as 

,,  ,,  sinh  0 -f  j  cosh  0sinh  0 

Z  =  z(^,d>)=  I^,^h0cosh~- 

and  to  see  that  6  satisfies  the  constraint 

cosh  0 cosh0 -t- rsinh  0sinh  0 

g  —  .  I  I  ■  —  I  _ 

1  -h  cosh  0  cosh  0 


(8) 


In  order  to  give  the  above  expressions  a  mote  familiar  meaning  let  us  adopt  a  parametrisation 
of  a  “Minkowski-Lorentz”  type,  namely 

■=  k~'9,  <7  =  k"'0,  —  =  sinh0,  —  =  cosh0,  (9) 

me  me 


where  the  “curvature"  is  inverse  lengthlike.  The  vector  (po,p)  belongs  to  the  forward 
mass  hyperbola 

=  {(Po.p)  €  R’  I  po  >  0,Po  -  p’  = 

We  deduce  the  coordinate  transformation  as  the  map  z  g  P  •— *  (q.p)  6  R"  defined  by 


me  sin  h  Kq  jpeosh  Kq 
me  +  Po  eosh  Kq 


The  relation  (8)  imposes  a  specific  value  for  qo  which  satisfies 

_  Po  -b  me  cosh  Kq  ipsinh  Kq 
me  -b  Po  cosh  Kq 


The  Kahlerian  2-form  (5)  is  given  in  terms  of  {q.p)  by 


w 


=  K  cosh  Kqdq  A  —  =  d(sinh  Kq)  A  — . 

Po  Po 


(10) 


(11) 


(12) 


We  now  introduce  Fock-Bargmann  structures  on  V.  We  denote  =  {/(z)  :  z  6  P} 
the  Fock-Bargmann  space  [3]  of  functions  holomorphic  inside  the  unit  circle,  satisfying  the 
square-integrability  condition  (/,/)  <  oo  with  respect  to  the  scalar  product 


(/i,/z)  = 


(13) 
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with  u!  given  by  (5)  and  Eo  >  1/2  is  a  fixed  real  number.  The  representation  operator 
of  SU(1, 1)  is  defined  by 

■  Z).  (14) 

is  unitary,  irreducible  and  belongs  to  the  discrete  series  for  Eo  >  1/2  (2). 

Since  our  final  aim  is  to  understand  better  some  aspects  of  the  contraction  process 
SU(1,  1)  — ►  ^4.(1.  1),  as  K  goes  to  zero  and  Eo  goes  to  the  infinity,  it  is  apparent  that 
the  form  (13)  or  equivalently  the  space  is  not  well-adapted  to  such  a  limit  procedure. 
Therefore  we  introduce  a  “weighted"  Fock-Bargmann  space 

=  =  feE^°}  (15) 

which  is  the  Hilbert  space  of  square-integrable  non  analytic  functions  inside  the  unit  disk 
with  the  scalar  product 


(Fi,  F'i)  -  °  2t  /  Fi{z,i)F2{z,z)ui  .  (16) 

The  representation  operator  T^°(g)  on  is  deduced  from  To(g)  defined  by  (14); 

{t^W)  (z,  z)  =  F  (s'  .  ■  z)  (17) 

The  last  step  before  the  contraction  procedure  is  to  translate  this  abstract  machinery 
where  no  operational  physical  quantity  appears  into  the  familiar  language  where  physical 
dimensions  are  present.  Besides  the  (three)  fundamental  constants  k.  m.  and  c  already 
injected  into  the  formalism,  the  quantum  context  now  introduces  action-dimensional  physical 
quantitites  at  the  order  of  h.  The  pure  number  Eo,  which  is  actually  the  minimal  weight  of 
the  representation  7'^° ,  is  taken  as  Eo  =  Eo(k)  = 

It  is  well-known  [s]  that  the  representation  T^'’{g)  or  T^’’[g)  of  SU(1, 1)  ~  SOo(2. 1)  x  Z2 
must  contract  to  the  Wigner  positive-energy  representation  P(m)  of  P].(l,  1)  as  k  goes  to 
zero  and  Eo  goes  to  infinity  while  keeping  the  product  kEo  equal  to  ^  .  Let  us  see  how  it 
works  explicitly  on  the  space  . 

In  order  to  eliminate  the  singular  terms  in  the  expansion  in  k  of  F(z.  z),  we  must  impose 
some  constraints  on  the  form  of  F  =  (15)  and  more  particularly  of  the  original  analytic 
function  f(z).  Indeed  we  must  factorise  /(z)  as 

/(z,k)  =  lV(K)(l-(-r2)-EoW/,(2  (18) 

where  the  function  h  is  now  analytic  in  both  z  6  P  and  rc  >  0.  N(k)  is  a  normalisation 
factor  possibly  nonanalytic  in  n.  In  the  following  normalisation  will  not  be  imposed  in  order 
to  ignore  this  nonanalytic  N{k,).  We  accordingly  restrict  our  considerations  by  working  on 
the  subspace  of  which  consists  of  functions  of  the  form 

F(z,z,K)=\-^'j  h(,).  (19) 
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wht're  h(z)  =  h(z,(i).  If  we  now  Introduce  'i(q,p)  =  lim^^o  we  have  proved  [1] 

by  expanding  (19)  in  K  that 

^(q,p)  =  e-*i.t^ip)  .  (20) 


Po  +  ”»c 


The  2- vectors  p  and  q  are  given  by 


P  =  (po.P). 


*  Po  +  me 


and  P  =  7oPo  —  qp  We  recognize  in  (22)  the  flat  space-time  limit  of  the  section  (8) 
which  defines,  in  the  space  of  parameters  for  SU(1, 1),  the  Cartan  phase  space  for 

this  group.  The  remarkable  properties  of  the  desitterian  section  (22)  for  Poincare  are  listed 
elsewhere  [.s], 

bet  us  state  the  crucial  result  about  the  limit  of  square  integrability  condition  (see  [i]  for 
the  proof): 

PR0P0stT(0.\.  Let  h{z)  be  an  hohmorpbic  function  in  the  unit  disk  D  such  that  the 
integral 

is  finite.  Then  the  function  on  R  defined  by  (24)  is  square  integrable  on  3  with  respect  to 
the  Lorentz  invariant 

Pc 

The  last  thing  to  do  is  to  show  how  the  representation  T^°(g)  of  SU(1, 1)  on  F  =  (19) 
contracts.  The  first  step  is  to  write  g  G  SU(1, 1)  on  the  form 

g  =  h(Kao)b(Ka)t(<i>),  (24) 

where  4)  is  here  given  by  =  tanh"’(]^),  k  G  V+.  It  is  well-known  from  the  Inonii-Wigner 
contraction  procedure  (6)  that,  when  a  — »  0,  the  set  {ao,a,k)  turns  out  to  be  the  set  of 
parameters  characterising  the  Poincare  group  P|(l,l)  =  ((ao,a),At).  The  second  step  is 
to  express  the  dependence  on  k  of  (17)  where  F  has  the  form  (19)  This  will  be  done  by 
replacing  z  by  (10)  and  a,0  by  their  expression  in  terms  of  uo.a  and  0  according  to  (24). 
The  last  step  is  to  expand  (18)  in  a  and  to  take  the  limit  when  a  — *  0. 

Lot  us  give  the  final  result  expressed  in  terms  of  the  phase-space  variables.  We  introduce 
the  transformed  variables  (q' ,p')  given  by 

P  .Po'l  k_ 


,  (  P  Po\  ,  ko  k  ,  ko  k 

q=q-[ao - a — 1  ,p  =  — p - po,  p^  =  — po - p. 

\  me  me'  me  me  me  me 


We  then  get 


i™o  (ff(ao,  a,  fc;  a))  fj  ^z(g,  p,  a).  z{q,p,  a)) 

=  ((/„(ao,a,k)*)(q,p)  =  e*f(^^<‘^*(q'.p') 
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Contractions  of  the  Representations 
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Orthogonal  Algebras 
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Abstract 

About  forty  years  ago  VVigner  and  Inonu  [0]  have  introduced  the  contraction 
of  the  group  representations.  This  operation  gives  the  representations  of  the 
contracted  group  from  the  representations  of  the  initial  group.  Contraction  was 
later  used  by  many  authors,  in  particular  by  Wigner  and  Kim  [0]  to  describe  the 
photon  little  group,  by  Smirnov  and  Asherova  [0]  in  the  symplectic  collective 
model  of  the  complex  nucleus,  by  Celeghini.  Tarlini  and  Vitiello  [0]  in  the  theory 
of  the  spontaneus  breakdown  of  symmetry,  by  Doebner  and  Melsheimer  [0]  to 
describe  the  limiting  process  connecting  the  dynamical  group  of  the  interacting 
system  with  the  dynamical  group  of  the  corresponding  free  particle. 

There  is  another  approach  in  group  theory,  namely  Weyl  unitary  trick  [0]. 
which  gives  the  representations  of  the  pseudo-orthogonal  group  starting  from 
the  classical  orthogonal  group.  Kuriyan,  Mukunda  and  Sudarshan  [0]  have 
developed  this  trick  to  the  method  of  master  analytic  representation. 

The  purpose  of  this  report  is  to  present  the  unified  description  of  the  or¬ 
thogonal  Cayley-Klein  algebras  and  their  representations  starting  from  well 
known  Gerfand-Tsetlin  representations  [0]  of  the  classiscal  orthogonal  alge¬ 
bras.  The  orthogontd  Cayley-Klein  algebras  are  obtained  from  the  classical 
ones  by  Wigner-Inonu  contractions  and  analytical  continuations  (or  VVeyl  uni¬ 
tary  trick). 

The  unified  description  [0,  0,  0]  is  achieved  by  introducing  parameters,  which  may 
be  equal  to  real  unit  or  to  imaginary  unit  or  to  Clifford  dual  units. 

Under  the  map 

V’  :  Rn-t-l  — '  Rn-t-lO) 

k 

Tpxl  =  xo,  ’l'xl  =  Xk]\  I- =1,2 . n,  (1) 

m=l 

where  j  —  (ji,j2 . jn),  each  of  the  parameters  A.  =  l.t;t,t,  and  u-  is  the  Clifford 

dual  unit  with  the  algebraic  properties  ^  0.  4  =  0.  laim  =  'mik  ^0,  i'  ^  m. 
the  euclidian  space  Rn+i  is  transformed  into  the  Cayley-Klein  space  (j)  with  the 
quadratic  form 

=  •>^0+ L-rin  ./m-  (2) 
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The  map  0  also  induces  the  transformations  of  the  generators  \“  of  the  orthogonal 
algebra  so(n4- 1)  into  the  generators  \  of  the  orthogonal  Cayley-Klein  algebras  so(n  + 
1;;) 

=  (  n  im  )  Vr.C-*)-  f  <  -S,  (3) 

\m=r+l  J 

where  x*(— ♦)  denote  the  Wigner-Inonu  [0]  singular  transformed  generators  and  the 
products  n  play  the  role  of  zero  tending  parameters,  when  some  parameters  jm 
are  equal  to  the  dual  units.  When  some  parameters  are  equal  to  imaginary  unit, 
the  Eqs.(3)  give  the  transformations,  corresponding  to  the  Weyl  unitary  trick  or  the 
analytic  continuations  of  the  representations.  Therefore,  two  different  operations 
in  group  theory  are  naturally  unified  by  Eqs.(3)  and  the  same  nature  both  of  the 
operations,  namely  the  continuation  of  the  real  group  parameters  into  the  complex 
(Weyl  trick)  or  dual  (Wigner-Inonu  contraction)  number  field  is  well  displayed  in  this 
manner. 

The  orthogonal  Cayley-Klein  algebra  st)(»  -I- 1:  j)  have  the  following  commutation 
relations: 


[\ri4i  ^  Xrjjj] 


Xsi3j.  ft  —  ^2.  -Si  <  .Sj 

Xrirj.  fl  <  Ti.  S]  =  .S2 

r,  <  r2  =  ,s,  < 


(4) 


The  structure  of  the  transformations  (3)  is  the  same  for  all  representations  of 
the  orthogonal  algebra.  Only  the  Generators  \“(— *)  are  defined  in  a  different  way 
for  a  differen*  representation  of  the  orthognal  algebra.  In  the  case  of  the  Gel'fand- 
Tsetlin  representation  [0]  the  singular  transformed  generators  \‘(— *)  are  specified  by 
the  transformations  of  the  components  of  the  patterns.  The  general  nondegenerate 
representation  of  so(n  +  1;  j)  with  the  nonzero  eigenvalues  of  all  Casimir  operators  are 
obtained  [0],  when  the  components  of  the  Gel'fand-Tsetline  patterns  are  transformed 
as  follows; 


n-H-p 

'^P.r  =  rn;,r  n  ?<'■  (5) 

/an+p— r 

In  particular  for  the  algebra  so(4;  j),  j  —  (j1.j2.j3)  the  transformation  laws  of  the 
generators  and  of  the  components  of  the  patterns  are  defined  in  the  following  manner: 


Xoi  ~  jiXoii—*)', 
X12  =  jiXui-*)^ 

’TI13  m23 

|m)  =  m,2 

m,, 


\02  -  il72\02(“+)>  \03  =  jljljsXosi-*)- 

\I3  =  j2j3\i3(~*)'  \23  =  jsxhi-^)’ 

mi3  =  il,;2./3”’l3>  ”^23  =  j2'^>23*. 

mu  =  j2>2/3m23,  mi,  =  yamn*. 


(6) 
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Then  after  some  computations  we  obtain  the  explicit  expressions  of  the  generators 
of  the  all  3^  =  27  orthogonal  Cayley-Klein  algebras  sc>(4;_;).  In  particular  for  ji  =  i. 
j2  =  js  =  1  we  have  the  Lorentz  algebra  so(l,3),  for  ji  =  /i,  =  js  =  1  we  have  the 

Euclidian  algebra  £3,  for  j\  =  /i,  =  i,  jz  =  1  we  have  the  Poincare  algebra  pi  2  and 

f'l’-  ji  r-  ,  -  '2  —  1  we  ha'-'-  the  Galilean  algebra 

If  different  contractions  or  ananlytic  continuations  give  isomorphic  algebras,  for 
example  63  =  so(4;ti,l,l)  =  so(4;l,l,(3)  in  the  case  of  inhomogenous  algebras  or 
so(l,3)  =  so(4;?,  1,1)  =  so(4;l,l,i)  in  the  case  of  the  pseudoorthogonal  algebras, 
then  we  obtain  from  the  general  explicit  the  representations  of  the  contracted  algebras 
in  a  different  basisies,  in  particular  in  discrete  and  continues  ones. 

The  Gel'fand-Tsetlin  representations  of  the  unitary  Cayley-Klein  algebras  [0,  0] 
and  the  Jordan- Schwinger  representations  of  the  orthogonal,  unitary  and  symplectic 
Cayley-Klein  algebras  [0,  0]  are  described  in  a  unified  manner  with  help  of  the  dual 
numbers.  This  approach  is  applicable  also  for  quantum  algebras  [0,  0].  In  the  last 
case  the  unified  description  is  split  in  two  different  methods:  one  for  the  contractions 
and  another  for  the  analytical  continuations  of  the  quantum  algebras. 
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By  a  noncanonical  (nonrelativistic)  quantum  system  we 
understand  a  system  for  which  the  Heisenberg  and  the  Hamiltonian 
equations  are  identical.  This  is  always  the  case  if  the  canonical 
commutation  relations  (CCR's)  between  the  coordinates  and 

the  momentum  operators  hold  [1], 

or,  equivalently,  if  the  operators 

al=(2h)-''^iq^-ipj  ,  a-=(2h)-‘''^(q^+ip^)  (2) 

are  Bose  creation  and  annihilation  operators  (CAO’s): 

[a‘,a*]=5  ,  [a* ,a*3=[a' ,a"]=0.  (3) 

In  general  however  the  class  of  operators  for  which  the  Heisenberg 
and  the  Hamiltonian  equations  are  identical  is  much  larger.  This 
was  demonstrated  by  Wigner  in  1950  [2]  on  the  example  of  an  one¬ 
dimensional  harmonic  oscillator.  Wigner  has  found  an  infinite  set 
of  solutions  for  q  and  p,  all  of  them  satisfying  one  and  the  same 
operator  identities  [3].  In  terms  of  the  operators  (2)  these 
identities  read  (throughout  [x-,y]=xy-yx,  {x,y)=xy+yx) : 

[{a^,a^},a‘']  =  (c-C)a^+(c-r,)a^,  C,n,c=±  or  ±1.  (4) 

In  Ref . 3  it  was  shown  that  the  operators  {a^,a^}  and  a^,  ^,ri,c=t, 
are  the  even  and  the  odd  generators  of  the  classical  Lie 
superalgebra  (LS)  osp(l/2)  [4].  Thus  Wigner  was  the  first  who 
constructed  a  class  of  representations  of  a  Lie  superalgebra, 
namely  of  osp(l/2). 

Coming  back  to  the  canonical  operators  (3)  we  observe  that 
they  satisfy  relations  which  generalize  eqs . ( 4 ) ,  namely 

[{af,a^),a^]=«_^(c-C)a’^+«j^(c-’i)a^,  C,t),c  =  ±  or  ±1.  (5) 

The  latter  indicates  [5]  that  any  n  pairs  of  Bose  CAO's  give  a 
representation  of  phe  orthosymplectic  Lie  superalgebra  osp(l/2n) 
=B(0,n)  [4]  with  a"  constituting  a  basis  in  the  odd  subspace  of  it. 

We  conclude  that  the  canonical  position  and  the  momentum 
operators  in  quantum  mechanics  and  also  the  generalization  found  by 
V'igner  lead  to  representations  of  classical  orthosymplectic  Lie 
superalgebras.  In  the  present  note  we  shall  list  all  possible 
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noncanonical  three-dimensional  quantum  oscillators  with  position 
and  momentum  operators  generating  classical  Lie  superalgebras.  The 
precise  meaning  of  "all"  is  given  below. 

Consider  in  the  frame  of  a  nonrelativistic  quantum  mechanics 
two  point  particles  with  masses  and  and  a  Hamiltonian 


tt 

tot 


fr  -r  ) 
1  ^ 


2 


(6) 


Introduce  the  centre  of  mass  (CM)  and  the  internal  variables 


R= 


m  r  +m  r 

11  a  2 


'"/'"a 


..  p  -m  p 
a*^i  i*^a 

m  +m 
1  a 


Independently  of  the  properties  of  the  operators  R,P,r,p  one 


(7) 

has 


H  =H  +H,  H 


(8) 


where  p  and  m  are  the  total  and  the  reduced  masses,  respectively. 
For  the  equations  of  motion  one  has 


Heisenberg  equations: 

Hamiltonian 

equations : 

P=0,  R=  — P, 

(9) 

r=^[H,r] 

p=-mw^r,  r= 

ip- 

(10) 

If  the  CCR's  hold  the  Heisenberg  equations  are  identical  with  the 
Hamiltonian  equations. 

We  wish  to  find  all  noncanonical  solutions  of  the  two- 
particle  system  which  obey  the  following  conditions. 

Postulate  0.1:  The  CM  operators  R  and  P  commute  with  the 
internal  variables  r,p. 

Postulate  0.2:  The  CM  operators  R  and  P  are  canonical. 

Thus  it  remains  to  consider  the  internal  variables,  which 
actually  describe  a  three-dimensional  oscillator,  and  to  find 
interesting  solutions  with  noncanonical  r  and  p. 

Postulate  1.1:  The  Heisenberg  and  the  Hamiltonian  equations 
(10)  of  the  internal  oscillator  are  identical. 

Postulate  1.2  (Rotation  invariance):  There  exists  a  vector 
operator  M,  the  internal  angular  momentum,  so  that  r  and  p  are 
vector  operators  ( j,k,i  =  l,2,3) : 


[M,,MJ=iE  M  , 
J  k-'  jkl  l' 


[M  ,r  ]=ic  r  , 

'•  )'  k-"  Jkl  i' 


[W. 


,p  ]=ic  p  . 

"^k-'  Jkl^I 


(11) 


Postulate  1.3:  There  exists  a  representation  space  (state 
space)  W  of  r,  p,  M,  H,  which  is  a  Hilbert  space,  so  that  the 
physical  observables  (r,  p,  H,  M, . . )  are  selfadjoint  operators. 

Postulate  1.4:  The  spectrum  of  H  is  bounded  from  below. 
Taking  into  account  the  algebraical  properties  of  the 


canonical  and  the  Wigner  quantum  systems  we  require  in  addition; 

Postulate  2:  The  position  and  the  momentum  operators  r  and  p 
of  the  internal  oscillator  constitute  a  basis  in  the  odd  subspace 
of  a  classical  LS  and  generate  it. 

We  proceed  now  to  list  all  LS's,  which  admit  solutions  in  the 
frame  of  the  above  postulates. 


1.  The  LS  osp(l/6).  Para-Bose  oscillators 

This  case  was  discussed  in  Ref . 3 .  The  operators 

Ik]  r^*i  {2mLih)-''\  ,  k=l,  2, 3  (12) 

satisfy  the  eqs.(5).  They  are  odd  generators  and  generate  the  LS 
osp(l/6)  [6],  These  operators  are  known  in  quantum  field  theory. 
They  were  introduced  by  G*aen  [7]  as  a  possible  generalization  of 
the  statistics  of  the  integer-spin  fields  and  are  called  para-Bose 
operators.  A  class  of  representations  obeying  postulates  1.1- 1.4  is 
given  with  the  representations  corresponding  to  a  certain  order  of 
the  statistics  (for  more  details  see  Ref .  8  and  the  references 
therein).  All  such  representations  are  infinite-dimensional.  The 
Hamiltonian  has  infinitely  many  different  eigenvalues. 


2.  The  LS  sl(l/3).  A-oscillators 

This  case  was  studied  in  detail  in  Ref . 3 .  The  CAO's  read 

'  >‘=1-2,3.  (15) 

They  satisfy  the  relations  (i , j,k=l,2,3; 


[  {a*,a  )  ,a*]=5  a*-6  a*,  [  {a*,a')  ,a*]=5  a*-6  a*,  {a^,a**}  =  0. 

1  j'  '  k-'  Jk  1  IJ  k'  ^  i'  J-*  '  k-‘  Jk  1  IJ  k'  '■  l' 


In  terms  of  a"  one  has 

k 


—  (jhS,  { a  ,  a  } ,  r  =  — Z  { a  ,  a  } ,  p  =  — = —  Z  f  a  ,  a  } , 

2  k'  2mCJ  k-l^  k'  2  k~l  k'  k-'  ' 

H  =ihS^  c  {a‘,a*}  . 

k  k=l  klm  I  ' 


The  representation  space  is  finite-dimensional.  The  spectrum  of 

H  and  r  has  no  more  than  4  eigenvalues.  For  the  representations 
considered  in  Ref. 3,  for  instance,  we  have  (p  >3  is  a  fixed 
integer,  labeling  the  representation)  E^=ub{3p-2k) /2 ,  k=0,l,2,3. 

The  maximal  distance  between  the  particles  is  r^^=(3hp/2mu)''^^. 
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3.  Osp(3/2)  oscillators 

Let  ,  i,j=l,...,5  be  the  Weyl  generators  of  the  LS  gJ{3/2) 
with  supercommutation  relations 


|e  ,e  1=6  e  -(-1) 

“•  Ij'  kl-“  Jk  11  ' 


I<l>+<j>] (<k>*<l>  1 


5  e  , 

J  l  kj  ' 


whe 


-o  <■!>- '2>  =  <^'-0,  <4>  =  <5>  =  1;  deg( ^ )  =  (  <i >  +  <  j>  )mod2  .  The 


a;=-(3)-'  ) , 


(16) 
CAO'  s 


a;=i(3)-‘'"(e^^-e^^-e^^+e^J,  a;=i(3)-  . 


a=un)-(e^-e^^), 


V<2/3) 


(17) 


constitute  a  basis  in  the  odd  subspace  of  the  LS  osp(3/2)  and 
generate  it.  For  H  and  M  one  has 

H=-|-uh5:^^Ja;,a;}=uh(e^^-e^^),  (18) 

^=7|(^3-S3^Sr«23)'  V7|(«3r^33-^3*^a’' 


The  requirements  of  the  postulate  1.3  lead  to  infinite-dimensional 
representations.  In  the  metaplectic  representation  of  osp(3/2)  [9] 
for  instance  the  internal  angular  momentum  is  1/2  and  the  energy  is 
the  same  as  for  an  one-dimensional  canonical  oscillator, 

E^=(jh(n+l/2)  ,  neZ^.  (20) 

To  conclude  with  we  formulate  a  proposition. 

Proposition.  The  Lie  superalgebras  osp(l/6),  si (1/3)  and 
osp(3/2)  are  the  only  classical  LS's  to  satisfy  the  postulates  of  a 
noncanonical  3-dimensional  quantum  oscillator. 

The  proof  will  be  given  elsewhere. 
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KAC-MOODY-MALCEV  ALGEBRAS  AND  SUPERALGEBRAS 

Edward  P.  Osipov 

Department  of  Theoretical  Physics.  Institute  for  Mathematics 
630090  Novosibirsk  90.  USSR 

We  define  the  Kac-Moody-Malcev  and  super-Kac-Moody-Malcev  algebras  as  infinite- 
dimensional  Malcev  and  super-Malcev  algebras,  describe  possible  central  extensions  2ind 
prove  that  the  Kac-Moody-Malcev  algebras,  associated  with  the  simple  non-Lie  Malcev 
algebras,  have  trivial  (i.e.  zero)  central  extensions  only  and  super-Kac-Moody-Malcev 
cJgebras.  associated  with  the  simple  non-Lie  Malcev  algebras,  have  nontrivial  central  ex¬ 
tensions  for  Grassmann  generators  only.  We  describe  the  Sugawara  construction  elsewhere. 

Analogously  the  Kac-Moody-Malcev  type  algebras  on  generic  (compact)  Riemann 
surfaces,  associated  with  simple  non-Lie  Malcev  algebras,  have  trivial  central  extensions  for 
the  algebras  and  nontrivial  for  the  Grassmann  generators  of  the  super-Kac-Moody-Malcev- 
Krichever-Novikov  algebras.  The  detailed  description  for  the  case  of  generic  Riemann 
surfaces  will  be  given  elsewhere.  Here  we  consider  the  case  of  complex  pl2ine  only. 

Let  M  be  a  -graded  algebra,  that  is  M  =  Mo  ^  A/i  .  We  define  the  intrinsic  Z2 
-grading  of  the  element  j  e  A/  .  9j-  =  0  if  .r  €  Mo  and  9j-  —  1  if  r  €  Mi  .  The  bilinear 
( super  (bracket  (., .]  is  defined  on  M  .  We  suppose  that 

[A/„A/;]  C  i.j  =  0. 1  and  M2  =  Mo,  (1) 

and 

(x.y]  =  -(-l)®'®>'[!/.x] 

for  elements  with  definite  gradation.  We  define 

J(x,y,z)  =  ( -1  )»^«-- [x,  (y. .-]]  +  ( - 1  )®»°^  [y,  [..  x]]  +  ( - 1 [r.  [x.  y]] 

for  elements  with  definite  gradation. 

An  algebra  is  ctJled  the  super-Malcev  algebra  if  the  identities 

[J(x,y.;).x]  =  7(x,y.[x,c])  (2) 

are  satisfied  for  elements  with  definite  gradation. 

In  particular,  the  Kac-Moody-Malcev  algebra,  associated  with  a  Malcev  algebra  3  ,  is 
defined  by  the  set  of  generators  (T^.  1  <  a  <  dimg,  m  e  Z)  and  brackets 

=  (3) 

c 

where  are  the  structure  constants  of  the  algebra  3  . 

The  super-Kac-Moody-Malcev  algebra,  associated  with  a  Malcev  algebra  3  and  (one) 
Grassmann  generator,  is  given  by  the  set  of  generators  <  a,b  <  dimg,m.  n  ^  Z) 

and  brackets 

K.r‘i  = 

c  c 

K.<]=0. 


(4) 
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Here  =  0  and  dO^  =  1  for  all  a  and  iii. 

It  is  easy  to  see  that  (3)  and  (4)  are  generated  the  Malcev  algebra  and  super-Malcev 
algebra,  correspondingly. 

Let  us  consider  now  a  more  general  algebra,  which  is  a  central  extension  of  the  algebra 
(4)  and  which  is  generated  by  the  set  of  generators  (  1,  T^.  1  <  a.h  <  dimg.  rn.n  E 

Z)  and  commutation  relations 

c  c  (5  ) 

Here  91  =  9T^  =  0.  d6^  =  1  for  all  a,  m. 

We  shall  verify  (2)  for  elements  of  algebra  (5)  with  definite  gradation. 

Let  now 

1)  i,y.z  €  A/q.  The  foregoing  implies  that  (2)  is  satisfied. 

2)  Two  elements  belong  to  A/q  and  the  third  elements  belongs  to  .\/i. 

2a)  I  G  A/q.  The  fact  that  A/o  is  a  Malcev  algebra  implies  (2)  for  this  case  also. 

2b)  X  €  Ml.  It  is  sufficient  to  consider  the  case  x  =  m  y  —  ^n-  -  = 

We  have 

[7('.y.  .-),.(•]  =  [([x.[!/.j]l  +  +  [c.  [x.  ^]]).  r] 

o.a',d.m.m' 

7(j.y.[.r,;))  =  -(x.  [t([.r. ;]]]  +  [y.  ([x.  cj.  x]]  +  [[x.  r].  [x.  yjj 


It  is  clear  that 


Yi  /*‘''^/“‘'“’x(a,m)x(<j'.m')s,„+m.  +  „+p  =  0 


[J{x.y,c)..r]  J(x.y.[.r,rj). 

3)  Two  elements  belong  to  Mi  and  the  third  element  belongs  to  Mo- 

3a)  X  G  A/o,  y.z  G  Mi-  It  is  sufficient  to  consider  x  =  l^o.m  ■  y  =  ^n- 


r  =  Then 


[7(  j,  y,  c ),  x]  =  [( [x,  (y.  cj]  +  [y.  (c.  xj; 


,y]]).x)  =  0 


7(x.y.[x,cJ)  =  [y,[[x.r].x]]  -  ([x,;).  [x.y]] 


i.e.  (2)  is  fulfilled. 
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3b)  y  6  Mo.  x,r  6  M\.  It  is  sufficient  to  consider  x  =  V  ~  ^n-  ^  —  ^p- 

have 

J(x.y.z)  =  -[x,(y,--!l  +  [r.[-<-.!/ll  ==  + /‘’‘'^)x(a.  m)£„+„+p  =  0 

a.m 

and  7(x,y.  [x.c])  =  0,  because  [x.x]  =  const. 

3c)  c  6  Mo.  X,  y  G  Mj .  It  is  sufficient  to  consider  x  =  ^  x(a.tn  )8^  •  y  =  .  -  =  T'p . 

Analogously  to  the  previous  case 

J(x,y,c)  =  lx,[y.-]]  -  [y-l-'-fll  =  -  /^°‘)x(a,m)£m+n+p  =  0 


and  J(x,y,[x,c])  =  0.  so  (2)  is  fulfilled. 

4)  Three  elements  belong  to  A/j.  In  this  case  the  superbracket  of  any  two  elements 
belongs  to  2R  and  so  J(x,y,c)  =  0,  7(x,y,[x,c])  =  0.  and  again  (2)  is  fulfilled. 

Thus,  (4)  and  (5)  are  super-Malcev  algebras  and  the  algebra  with  commutation  rela¬ 
tions  (5)  is  a  central  extension  of  the  algebra  (4). 

Let  us  consider  now  general  central  extensions  (the  central  extensions  of  Ka'--Moody 
and  super-Kac- Moody  algebras,  cf.,  for  instance,  in  [1]). 

Commutation  relations  for  central  extensions  of  Kac-Moody-Malcev  algebra  (3)  have 

form 

=  +  [T„.".ki  =  o.  (6) 


It  is  easy  to  see  that  a  central  e.xten.$ion  (6)  is  nontrivial  in  the  class  of  binary  Lie 
algebras.  In  the  class  of  Malcev  algebra.s  the  central  extensions  of  Kac-Moody-Malcev 
algebra,  associated  with  simple  non-Lie  Malcev  algebra,  are  trivial,  that  is.  =  0. 

Indeed,  as  in  [2J,  we  obtain  con.st  .  Then  putting  in  (7)  in  I2|  I  = 

1,  m  =  0.  n  0.  p  =  —1.  a  =  1.  6  =  2.  c  =  4.  d  =  7.  we  obtain  const  =  0. 

Let  us  consider  now  central  extensions  M  of  super-Kac-Moody-Malcev  algebras  M 
given  by  commutation  relations  (4).  We  suppose  that  M,  C  M,.  '  =  0.1.  Commutation 
relations  in  the  ca.se  of  centred  extensions  of  super-Kac-Moody-Malcev  algebras  have  the 


K.T‘i  =  +  K.d*!  = 


c 


[T^^.k]  =  K.k]  =  [n.k]^\t,.k]  =  0. 

[T”  .t,)  =  [C-'-i  =  [*-«!  =  ir”.*)  =  =  0. 


The  central  extensions  in  the  class  of  binary  super-Lie  algebras  are  given  by  any  d",'’,,. 
(Here  (^m*n)  nttist  be  antisymmetric  (symmetric)). 

The  central  extensions  in  the  class  of  super-Malcev  algebras,  associated  with  simple 
non-Lie  Malcev  algebra,  have  the  form  (in  the  case  of  one  Grassmann  generator)  d1„^„  = 

Aa.b  _  n  rQ'fr  — 

m.n  -  -m.n  -  ^  -m  +  n- 


To  prove  this  assertion  we  remark  that  (1)  and  (7)  imply  that  dk  =  di  —  0,dK  =  \ 
(and  then,  if ,  for  instance,  [T^.  k]  =  0  then  [k,  T^]  =  0  also  and  so  on).  Further  we  consider 
elements  with  zero  gradation.  The  same  consideration  as  for  (6)  gives  =  0.  Further 
let  X  —  53r(a,ru)T^,  y  =  ^y(b,n)T^,:  =  Then  coordinates  of  vectors 

i,y,z  generate  the  identities,  which  coinside  with  identities  (2)  for  Malcev  algebra  with 
commutation  relation  (10),  where  instead  of  stand  But  in  this  case  zmalogously 

to  the  previous  one  =  0. 

Now  ,  we  take  x  =  T^.  y  =  z  =  Then  we  have  [jt(  j,  y,  ^),  j]  =  0  due  to  the 
fact  that  J{x,y,z)  =  const  6,  and 

7(r,y,[r,cl)  =  +  p 

d.€ 

So  it  must  be 

E(  tacd  rdat  facdtaht^d.t  .  _  /c\ 

(/  /  J  -m+p.m-i-n)  I®) 

d,t 

Let  Q,/J,  t  be  such  that  ^  0.  Take  a  =  a,  6  =  o,  c  =  d.  Then  (8)  and  properties 
of  structure  constants  give  that  =  0-  This  fact  implies  that  all  =  0  for  a  /  5. 

Let  now  a  =  a,  b  =:  i),  c  —  li  in  (8).  Then  we  obtain  =  fm+p,m+n- 

we  put  p  ~  —m  and  obtain  =  co.^+n-  Taking  into  account  that  the 

foregoing  gives  that  =  6'’  *cm+n  for  all  1  <  a, 5  <  dimg  =  7  and  m.n  €  Z- 

Thus,  the  general  central  extensions  of  algebra  (4)  is  given  by  commutation  relations 
(7)  with  dS,‘„  =  A^f„  =  0  and  =  6‘  '>s„+„. 
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The  local  behaviour  of  supersymmetric  quantum  mechanics  potentials 
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abstract.-  Jn  supersymmetric  quantum  mechanics,  the  differentiai  equations  corresponding  to  ex¬ 
actly  solvable  potentials  may  be  treated  by  algebraic  methods  By  use  of  a  svstem  of  geodesic  polar 
coordinates  on  a  Riemannian  manifold,  and  the  subsequent  transformation  of  the  Laplace  Beltrami 
eigenvalue  problem  to  a  Schrodinger  equation  H’itJi  a  potential  jn  two  uays.  it  is  demonstrated  that 
the  local  behaviour  of  the  exactly  solvable  potentials  corresponds  to  isotropic  harmonic  oscillator 
and  Pdschl- Teller  potential  problems 

Symmetry  considerations  have  proven  to  be  very  effective  in  solving  differential 
equations  of  mathematical  physics.  To  these  methods  count  the  separation  of  vari¬ 
ables,  the  similarity  solutions,  the  dynamical  symmetry,  etc.  In  dynamical  symmetry 
the  differential  equations  eire  related  to  invariant  differential  operators  of  some  Lie  al¬ 
gebra.  In  this  manner  the  calculation  of  physically  relevant  quantities  such  as  energies, 
masses,  transition  probabilities,  or  scattering  matrices  can  be  achieved  by  algebraic 
manipulation'.  The  range  of  potentials  that  can  be  treated  this  way  corresponds  to 
the  factorizable  potentials^  or  the  exactly  solvable  potentials,  as  considered  in  super- 
symmetric  quantum  mechanics’.  This  powerful  technique  has  however  the  following 
disadvantage:  in  physics  the  system  and  not  the  symmetry  is  generally  specified,  and 
there  is  no  general  theory  to  determine  which  symmetry,  if  any.  is  of  relevance.  We  pro¬ 
vide  here  a  result  which  is  intended  to  remove  this  difficulty  regarding  the  application  of 
the  algebraic  technique  to  systems  whose  description  can  be  reduced  to  the  study  of  an 
ordinary  differential  equation.  Specifically,  we  demonstrate  that  those  phvsir2d  systems 
which  can  be  treated  by  algebraic  techniques  behace  locally  like  an  isotropic  oscillator 
or  a  Pdschl- Teller  potential  problem. 

In  this  paper  the  right  choice  of  coordinates  is  relei’ant.  We  work  with  tlie  generalization 
of  the  polar  coordinates:  the  geodesic  polar  coordinates.  To  define  them,  let  M  be  a 
Riemannian  manifold  and  x  be  some  point  of  M .  Then  exists  a  neighbourhood  .V  of  x 
in  M  on  which  every  point  can  be  parametrized  by  the  length  r  of  the  shortest  geodesic 
reaching  the  point,  and  by  the  direction  of  that  geodesic,  i.e.  by  the  coordinates  of  the 
intersection  between  the  tangent  to  the  geodesic  and  the  unit  sphere  on  the  tangential 

space  Mj.  The  mapping  x  n  (r.^i . ^„  )  is  called  a  system  of  geodesic  polar  coordi 

nates. 

For  A/  of  dimension  two,  the  metric  takes  in  these  coordinates  the  following  form. 


d.s^  - 


(11 


dr-  -  h^{rj)d0^  . 
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For  small  values  of  r  we  have /i(r,d)  =  r- |Kr* +  where  limr—o  )  =  0, 

and  K  is  the  GauiSian  curvature  of  M  at  the  point  x.  We  are  interested  in  the  local 
behaviour  of  the  systems,  hence  we  restrict  our  study  to  scaling  functions  depending  on 
r  only.  The  Laplace  Beltrami  operator  Am  takes  then  the  form 

h(r)  dr^^'^^dr  ^  k^r)  dP  ' 

From  this  equation  it  follows  that  the  eigenfunctions  Fx,m(c,  S)  of  Am  are  given  by 


AMF\,m{T,d)  =  \Fx^m{T,6)  , 


where  F\,„{r.6)  =  with  V’™(c)  obeying  the  following  differential  equation; 


h{r)  dr  dr  h'^(r) 


V™(r)  =  Ai'-™(r)  . 


(2) 


Equation  (2)  is  of  the  Sturm-Liouville  type  and  can  be  transformed  into  the  form  of  a 
Schrodinger  equation  with  a  potential  in  two  ways: 

Case  (a):  After  multiplying  equation  (2)  by  h^(r)  and  using  the  new  variable 
(  =  f  obtain  the  equation 


-  (3) 

which  corresponds  to  a  one-dimensional  Schrodinger  equation  in  the  variable  (,  with 
eigenvalue  -m^  and  potential  function 

Case  (b):  The  normalization  condition  corresponding  to  the  metric  h(r), 
f  h(r}<iT  =  1,  suggests  the  introduction  of  the  function  'l'^(r),  defined  by 


Then  equation  (2)  yields 


which  corresponds  to  a  one-dimensional  Schrodinger  equation  in  the  variable  r  with 
eigenvalue  -  A  and  a  potential  function  depending  on  h(r).h'{r)  and  h"{r). 

After  this  more  genercil  treatment,  in  order  to  apply  the  powerful  tools  of  group 
theory,  we  take  for  the  manifold  M  a  globally  symmetric  spare  X-G/K  of  dimension 
two;  i.e.  such  that  G  is  a  connected  semisimple  Lie  group  and  K  is  a  maximal  subgroup. 
Then,  it  is  well  known  that  the  Casimir  of  the  group  can  be  related  to  a  Schrodinger 
equation  with  some  potential  connected  with  the  curvature  of  the  spare.  Essentially  two 
applications  can  be  distinguished:  that  of  a  potential  group^  and  that  of  a  symmetry 
group^.  In  the  first  case  the  representation  of  the  group  determines  the  energy  and  the 
representation  of  the  subgroup  determines  the  potential  strength.  In  the  second  case 
the  roles  are  interchanged.  Transformation  (a)  relates  the  group  G  with  the  symmetry 
group  of  a  physical  system.  Transformation  (b)  with  the  potential  group.  These  two 
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transformations  therefore  cover  both  appUcations,  The  following  table  presents  some 
examples. _ _ 


Examples 

SO(3)/SO(2)  *** 

h(r)  —  sin(r).  0  ■.  r  <  n,  — oo  <  ^  <  ot 

Tran,s.  (a)  :  [  (0  - 

Tran.s  (b)  ,  \- £,  +  =  (  -  A  +  1 /4 (r  ) 

•*'  SO{2.l)/SO{2}  •" 

h(r)  —  sinh(r),  -oc  ,  r  ■  .  oc.  -  oc  •  oc 

Trans  (a)  ;  [ 

Trans,  (b)  :!-£,  +  O  =  -( A  -  1 /4)^-"' (  r ) 

•*'  E(2)/SO(2)  *•* 

h{r)  —  r.  0  •  r  ■  oc,  -  oo  ^  ;  oc 

Trans  (a)  i-^  -  Ae^«j$^(0  = 

Tra..  (b)  i  -  _A4.-(r) 

Table 

Systems  possessing  dynamical  symmetry.  Transformation  (a)  describes  a  sym¬ 
metry  group  problem.  Transformation  (b)  describes  a  potential  group  problem. 

As  the  table  shows,  there  is  a  variety  of  systems  which  can  be  studied  by  algebraic 
methods.  However,  in  spite  of  this  great  range  of  systems,  the  local  behaviour  of  all  of 
them  is  characterized  by  only  two  potentials:  the  harmonic  oscillator  and  the  Poschl- 
Teller  potential.  To  prove  this  result,  consider  for  sufficiently  small  values  of  r  the 
scaling  function  h  of  any  manifold  of  dimension  two.  This  function  has  according  to 
equation  (1)  the  form 

h{r)  -  r  -  -Kr’. 

6 

Case  (a)  :  Using  the  above  defined  scaling  function,  transformation  (a)  gives 


</*■ 


cosh*(^  -  fi  ) 


with  (s/6)  -  By  making  the  replacements  ^  -*  C  s^d  (A  -  1 ). 

this  equation  takes  the  form  of  the  Schfbdinger  equation  corresponding  to  a  Poschl 
Teller  potential,  namely 


cosh'(c) 


0  . 


(6) 


Case  (b)  :  From  equation  (4),  with  h(r)  -  r  -  (s/6)r’.  we  have 
d'^  -  1/4)  (tii^  1)s^ 


dr^ 


12 


r'*  -  1 )  ->  A 


0. 


(7) 
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When  TO  =  0,  the  coefficient  of  is  negative,  and  there  are  no  bound  states  (cf.  the 
Poschl-Teller  potential,  where  £o  =  0  if  to  =  0).  When  to  —  i  1,  the  equation  becomes 


dr^ 


3/4 

t.2 


4-'/'’(r)  =  0  . 


We  note  that  tliis  equation  also  arises  for  general  m  in  the  special  case  k  =  0  i.e. 
when  dealing  with  flat  spaces.  When  ito]  1.  the  equation  reduces  to  the  Schrbdinger 
equation  for  the  isotropic  oscillator  : 


dr2 


1  '4 


F(TO)r*  —  E" 


where  F(to)  =  \m^  -  1  jK/12  is  the  force  constant  and  the  term  nt*  14  corresponds 
to  l{l  ^  1)  such  that  1  ~  rr>  -  1/2.  where  to  ran  be  po.sitive  or  negative. 

We  conclude  by  noting  that  the  Pdschl  -  Teller  and  the  isotropic  harmonic  oscillator 
potentials  appear  to  occupy  a  central  position  within  the  set  of  exactly  .solvable  poten¬ 
tials.  They  have  not  only  been  exhaustively  treated,  but  they  also  describe  the  local 
behaviour  of  all  such  potentials  in  so  far  as  the  corresponding  physical  system  possesses 
a  symmetry  group  or  a  potential  group.  Thus,  this  result  can  be  used  to  determine  the 
existence  of  a  dynamic^  symmetry  for  a  particular  physical  system,  through  a  study 
of  the  local  behaviour  of  the  relevant  potentials.  They  also  provide  a  natural  starting 
point  for  any  perturbational  expansion,  if  appropriate. 
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It  is  well  known  how  the  Noether  theorem  binds  invariance  (symmetry)  principles 
and  consei vdLiort  lawj  in  Lagrangian  formalism.  For  a  point  g  from  a  manifold  6,  con¬ 
sider  a  pair  (s,t)  of  the  field  transformations  u  -♦  SgU  ,  u  -•»  t^u.  The  (prolonged) 
action  (S,T)  of  G  on  the  Lagrangian  L(u)  is  defined  by 

(SgLKu)  :=  L(s''u)  ,  (TgL)(u)  :=  L(t''u).  (1) 
Lagrangian  L(u)  is  said  to  be  G-invariant  if 

L(SgU)  =  L(tgU)  =  L(u)  for  all  g  of  G.  (2) 

Let  e  be  a  fixed  point  in  G,  and  let  x  denote  a  vector  from  the  tangent  space  T^IG) 
of  G  at  e.  Denote  infinitesimal  operators  of  (S,T)  at  e  as  S^,  T^  (x  £  T^IG)).  In¬ 
finitesimally,  G-invariance  conditions  (2)  read 

S^L(u)  =  ^^L(u)  =  0  for  all  x  of  T^IG).  (3) 

Rearranging  the  terms  according  to  the  canonical  prescription,  these  conditions  can 
be  rewritten  as  Noether's  identities,  where  the  Euler-Lagrange  expressions  and  diver¬ 
gence  terms  for  the  Noether  currents  are  explicitly  separated.  Conservation  laws  for 
the  Noether  charges  follow  from  the  Noether  identities  under  the  assumptions  that 
field  equations  hold  and  G-currents  vanish  on  the  spatial  integration  boundary  via 
the  Gauss  theorem. 

Infinitesimal  G-invariance  conditions  (3)  can  be  considered  as  a  constraining 
set  of  partial  differential  equations  for  G-invariant  Lagrangian  L(u).  To  close  (3), 
we  must  first  extend  it  with  the  commutator  equations 
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[S^.S^lKu)  =  [T^.T^lL(u)  =  [S^.Ty]L(u)  =  0  for  all  x.y  of  Tg(G),  (4) 

and  then  proceed  with  extension.  In  this  way,  we  may  obtain  additional  (new)  conser¬ 
vation  laws  from  the  commutator  Noether  identities.  Certainly,  one  will  have  much 
trouble  to  find  the  latter  if  no  algebraic  assumptions  are  not  assumed  for  G  and 
(s,t),  to  say  nothing  of  the  topological  complications.  To  clarify  the  algebraic 
aspect,  suppose  for  a  moment  that  g  takes  its  values  from  a  Lie  group  G  with  the 
identity  element  e,  and  (s,t)  obeys  the  common  group  geocentric  identities 


=  S„u  ,  t„t.  =  t,,„ 

g  h  gh  g  h  hg 


s„t.  = 
g  h 


*^h^g 


for  all  g,h  of  G. 


(5) 


We  call  such  (s,t)  associative.  It  is  well  known  that  infinitesimal  associative 
G-transformations  obey  the  following  Lie  algebra  commutation  relations  (CR): 


I'x-V  -  =  [T,Jy]  ^  -  [S^,Ty]  =  0  for  all  x,y  of  T^(G),  (6) 

where  [x,y]  6  T^IG)  is  the  product  of  x  and  y  in  the  tangent  Lie  algebra  of  G.  As 
a  result,  we  can  say  that  at  least  for  associative  (s,t)  the  additional  conservation 
laws  never  appear  from  the  commutator  Noether  identities  (4). 

Now  consider  a  more  general  case  of  the  Moufang  symmetry. 

Suppose  that  g  takes  its  values  from  the  analytic  Moufang  loop  G  [l-3].  The 
latter  is  an  analytic  quasigroup  with  the  identity  element  e  eG  in  which  the  Moufang 
identity 

(ag)(ha)  =  a(gh)a  (7) 


holds.  The  (anti-commutative)  tangent  algebra  of  G  can  be  defined  similarly  [3,4]  to 
the  tangent  (Lie)  algebra  of  the  Lie  group.  Geometrically,  the  tangent  algebra  of  G 
coincides  with  the  tangent  space  T^iG)  of  G  at  e,  but  it  need  not  be  no  more  a  Lie 
algebra,  i.e.  there  may  be  a  triple  x,y,z  in  T^(G)  that  the  Oacobi  identity  fails; 

J(x,y,t)  :=  [x,[y,2]]  +  [y,[z.xj]  +  [z,(x,yj]  i  0. 

Instead,  for  all  x,y,z  of  T^(G),  we  have  a  more  general  Mal'tsev  identity  [3] 

[j(x,y,z),x]  =  J(x,y,[x,zj)  ,  (8) 

and  anti-commutative  algebras  with  this  identity  are  called  the  Mal'tsev  algebras  [s] . 

Once  more  discarding  the  group  geocentric  prejudices,  suppose  that  the  following 
identities  hold  for  all  g,h  of  G: 


^g^^h  =  ^gh^g  ’  ^g^gS  =  ^hg^g  ' 

Nevertheless,  s.  -  t  =  E  (identity  transformation)  are  assumed  to  survive.  The  pair 
e  e 

(s,t)  with  such  properties  is  called  [6-9]  the  birepresentation  of  G. 

It  can  be  easily  verified  that  (S,T)  turns  out  to  be  a  birepresentation  of  G  as 
well.  Infinitesimally,  the  non-associativity  of  (S,T)  reveals  itself  as  minimal  but 
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an  open  extension  (generalization)  of  the  Lie  algebra  (6); 

f'x-S]  -  '[x.y]  =  K-V  ^  =  -  2[S^,g  for  all  x.y  of  T^(G).  (10) 

We  call  this  algebra  the  Moufang-Mal 'tsev  algebra  and  outline  a  way  of  closing  of  the 
latter,  which  in  fact  means  its  embedding  into  a  Lie  algebra  [10-13]. 

Start  by  rewriting  the  Moufang-Mal ‘ tsev  algebra  as  follows: 

[S^.Sy]  =  2  F(x;y)  r  1/3  r  2/3  . 

[S,.Ty]  =  -  F(x;y)  .  1/3  -  1/3  . 

[Tx’Tyl  -  2  nx;y)  -  2/3  -  1/3  . 

Here,  (11)  or  (12)  or  (13)  can  be  assumed  as  the  defining  expression 
operator  F(x;y).  These  operators  are  not  linearly  independent,  since 

F(x;y)  +  F(y;x)  =  0  ,  (14) 

F(Cx,y];z)  *  F([y,z];x)  t  F([2,x];y)  =  0  (15) 

for  all  x,y,2  of  1^(0).  Constraints  (14)  trivially  descend  from  the  anti-symmetry  of 
the  commutator  bracketing,  but  the  proof  of  (15)  is  not  so  trivial.  It  turns  out  that 

6[F{x;y),S^]  =  S^x.y,z]  >  =  T[x,y,z] 

for  all  x,y,2  of  Tg(6),  where  the  Yamaguti  triple  product  [x,y,z]  in  1^(3)  is  defined 
as 

[x,y,z]  ;=  [x,[y,z]]  -  [y,[x,z]]  +  [[x,y],z]  .  (17) 

CR  (16)  are  natural  to  call  the  reductivity  conditions.  The  Yamaguti  operators  obey 
the  Lie  algebra 

6[f'(x;.-'),F(2;w)j  =  F(  [x,y,z]  •,w)  +  F(z;[x,y,w])  .  (18) 

Computations  which  in  fact  prove  CR  (10-18)  were  carried  out  in  [lO,ll].  Denoting 
r  :=  dim(G),  the  dimension  of  the  Lie  algebra  (11-18)  does  not  exceed  2r  +  r(r-l)/2, 
meanwhile  the  dimension  of  its  subalgebra  (18)  does  not  exceed  r(r-l)/2.  Jacobi  ident¬ 
ities  for  the  Lie  algebra  (11-18)  are  guaranteed  [lO]  by  the  defining  identities  of 
the  Lie  [14]  and  general  Lie  [15,16]  triple  systems  associated  with  the  tagent 
Mal'tsev  algebra  T^(G)  of  G. 

We  can  now  summarize  our  discussion  of  the  Moufang  symmetry  with  theobservation 
that  equations  (3)  can  be  closed  by 

F(x;y)  L(u)  =  0  ,  x.y  are  in  Tg(G).  (19) 


(11) 
(12) 
(  13) 

for  the  Yamaguti 


By  rewriting  the  latter  as  Noether's  identities,  we  may  obtain  desired  additional  con¬ 
servation  laws  generated  by  the  Moufang  symmetries.  Our  method  uses  up  the  fact  that 
infinitesimal  Moufang  transformations  generate  the  Lie  algebra  (11-18).  In  this  sense. 
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we  can  say  that  the  collection  of  conservation  laws  obtainable  from  (3)  and  (19)  is 
closed  (complete)  as  well.  Non-associativity  hides  itself  in  (19).  Remind  that  one 
needs  a  closed  (complete)  collection  of  conserved  charges  to  construct  a  basis  in 
the  linear  space  of  physical  states  after  the  quantization.  What  concerns  the  topo¬ 
logical  aspect,  then  it  must  be  stressed  that  every  finite-dimensional  real  Mal'tsev 
algebra  is  proved  [17-19]  to  be  the  tangent  algebra  of  some  analytic  Moufang  loop. 

Finally,  remark  that  the  Lie  algebra  (l’-18)  is  well  acceptable  from  the  point 
of  view  of  alternative  algebras  and  octonions  [20-23].  Also,  it  is  quite  trivial  to 
foresee  the  Noether  charge  density  algebra  generated  by  Moufang  transformations. 


ACKNOWLEDGEMENTS 


Eugen  Paal  would  like  to  thank  Prof.  H.D.Doebner,  Organizing  Committee  and 
Sponsors  of  The  Second  International  Wiqner  Symposium  for  the  hospitality  and  finan¬ 
cial  support  which  made  his  participation  in  the  WIGSYM-91  possible. 


REFERENCES 

1.  Moufang  R.  Math.  Ann.  1935  110  416-430. 

2.  Bruck  R.H.  A  Survey  of  Binary  Systems.  Springer-Verlag,  Berl in-Heidelberg-New 
York.  1971. 

3.  Mal'tsev  A. I.  Matem.  Shorn.  1955  36  569-576. 

4.  Sagle  A. A.  Canadian  Math.  J.  1965  i?  550-558. 

5.  Sagle  A. A.  Trans.  Amer.  Math.  Soc.  1961  426-458. 

6.  Paal  E.  Trans.  Inst,  of  Phys.  Estonian  Acad.  Sci.  1987  62  142-158. 

7.  Paal  £.  In  "Theory  of  Models  and  Algebraic  Systems.  Abstr.  Int.  Con.  on  Algebra 
Dedicated  to  A. I .Mai ‘ tsev,  Novosioirsk,  Aug.  21-26,  1989".  Novosibirsk,  1989,  97. 

8.  Paal  £.  In  “Group  Theoretical  Methods  in  Physics.  Proc.  18th  Int.  Colloq.,  Moscow, 
June  4-9,  1990".  Springer-Verlag,  Berl in-Heidelberg-New  York,  1991,  573-574. 

9.  Paal  £.  Proc.  Estciiian  Acad.  Sci.  Phys.  Math.  1991  40  105-111. 

10.  Paal  E.  Sec.  of  Phys.  and  Astr.  Estonian  Acad.  Sci.  Prepr.  F-42.  Tartu,  1987. 

11.  Paal  E.  Sec.  of  Phys.  and  Astr.  Estonian  Acad.  Sci.  Prepr.  F-46.  Tartu,  1988. 

12.  Lohmus  J.,  Paal  E.,  Sorgsepp  L.  Sec.  of  Phys.  and  Astr.  Estonian  Acad.  Sci. 

Prepr.  F-50.  Tartu,  1989. 

13.  Paal  E.  Trans.  Inst,  of  Phys.  Estonian  Acad,  Sci.  1990  66  98-106. 

14.  LOOS  0.  Pacific  J.  Math.  1966  T8  553-562. 

15.  Yamaguti  K.  Kumamoto  J.  Sci.  Ser.  A  1962  5  203-207. 

16.  Yamaguti  K.  Kumamoto  J.  Sci.  Ser.  A  1963  6  9-45. 

17.  Kuz'min  E.N,  Algebra  i  Logika.  1971  3-22. 

18.  Akivis  M.A.,  Schelechov  A.M.  Sibirski  Mat.  J.  1971  Xi  1181-1191. 

19.  Kerdman  F.S.  Dokl.  Akad.  Nauk  SSSR.  1979  ^  533-536. 

20.  Schafer  R.D.  Trans.  Amer.  Math.  Soc.  1952  72  1-17. 

21.  Schafer  R.D.  An  Introduction  to  Non-Associative  Algebras.  Academic  Press, 

New  York-London,  1966. 

22.  Lukierski  J.  Minnaert  P.  Phys.  Lett.  1983  8129  392-396. 

23.  Sudbery  A.  J.  Phys.;  Math.  Gen.  1984  17  939-955. 


334 


PATH  INTEGRAL  REALIZATION  OF  DYNAMICAL 
SYMMETRIES 


Akira  Inomata^  and  Georg  Junker^ ' 

t  Department  of  Physics,  State  University  of  New  York  at  Albany, 
Albany  NY  12222,  USA. 

*  Institut  fiir  Theoretische  Physik,  Universitat  Erlangen-Niirnberg, 
W-8520  Erlangen,  Germany. 


Abstract.  The  path  integral  for  certain  systems  is  shown  to  be  soluble  if  their 
dynamical  group  structure  is  known.  In  particular  we  consider  the  radial  path  inte¬ 
gral  for  a  harmonic  oscillator  having  SU(1, 1)  as  dynamical  group. 

1  Introduction 

Sixty  years  ago  in  his  book  [1]  Eugen  Wigner  demonstrated  the  power  of  group 
theoretical  methods  in  quantum  mechanics.  Without  solving  the  Schrddiiiger  equa¬ 
tion  many  important  quantum  mechanical  results  can  be  obtained  purely  from 
symmetry  considerations.  Even  group  theory  may  provide  exact  solutions  of  the 
S'-hroHinger  equation  for  certain  systems.  Most  of  the  exactly  soluble  problems 
have  been  classified  by  the  factorization  method  of  Schrodinger,  Infeld  and  Hull  [2]. 
The  factorization  method  is  indeed  related  with  Lie  theory  [3].  There  are  only  two 
elementary  systems  to  which  ail  others  can  be  reduced  by  changing  variables  and 
transforming  the  wavefunction  in  the  Schrodinger  equation.  The  two  systems  are  the 
radial  harmonic  oscillator  having  solutions  of  confluent  hypergeometric  type  and  the 
Poschl-Teller  oscillator  possessing  solutions  of  hypergeometric  type.  The  underlying 
group  structures  of  the  exactly  soluble  problems  are  associated  with  symmetries  of 
dynamical  origin  rather  than  geometrical  ones. 

The  aim  of  the  present  report  is  to  demonstrate  that  group  theory  is  also  very 
useful  in  the  path  integral  approach  to  quantum  mechanics  [4].  The  application 
of  group  theory  to  path  integrals  with  geometrical  symmetries  has  already  been 
reported  in  the  last  Wigner  Symposium  [5].  Here  we  wish  to  discuss  the  path  integral 
realization  of  dynamical  symmetries.  As  an  example  we  shall  consider  the  radial 
path  integral  of  a  harmonic  oscillator  in  First,  we  shall  explicitly  demonstrate 
that  this  system  has  the  517(1, 1)  dynamical  group.  Then  we  shall  present  its  path 
integral  representation.  For  the  realization  of  dynamical  symmetries  SU(2)  and 
5f7(l,l)  of  the  Poschl-Teller  systems  we  refer  to  refs.  [6-8].  In  particular,  for  the 
local  time  rescaling  technique,  which  is  equivalent  to  the  change  of  variable  and 
transformation  of  wavefunction  in  the  Schrodinger  approach,  see  refs.  [8,9]. 
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2  The  dynamical  group  SU{1, 1)  of  the  harmonic  oscillator  in  IR*^ 

The  Lie  algebra  of  Sf/(1, 1)  may  explicitly  be  given  by  the  commutators 

[Ji,  J2]  =  — i>/3,  [•/2,  J3]  =  iJi,  [T3,  Ji]  =  iJ2-  (1) 

The  quadratic  Casimir  operator  is  =  —  Jj*  — +  In  a  given  unitary  irreducible 
representation  (UIR)  it  is  proportional  to  the  unit  operator,  i.e.  =  J{J  T  1)1, 
where  the  ’’angular  momentum”  quantum  number  J  may  be  used  for  labelling  all 
UIR’s.  There  are  two  continuous  and  two  discrete  series  of  UIR  [10].  Spectra  of  the 
compact  operator  J3  for  the  continuous  series  are  unbounded.  Whereas,  the  spectra 
of  J3  for  the  discrete  series  denoted  by  D]  and  Dj  are  bounded  from  above  and 
below,  respectively.  It  is  the  series  Dj  which  is  realized  by  the  harmonic  oscillator. 
On  the  standard  discrete  basis  we  have  for  Dj  [10]: 

J^|J,m)  =  J(J  +  l)|J,m)  with  —  1  <  J,  (2) 

J3IJ, m)  =  m|J,m)  with  m  =  J  +  1,  J  +  2, . . .  .  (3) 


It  is  also  possible  to  choose  a  continuous  basis  where  a  noncompact  operator  is 
diagonalized  [11].  The  one  we  are  interested  in  is  A'  :=  J\  +  J3  and  has  the  positive 
real  line  as  the  spectrum  for  Dj  : 

A'lJ,  q)  =  qjJ,  7;)  with  qgR'*'.  (4) 


For  the  matrix  element  for  a  finite  transformation  in  the  continuous  basis  we  find 
[11]  in  analogy  to  Wigner’s  d-function  [l] 

(J,q|e~^‘'^-'’|J,q')  =  ^4—  exp  {i(q  +  q')  cotip}  I2J+,  (5) 

isinip  \ )  simp/ 


where  Ii.(z)  is  the  modified  Bessel  function,  0  <  ip  <  rr  and  q,q'  G  IR'^. 

In  the  following  we  consider  a  creation  and  an  annihilation  operator  for  each 
degree  of  freedom  in  IR'^,  that  is  [ai.aj]  =  b,j  {i,j  =  1, . . .  ,d).  A  realization  of  the 
algbra  of  SU(l,l)  is  given  by 


^  i=l  ^  i=l  1=1  ' 


+ 


(6) 


The  Hamiltonian  for  the  harmonic  oscillator  in  in'*  is  H  =  2hu;  J3  which  is  bounded 
below  (i.e.  Dj).  We  observe  that  the  total  angular  momentum  associated  with 
SO(d)  in  IR'^  is  related  to  the  Ccisimir  operator  (2)  by  =  4J*  —  d(d  —  4)/4  and 
has  eigenvalues  /(/  +  d  —  2),  I  €  INq.  Therefore,  a  fixed  angular  momentum  subspace 
corresponds  to  the  representation  Dj  with  J  ;=  1/2  +  d/4  —  1.  The  spectrum  (3) 
of  J3  leads  to  the  energy  eigenvalues  £„  :=  ku(2n  +  I  +  d/2),  n  6  INq.  Finally,  we 
note  that  the  time  evolution  operator  exp{— (i/fi)d/7-}  =  exp{— 2iu>7j3}  is  a  group 
element  and  that  SU{1, 1)  is  indeed  the  dynamical  group  of  the  system. 
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3  Path  integral  realization  of  the  dynamical  group  iit/'ll,  1) 

According  to  Feynman  [4]  the  propagator,  i.e.  the  matrix  element  of  the  time 
evolution  operator,  may  be  given  by  a  path  integral, 

X"=X(t) 

(x"|e-(‘/*)"^lx')  =  J  X>[i(<)]exp|i^  dtj  , 

x'=x(0) 

which  reads  on  the  sliced  time  basis  (£  :=  t/N,  Xj  ;=  x(jt)] 

(x"|e  =  lim  (  ) 

'  '  '  '  N-.oo\2ir\he) 

(7) 

Due  to  its  spherical  symmetry  we  immediately  can  perform  the  angular  path  inte¬ 
gration  [7]: 

(x''te-<'/M«^|x')  =  f  A' (S) 

(=0  M 

where  V/,M(e)  are  the  hyperspherical  harmonics  in  and  .VI  stands  for  a  (d  —  2)- 
tuple  counting  the  degeneracy  of  the  angular  momentum  /.  The  radial  propagator 
is  given  by  the  remaining  path  integral  [r^  ;=  [Xjl] 


A'((r",/:  r)  = 

,  1  x(a-2)/2  .  N 

(?v)  fe/O'**’-- 

.V-1 

.cj-i)  n 

j=i 

(9) 

where 

/((r,,r,_ 

A/  (  i 

I/+,a-2)/2  ) 

.  (10) 

It  is  the  dynamical  group  >’('(1.1)  which  now  enables  us  to  complete  the  path 
integration.  First,  we  set  ijj  :=  Muirjj'lh  which  gives  for  the  exponential  in  (10) 

exp(-  •  ■}  =  exp{i(T/j  +  r/j., )  ( 1 /a-’f  -  ca’f/2)}  .  (11) 

Note  also  that  rydr^  =  (/i/A'/a-')d;/j.  Secondly,  we  define  .sin,p  :=  u,f  which  leads  to 

!/,*.■£  -  ^cf-l  -  cot !  Cif;'*).  (12) 

Inserting  this  in  (11)  [note  that  terms  of  (9(f^)  may  be  ignore-d  in  path  integrationj 
we  find 


—  /((r^.ry.,)  =  7-: -  {'{Vj  +  Vj - 1 )  cot  v? }  I(+(a_2)/2 

Ivluj  isin(^ 


^\/lj 
i  sin  ^ 
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Now  we  observe  that  this  is  identical  with  the  matrix  element  (5)  if  we  set  for  the 
representat'on  label  J  ;=  1/2  +  d/4  —  1.  Therefore,  the  radial  path  integral  reads 

Mui  l  1  f  N  N-\. 

/v,(r",r';T)  =  (  — )  ^i^ /  R R  (l^) 

and  is  easily  performed  using  the  completeness  relation  /  dm  |d,  m)(o7,  m|  =  1  for 

Ja 

the  continuous  basis  (4),  Finally,  the  radial  propagator  is  given  by 

A',(r",r';r)=  —  j  (d,  //')  (15) 

where  r/  ;=  Muir"^ l'2h  and 

$  ;=  lim  [iVip]  =  lim  [fV arcsin(ix>r/Af)]  =  cjt.  (16) 

N—»oo  N— »oo 

The  present  path  integral  treatment  is  an  alternative  to  the  earlit  approach  [12]. 
Besides  its  simplicity  the  present  group  theoretical  approach  has  the  advantage  to 
realize  the  dynamical  group  5fl(l,  1)  explicitly  [see  eq.  (15)].  It  can  also  be  applied 
to  the  radial  path  integral  for  the  1/r-probleni  in  IR'^  and  the  generalized  .Morse 
potential  in  IR,  both  of  which  have  the  dynamical  group  5'f  (1. 1 )  [8]. 
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In  this  contribution,  a  novel  globalized  generalization  of  the  concepts  of  coherent 
states  to  arbitrary  Kahler  manifolds  will  be  described  [1].  The  formalism  to  be 
developed  generalizes  previous  work  by  Berezin.  Rawnsley  and  others  [1,  2.  3.  -1] 
and.  in  particular,  allows  for  a  more  convenient  and  unified  discussion  of  the  cla.ssical 
limit. 

On  the  elementary  phase  space  P  =  DP".  coherent  states  can  be  defined  in  the 
following  way: 

First,  one  regards  IR^''  as  a  complex  space  e.g.  by  taking  Zk  =  +  '/’*■)• 

The  Bargmann  Hilbert  space  consists  of  antiholomorphic  functions 

s  :  C"  ^  d' 

of  finite  norm  w.r.t.  the  scalar  prodtict 


Coherent  states  are  given  by  the  functions 

(c(i)  = 


and  obey  the  defining  relation 


(e^.-s)  =  .sfc)  .  (31 

Operators  .1  are  definable  as  normal  ordered  products  of  the  creation  and  amiihihi 
tion  operators 


a 


t 

k 


Zk  .s 


The  s\'mbol 


(Ik 


d 


dz 


(11 


Talk  given  hy  H  Rcimer 


339 


(t(.  At() 

U<-u) 


(o) 


of  an  operator  .4  is  the  starting  point  for  discussions  of  the  classical  limit. 

These  concepts  have  to  be  generalized  to  arbitrary  Kahler  manifolds  (M.^\  /)  . 
where  M  is  a  manifold  with  symplectic  form  ui  and  complex  structure  7. 

Berezin  [2]  gave  a  first  definition  of  coherent  states  on  Kahler  manifolds  in  terms 
of  local  complex  coordinates. 

For  an  intrinsic  definition  one  needs  the  following  structural  data; 


1.  a  Kahler  manifold  (A/, a;.  I)  of  real  dimension  '2n 

2.  a  holomorphic  line  bundle  L  over  M  with  hermitean  metric  h 

3.  The  connection  V  on  7  with  the  properties  of 

(a)  compatibility  with  h:  .V A(  t-i .  cv)  =  f>{V \ Ci.  v^)  +  7(  t’l .  V  vf  j ) 

(b)  holomorphy:  Vyi.'  =  0  if  is  a  holomorphic  section  of  L  and  .V  an 
antiholomorphic  direction 

(c)  quantization  condition  for  the  curvature  Fv  of  V: 


7y  =  . 


Bergmann's  Hilbert  space  is  then  given  by  the  /(-antiholomorphic  sections  of 
L.  which  by  definition  fulfil 

V.v-s  =  0  for  every  holomorphic  direction  .\ 

and  are  requested  to  have  finite  norm 

(s..s)  =  y'w"/i(.s..s)  <  X  .  (6) 

It  is  also  useful  to  consider  the  m'*‘  tensorial  powers  of  /..  The  quantization 
condition 

Fxr  =  (7) 

shows  that  the  classical  limit  — ♦  0  corresponds  to  in  —*  x. 

Rawnsley  [3]  gave  a  global  definition  of  coherent  states  in  terms  of  sections  on 
which  is  most  easily  understood  by  using  the  identification  of  sections  of  7.'" 
with  equivariant  functions  on  /,o  =  7.  \  .17  (.17  is  identified  with  the  zero  section  of 
L)  in  the  following  way: 

1  here  is  a  natural  (!'"  action  A  s- *  A;()  on  /.. 

A  function  (.•  :  7,o  — ♦  d'  with 


<.’(  Aco)  —  -o  '"‘•'(A) 


(S) 
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gives  rise  to  a  section  of  L"'  via 

r(7o(A))  =  tr„(A.t^(A))  .  (9) 

where  Tq  is  the  projection  L  — »  M  and  the  projection 

lo  X  C  ->  L*" 

VVe  perform  a  further  step  in  direction  shown  by  Rawnsley  by  dropping  the  equiv- 
ariance  condition  and  directly  quantizing  the  total  space  Lq- 

First,  we  notice  that  Lq  can  be  endowed  with  a  Kahler  structure  0,7,  by  using  the 
natural  complex  structure  of  Lo  and  defining 

^L  =  idd\oghL  ,  (10) 

where  hi  :  Lq  €  is  the  function 

A  I— »  exp(/!(A,  A))  .  ( 1 J ) 

For  the  quantization  of  Lo  one  considers  the  trivial  line  bundle  1  =  £0  x  C  over  Lo  ■ 
Taking  hi  as  hermitean  fibre  metric  on  L  it  is  easy  to  find  the  compatible  connection 
V  with  quantization  condition  =  i^'i.  The  Hilbert  space  Tic  consists  of  all  hi- 
antiholomorphic  sections  Ci  with  finite  norm 

(Wl.vl))  =  j^Vhi(vi.vi)  .  (12) 

It  turns  out  that  all  the  sections  Vm  of  the  bundles  can  be  identified  with 
sections  fulfilling  a  certain  equivariance  condition  and  that  there  are  embeddings 

'Xjm  ^ 

n  — ►  Txl  s  V 

such  that 

((V’r.  </’?'»  =  2tr(m  +  n)!(r"',v"'')m^w  (13) 

Thus,  all  the  bundles  are  unified  in  a  single  global  object.  Moreover,  it  is 
possible  to  define  coherent  states  on  Lo  as  certain  .sections  e\  of  L  which  fulfil  the 
defining  property 

{{(y.Vi))  =  Vl(A)  .  (14) 

The  symbol  of  an  operator  A  on  Hi  commuting  with  the  ('(]  )-action  on  Lo  has  the 
form 


{{ts.Aes)) 


(n  +  m) 


^lAI-^-trl.A^KrlA)) 


E 


m  (n+m) 


:i5) 
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where  A  =  Am  (each  operator  Am  acting  in  'H”').  crlAm)  is  the  Berezin- Rawnsley 
symbol  of  Am,  |A|^  =  /i(A,  A)  and  Rawnsley 's  function  f*"‘*(r(A))  (equalling  some¬ 
times  the  dimension  of  'W”*)  is  nonnegative.  Thus,  our  symbol  is  just  a  weighted 
average  of  the  Berezin-Rawnsley  symbols  with  weights  0  <  Wm  <  1  and 

tends  to  zero  the  mean  value 

(m)  =  ^2  Wmlll 


tends  to  infinit}’.  For  e.xample,  taking  Lo  =  \  {0}  over  M  =  CF*"  (which 

corresponds  to  the  harmonic  oscillator)  we  obtain  a  Poisson  distribution 


|A|- 


with  mean  value  (?ri)  =  .  Hence,  in  our  approach,  Planck's  constant  h  does  not 

appear  as  a  parameter  but  rather  as  a  coordinate  along  the  fibre  direction  of  Lo-  It 
is  a  continuous  parameter  unlike  ^  and  it  even  acts  on  Lq.  The  classical  limit  can 
be  discussed  by  taking 


lim<T(,l)(Af))  =  (161 

h—o 

which  may  consideralrly  simplify  and  unify  such  considerations.  Moreover,  star 
products  are  definable  in  a  unified  way  such  that  ft  is  a  real  coordinate  on  Lo  rather 
than  a  formal  parameter. 
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Quantization  on  Semisimple  Symmetric  Spaces 


V.F.  Molchanov 
Tambov  State  Pedagogical  Institute 
Sovietskaya  93.  Tambov  392622.  USSR 


1  Quantization  according  to  Berezin 

Let  M  be  a  symplectic  manifold.  It  is  required: 

(a)  to  construct  a  family  of  associative  algebras  Ah  C  C^{.\I)  depending  upon  a 
parameter  h  (called  the  Planck  constant),  a  product  is  denoted  by  the  star  ♦. 
these  algebras  must  satisfy  a  correspondence  principle  (CP): 

lim/i  *  /2  =  /1/2  the  point  wise  product 
fc— 0 

limj/!''(/i  *  f2  —  f2*  fi)  =  {fi-h}  the  Poisson  bracket 

j  =  v^  or  =1,  and  some  less  important  conditions,  we  drop  them  here: 

(b)  to  construct  representations  /  i— ►  /  of  these  algebras  by  operators  in  Hilbert 
spaces. 

For  M  =  C  this  construction  gives  the  well  known  Wick  quantization. 

F.A.  Berezin  himself  hais  constructed  the  quantization  for  classical  Herinitian 
symmetric  spaces  [2,  2,  2,  2). 

Example  1.  M  is  the  unit  disk  sc  <  1  in  C  (the  Lobachevsky  plane).  It  is  the 
Hermitian  symmetric  space  5I'’(1. 1)/(’(1).  Operators  mentioned  in  (b) 
act  in  a  Fock  space  of  analytic  functions  on  .VI.  .supercomplete  system 
(see  sect. 2)  consists  of  functions  L({~)  =  T{:v)  =  ( 1  — sr)“'''*.  For  Details, 
see  [2]. 

We  would  like  to  construct  the  Berezin  quantization  on  symplectic  semisimple 
symmetric  spaces.  It  is  sufficient  to  consider  indecomposable  ones.  Such  spaces  are 
of  two  clcissts  (for  details,  see  [2j):  Hermitian  (they  are  Riemannian,  j  =  \/^)  and 
para- Hermitian  (they  are  non-Riemannian,  y  =  1 ).  So  we  must  study  para-Hermitian 
symmetric  spaces.  Before  going  to  the  general  ca.se  we  consider  in  .sect. 3  a  cruical 
example. 
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2  Covariant  symbols  of  operators 

This  notion  is  a  basis  for  the  construction  of  algebras  Ah-  Let  H  he  n  Hilbert  space 
and  {x}  a  set  equipped  with  a  measure  dr.  A  system  of  vectors  tj.  in  H  is  said  to  be 
supercomplete  if 

/  =  y^(/,ex)e^dr  (V/ €  W). 

For  an  operator  A  in  H.  the  following  function  A(.r,y)  is  called  the  covariant  symbol 
of  A: 


Aix,y)  =  (Aty.eA/ifytr)  (1) 

Inversely,  the  operator  A  is  uniquely  defined  by  its  symbol.  The  unit  operator  has 
the  symbol  1.  If  C  =  AB  then 

C(x,i/)  =  j  A(x.z)B(z.y){ey.eA(i,.eA((y.tr)~^ct: 

So  we  get  an  algebra  of  symbols:  C  =  .A*  B. 


3  Example  2:  the  hyperboloid  of  one  sheet  [6] 

The  hyperboloid  M  :  —.rf  +  jrj  =  1  in  R®  is  the  para-Hermitian  symmetric  space 
G/B  where  6'  =  50o(1.2),  H  =  50o(l.  !)•  It  is  of  Cayley  type,  see  sect, 4.  Let  us 
take  coordinates  i.s  on  M  as  follows: 

t  A  s  t  —  s  l+/s 

“  1  -  fs  ’  ^  1  ~ts'  ^  f-  ts’ 

Then  an  invariant  measure  and  the  Laplace- Belt  rami  operator  are 

<iv{t,  s)  =  2{1  -  and  A  =  {I  ~  tsfdtd, 

respectively.  Operators  A  act  in  a  space  of  functions  f(t}.  .A  supercomplete  system 
consists  of  functions 


L,{i)  =  = 

It  is  the  kernel  of  an  intertwining  operator  for  elementary  representations  of  G.  So 
there  is  a  reproducing  property: 

f{t)  =  c{h)  j  f(p)L{i.i‘)Hp.s)~'dii{p.  '^)  (2) 

where  c{h)  =  cot(7r/2/!)(l  —  h)/Airh.  A  covariant  symbol  of  an  operator  A  is  defined 
by 


A{t,.s)  =  {AL,)ii]/Ul) 


(3) 
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It  may  be  written  like  (1)  using  a  scalar  product  for  the  complementary  series.  The 
action  of  .4  is  expressed  by  its  symbol  as  folhvs: 

iAf)U)  =  c{h)  J  A{t,s)f.{i.s)L(p.s)~^  f{j})(in(p.s)  (4) 

The  product  ♦  is 

(.4»5)(t,s)  =  j  A{t,i)B(i,s)/it.s.i.i)dn(L.i)  (o) 

where 


I{t.sJ,s)  =  c(/i)T(t.i)i(t,.s)/T(t,.s)L(/,.;). 

Now  introduce  other  variables  ct.ii: 

7C  O  TT  3 

Then  M  is  embedded  in  a  torus  x  .S’  where  5  is  the  unit  circle,  and  symbols 
become  functions  on  this  torus.  Let  H (resp.  U  “)  be  the  subspace  of  x  S) 

generated  by  exp(i)m  +  n.m  >  0  (resp.  <  0).  These  spaces  H’’''  and  U’"  are 

algebras  w.r.t  *.  CP  \s  held  on  them.  The  latter  statement  follows  from  an  asymptotic 
decomposition  I  =  id-\-  hA  +  o(h).  where  !  is  the  operator  with  the  kernel  I(t.  ».  i.  s). 

The  group  G  has  3  series  of  unitary  irreducible  representations;  continous  and  2 
discrete  ones.  Correspondingly  L^{M)  is  decomposed  into  the  sum  of  3  subspaces: 
I^(A/)  =  +  V’'*'  +  V'~.  Consider  an  operator  Q  (an  integral  over  generating  lines 

intersecting  at  a  point  x): 

{Qf)ij')  =  j  {fix  +  <n'{.r))  -/(.r  +  fii/(.i))}(/~'fii 

where 


u(x)  =  (LsinQ.coso).  c(x)  =  (  LsiiyTcos  ). 

It  turns  out  that  Q  separates  the  subspaces  above:  Q  =  0.  + 1 .  —  1 ,  res|). 

4  On  the  quantization  on  para-Hermitian  symmet¬ 
ric  spaces 

Let  G  be  a  simple  Lie  group  (with  tiie  finite  center,  for  simplicity),  rr  a?)  involution 
of  G,  and  //  an  open  subgroup  in  the  ir-fixed  set.  Then  G'///  is  called  a  semisimple 
sj'mmetric  space.  Let  A  be  a  maximal  compact  subgroup  of  G  invariant  w.r.t.  a. 
The  Lie  algebra  g  of  G  is  decomposed  into  +1,-1  subspaces  w.r.t  <7  :  g  =  q.  so 
h  =  Lief/. 
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The  space  G/H  is  called  a  para-Hermitian  symmetric  space  if  there  exists  an 
operator  V  in  £  s.t.:  P  —  id,  /  commutes  with  A<IH . 

B(L\,  Y)  +  B(j-,  /}■)  =  0,  A',  y  €  £, 

here  B  is  the  killing  form.  Such  space  is  symplectic:  l<,-(A,  V  )  =  £?(/A%  V  ). 

Let  G/H  be  indecomposable.  The  h  has  an  one-dimensional  center  RZo.  The 
tangent  representation  h  i— »  Adh  |,  of  H  is  reducible:  q  =  +  q~ .  These  subspaces 

£*  are  Abelian,  and  Lagrangian.  We  get  two  real  polarizations  on  G/H. 

The  set  P'*'  =  Hexpq'*'  is  a  maximal  parabolic  subgroup  of  G.  The  quotient  space 
S  =  G/P'^  is  a  compact  symmetric  space  (=  A/A  fl  H).  We  have  an  embedding 
G/H  5  X  5. 

A  space  for  operators  A  and  a  supercomplete  system  consists  of  functions  on  5. 
For  /I  €  C  let  (  „  be  an  one-dimensional  representation  of  s.t.  i/^  =  1  on  expq'*' 

a 

and  on  the  semisimple  part  of  H  and  i/„(exp</Zo)  =  exp  pa.  Put  T^,  =  Ind  p'*' 
There  exists  po  €  K  s.t.  for  any  p  €  C  there  exists  an  operator  By  intertw'ining  Ty  and 
Ty.  or,  p*  =  —  po  —  p  where  r  is  the  involution  of  G  defining  h  .  Let  A{/. s)  = 
be  the  kernel  of  By-.  These  functions  L  on  .'s  x  .S'  form  a  supercomplete  system.  The 
formulas  (2)-(r))  are  preserved.  The  Planck  constant  is  h  =  —  \/p- 

Example  3.  G  =  5L(n.R).  H  =  GL(ii  -  l.R). 

Here  5  =  where  is  the  unit  sphere  in  R'‘.  i(/..s)  =  ]/i  Si  4-  . . .  -f 

As  €  5""'.  CP  is  held  on  the  discrete  series  for  G/H.  see  e.g.  [2], 

Among  para-Hermitian  symmetric  spaces  rather  Cayley  type  ones  are  most  of 
interest.  They  are  characterized  by  A’  having  nondiscrete  center.  Then  .'s’  is  the 
Shilov  boundary  of  some  complex  manifold  D.  Let  H^(D  x  D)  be  a  Hardy  space 
[2.  2,  2].  The  CP  \s  held  on  the  subspace  in  P(G/H)  consisting  of  boundary  values 
of  functions  in  H^{D  x  D). 

Example  4.  G  =  5(  (n.n).  H  =  SL(n.C)  x  R". 

Gj H  is  of  Cayley  type.  .*>  =  f  (n).  D  is  the  classical  domain  of  type  I.  /.( n.  c)  = 

I  det(u  +  t')!".  «,c  €(•’(>!). 
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DYNAMICAL  GROUPS  OF  FREE  MOTION 
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Abstract. 

We  exhibit  features  common  to  some  simple  quantum-mechanical  problems  like  the 
./V-dimensional  oscillator,  rotor  or  Kepler  problem;  they  share  i)  maximal  degeneracy  ii) 
dynamical  groups  iii)  spectrum  generating  grou|>s  iv)  closed  geodesics  and  v)  separation 
in  several  systems  of  coordinates. 

We  point  out  the  free  motion  nature  in  symmetric,  rank-one  spaces,  as  an  explanation, 
the  oscillator  being  even  simpler.  Generalizations  to  other  spaces  of  same  kind  are  possible, 
including  free  motion  in  complex  project ive  space  C . 


1.-  Consider  three  standard  problems  in  theoretical  mechanics  given  by  the  hainil- 
tonians 

1 

+  .V  —  dim  oscillator  (.V  >  1 )  (1.1) 

1 

H  =  -  y  —  dim  rotator  (rotor)  (.V  >2)  (1.2) 

1  k- 

H  =  -  y  ~  dim  Kepler  (.V  >  1)  (1.3) 

where  /,j  =  x,pj  —Xjp,.  All  the  three  cases  are  exactly  soluble  both  in  classical  mechanics 
and  in  quantum  mechanics;  they  share  also  an  interesting  list  of  common  features,  which 
we  would  like  to  understand  and  relate.  They  are: 

1)  The  classical  motion  contains  onlv  clo.sed  orbits  (we  limit  ourselves  to  K  <  0  in 

(1-3)): 

oscillator;  maximal  circles  e"c,;  ;,  =  q,  +  ip, 

rotator:  maximal  circles  in 
Kepler:  ellipses 

2)  The  spectrum  depends  on  a  single  quantum  number 

oscillator:  E„  =  {n  +  .\72)«o.  (n  =  0, 1 _ ) 

rotator:  £/  =  /(/  +  jV  -  2)/2.  (1  =  0, 1 _ ) 

Kepler:  E„  =  (n  =  1.2.. . .  ) 

3)  There  is  a  maximal  dynamical  symmetry  group 
oscillator:  U(y}  =  5p(  A')nO(2A’) 


(1.4) 
(  1.5) 
(1.6) 
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rotor:  0{N) 

Kepler:  0(N  +  1) 

4)  The  ireps  selected  by  the  symmetry  group  are  always  irreducible  fully  symmetric 
representations,  i.e.  they  behave  like  [A-]  as  Young  tableaux  (or  its  traceless  part). 

5)  Therefore  the  degeneracy  of  the  quantum  levels  is  group-theoretical,  i.e.  it  can 
be  calculated  by  representation  theory  alone: 

oscillator:  deg{n)  (1-7) 

rotator:  deg(/)=  d-S) 

Kepler:  same  as  rotator  (A'  -f  1).  see  later 

6)  The  hamiltonian  separates  in  more  than  one  system  of  coordinates:  e.g. 

oscillator:  in  cartesian  and  polar 
Kepler:  in  polar  and  parabolic 

7)  The  three  problems  admit  compact  or  non-compact  apectruw  generating  groups 
{Barut  1964)[l];  for  example,  the  oscillator  admits  5f  ’(  A’,  1),  the  rotor  admits  5(9o(  A'.  1 ). 

This  means  that  a  single  irep  of  the  non-compact  group  gives  all  the  ireps  of  the 
physical  problem. 

8)  They  all  have  supersymmet'  c  extensions  (partners),  and  in  fact  supersymmetry 
leads  tvj  the  complete  algebraic  solution  for  the  spectrum. 

2.-  The  following  questions  arise  in  connection  with  these  peculiar  features: 

1 )  Are  these  problems  related? 

2)  Are  these  features  themselves  related? 

3)  What  is  the  (deep?)  mathematical  reason  for  all  that? 

4)  .4re  there  more  problems  like  them.  i.e.  can  we  find  other  similar  systems? 
Before  entering  into  details  let  us  already  present  the  key  characteristic: 

-  we  have  essentially  a  problem  of  free  motion  (classical  or  quantized^ 
in  a  rank-one  symmetric  space. 

Let  us  .first  dispose  of  the  Kepler  case.  As  \’.  Bargmann  showed  back  in  1935  for 
N=3  [2].  .411iluev(  1957)  [3]  for  the  general  quantum  and  Moser  ( 1970 )  [4]  for  the  classical 
case,  see  also  Boya  [5j: 

-  The  A'-dim  Kepler  problem  is  eciuivalent  to  the  motion  of  a  free  particle  in  the 
surface  of  a  A’-sphere  (bounded  orbits  only). 

The  equiv'alence  is  not  completely  trivial,  however,  and  retpiires  three  steps:  regu¬ 
larization  of  the  r“’ -singularity,  stereographic  projection  and  Fourier  transformation  to 
momentum  space. 

Now  free  motion  in  5  '’  has  obvious  0(  A*  -t- 1 )  invariance,  and  it  is  exactly  the  rotator 
problem  in  A^  -I-  1: 

A’  -  Kepler  problem  s;  (A  -I-  l)rotator  (2. 1 ) 

and  we  shall  not  have  to  worry  about  Kepler  anymore-  e\en  the  unbounded  orbits, 
corresponding  to  the  continuous  spectrum,  do  correspond  to  free  motion  in  hyperbolic 
space  [4];  w'e  shall  not  consider  this  case. 


3.-  The  oscillator  ca,se  is  different  from  the  rotator  and  somewhat  simpler: 
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-  The  harmonic  isotropic  oscillator  problem  is  equivalent  to  a  particular  rotation 
(imaginary  dilatation)  in  C' ; 

Ifc  =  {-1 . ;,v}  eC'  .take 

Hamiltonian  jy  =  (3.1) 

Vector  field  A"  =  Im  c,  =  p,  .r,  7; —  ( 3.2) 

uZi  v*r  I  ^Pt 

with  dynamical  flow  t,  :  :  e*'-,  i.e.  motion  along  some  great  circle.s.  so  t)je  flow 

is  the  U{1)  generator  central  in  U{N)  acting  naturally  in  C'^  :  hence  there  is  maximal 
reduction  in  the  Marsden- Weinstein  sense  [6],  and  the  closure  of  the  orbit  is  a  1-Torus. 
Therefore  the  quantum  spectrum  depends  alst>  only  on  a  single  quantum  number.  The 
space  of  orbits  is  again  purely  geometric  namely  C  '  :  in  fart 

=  phase  space  =  (3  .3) 

C  energy  surface  (3.4  ) 

/LUl)  =  orbit  space  =CP'“'  (3.5) 

4.-  The  rotator  problem  is  just  (free)  motion  in  a  sphere;  now  for  free  motion  in 
symmetric  spaces  we  have  simple  results;  in  particular 

-  The  classical  motion  are  geodesics  running  at  constant  speed;  in  particular  at  zero 
speed,  i.e.  the  particle  lies  at  rest  at  any  point. 

-  The  quantum  problem  is  given  by  the  spectrum  of  the  laplacian. 

-  The  duality  geodesics  *-»  laplacian.  both  partictilar  cases  of  harmonic  maps,  is  seen 
here  as  a  duality  between  classical  and  quantum  mechanics! 

In  group-theoretical  terms  we  have  that  the  quantum  rotor  problem  with  hamiltonian 


H  =  Ij-  J 
0 


(4.1) 


is  given  by  the  spectrum  of  the  quadratic  Casimir  operator  for  0(A  -1-1).  dual  to  the 
Cartan-Killing  form:  it  acts  in  a  suitable  space  S  '’  =  0(.V  -1-  1  )/0(.V). 

In  contrast,  the  oscillator  hamiltonian  B  =  is  given  by  the  spectrum  of  the 

linear  Casimir  operator  for  l’(-V);  the  rotator  case  corresponds  to  simple  groups,  with 
no  linear  Casimir. 

Now  we  can  answer  some  of  the  questions  posed  before,  namely 
Q.:  -  why  the  classical  orbits  close,  or  equivalently  why  the  spectrum  depends  only 
on  one  quantum  number? 

A;  -  because  the  classical  orbits  of  the  free  motion  are  geotlesics.  and  geodesics  close 
precisely  in  compact  rank-one  symmetric  spaces  like 


S""'  =  0(X  1)/0(.V).  CP-''  =  ('(.V  -H  l)/f'(l)  s  f'(-V) 


(4.21 


Q.:  -  For  which  other  ca.ses  do  we  expect  similar  behaviour,  like  Energy  =  E{u ).' 

A:  -  Try  free  motion  in  arbitrary  symmetric  spaces  .1/  =  G/B  of  rank  one.  The 
following  Table  gives  all  the  compact  ones 


350 


—  SO(N  +  l)/SO(X),  spheres 

2) RP'"'^  =  SO(A'  +  1)/0{N).  real  projective  spaces 

3)  CP*''  =  SU{N  +  l)/t'(jV),  complex  projective  spaces 

4) HIP'''  =  Sp(N  +  l)/Sp{N)  X  5p(l).  quaternionic  projective  space 

5) OP^  =  p4/Spin(9),  Cayley  plane. 

Table  I.  Compact  Rank-one  symmetric  spaces 

We  remind  the  reader  the  definition  of  rank  for  a  Riemannian  manifold:  it  is  the 
dimension  of  the  maximal  totally  geodesic  flat  submanifold  (Helgason  1978  [7]).  For 
a  Lie  group,  this  coincides  with  ’s  Cartan  definition  of  rank  (dim  of  maximal  abelian 
subgroup),  hence  only  t  (1)  =  5'  and  Sp(l)  =  S['(2)  =  are  rank-one  groups.  As 
a  counterexample,  free  motion  in  the  torus  =  S'  x  S'  will  have  “dense"  geodesics 
(with  bidimensional  closure):  in  fact,  the  spectrum  depends  on  two  quantum  numbers. 

5. -  As  another  example  of  free  motion,  let  us  take  case  3)  of  Table  I:  free  motion  in 
CP^ ;  the  results  are 

-  The  geodesics  close,  with  length  27r 

-  The  energj-  spectrum  is  E„  =  n{n  +  .V)  for  CP'’ 

To  single  out  the  representations,  notice  that  SC'(jV  +  1)  is  not  effective  on  CP'^  . 
because  of  its  center.  The  effective  group  is 

PU{.\  -f  1)  =  U{A  +  l)/t'(l)  =  Sn.V  1)/Z,v+,  (5.1) 

and  therefore  the  relevant  representations  are  the  irreducible  pieces  of  the  stnimefric 
product  of  the  adjoint  representation  of  SV{N  +1). 

It  might  be  interesting  to  look  at  the  remaining  cases  of  symmetric  rank-one  spaces, 
like  up  ''  or  the  Cayley  plane. 

6. -  Other  type  of  symmetric  spaces  are  important  in  quantum  mechanics,  namely 
the  split-rank  homogeneous  spaces: 

M  =  G/H  is  split  rank  if  rank  -l/=rank  G  -  rank  H.  (6.1  ) 

As  examples  we  have  1)  Lie  groups  themselves.  G  -  (G l  ^  G r)IG d-  2)  all  odd 
spheres.  3)  SV {2n] / Sp(n)  and  4)  E^/F^. 

These  spaces  are  important  because,  as  shown  by  Dowker  and  Camporesi  [S], 

-  The  propagator  G{t.i')  for  split-rank  spaces  can  be  con:puted  exactly  from  the 
heat  kernel  expansion. 

To  complete  our  work  we  make  some  incomplete  remarks  on  the  spectrum  gener¬ 
ating  group  aspect  of  the  problem.  We  hope  to  adress  the  question  of  the  .super.s-ymmefrv 
connection  in  a  future  publication. 

Both  for  0(.V)  and  f’(.V),  the  relation 


(7.1) 


deg(  A .  n )  =  deg{  .V  —  1 ,  n )  -I-  deg(  A',  ii 


1 
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leads  at  once  to 

deg(iV,n)  =  ^  deg(.V  -  l,n').  (7.2) 

n'<n 

This  goes  a  long  way  to  understand  the  embedding  of  dynamical  groups  on  compact 
groups,  as  shown  first  by  Sudarshan  et  al.  ( 1965)[9];  now  why  also  non-compact  envelop¬ 
ing  groups?  A  possible  clue  is  the  duality  between  G(.V  +  1),  compact,  vs.  G(N,  1), 
non-compact. 

But  much  more  should  be  learnt  before  we  claim  we  understand  the  use  of  non¬ 
compact  groups  £is  spectrum-generating  groups;  an  interesting  question,  for  example, 
is:  do  they  have  any  implication  for  the  set  of  classiceJ  solutions? 
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A  new  probabilistic  quantization  method  and  its  semiclassical  limit 

J.C.Zambrini 

CFMC 

Av.  Prof.  Gama  Pinto  2. 

1699  Lisbon. Codex, Portugal 

Our  approach  relies  on  a  1931-32  idea  of  E.  Schrodinger  [1], inspired  by  the  fol 
lowing  remark  of  A.S.  Eddington  on  quantum  dynamics:  '’The  whole  interpretation  is 
very  obscure  but  it  seems  to  depend  on  whether  you  are  considering  the  probability 
trfter  you  know  what  has  happened  or  the  probability  for  the  purpose  of  prediction. The 
fv  is  obtained  by  introducing  2  systems  of  f  waves  travelling  in  opposite  directioiis 
in  time  :  one  of  these  must  presumably  correspond  to  probable  inference  from  what  is 
known  (or  is  .stated)  to  have  been  the  condition  at  a  later  time."  Such  wa.s  Schrodinger  s 
nnitivation  to  state  a  problem  in  the  cla.ssical  theory  of  Brownian  motion. regarded  by 
him  a.s  a  revealing  analogy  with  wave  mechanics. This  problem  ha.s  been  ignored  by  the¬ 
oretical  pliysicists  until  19S5-S6.when  it  wa.s  solved.then  interpreted  a.s  a  new  Euclidean 
tluantizatiou  procedure  (i.e  dealing  with  the  "  imaginary  time"  Schrodinger  equation. or 
heat  equation)  [2]. The  .solution  of  Schrodinger "s  problem. however. has  little  to  do  with 
M.Kac's  familiar  reinterpretation  of  Feynman's  path  integral  methoil  ’3.7  .  .■kctually.it 
should  be  regarded  as  an  alternative  Euclidean  interpretation  of  this  technique  [4]. 

Let  us  consiiler  the  Schrodinger  equation  for  a  single  particle  in  siiace 

I  1) 

Or  2 

!.■(  r.  ,s  j  =  \i  j  I 

For  a  (ptisitiv.')  Htuniltonitui  //.the  initial  stiite  \  determines  quantum  Uyn.umcs.h'r 
-  in  [.s.ocl.Vla  the  change  of  variable  i  l  j.r  j  =  Schrodinger  .ask.i  .  it 

possible  to  describe  quantum  dynamics  from  the  data  of  .a  pair  (pi  r.  i  ,  pi  .r.  a  1}  .I'lr 
an  arbitrary  interval  [s.ul. instead  of  \  In  regular  probability  thetnw  .  ti  IR  vtilueii 
stocha.stic  process  c,  =  :lt)  is  Markov  if  the  knowledgi'  of  its  pa.st  itifirmation  up  to 
the  time  s.iP,.c;m  be  forgotten:  P[:i  is  in  a  set  D\V,'\  =  Pje,  is  in  //  -'<.■  ^  M  -'.where 
P[.J  is  the  probability  of  the  event  [.]  .  :  means  "knowing  and  the  :  h.s  ilenne- 
the  usual  (forward)  transition  probability.  Kohucigoiov  luis  shown  thtit  ti;e  tiara  ot  tin 
inititil  proliability. 

P|  r.,  t.'  i'l  r/.r  )  =  p(r..s)(/x 

determines  uniquely  the  process  .  t  >  .-i  (in  technical  ti'rins.iii'ti'iuiines  uniquely  i’,' 
[irobability  measure;.  But  the  Markov  propeety,  should  also,  according  to  Schrodinger. 
be  formulated  w.r.t  the  future  information  from  time  it  >  f.  f,,  :  P  •  r-  m  B  .F.,.  --- 
P  »  [c,  is  in  /7|cu].t  >  ti  .where  the  star  *  denotes  this  baekw.artl  description  Th.eii.rlie 
dtita  of  a  final  jirobability 


P(  c„  i.s  in  di)  =  i>{x,ii)iijr 
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is  necessary  to  determine  ri  ,  <  <  u. Clearly,  in  order  that  the  forward  and  backwwd 
descriptions  coincide, some  unusual  compatibility  conditions  are  required.  Schrodinger’s 
Euclidean  interpretation  starts  from  the  fact  that  the  integral  kernel  of 
denoted  h[x,t  —  3,y)  and  supposed  positive  (this  is  an  hypothesis  on  the  potential  V  ; 
is  the  propagator  of  two  heat  equations 

(1) 

(2)  kg 

since  a  regular  state  (p  is  propagated  forward  in  time  to  give  and  backward 

in  time  to  give  r;^(y,t).The  role  of  the  quantum  probability  y'k’  is  played  by  a  prod¬ 
uct  of  positive  solutions  of  the  two  adjoint  heat  equations  (2). The  unspecified  positive 
boundary  conditions  of  (2),denoted  \*,  v.  respectively,  are  chosen  .so  that  they  are  con¬ 
sistent  with  the  data  of  a  pair  of  (never  zero)  initial  and  final  probability  densities 
Ps(lj),Pu{y)  [1,2]. The  way  to  do  it  is  due  to  Schrodinger  [Ij.  An  infinite  collection  of 
(Markov .’’Bernstein”)  diffusions  z(t),  s  <t  <  u  is, in  this  way.associated  with  the  given 
Hamiltonian  H  [2].  The  two  moments  of  such  diffusions  arc  computable  via  their  forward 
and  backward  transition  probabilities. For  example, the  limits  of  conditional  expectations 


(3) 


lim  E 

At  —0 


lim  E 
at  —0 


-  Jt) 
-if 


{4) 


lim 

at  — 0 


[(.-(f  4  -if)  -  J(f))’ 


make  sense. Clearly.the  two  first  ones  are  regtilarizcd  time  derivatives  (the  "drifts" ). 
The  third  one  {Id.  =3x3  identity  matrix)  is  a  const :mt  ("diffusion"  )  matrix. This  stiould 
be  compared  with  Feynman’s  powerful  but  heuristic  analogy  [3j  between  Brownian 
motion  and  quantum  ’’paths”  r  — >  «;( r /.Using  the  "expectation"  <..  .  >,  w  r.t  the 
"weight"  fX®!*'*  '], where  S  is  the  action  functional  S[-.'(. )j  =  ( 1  ‘-.q  l!'  --  U, -  i  -  .  \iir. 

he  obtains, for  instance 


(4-) 


/(w(r  +  Jr)  -a(r))- 

\ 


Becau.se  of  the  factor  i  on  the  r.h.s,  however.  Feynman’s  approach  has  no  probabilistic 
content  (in  spite  of  the  unquestionable  validity  of  Born  statistical  interpretation  of  the 
wave  function  c  ).So,  where  do  quantum  probabilities  eoine  from, then”  Eq.(4*  I  is  inter¬ 
preted  by  Feynman  as  the  nomlifferentiability  of  quantum  paths. a  typically  Brownian 
property  [3j..‘Mso  notice  that  the  continuum  limit  -Ir  — *  0  is  meaningless  in  real  time. 
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In  Feynman’s  framework,  properties  like  (4*)  follow  from  a  general  integration  by  parts 
fonnula  [3], for  "arbitrary”  functionzJs  T  of  the  quantum  paths  u;  : 

(5)  =  -I 

where  6  denotes  the  directional  derivative, and  the  same  is  true  in  our  Euclidean  context 

[5] . Our  conclusions  (although  "only”  Euclidean)  hold  in  a  much  stronger  sense, however, 
because  of  their  probabilistic  content. For  instance  .taking  advantage  of  the  existence  of 
the  continuum  limit, one  shows  that  the  Bernstein  diffusions  solve  regularized  (i.e  quan¬ 
tized)  versions  of  the  (Euclidean)  Euler- Lagrange  equations, whose  expectation  corre¬ 
sponds  with  quantum  mechanical  predictions.  Any  Bernstein  diffusion  depends  on  h 
via  its  diffusion  matrix  and  its  drifts.So.any  c(r)  =  z*(t)  can  be  expanded  as 

(6)  )  =  i^Cr)  +  y/hz^^iT)  -I-  hz^-\T)  -f  ....  r  £  [t.  u] 

where  r“(.)  solves  the  classical  (Euclidean)  equations  of  motion  .To  stop  after  the  first 
quantum  correction  is  the  "Semiclassical  approximation"  [6]. Then, the  resulting  dif¬ 
fusion  is  Gaussian.since  z’'^  (the  "Bernstein  Jacobi”  process)  is.  Such  Gaussian  can  be 
represented  by 

OO 

n=  1 


where  Ey  t  denotes  the  conditional  expectation  £[...jc’'(f)  =  y].  o„  is  an  eigenfunction 
of  the  correlation  operator  Ci  of 

(8)  (whose  integral  kernel  is  Ki(s.t)  —  Ey^lz^^is)  -  f  r)  -  Ej,  r  i]  ) 

and  are  independant  Gaussian  random  variables  of  zero  mean  and  variance  A„.the 
eigenvalues  of  C(..As  expected,  z’"^  solves  the  variational  equation  of  the  quantized 
Euler-  Lagrange  equation,  here  the  one  associated  with  the  (Euclidean)  semiclassical 
Lagrangian 

(9)  L’^{q,q.r)  =  ^  ^^^(.-"(r))!^!^ 

Actually,  z*'  is  entirely  characterized  by  the  data  of  a  solution  F  of  the  classical  Jacobi 
equation 

(10)  q(r)  =  VH-(z%r))q{r)  J  <  r  <  u 

For  instance, the  correlation  of  this  diffusion  is 

,  i  ^r)F,'(r}  J  <r  <T  <u 
Ar(r,  r)  =  < 

|F(r)F,'“(r)  J<T<r<u 
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where  F'{t)  =  F{t)  F  ^{r)dr  is  another  solution  of  the  Eii.(lO).  Such  description 
holds  if  it  is  known  that,  in  a  past  time  t,the  particle  was  precisely  at  y  ("Past  condi¬ 
tioning”  through  a  narrow  slit,  for  instance).  In  consequence,  its  dispersion  (variance) 
is  zero  at  time  t  =  t.  The  eigenvalue  equation  for  Ct  shows  that  Cf '  =  Jt,  where  the 
Jacobi  operator  Jt  is  defined  by 

(11)  Jt4>n  -  0„(t)  =  t<T<U 

with  ci„(t)  =  0  and  F{u)(i>n(u)  —  F(u)(!>„(u)  =  0.  It  follows,  in  particular.that  F  and  F' 
are  linearly  independent  solutions  of  the  Jacobi  equation  (10), with  unit  VVronskian.If 
it  is  known  that  the  particle  is  in  a  sharp  position  at  a  future  time  t,  the  correlation 
becomes 

^  r  F'(l')F.(r)  ,s  <  r  <  f  <  < 

I  F‘(t)F,(v)  ,S<V<T<t 

with  a  nonzero  solution  F,  of  Eq.(lO)  and  F‘  another, linearly  independent  one, built 
in  terms  of  F.  .If  nothing  shsup  is  known  about  the  particle  on  [s.u]  .the  Gaussian 
Bernstein  Jacobi  is  characterized  by  the  classical  pair  (F,  F.  ).Its  mean  value  m(r)  and 
covariance  c(r),  in  one  dimension.are  [6] 


m(r)=  w  '(F(r)S,  +  F,{t)S) 
c{t)=  w~'F(t)F.(t) 


where  6,6,  are  constant  and  w  is  the  Wronskian  of  F  and  F..  Xotice  that  the  effect 
of  conditioning, in  this  framework, gives  some  weight  to  Eddington's  remark.  One  shows 
that  F  tind  F.  are  time  reversed  of  each  other, so  that  Eq(12)  displays  the  time  sym¬ 
metry  of  the  method  [6]. The  expansion  (7)  is  a  rigorous  version  of  Feynman's  "Fourier 
decomposition  of  quantum  paths”. .Actually.he  uses  only  a  smooth  (formal)  cutoff  ap¬ 
proximation  [3| 

.V 

Z;;f(r)  =  F,,,c-(r)  + 


The  lim,v _ -oc  is  highly  nontrivial  in  the  traditional  approaches  [7],  Bernstein  diffusions 

are  associated  in  a  one-to-one  way  with  regular  solutions  c  of  the  Schrddinger  equa¬ 
tion  (l),so  that  the  correspondance  (after  analytical  continuation  r  — »  -it  of  the  tinii' 
parameter)  between  time  ordered  n-points  fvmctions 

)Q{rz)...  Q{r„)n').2 

where  Q(t)  is  the  position  observable  at  time  r  ,  in  the  quantum  Hilbert  sjiace.and  the 
Schwinger  ftmetions 

F[z(t,)c(<2) . ‘(fn)l  .f|  <  <2  <  <  fn 

holds  for  any  regular  state  not  only  for  the  ground  state.  .\11  the  measures  "com 
ing  from  quantum  mechanics"  by  other  routes  than  ours  are  included  in  the  present 
family.Therefore.the  research  program  founded  on  Schrodinger's  idea  provides, indeed, 
an  alternative  Euclidean  interpretation  of  Feynman’s  strategy.promising  both  from  the 
technical  point  of  view  and  the  interpretative  one  . 
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QUASICLASSICAL  AIM^HOVIMATION 
IN  BARGMANN  REPRESENTATION  OF  LIE  GROUPS 


I.  M.  Pavllchonkov 

/.  V .  hurchafov  Insittule  of  Atomic  Energy.  Moscow.  Russia 


Recently  Voros  [1]  and  Kurchan  and  al.  [2]  haw  u.st'*!  tlu*  Bargmann  r»^prt’SPntatioii  for  a  qua»icfa.sstca} 
quantization,  I  would  like  to  review  njy  works  on  tiiis  subject  ('l-Tj.  which  did  mostly  in  the  seventies 
concerning  the  backbending  phenotnenon  and  tlie  phase  transition  in  nuclei. 


l«BargmanQ  representation  of  the  .S7'(2)  group 

The  complex  variable  plays  an  important  role  in  the  Bargmann  representation  of  the  Lie  groups  [S] 
It  is  determined  by  the  stereographic  projection  of  a  sphere  ptiint  with  polar  angles  0  and  O  on  the  plane 
passing  through  the  south  pole; 

=  r  -h  tf/  =  c  CO!  ( 1 ) 

Rotations  in  the  three-dimensional  space'  rorr«‘spond  to  a  transf<>riiiation 


where  the  uniinodular  matrix 

„•) 

IS  determined  by  the  Euler  angles. 


The  Bargmann  representation  of  the  S7‘(2)  group  uses  as  a  basis  lioniog'>nfVius  pol\  nomials  /  of  the  2j 
degree  in  two  complex  variables  (,’j  and  Cs-  The  linear  tran.'-forination  /'(«)  on  tin-  .space  of  these  polynomials 
has  the  form 

/ (u)/(u -C?)  =  ^*<1  +  ovi)-  (-U 


2.  One-dimensional  realization  of  the  SU(2)  group 

Let  us  make  the  change  of  variables  t,'  =  i^'i/i,':?.  llien  tlie  polyiionnals  /  will  l)e  unanilngu>:ni>ly 

determined  by  the  functions 

>-■(<,■)=  ^  (■)> 

So,  it  is  possible  to  construct  the  .S7'(2)  group  r«-preM'ntafion  in  the  space  (he  polynomials  L'))  from  one 
complex  variable  (9j.  Ihe  result  of  operating  with  /(u)  on  is 


(fi) 
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Using  the  last  equation  and  the  parameterization  of  the  u  matrix  by  the  Euler  angles,  we  can  find  the  angular 
momentum  operators 

=  iC  +  ~  ^ 

The  expression  for  the  scalar  product  in  space  of  the  functions  (5)  is 

=  (8) 

The  normalized  eigenfunctions  of  the  jf,  operator  with  the  eigenvalue  in  has  the  form 

'Pjm  =  [(2j)V(j  +  m)!(j  -  (9) 

The  probability  of  a  given  orientation  of  tbe  vector  j  in  tbe  state  (9)  can  be  obtained  from  eqs.  (8)  and  (9) 


(2j+l)! 

2ir(j  +  m)\{j  - 


1(7^  r"  2  j 


Thus,  the  stale  (9)  is  described  by  a  wave  packet  with  maximum  probability  at  do  =  arccos[m/(j  -f  1/2)] 
and  width  Ai?  =  (2j  +  1)**'^^.  In  the  classical  limit  it  corresponds  to  a  precession  of  the  j  vector  around  the 
z  axis. 

The  one-dimensional  realization  of  the  SL'{2)  group  gives  us  another  representation  of  the  angular 
momentum  operators,  (n  this  representation  the  orientation  of  the  j  vector  is  determined  by  the  angles 
d  and  0.  On  the  contrary,  the  polar  angles  9  and  ^  define  the  orientation  of  a  rotor  in  the  well  known 
representation  with  spherical  harmonics  (10).  Relationship  between  these  representations  for  J  integer  is 
realized  by  the  angular  momentum  coherent  state  function  satisfying  the  equation 


where  the  orientation  of  the  unit  vector  u  is  determined  by  the  angles  B  and  ^  One  can  obtain 


3.  Quasiclassical  approximation 

The  Bargmann  representation  of  the  Sl'{2)  group  has  made  it  possible  to  separate  the  variables  and 
reduce  the  dynamical  problem  to  the  Schrodinger  equation  in  one  complex  variable.  There  are  inany  problems 
in  nuclear,  atomic  and  molecular  physics,  which  are  described  by  the  5(’(2)  invariant  Hamiltonians.  As  a 
rule  these  Hamiltonians  have  a  large  parameter  equal  to  the  angular  momentum  quantum  number  j.  So.  we 
may  use  the  quasiclassical  approximation,  which  differs  yet  from  the  conventional  WKB  method  on  the  real 
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axis.  But  this  difference  is  not  of  principle  because  the  Zwaan  procedure  [12]  is  used  in  both  cases.  Below 
we  will  discuss  some  of  physical  problems. 

1.  One-parttcU  motion  in  ro^afin^  nuclei  [3].  In  heavy  nuclei,  particles  in  high-j  orbits  play  a  crucial 
role  in  states  with  large  spin.  These  states  are  described  as  usually  in  the  cranking  model  [13]  in  which  effects 
of  the  nuclear  rotation  on  single-particle  motion  are  considered  by  the  mean  Coriolis  field.  The  Coriolis  force 
is  proportional  to  the  single-particle  angular  momentum  j.  So,  the  nucleons  in  the  high-j  orbits  near  the 
Fermi  surface  interact  the  most  strongly  with  the  nuclear  rotation.  The  nuclear  spin-orbit  interaction  leads 
to  a  unique-parity  high-j  orbit  in  each  major  shell.  Therefore  j  is  a  approximately  good  quantum  r.umbcr 
for  such  orbits,  since  the  admixture  of  states  with  other  values  of  j  is  small. 

For  the  isolated  j-le%'el,  the  Schrddinger  equation  has  the  following  form 

-  j)  -  -)j,]  4’  =  Erl).  ( 13) 

where  £j  is  the  j~level  energy  in  the  spherical  potential,  q  determines  the  splitting  of  the  subshell  levels 
due  to  the  quadrupole  deformation  and  w  is  the  rotational  frequency  To  solve  this  equation,  we  use  the 
angular  momentum  operators  (7),  introduce  the  new  function  ^(O  =  C''^v(C)'  make  the  change  of  the 
variable  (  =s  exp(2i2).  The  last  operation  represents  the  conformal  mapping  of  the  (,*  plane  onto  the  strip 
0  <  Rez  <  IT.  Eq.  (13)  reduces  to  the  Ince  equation  [14] 

-  ^s\n{2z)/{z)  +  2Jicos2zMz)  =  0.  (M) 

where  ^  =  Z*//3q,  c  =  4{£'- fj  -i-qJiJ-h  The  substitution  jp{-)  =  ii{;)exp[-^  cos(2c)/4]  transforms 

the  last  equation  to  the  standard  form 

u'\z)  +  9{z)u(z)  =  0.  g{z)  =  f  -b  (2j  4-  1)<  cos2r  -  sin(2.')/4.  (15) 

which  is  used  to  obtain  quasicltissical  solution  for  j  ^  1. 

Two  i'nearly  independent  solutions  of  eq.  (15)  in  the  quasiclassical  approximation  are 

^i.2{P)  =  b{z)]~'^^exp[±(i>p{z)],  <i>p{z)  =  if  (16) 

J  Zp 

where  the  coordinates  of  the  turning  points  P  are  obtained  from  the  equation  p(;p)  =  0.  The  symmetry 
of  the  wave  function  allows  us  to  restrict  ourselves  to  determining  the  solution  in  the  strip  0  <  Rez  <  t/2. 
In  this  strip  there  exist  no  more  than  four  turning  points,  which  lie  either  on  the  real  axis  or  on  the  line 
X  =  t/2.  The  analytical  continuation  of  the  quasiclassical  solutions  (16)  by  the  well  known  rules  (see  for 
example  the  book  by  Heading  [12])  allows  us  to  find  the  quantization  conditions. 

2.  Quast-parficle  ercUaltans  tn  rotating  nuclei  l4j-  The  conception  of  an  isolated  subshell  can  use  in  the 
more  realistic  model  with  pairing  nucleon-nucleon  interaction  This  model  was  considered  by  the  author  for 
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a  description  of  the  backbending  phenomenon.  In  the  Hartree-Fock-Bogoiyubov  approximation  for  a  high-j 
subshell,  the  quasiparticle  states  are  described  by  the  equations  for  the  amplitudes  u  and  v 


+  q(Zjj  -  j‘)  -  ^jr]u  -  At  =  Eu. 
[fj  -Tf  -y‘)+-ljr]u  +  Al-  -  -Eu. 


(IT| 


where  A  is  the  pair  field.  £•/•  is  the  Fermi  energy  and  E  is  the  quasiparticle  energy.  The  one-dimensional 
realization  of  the  SL’i2)  group  makes  it  possible  to  reduce  eqs.  (17)  to  a  system  of  ordinary  differential 
equations  in  the  complex  variable  c  =  j  iy.  for  j  ';$>  1.  the  quantization  conditions  for  E  can  be  obtained 
from  the  quasiclassical  solution  of  the  eqs.  (17)  on  the  real  axis  if  we  use  their  symmetry  The  system  (17) 
on  the  real  axis  can  be  treated  by  the  famous  Stuekelherg  method  [15]. 

3.  Lipki:*  Mc^hkoi-Gltck  model  [7j.  This  model  repre.senis  a  system  of  .\  interacting  fermions  occupying 
the  two  A’-fold  degenerate  levels  separated  by  the  energy  s  [Idj-  Its  mauy-body  Hamiltonian  can  be  rewritten 
in  terms  of  the  angular  momentum  operators 


(18) 


where  V*  is  the  strength  of  a  particle  interaction.  We  can  use  the  quasiclassical  approximation  as  far  as 
j  =  X/2  ';$>  1.  The  problem  is  simplified  if  only  the  eigenvalue  spectrum  of  the  system  is  to  be  determined. 
Then  it  is  sufficient  to  find  the  quasiclassical  solution  on  the  real  axis.  The  energy  levels  are  dc-termined 
from  the  quantization  conditions,  which  can  be  obtained  by  continuing  even  and  odd  quasiclassical  solutions 
along  the  positive  part  of  the  real  axis.  Parity  conservation  of  the  !».->lution  iind^r  continuation  is  equivalent 
to  a  boundary  condition.  Therefore,  the  problem  i.s  reduced  to  the  standard  WKB  method 

4-  Quantization  of  an  asymmetric  top  [5].  As  an  example  of  a  more  complicated  Lie  group,  we  consider 
the  quantum  problem  of  an  asymmetric  top.  The  corresponding  .x7  ’(2) .'  >7 ’(2)  group  contains  six  operators 
of  angular  momentum  projections  on  the  axes  of  moving  and  lal>oratory  frames  and  operators  which 

connect  physical  variables  in  two  frames  These  operators  have  homogeneous  polynomials  in  four  complex 
variables  as  a  basis  in  the  Bargniann  representation,  h  can  be  shown  [•>]  that  variable.''  in  the  Schrodinger 
equation  are  separated  and  the  problem  is  re<luced  to  Heine  equation  ^17] 


d"v  ri  2>-I  2^-Mdt-  +  l)f  n 

dl-  *  2(/  -  1)  ”  -iCf  -  «)J  dt  -ZHI  -  \  HI  -  n)''  ~ 


(lU) 


where  u  =  (\/l  +  +  4)'*.  s  =  [2r  -  (2^- +  1  )>-l>/a/2,  =  (.-Is  -  .■i?)/(A2  -  Ti ). 

A]  <  Ai  <  As  are  the  rotational  constants,  and  the  eigenvalue  r  is  connected  with  the  system  energy  t.  by 
the  equation 

E  =  b.4,  +  +  1)  +  -  .t,):- 

4  2 


(20) 


361 


The  Schrodinger  equation  Tor  a  top  can  be  wriiien  in  a  more  symmetrical  form  if  we  use  a  conformal  mapping 
of  the  plane  ^  onto  the  strip  0  <  Rez  <  2ff.  We  obtain 

a-  +  sin- -  (j  -  i)sin(2;)^  [f  -t-  ^JU  -  l)cos2.-],5  =  0.  (21) 

On  the  real  oocis,  eq.  (21)  coincides  with  the  Schrodinger  equation  of  a  top  in  action-angle  variables  [18.  19] 
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1.  Introduction.  To  motivate  the  kind  of  problem  we  are  treating,  consider  the  heat 
kernel  expansion  well  known  to  researchers  in  general  relativity,  gauge  theories,  and 
differential  geometry.  Let  A  =  g’’i(.T)V pV ^  be  the  Laplace-Beltrami  operator  o{  a 
Riemannian  manifold  (with  Riemann  curvature  tensor  let  K(t.i.y}  be  the 

integral  kernel  of  the  operator  (which  solves  the  initial  value  problem  for  Ov/dt  = 
At.').  Then  the  diagonal  (coincidence)  vahie  of  K  has  an  asymptotic  expansion  at 
small  t, 

•X. 

K(t..T.x)  ~  (4^/)“**^^  ^  Onij)/" 

n=0 

[d  =  dimension).  The  first  two  coeflRcients  are  well  known: 

0.  =  i  /?.  03  =  3^^  ^  ^  -  1^5  "  lio  ■ 

(Recall  that  the  Ricci  tensor  is  Rah  S  R'’apb  and  the  curvature  scalar  is  /?  =  .  i  The 

third  term  i.s  also  known  [e.g..  6);  if  i.s  a  linear  combination  of  IT  terms,  of  which  R‘. 
R’”'!' Rpr.q.  R’"’''’ Rpr.qs-  aiid  A^ f?  are  typical.  It  is  clear  that  wo. king  to  higher  orders 
is  giving  rise  to  a  combinatorial  explosion. 

Mathematicians  and  physicists  have  propo.sed  a  vaiiety  of  algorithms  for  calculating 
a„  [e.g..  1.  2.  4.  6-7.  12.  13.  15.  17],  Advances  in  computer  hardware  and  software  are 
making  high-order  calculations  increasingly  practical.  { MathTensor.  the  Mathematica 
tensor  analysis  program  by  Parker  at.d  Christensen  [14].  has  been  largely  motivated  by 
precisely  this  problem.)  However,  all  methods  eventually  run  into  the  same  difficulty: 
combining  a  large  number  of  similar  terms  into  some  comprehensible  normal  form. 
The  symmetries  of  the  Riemann  tensor  make  this  problem  nontrivial.  For  extimple. 
R’’^’''Rprq3  is  not  linearly  independent  of  R'”'''’ Rpqr,.  but  this  fact  is  not  immediately 


obvious  from  consideration  of  the  index  symmetries  of  eacli  factor  separately,  A  different 
kind  of  example  is  provided  by  R<’^R'<rR'^aR‘p  —  the  trace  of  the  fourth  power  of  the 
Ricci  tensor,  regarded  as  a  matrix.  By  a  well  known  theorem  of  matrix  theory,  it  i- 
expressible  as  a  polynomial  in  the  lower-degree  traces  if  d  <  4. 

Recognizing  all  such  relationships,  general  and  dimension- dependent,  is  a  problem 
in  group  representation  theory.  Tire  groups  invoh-ed  are  S„  (the  jjermutations  irf  a 
tensors  indices).  GLfd).  and  0(</).  The  methods  required  are  known  to  physicists 
using  group  theory  in  atomic  and  nuclear  phy.sics  (e.g..  ISj.  The  lore  is  that  associated 
with  Young  diagrams;  indeed,  the  Young  diagram  representing  the  symmetries  of  Ra^rd 
is  the  one  with  4  blocks  arranged  in  a  square. 

2.  The  basis  problem  for  Riemann  polynomials.  Let  us  make  the  problem  more 
precise  with  some  formal  definitions: 

A  Riemann  monomial  is  an  expression  formed  by  tensor  products  and  contractions 
from  the  Riemann  tensor  R  and  its  covariant  derivatives.  A.  Riemann  polynomial  is 
a  linear  combination  of  these.  (.Actually,  because  of  the  rule  relating  commutation  of 
covariant  derivatives  to  R.  we  should  work  with  co.^eta  modulo  terms  of  lower  order  and 
higher  degree.) 

Let  R-a.g  *he  vector  .space  of  Riemann  polynomials  of  rank  r  (number  of  free 
tensor  indices),  degree  q  (number  of  factors  R).  and  order  s  (ntimber  of  derivatives  of 
g  =  number  of  covariant  derivatives  plu.s  twice  q).  Note  that  the  heat  kerne!  coefficient 
a„  belongs  to  ^Ye  can  further  subdivide  according  to  how  the  covariant 

derivatives  are  distributed  among  the  factors;  for  exami)ie.  (,j  •:  Tv",  ,  | .  where 

Rpr-q,  belongs  to  the  first  of  the.se  .sets  and  R^’’’’ Rpr.q  to  the  second. 

We  can  now  state  three  increasingly  ambitious  versions  of  our  iiroblem:  For  ^  . 

(1)  Find  its  dimension  -  the  number  of  elements  in  a  basis. 

(2)  Construct  such  a  basis  —  list  its  elements.  We  want  to  choose  the  heft  btisis  it 
should  be  "natural"  or  "simplest"  or  ... . 

(3)  Provide  a  normal  form  algorithm  -  i.e..  tell  how  to  exjrress  an  arbitrary  element 
in  terms  of  the  basis. 

In  view  of  the  nonuniquene.ss  of  the  basis,  one  might  adrl  a  fourth  objective: 

(4)  Provide  formulas  or  computer  programs  to  convert  from  one  basis  to  another. 

3.  Tools.  The  concepts  employed  include  irreducible  representation,  outtr  produrt. 
plethytm.  branching  rules,  modification  rule.s  [3.  S.  9  11.  16.  IS].  (Since  there  is  no 
space  here  for  a  course  in  group  representation  theory,  we  ran  only  cite  the  jargon. )  .4 
major  tool  is  the  computer  program  SCHUR  written  by  Wybourne  and  his  students  ;19] 


4.  Results  so  far  [5].  On  objective  (1):  SCHUR  easily  provides  us  with  the  number  of 
scalars  throtigh  order  12.  For  example,  in  order  C  t>ne  gets  the  table 
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clasf 

2 

3 

4 

3 

6 

total 

Ki 

1 

1 

^2  0) 

1 

2 

1 

4 

^(t.) 

1 

2 

1 

4 

-JJO 

'^6,3 

1 

2 

3 

1 

1 

8 

Total 

4 

6 

5 

1 

1 

17 

where  the  column  heading  is  the  minimal  dimension  in  which  the  object  is  independent 
of  simpler  ones.  We  find  92  scalars  in  order  8  (cf.  [1]),  668  in  order  10.  and  6721  in 
order  12.  (Since  order  is  related  to  dimension  in  applications  of  a„  ,  these  last  are 
potentially  relevant  to  Kaluza-Klein  and  string  theories.) 

On  objective  (2):  W’e  have  lists  of  all  the  scalars  through  order  8  and  all  the  higher 
rank  tensors  through  order  6.  For  example,  the  table  for  TZ^  2  reads 


tensor 

Te.pTesentat%on 

dimension 

[5]-f2[41]-t-2(321+[3l21+[22l) 

30 

[321+12-1] 

10 

^?/?a6crf;e 

[321 

5 

[4  ll+2[32l+2[3 1*]+2[2'^ l]+(2 1^] 

40 

■^a5^  ^pcdt 

[41]+[32l+[31^1+[2n] 

20 

^^a^pbcd,e 

[4  l]+2[32l+[31-l+[22ll 

25 

^^^ab^pqcd.e 

[41]+[32]+[3l'^l+[2n| 

20 

^^<i^b^pcqd:e 

[5]+[411+2[321+[31^1+[2M1+[21^1 

30 

The  dimension  stated  is  the  number  of  independent  index  permutations,  and  the  de¬ 
composition  of  the  corresponding  S5  and  0(d)  representation  into  irreducibles  is  given. 

Objectives  (3)  and  (4)  are  implicit  in  the  foregoing  results,  but  not  yet  realized  in 
practice.  Their  proper  embodiment  is  in  computer  software,  not  a  published  document. 

The  methods  shown  here  can  be  applied  to  problems  iiu’olving  other  tensors  in 
addition  to  R. 
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1.  Introduction  :  What  is  a  quantum  frame  ? 

Frames  are  familiar  objects,  from  the  early  perception  of  the  world  by  children  to 
space-time  reference  frames  used  in  learning  classical  physics.  In  the  latter  case,  a 

frr.me  is  simplt  a  basis  {c,,/  =  1 . 4}  of  Rb  orthogonal  or  not.  the  definition  of 

the  frame  indudes  the  law  of  transformation  of  the  vectors  f,  under  the  appropriate 
relativity  group,  such  as  the  Galilei  or  the  Poincare  group.  In  quantum  physics, 
the  same  role  is  played  by  an  orthonormal  basis  {f, }  in  a  Hilbert  space  H.  such 
as  the  familiar  Zi^(R^)  over  nonrelativistic  configuration  space  or  the  space  over 
mass  shell  corresponding  to  the  Wigner  representation  of  the  Poincare  group.  Every 
such  basis  may  be  associated  to  some  physical  observable,  represented  by  a 
self-adjoint  operator  .4  with  discrete  spectrum  {«,}: 

However,  whereas  every  vector  in  H  mav  be  expamled  in  the  basis  {f;}:  not  every 
observable  may  have  a  diagonal  representation 

(2) 

only  those  that  commute  (strongly)  with  ,4.  This  limitation  mav  be  overcome  if  one 
uses  the  generalized  notion  of  frame  introduced  in  a  series  of  papers  with  S.T..\li 
[1-3].  Gi  ven  a  measure  space  {-Y.  e}  of  physical  significance,  a  frame  is  defined  as 
a  triplet  {Ti.,  F.  A}^.  where  X  is  a  Hilbert  space  and  F  :  .Y  — ►  BCH)*  a  measurable 
function  with  values  in  the  posifive  rank  n  operators  on  H.  such  that  the  integral 

F(.r)  =  .4  (3) 

converges  weakly  to  a  bounded  positive  operator  .4  on  H.  with  bounded  inverse.  In 
such  a  frame,  the  state  t,'  £  Ti.  may  be  'resolved'  through  the  relation: 

Av  =  j  F[x)y  (lu(x).  (4) 

and  an  observable  B  reads 

B  ~  J  h(.r)F( j)f/i/(x), 


(5) 
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where  the  function  b(.)  is  the  symbol  of  B.  Conversely,  the  function  b  is  deter¬ 
mined  from  experiment  (necessarily  in  a  sampled  fashion)  and  the  operator  B  is 
reconstructed  through  Eq.(5). 

The  usual  process  of  ‘quantization"  is  in  fact  a  restricted  version  of  this  corre¬ 
spondence  :  the  space  {.V.  r*}  has  a  classical,  macroscopic  meaning  (for  instance, 
a  continuous  phase  space)  and  Eq.(5)  associates  to  the  function  b  the  operator  B 
quantized  according  to  the  chosen  frame.  Thus  a  frame  is  a  quantization  over  .Y. 
and  our  definition  generalizes  the  usual  quantization  algorithm. 

.An  interesting  situation  arises  when  the  system  has  a  symmetry  group  G  (rela¬ 
tivity  group  ;  Galilei.  Poincare.  . . .)  and  the  phase  space  A'  is  taken  as  a  coadjoint 
orbit  of  G.  .According  to  Kirillov's  theory,  the  latter  corresponds  to  a  unitary  rep¬ 
resentation  V  of  G  in  a  Hilbert  space  Ti  [4]-  If  U  is  square  integrable  over  .V  (see 
below),  the  theory  developed  in  [1-3]  yields  an  overcomplete  family  of  coherent  states 
(CS)  based  on  .V.  which  constitutes  a  frame  as  described  above  (possibly  in  a  gen¬ 
eralized  sense,  if  is  unbounded).  Then  the  representation  space  Ti.  is  mapped 
unitarily  onto  a  reproducing  kernel  Hilbert  space,  which  for  n  =  1  is  simply  a  closed 
subspace  of  i-').  This  is  the  essence  of  the  method  of  CS  quantization  [5]:  for 

more  details  we  refer  to  the  contribution  of  .Ali  in  these  proceedings  or  to  [6]. 

In  the  sequel  we  will  review  the  theory  of  CS  over  homogeneous  spaces  developed 
in  [1-3]  and  construct  several  classes  of  concrete  <iuantum  frames  for  the  most  rele¬ 
vant  relativity  groups,  the  Galilei  and  the  Poincare  groups,  both  taken  for  simplicity 
in  one  space  and  one  time  dimensions. 

2.  The  standard  construction  of  coherent  states 

Let  G  be  a  locally  compact  group,  with  left  Haar  measure  dy.  and  V  a  strongly 
continuous,  irreducible,  unitary  representation  of  G  into  a  Hilbert  space  H.  -Assume 
f  ’  is  square  integrable.  i.e.  there  exists  a  vector  q  €  H  such  that  : 

c(q.o)=  f  \{l'{g)q\o)\^  dy  <  oc.'io  e  H  (6) 

Jg 

(equivalently.  C  belongs  to  the  discrete  series).  Choose  a  fixed  vector  q  that  satisfies 
the  admissibility  condition  (6)  and  normalize  it  by  c(q.q)  =  1.  Then  the  orbit  of 
q  under  [\nainely&  =  {q^  =  V(y)q.y  €  G}.  is  an  overcomplete  family  of  vectors, 
called  coherent  states  associated  to  the  representation  I’.  In  addition,  the  family  6 
determines  a  resolution  of  the  identity 

L  \’h)  ingles  =  f-  Ci) 

J  G 

More  precisely,  the  map  U,  :  0  i— ►  (iig\o)  is  an  isometry  from  7i  onto  a  closed 
subspace  of  L^{G.dg).  whicli  is  characterized  by  the  reproducing  kernel  K{g.g')  = 
{VgM- 

Let  Hg  denote  the  subgroup  of  G  that  leaves  q  invariant  up  to 

a  phase  ;  L'(h)q  =  exp/Q(/i)q.  Then  the  integrand  in  (6)  does  not  depend  on 
g,  but  only  on  the  coset  gH^.  Let  i/  be  an  invariant  measure  on  the  coset  space 
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A  =  G/ Hr,.  Then  Perelomov  [7]  has  shown  that  the  whole  construction  of  CS  may 
be  done  under  the  weaker  admissibility  condition 

<  3C'.  V<)  €  H  (x  =  gH„),  (8) 

the  difference  being  that  the  CS  (rays)  are  now  indexed  by  points  x  £  In 
particular,  tlie  resolution  of  the  identity  (7)  reads  now 

J^MinAdi'ix)  =  I.  (9j 

This  formali-;m  applies  to  a  large  number  of  interesting  cases:  VVeyl- Heisenberg 
group  (canonical  CS),  'a.r  +  b'  group  (wavelets),  compact  groups,  discrete  series 
representations  of  noncompact  groups. 

Howe\er  the  method  fails  for  the  Galilei  or  the  Poincare  group,  and  other  groups 
of  similar  structure.  Consider  for  sim)ilicity  the  1+1  dimensional  Poincare  group 
T’lfl.l).  First,  the  familiar  W'igner  representation  f’lr  is  not  square  integrable 
(P'(l.l)ha  s  no  discrete  series  !).  Next,  the  quotient  T  =  PIi  1. 1  )/r.  where  T  is  the 
■subgroup  of  time  translations,  may  be  interpreted  as  phase  spare  (it  is  the  coadjoint 
orbit  corres])onding  to  f  u  )■  with  coordinates  {q.p)  and  the  unique  invariant  measure 
dq  dp.  Since  T  is  not  the  stability  subgroup  of  any  vector,  Perelomov 's  method  indeed 
does  not  apply.  However  it  is  possible  to  find  a  sfction  a  :  T  -*  7*1(1. 1)  and  a 
vector  q  such  that: 

J^\{i\\(cr(q.  p))ti\o)\^  dqdp<  oc.  Vo  £  Ti.  (10) 

For  such  an  aclndssible  vector  q.  the  family  &c,  =  =  (.'^{(^{q.  p))q.  (q-P)  €  T) 

has  all  the  properties  of  a  CS  system.  However,  instead  of  the  resolution  of  the 
identity  (9).  rne  gets: 

j^\'k.r){'h.Adqdp  =  .A.  (II) 

where  .A  i?  a  positive  operator,  bounded  with  bounded  inverse,  and  .4  ^  A/  in  gen¬ 
eral.  In  other  words,  the  set  ©„  =  {'I-c.r}  is  frame.  The  physical  interpretation  of 
this  construction  is  clear.  The  state  q  is  a  quantum  ‘probe',  the  quantum  equivalent 
of  the  analyzing  wavelet  in  signal  analysis.  The  states  {q,,p  =  L'w{(x(q.p))q}  are 
obtained  by  displacing  the  probe  q  covariantly  along  the  phase  space  F,  and  their 
collection  ©„  is  the  frame  in  terms  of  which  we  analyze  the  system,  as  discussed  in 
Section  1.  The  interesting  fact  is  that  this  pattern  extends  to  the  general  case. 

3.  A  general  theory  of  coherent  states 

Let  G.  U.  H  be  as  before.  H  a  closed  subgroup  of  G.  X  =  G/ H  with  an  invariant 
measure  v  and  cr  :  .Y  —  GjH  — ♦  G  a  Borel  section.  Then  we  say  that  U  is  square 
integrable  mod  (H.a)  for  the  vector  q  £H  \{  the  integral 

f  U((7{x))\q){q\V{a{.r)Y  du(i) 

Jx 


(12) 
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converges  weakly  to  a  bounded  positive  invertible  operator  A,  on  7-(. 

In  that  case,  the  general  theory  developed  in  [1-3]  yields  the  following  elements  : 

•  an  overcomplete  family  of  CS  based  on  A'  :  =  {riaix)  =  ^ 

•  a  resolution 

Mj-)  =  A,,;  1 13) 

•  a  linear  map  :  H  — ►  L^(X.(h).  defined  by  (H\c5)(j)  =  {t]c{i)\o)  such 

that  the  range  Hk  of  M'a  is  complete  with  respect  to  the  scalar  product 
{^\Wk  .-1~’  and  11  a  is  unitary  horn  Ji  onto  Wa  :  in  addition,  T-Lk  has 

a  reproducing  kernel,  given  by  Ka(i.ij)  =  ('?<7(x)|.4;*  if 

Furthermore,  the  relation  (13)  may  be  transformed  into  a  genuine  resolution  of  the 
identity  if  one  introduces  the  vectors  fjj,  =  T{a-)fhiir)-  called  quasi-coherent  states, 
where  T{.i')  are  suitable  bounded  operators  (essentially  A~'^^  acting  ‘fiberwise’). 

Suppose  now  this  setup  describes  a  quantum  system,  with  symmetry  group  G. 
Then,  if  .4,,  has  a  bounded  inverse,  the  set  &„  defines  a  (continuous)  quantum 
frame  and  we  have  the  same  physical  interpretation  as  in  the  Poincare  case  above. 
Of  course,  the  whole  construction  depends  on  the  choice  of  a  particular  section  a. 
but  this  dependence  is  only  apparent.  Indeed,  if  two  sections  a. a'  are  admissible 
in  the  sense  of  (T2).  then  the  corresponding  CS  systems  are  in  one  to  one 

correspondei  ce;  ail  those  CS  systems  are  physically  equivalent. 

This  general  theory  covers  all  the  (Perelomov)  cases  described  above,  but  also 
that  of  the  relativity  groups  (Euclidean.  Galilei.  Poincare),  that  we  shall  describe  in 
Sections  .5-6  below.  It  may  also  be  generalized  in  several  directions; 

(i)  The  projector  \q){q\  in  (12)  may  be  replaced  by  an  operator  of  rank  n. 

(ii)  The  measure  u  may  be  only  quasi-invariant  under  the  action  of  G  (this  allows 
to  consider  sonie  infinite-dimensional  groups)  [6]. 

(iii)  It  may  be  necessary  to  replace  the  section  a  in  ( 12)  by  the  combined  map  ao  f. 
where  /  :  A  — *  X  is  a  homeomorphism  (reparametrization):  this  happens,  for 
instance  [S],  for  massless  representations  of  'p].(l,  1)  . 
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4.  Reproducing  triples,  frames 

Actually  the  construction  of  CS  just  outlined  is  a  particular  case  of  a  much  more 
general  setup,  where  no  reference  is  made  to  group  theory.  Let  (A,  i/)  be  a  measure 
space.  H  a  Hilbert  space,  ,4  a  bounded  positive  invertible  operator  on  Ti.F  :  X  —* 
a  me.isurable  positive  operator  valued  function.  Then  {H.  F,A}  is  called  a 
reproducing  triple  if  the  following  relation  holds,  in  the  sense  of  a  weak  integral: 

j^F(x)  du(T)  =  A.  (14) 

I  nder  these  conditions,  a  full  theory  of  CS  based  on  X  may  be  derived,  along  the 
same  lines  as  above  (see  [1-3]). 

The  most  interesting  case  arises  when  F(x)  has  constant  finite  rank  n.  and 
is  also  bounded:  then  {'H.F,A}  is  called  a  frame,  as  already  mentioned  in  Section 
1.  Indeed  the  integrabilitj’  condition  (14)  leads  to  the  following  inequalities: 

w(A)||o|p  <X:  /  |(»?;|o)|'di/(.r)<4/(.4)||o!!^  Vo€?f,  (15) 

where  {;;].}  are  the  eigenvectors  of  F{x).  and  m(,4),A/(.4)  the  infimum  and  the 
supremum  of  the  spectrum  of  4,  respectively.  If  A'  is  a  discrete  space,  with  u 

a  counting  measure,  (15)  means  that  =  1 . n.x  €  -V  }  is  a  frame  in 

the  usual  sense  of  nonorthogonal  e.xpansions  [9].  Hence  we  call  the  general  triple 
{'H,F..A}  above  a  continuous  frame.  Its  width  is  the  positive  number  u’(.4)  = 
[.U(A)  —  m( A)][.\/(.4)  +  w(A)]“'.  If  .4  =  XI,  i.e.  tr(A)  =  0,  the  frame  is  said  to  be 
tight. 

In  the  rest  of  this  paper  we  shall  construct  such  frames  for  the  two  main  relativ¬ 
ity  groups  in  1  +  1  dimensions:  these  are  the  relativistic  quantum  frames  announced 
in  Section  1. 

5.  Galilean  quantum  frames 

We  apply  the  general  method  of  Section  3  to  the  (extended)  Galilei  group; 

•  =  {fl  =  (^’'  *’)}t  where  the  parameters  denote,  respectively:  phase,  time 

translation,  space  translation,  Galilean  boost: 

•  unitary  irreducible  representation  on  =  L^{R,dk): 

f,.2 

(f  m(tf)t'’)(^')  =  expf(w-  +  —6  -  ka)  tl'(k  -  mv):  (16) 

2m 

•  phase  space:  F  =  G/Q  x  T  with  coordinates  (q.p)  and  invariant  measure 
dqdp  (Q  =  phase  transformations,  T  =  time  translations). 
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Defining  the  Borel  section  <To  :  F  — >  G'  as:  <To(V-P)  =  (O.O.q,^).  and  the  Galilean 
f'S  =  I'micToiq.  p))r).  a  straightforward  calculation  sho%vs  that: 

^  (17) 

i.e  we  ge*  a  tight  frame  for  any  i}  € 

Given  any  other  section  :  F  — >  G"  of  the  form  a(q,p)  =  rr,j(q,p)  (0.  q.0(p),  0. 0). 
define  the  CS  =  Um(<^(q~p))q  and  the  corresponding  resolution  gerxerator 

■■l^  =  /l<.p)«pl‘/<l‘/P-  (IS) 

Then  the  admissibility  condition  (12)  must  be  strengthened  by  a  support  condition 
on  q:  the  Galilean  probe  q  €  is  said  to  be  admissible  mod(D  x  T.a)  if  it  satisfies 
the  following  two  conditions: 

(i)  VA-  €  R.p.6(k  —  p)  >  m  =>  q(p)  =  0; 

(ii)  the  integral  (IS)  converges  weakly  to  a  bounded  positive  operator,  with 
bounded  inverse. 

Given  an  admissible  q.  the  resolution  operator  ,4^  turns  out  to  be  a  multiplication 
operator:  = -4J(A)i.'(A).  where 

Al(k)  =  2Tj  (I  .  Lp.e(k  -  p))-^\q(p)\Up.  (19) 

Jp.Q{k-p)<,m  ni 


6.  Einsteiniaii  quantum  frames 

We  turn  now  to  the  1  +  1  dimensional  Poincare  group  'P|(  1. 1 )  =  50o(l.  1)  A  and 
follow  the  sa:iie  steps  as  before  (this  case  has  been  treated  at  length  in  [T3]). 

•  T’].(l.l)  =  {g  =  (o..\p)},  with  a  €  R^  and  Ap  €  50c.(l.l).  a  Lorentz  boost 
indexed  by  p  =  (pa-p)-  where  p^  =  \/p  + 

•  W’ignei  representation  l\n  on  =  L^(V^.y)  where  V;!;  =  {k  =  (k\.k). 
k^  =  k,_^  -  k^  =  Ap  >  0}: 

(l'mi9)c){k)  =  expik.a  f(Ap’A):  (20) 

In  this  representation,  the  energy  and  momentum  operators  read,  respectively: 

PpC-(i)  =  Apt-(A).  Pf(A)  =  Ae(A)  (21) 

•  phase  space:  F  =  ■p|(l,l)/r  with  coordinates  {q.p)  and  invariant  measure 
dq  dp-. 

•  Galilean  section  <Tp  :  F  -+  P|(I.  1)  :<7o(q.p)  =  ((O.q).  Ap). 


We  consider  now  an  arbitrary  section  of  the  form  {affine  section)  : 

(T{q.p)  =  cro{q.p){(q  O{p),0).  I)  =  ((qo.q).\p). 


(22) 


If  we  parametrize  the  section  <7  in  terms  of  a  momeiitum-dependent  speed  (jo  ~ 
^(p]^  P  1p1~'-  that  the  vector  q  is  time-like.  resp. light-like,  space-like,  if 

I  >  1,  resp.  |,i|  =  1, 1  <  l.It  is  useful  to  introduce  also  the  dual  speed  3'{p)  = 

[|p|  ~  Pc,‘Hp)]-[Po  —  |p|‘^(p)]”'-  These  two  speeds  obey  several  interesting  identities, 
for  instance  ;  (po  —  |p|T)(pa  —  lp|  J')  = 

We  define  now  the  Poincare  CS  =  l'm{(^iq-  p))’l  and  the  corresponding 

resolution  generator 

A:  =  lK,){>h.Adqdp.  (23) 

Then  a  detailed  analysis  [1-3]  yields  the  following  results: 

(i)  Any  time-like  section,  i.e.  |.i|  >  1.  implies  support  conditions  on  the  probe  q. 

(ii)  .Any  space-like  or  light-like  section,  i.e.  |.3|  <  1.  produces  a  frame  iff  the  probe 
is  of  finite  energ\-:  q  €  V{Py^). 

(iii)  The  width  of  such  a  frame  is  bounded:  tr(T^)  <  {\P\)n-{Po)'ji^ 

(iv)  More  precisely,  for  |  3|  <  1  and  q  €  T>(Py^).  .4”  is  a  positive  bounded  multi¬ 
plication  operator  with  bounded  inverse:  {.4Jt')(A-)  =  A’l{k)v(k).  where 


P).^{.VU-) 


|p(p)i^ 

Po 


The  spectrum  of  the  operator  .4J  obeys  the  following  universal  bounds: 


nf 

I-3|<1 


inf  Spec(.4’)  =  2ff( 


Po-\P\ 


r,  ,  .-..>Po+\P\^ 

sup  supbpec(.4p)  =  2v{ - ).. 


-Among  the  class  of  admissible  sections,  the  following  particular  cases  are  remarkable: 

(1)  Lorentz  section.  J  =  |p|  p^'  /d"  =  0  :  ,4^  =  2Trn(T’"’)„ /. 

thus  the  frame  is  tight  for  any  admissible  probe  q. 

(2)  Galilean  section.  =  0  3’  =  |p|  p^*  :  ^  "  (^)i 

U'(A3^)  =  \{P)ri\-(Po)'j,^  ^  thus  the  frame  can  be  made  light  ■s.'ith  a  'polarized' 
probe,  i.e.  (P),,  =  0. 

(3)  Self-dual  section,  3  =  .3"  =  jpj  (p*  -h  w)~':  the  frame  is  never  tight,  for  any 

q:  for  instance,  u'(.4J)  =  \(P„),,  -  w||»?||^]-l(^]>).  +  if  {P)r,  =  0- 

(4)  Light-like  sections,  3  =  —3"  =  ±1:  here  too  the  frame  is  never  tight. 
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7.  Final  remarks 


A  similar  analysis  can  be  made  for  the  anti-deSitter  group  50^(1. 2).  with  phase 
space:  50o(  1, 2)/50(2)  ~  P,  the  unit  open  disk  in  C.  and  a  discrete  series  repre¬ 
sentation  [10].  However,  the  resolution  generator  so  obtained  is  complicated  and 
it  seems  difficult  to  derive  an  explicit  admissibility  condition  for  a  general  probe  j). 

’t'et  this  case,  already  treated  in  [2].  is  interesting,  both  physically  and  mathe¬ 
matically.  because  the  three  relevant  groups  are  related  by  a  process  of  contraction; 

S0o{L2)  -Pifl.l)  '-=5  G.  (25) 

The  same  is  true  for  the  respective  representations  that  yield  CS.  and  also  for  a 
particular  type  of  "quantum  probe',  namely  Gaussian  states  i}g.  ^e-  t?s- 


ns 


(26) 


-|2 


ria(h)  -x 


e  Jmf 


1  -  I--I 

1  +  ■ 


vm/K 


€  V).  (27) 


The  privileged  position  of  those  Gaussian  CS  is  obviously  related  to  the  central  role 
of  the  harnKiuic  oscillator  in  quantum  physics  (see  [10]  for  a  detailed  study). 

An  impoitant  question  would  be  to  clarify  the  relationship  between  the  method 
of  quantization  described  here,  which  implies  the  choice  of  a  particular  section,  and 
the  form  of  the  commutation  relations  between  the  operators  of  position  and  mo¬ 
mentum.  In  the  Poincare  case,  preliminary  results  [10]  indicate  that  those  CR  take 
their  canonical  form  only  for  the  Galilean  section  Oj.  with  the  position  operator  in 
the  Newton- Wigiier  torm.  .Another  interesting  point  is  the  extension  of  the  analysis 
to  non-affine  sections. 
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VECTOR  COHERENT  STATE  REPRESENTATIONS 
AS  INDUCED  REPRESENTATIONS 

D.  J.  Rowe. 

Department  of  Physics,  University  of  Toronto,  Toronto.  Ont.  M5S  1.47,  Canaria 

This  brief  review,  bfuit'd  on  a  recent  arricle  [Ij,  presrnts  the  language  of  ccrlu-rent 
states  [2]  as  a  natural  setting  for  the  various  constructions  of  induceti  group  repre.senta 
tions  [3],  The  coherrmt  state  language  is  intuitivr-ly  natural  anti  highly  practical  and,  as 
shown  in  numerous  applications,  give  explicit  constructions  of  the  matrices  rtf  induced 
representations  with  a  wide  variety  of  potential  applicatitms. 

1.  Vector  coherent  state  representations 

Let  T  be  a  represent atirm  of  a  group  G  on  a  Hilbert  spacr-  1'  with  a  hermitian  inner 
product  ('I'l'I'').  Let  {'{’„}  be  an  orthononnal  ba.sis  for  a  subsirace  U  C  1'  Thm  ;i  state 
'I'  €  U  can  be  represented  as  a  vector- valued  function.  C  :  G  — *  V  with 

<'■(9)  =  (1) 

The  set  of  such  vector- valued  functions  carries  a  VCS  representation  F  of  G  in  which 

[riylCllr/')  r=  --  v(ij'ij).  (2l 

A  VCS  representation  is  isomorphic  to  a  subrepresentation  (T  T.  It  can  also  be 
viewed  as  a  representation  of  G  induced  from  a  repres<‘ntation  p  >1  a  subgroup  H  C  G. 
where  p  is  defined  by 

p(h)^  =  V/i  6  //,  €  f  ,  (3  I 

and  H  is  the  stability  subgroup, 

//  =  {/,  t  Cr'|T(/t)$  €  C.  V<i- €  C),  (4) 

of  elements  of  G  that  leave  the  subsjtace  U  C  U  invariant.  Since  the  projection  operator 

tr  :  V  ^  C;  -P  (5) 

is  the  identity  operator  on  the  subspare  U  C  U.  the  VX'S  wtive  hmetions  satisfy 

^>(hg)  =  =  p{h)i<{y).  h  e  H .  (6) 

as  required  for  an  induced  representation. 

2.  A  more  general  VCS  inducing  construction 

Let  T  be  a  representation  of  a  group  G  on  a  complex  linear  spare  U.  Let  H  C  G 
be  compact  and  have  a  re])resentation  p  on  a  complex  linear  space  V .  We  no  longer 
require  U  to  be  a  sub.space  of  V  or  V  to  be  a  Hilbert  spare.  However,  we  do  require  the 
restriction  of  T  to  H  to  contain  a  sidtrepresentation  equivalent  to  p  in  the  sense  that 
there  exists  an  if-intertwining  operator  x  ;  V’  — *  U  such  that 


K  oT{h)  =  p(h)  o  It, 
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Then,  the  set  of  G  — >  ('  fuii<‘tio:,s. 


{ i.’ji.  l i; )  =  IT  o  >1' €  V'},  (8| 

is  ;t  luoiitile  for  a  \  CS  representation  F  of  G  with 

ir(</)<.'l(r/)  =  I'j; 

The  relatioiisliii)  i.-{h(j)  =  f>{li  k’li/).  for  li  €  H .  siif^jrests  an  algoriLhin  for  constniet' 
ing  VCS  represent  at  ions.  We  first  seek  a  factorization  of  G 

(j  =  hk\  'leG.  k-.^K.  (101 

where  is  a  sultgronp  of  that  contains  H,  and  A  is  a  suitset  of  G”^.  ^^e  also 
rerjnire  that  the  representation  (/  of  H  should  extend  naturally  to  a  representation  of 
and  the  rei>res(‘ntation  T  shoidtl  extend  to  K  C  G'^ .  We  then  choost'  a  suital)l<'  set 
of  K  — >  V  functions  {r’)  and  extend  them  to  G  Ijy  means  of  the  equation 

t.  •(/(/■)  =  p(//)t.'( I.  (11) 


A  sttiiahle  set  is  one  wliiclt  extends  to  a  module  for  :i  representation  F  with  the  group 
action  given  by  eep  (9 ).  (Ine  way  to  choose  ti  suitable  set  of  functions,  is  by  consideration 
of  a  representiition  T  of  G  (e.g..  the  regular  repre.sentation)  and  iui  //-intertwining 
operator  Finally,  we  seek  api)roi>riate  invariant  subsets  of  wave  functions. 


3.  Holomorphic  representations 

Suppose  G  is  51  connected  reductive  Lii'  grotip  and  th.at  H  C  G’  is  coinjiact  and 
contains  a  Cartan  suhgroti[(  A'  for  G.  One  can  think  of  tlje  .setjuenee  G  F'  H  T  A  as  a 
chain  of  matrix  groups  of  the  form 


0  0 


3 


.  0 
0  ♦ 
0  0 


The  elements  of  G  have  the  factorization 


(12) 


<J  =  Pi.'j)  e  P.  :(<j)  €  .V+. 


1 13) 


where  P  3  and  .V+  are.  respectivt'ly.  tht‘  parabolic  and  nil])otent  subgroups  of  G' 


P  = 


= 


1  0 
0  1 
0  0 


(14) 


We  a.ssume  the  existence  of  a  representation  T  of  G  on  a  Hilbert  sp.ace  I'  ;md  take 
U  to  be  an  //-invariant  sult.space  of  vectors  in  V  that  are  annihiltited  by  the  raising 
operators  of  (the  Lie  algebra  of)  N^.  Then 


r(c)<F  =  <F.  Vc  G  .V+, 
T{h)^  =  lAh)^.  V/i  e  //, 


(15) 
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where  p  is  a  unitary  ^'presentation  of  H .  L,tt  tt  be  the  ort hop  vial  V  —>  U  iirojeetion. 
Then  each  vector  'I'  €  V  is  representerl  by  the  f  '  valued  V’CS  wave  function 

V’ :  G ->  U  :  tj  <-!■  li-(g)  --  TV  oT{g)'i>  =  f)(]>{(j))\(::(y)}.  (  IG) 

where  x  :  — *  U  is  the  holoinorphic  function  of  the  matrix  elements  of  c  €  AV  with 

\{z)  =  IT  o  (  IT) 

and  p{p)  is  defined  by 

note  that  a,  b  and  c  may  be  interpreted  as  matrices. 

One  finds  t>'at  the  holoinorphic  functions  liefined  in  thi.  way  carry  a  VC'S  repre¬ 
sentation  r  and  that  they  transform  according  to  the  equation 

[r{a)xj(r)  =  p„(;)x(c  ■  o),  a  €  G,  (10) 

where  z(g)  ■  a  =:  5(30)  and 

Pc,(^)\  =  ^  °T{:)T{i\)\.  for  X  €  ['.  (20) 

The  subset  of  holoinorphic  vector-valued  functions  that  span  an  irreducible  \'CS 
representation  can  be  constructed  starting  from  the  c-independi'iit  functions 

,pjz)  =  TV  oT(z}^^  =  e  r.  (21) 


These  are  highest  weight  functions  in  the  sen.se  that  they  are  annihilated  by  all  the 
raising  operators  of  iV+;  i.e., 

r(.V+).p.  =0.  V.Y+en+.  (22) 

where  n+  is  the  Lie  algebra  of  N+ .  Thus,  the  carrier  space  for  an  in.'  lucible  holoinorphic 
VeS  representation  is  the  space  of  vi'ctor-valued  polynomials  of  the  type 


Xal/(^)  —  ))Vc* 


(23) 


where  {V„}  is  a  set  of  polynomials  in  the  lowering  operators.  The  construction  of  such 
spaces  is  discussed  in  n'f.  [1]  :uid  in  references  quoted  therein. 

4.  Representations  of  SL(2,  R) 

VVe  now  start  with  the  Iwasawa  decomposition 

o  1  \  ^  \  f  ^ 

ii  d )  y  0  rt"'  y  y  sin y 

of  an  SL(2.K)  matrix.  Thus,  we  can  define  VCS  wave  funct  ons  on  SO(2)  by 


-  sin 
cos  6 


(•24) 


HO)  = 


TV  oT 


/  COS^ 

y  sin 


cos  9  J 


'I'  e  r. 


(25) 
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One  Knds  VCS  representations,  on  siihspaces  of  £^(SO{2)),  of  the  sl.'2,R)  Lie  algebra 
with 


For  different  choices  of  the  parameters  f  and  2s,  eq.  (26)  gives  all  the  standard 
representations  of  SL(2,R);  i.e.,  the  unitary  principle  series,  the  discrete  scries,  the  sup¬ 
plementary  series  and  the  non-unitary  tensor  representations.  A  parallel  construction 
gives  the  representations  of  SL(3,R),  and  hence  SU(3),  on  subspaces  of  £^(50(3)). 

5.  Semi-direct  product  groups 

Suppose  G  =  N  ®i  K  is  a  semi-direct  product  group  with  product 

(n,k){n\k')  =  (27) 

where  ft  is  an  automorphism  of  N.  VVe  can  induce  a  V'CS  representation  of  G  from 
a  representation  p  of  N .  However,  such  a  representation  is  generally  reducible  even 
when  p  is  irreducible.  As  Mackey  has  shown,  it  is  preferable  to  induce  from  the  larger 
subgroup  H  =  N  C  of  G,  where  C  is  the  subgroup  of  K 

C  =  {/,  €  A'|p(f/,(«))  =  p(n),  Vn  6  A'}.  (28) 

Then,  if  p  and  a  are,  respectively,  irreps  of  A'  and  C,  the  combination  p  x  a,  defined  by 

p  X  a{n,h)  =  p{n)cr(h)y  n€N,heC,  (29) 

is  an  irrep  of  H.  Application  of  the  VCS  construction  now  gives  a  representation  of  G 
that  partillels  Mackey’s  inducing  construction  [3). 

6.  Concluding  remarks 

There  is  no  space  to  discuss  inner  products  in  this  review.  This  topic  is  important 
for  a  discussion  of  unitarity  and  i)ractical  applications.  It  ha.s  been  developed  to  a 
sophisticated  .state  in  terms  of  A'-matrix  theory  and  is  treated  in  ref.  [1]  and  references 
quoted  therein.  We  mention  only  the  important  feature  of  A'-matrix  theory  that  it  gives 
inner  products  for  representations  which  may  or  may  not  be  unitary  and  that  it  often 
works  when  the  so-called  “resolution  of  the  identity”  diverges. 
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GEOMETRIC  QUANTIZATION 
AND  COHERENT  STATES  METHODS 

A.  ODZIJEWICZ 

Institute  of  Physics,  Warsaw  University  Division  in  Bialystok, 
PL-15-424  Bialystok  4I  Lipowa.  POLAND. 


Abstract: 

On  the  basis  of  reproducing  kernels  and  complex  line  bundles  theories  one 
unifies  quantum  and  classical  descriptions  of  physical  systems. 


This  is  a  short  version  of  the  paper  in  reference  [4].  It  presents  part  of  the  results  esta¬ 
blished  there.  The  question  we  address  here  is  how  to  recognize  a  physical  microsystem 
when  starting  with  elementary  experimental  dates.  The  situation  encountered  when 
dealing  with  experiments  on  microscopic  events  could  be  shortly  described  in  the  follo¬ 
wing  way:(i)  one  wants  to  know  the  amplitude  A  of  the  transition  that  could  be  achieved 
by  the  considered  system  between  any  two  of  its  states;  (ii)  states  taken  into  account  are 
parametrized  by  a  finite-dimensional  manifold  M  (the  case  dim.\/  =  cc  is  experimen¬ 
tally  non-realizable).  This  manifold  describes  the  geometry  of  classical  measurement 
aparatus  (classical  frame  system).  In  the  case  considered  here  it  will  be  interpreted  as 
a  classical  phase  space  of  the  microsystem.  Let  us  assume  for  the  transition  amplitude 


A  the  following  natural  physical  conditions: 

«><ia(9-9)  =  l  for  g  €  f2o  (11) 

a^(q,p)  =  a-ga(p.q)  for  9  €  fto  and  p  6  fip  (1-2) 

S' 

i’i<jOd,Oj(9i,9j)  >  0  V.V  G  N.V?,  €  Oq,  and  Vi'.  6  C  (1.3) 

i.j=i 

Ooi{(l-p)  =  9i3-,(p)(‘a-,(p)-  93-)  ■  ->  L'{1)  s.t  y;j-,9-,f,  =  gjf.  (1-4) 


Open  sets  {Holog/  domains  of  charts  of  some  fixed  atlas  of  the  manifold  M. 

In  a  geometrical  language  the  category  of  physical  microsystems  is  exactly  the 
category  A  of  complex  line  bundles  L  — *  M  with  a  distinguished  positive  hermitian 
kernel: 


A  =  0dd(<pp)pr*5*(9)  8  prJ53(p)  €  r'*(M  x  M.prjt"  CprJL*). 

Conditions  (1.1-4)  are  independant  on  the  choice  of  frame  Sa  '■  Oq  — ♦  C*  and  the 
bundle  L  — *  A/  is  defined  by  the  cocycle  gaS-  The  set  of  morphisms  between  two 
objects  (Li  — »  A/i,.4i)  and  (Lj  — »  A/2 > •■42)  €  Ob(A)  consists  of  maps  /  :  M\  — >  A/2 
such  that  /*L2  =  Li  and  /*.42  =  .4i. 

Let  us  also  define  the  category  C  whose  objects  are  triples  ;  A/  — » 

CP(Ad)),  where  Ad  is  a  complex  Hilbert  space  and  A)  is  a  map  from  A/  in  the  complex 
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projectif  Hilbert  space  CP(jV().  Morphisms  of  this  category  are  given  by  commutative 
diagrams, 

A/,  --  '  ■>  CP(,V1i) 

fl  K,  ■  (1-5) 

Mi  - »  CP(.Vf2) 

where  is  a  complex  Hilbert  spaces  monomorphism,  such  taht  ^’Ei  =  E2.  E  is  the 
universal  line  bundle  over  CP(jVl). 

Fin^llly  let  C  be  the  category  of  line  bundles  with  distinguished  Hermitian  metric 
H  6  r°°(A/,  L*  Q  L)  and  a  metrical  connection  V  :  L)  — >  L  g)  T'M),Q  C 

A/. The  following  theorem  states  important  relations  between  the  above  three  categories. 

Theorem: 

(i)  There  exist  natural  functors  given  in  the  explicit  way: 

A  ^  C 

\  y  (1-6) 

C 


(ii)  Each  object  of  the  category  C  is  obtained  as  and  ,F;o(  .4)  for  some  .4  6  Obi  A) 

and  C  €  Ob{C) 

(iii)  Categories  A  and  C  of  classes  of  isomorphic  objects  are  isomorphic. 

(iv)  The  three  statements  above  are  <ilso  %'alid  for  symplectic  subcategories  Anp.Cap  and 
C)p. 

Proof  (See  [4]). 

The  symplectic  character  of  categories  A,p.  C,p  and  C,,p  means  the  non-degeneracy 
of  the  2-forms  A*di</2  log<Ja,Q,,Ar*^fs  and  (curvV.  respectively,  where  A  :  A/  — ► 
M  X  M  is  diagonal  map.  Wfs  is  Fubini-study  form  on  CP(^V()  and  d,  denotes  differential 
with  respect  to  the  t-th  argument  of  logOa,a,. 

In  this  way  we  could  define  a  mechanical  microsystem  as  an  object.  (M,M^K  ; 
M  — *  CP(vVI))  of  the  symplectic  subcategory  C,p.  A  natural  question  now  arises, 
namely  how  one  identifies  the  system  in  the  standard  mechanical  framework,  when 
(L  — *  M,A)  or  equivalently  :  M  — »  CP(^V())  are  fixed  by  experimental 

or  mathematical  dates.  In  other  words,  how  one  constructs  a  Lagrangian  for  a  given 
triple  (M,M,K  \  M  — ♦  CP(vM)).  Before  Mswering  this  question,  let  us  introduce 
the  following  physical  terminolog)’:  (a)(A/,  AT'uJ/rs)  is  the  classicEil  phase  space  of  the 
system;  (b)  (CP(A4  ),u;fs)  is  the  quantum  phase  space  of  the  system:  (c)  K(M)  is  the 
set  of  coherent  states  of  the  system;  (d)  the  transition  amplitude  between  two  coherent 
states  K(q)  and  K(p)  is  defined  by 


{Kaiq)  I  A'o(p)) 


y/{h'a(q)  I  Kaiq))  y/{h'a{p)  I  A'a(p)) 


(1.7) 


where  A'a  :  Qo  — ♦  A4  is  such  that  [A'al?))  =  IC{q)  and  p  g  Qg\ 
(e)  for  p  €  LHM.dpLlPiq)  =  and  dp^ 

dim  A/,  we  define 


P(p)=  f  p{q)p{q)(ipL{q) 
Jm 


A"AC*u.’pg.  where  2n  = 


(1.8) 


as  a  mixed  state  of  the  system. 

Let  us  fix  //  ;  A/  — *  R.(.  U  {0},Aji.  C  R*  and  a  family  of  diffeomorphisms 
ifg  :  R+  U  {0}  R+  U  {0}  where  J  6  A*.  By  definition  p  =  if ^  o  H  is  sm  equili¬ 
brium  state  of  the  system  iff 

(OaleA*  s.t.  TviP{f^oH)P(q))  =  {f-.oH){q), 

(ii)  o  H)  =  \  for  some  fio  €  A*. 


rule 


The  condition  P(po)  =  1  means  that  the  system  amplitudes  satisfy  the  composition 


ac,ii(q,p)=  j  '^h^(r)ac,-,(q,r)a^a(r, 

Jm  , 


p)po(r)dpL(r) 


(1.9) 


for  some  natural  phase  space  measure  podptA^^  h.,{r)  =  1  and  supp/),  C  fl.,).  Ite¬ 
rating  formula  (1.9)  and  taking  the  number  of  iterations  N  to  infinity  we  obtmn  the 
formal  path  integral  expression 


aaAg,P)  =  j  ^relTi.T,\d>c-y{r)  expi  j  (1-^0) 

for  the  transition  amplitude,  where 

J  nr€[ri,r/|</A:*)(r)  =  ^Jin^Ilj^J^'  j  PoitiTjAdp  L{-i(rj))  (1.11a) 

expi^  rm^^i|^J^</r  =  ^ln^njl2‘oa^a^^,(9j,9j+i);  (1.116) 

7  is  a  piecewise  curve  which  extrapolate  a  discrete  process  7(r,)  =  g.7(r2)  =  92 . 

7(^/)  =  p.  and  ^  connection  1-form  for  So,  the 

transition  amplitude  eilong  7  is  identified  as  a  parallel  transport  for 

In  (1.10)  one  integrates  over  all  possible  processes  joining  the  states  q  and  p.  Howe¬ 
ver,  if  one  restricts  this  integratives  to  those  processes  satisfying  =  E  —  const 

i.e.  processes  along  which  the  equilibrium  state  of  the  system  is  preserved,  we  come 
by  formal  path  integration  to  the  following  expression  for  the  systems  path  integration 
(See  [4]  for  details). 


ae.p{q,p,H  =  E,\o)  =  e  J  ^telt,  U]dKl{r) 

r,  (K  I  dK 


df. 


(1.12) 


where  t  =  J*  Ao(r)dr  is  the  time  parameter  given  by  the  fixing  of  some  classical  clock, 
i.e.  the  partimetrization  Aq.  Thus  according  to  Feynman  interpretation  of  path  integral 
we  identify  the  action  of  the  system 


-■’k.hH 


(A'ldA')  d7 


dt. 


(1.13) 
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In  rejil  expremients  one  always  deals  with  discrete  processes,  so  it  is  enough  to 
work  with  processes  consisting  of  a  finite  number  N  of  phase  space  events,  restricted 
by  the  resolution  of  the  measuring  aparatus.  Thus  instead  of  the  path  integreJ  formula 
(1.12)  we  evaluate  well  defined  integrals  on  an  {N  —  1)— th  Cwtesian  product  of  M. 
Therefore,  the  evaluation  of  the  path  integral  appears  in  this  context  as  a  purely  formal 
question.  On  the  other  hand,  if  one  restricts  oneself  to  the  mathematical  context, 
the  problem  of  path  integration  is  in  our  formulation  equivalent  to  the  finding  of  the 
map  K  :  M  —*  CP{A^)  for  a  fixed  Hamiltonian  H  tind  a  connection  V  =  AC*V^^. 
Suggesting  that  without  additional  assumptions  about  the  transition  amplitude,  the 
above  equivalence  is  impossible,  since  the  connection  one-forms  depend  only 

on  the  trestriction  of  d)  log  to  the  diagonal  A  C  M  x  M.  The  limiting  case,  N  —*  oo, 
is  however  crucial  for  the  correspondence  of  the  quantum  description  to  a  classical  one. 
In  fact,  it  allows  one  to  identify  the  system  in  the  framework  of  classical  mechanics. 

As  it  follwos  from  the  above  theorem  objects  of  mechanical  microsystems  category 

A,p  generate  in  a  canonictJ  way  objects  of  the  prequantum  bundles  category  C,p. 
Hence,  geometric  quantization  appears  naturally  in  the  theory  of  mechanical  micro¬ 
systems.  In  paper  [4],  we  show  on  the  basis  of  our  model  how  Kostant-Souriau  and 
Berezin  quantizations  procedures,  as  well  as  Ehrenfest  theorem  are  related  (see  [1]  [2]). 
Moreover,  we  test  this  model  on  different  fundamental  microsystems  such  as  relativistic 
massive  ptirticles,  Hermitian  oscillators  and  the  Kepler  problem  in  papers  [3],  [4]  and 
[5]. 

Finally  let  us  note  that  the  prosposed  model  shows  that  such  theories  as  com¬ 
plex  geometry,  complex  tinalysis,  representation  theory  and  reproducing  kernel  theory 
contribute  in  a  natural  way  in  the  description  of  physical  microphenomena. 
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1.  Coherent  states:  a  generalization 

Various  notions  of  square  integrabilit}'  of  a  group  representation  have  been  intro¬ 
duced  in  the  literature,  leading  to  the  construction  of  sets  of  coherent  states  (see 
[1]  and  references  therein).  Here  we  want  to  build  up  a  set  of  massless  coher¬ 
ent  states  for  the  two  dimensional  Poincare  group  pj.(l,l).  This  construction  is 
plagued  by  additional  difficulties  with  respect  to  the  massive  case  [1],  essentially 
because  of  the  bad  infrared  singularities.  For  this  reason  wc  are  forced  to  general¬ 
ize  further  the  previous  definitions  of  square  integrability  of  a  representation.  Let 
G  be  a  locally  compact  topological  group,  //  a  closed  subgroup  of  G,  U  a  unit  ary- 
irreducible  representation  of  G  in  a  Hilbert  space  Ti.  We  call  quasi-section  of  the 
principal  bundle  {G,7r.G/H,H)  a  map  which  satisfies  the  following  condition; 
G j  •.  G ! H  — *  G,  and  ■  oj  =  f  where  f  :  G/H  — *  G///  is  a  homeomorphism. 
ft  is  clear  that  the  quasi-section  <7/  is  the  composition  a  ■  f  of  a  genuine  section 
and  a  homeomorphism  of  the  base  manifold.  We  say  that  the  representation  (’  is 
square  tntegrable  mod(H,Gf)  if  for  some  6  H  the  following  integral  converges  for 
all  €  X>  C  'W,  V  dense: 

/a,(C.<*)=  f  \{U(Gj{x)G4>)'H\‘di^{x).  (1) 

■JG/ H 

Notice  that  this  definition  allows  also  the  resolution  of  unbounded  operators.  In  cer¬ 
tain  favourable  cases  the  coset  space  G/H  corresponds  to  a  coadjoint  orbit  of  the 
group  G,  which  has  the  interpretation  of  a  phase  space.  Thus  generalized  coherent 
states  may  be  indexed  by  points  of  a  phase  space  (which  is  a  nice  way  of  recovering 
their  classical  character). 

2.  Massless  representations  and  coadjoint  orbits  of  n(i,i) 

As  it  is  well  known  [2],  there  does  not  exist  any  Poincare  invariant  positive-definite 
two-point  distribution  W  solving  the  equation  OW  =  0  and  such  that  ,snpp\V(k)  = 
C+  =  {i-  G  =  0,A-°  >  0}.  However,  if  we  relax  the  positivity  condition, 

we  may  find  a  Poincare  invariant  distribution  having  the  desired  support  proper¬ 
ties,  namely  =  — ^log{— +  *c^o)-  This  distribution  is  not  po.sitii'e-definite 

and  therefore  the  Wightman  reconstruction  theorem  gives  only  a  nondegenerate 
sesquilinear  form  on  5:  {f.g)  =  /  f  (x)\V (x  -  y)g(i))(P leP y  and  consequently  a  rep¬ 
resentation  of  7^1(1,!)  on  a  linear  space.  To  obtain  a  repre.srntation  on  a  Hilbert 
space,  we  have  to  complete  S  using  a  Hilbert  majorant  topology  [3,4].  The  explicit 
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construction  runs  as  follows  [4,5].  Let  x  G  be  such  that  x(0)  =  1,  <  x  >=  0- 
Given  /  G  5(R^),  define  fo(x)  =  f(x)  —  /(0)x-  Then  the  desired  inner  product  may 
be  written  as 

{f,g)  =  {fo,go)  +  {f,x)(x.g)  +  /(0)5(0).  (2) 

Completing  S  in  this  topology  one  obtains  a  Krein  space  [3]  : 

dk 

H  =  L\C^,—)®V®X,  (3) 

where  X  and  V  are  one  dimensional  subspaces.  Now  the  representation  given  by 
Wightman’s  theorem  extends  to  a  representation  U  of  7^1(1,!)  defined  on  a  dense 
subset  of  Tf.  This  representation  is  T]-unitary,  i.e.  {U{a,A)f,U{a,\)g)  =  {f,g)  but 
(t/(a,  A)/,  f/(a,  A)g)  ^  (/iff)-  Second,  the  representation  U  is  neither  irreducible 
nor  completely  reducible,  but  indecomposable.  Finally  we  notice  that  the  Hilbert 
subspace  may  be  decomposed  into  the  following  direct  sum;  =  Tii  ‘r 

Tir,  'Hi  =  L^(R_,^),  Hr  =  L^(R+,^)  (left  and  right  Hilbert  spaces).  We  may 
obtain  two  unitary  irreducible  representations  of  'pj.(l,l)  Ui{r)  defined  on  Hur)  by 
quotienting  the  representation  U,  that  is  by  considering  the  matrix  elements 
(V'i,C(a,A)^'2)x„,),  €  Hur),  and  associating  to  the  sesquilinear  forms  so 

defined  the  operators  A).  The  final  result  is 

(t/(a,A)„,)^(fc)  =  e'N>(A-'i:),  t  &  Hur).  (4) 

The  coadjoint  orbits  of  are  given  by  the  following  formula: 

Ad«(p)(^,A)  =  (Ap^,A+  (Ap^,a2u)M0  (5) 

where  g  =  (v,Ap)  and  0-2  =  antidiag(l,]),  with  Ap  G  and 

denotes  the  Minkowski  inner  product.  More  explicitly,  we  can  identify  the  coad¬ 
joint  orbits  of  7^1(1, 1)  with  the  families  of  hyperbolic  cylinders  (m  >  0){(f°  = 
±x/^'^  +  m^},  +  m^},  the  four  half-planes  >  0},  — 

±^*,  <  0},  and  the  degenerate  orbits  consisting  of  a  single  point  { A  =  const,  ^  = 

0}.  The  nondegenerate  coadjoint  orbits  may  be  interpreted  as  classical  phase  spaces 
corresponding  to  elementary  .systems  having  7^].(1,1)  as  relativity  group  .  .As  we  will 
see,  they  are  particularly  suited  for  the  construction  of  systems  of  coherent  states 
and  each  family  of  coherent  states  will  be  indexed  by  the  points  of  a  certain  coad¬ 
joint  orbit. 

3.  Massless  Coherent  States 

Let  us  now  pass  to  the  construction  of  masslesss  coherent  states.  The  coadjoint 
orbits  corresponding  to  a  massless  relativistic  particle,  are  the  half  planes  F;  =  {A  G 
R,^  G  <  0}  (left  orbit),  F.  =  {A  G  R.  ^  G  M"*  :  >  0} 
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(right  orbit).  Let  us  concentrate  our  attention  on  Fr  —  Lr.  A  global 

parametrizdtion  of  this  orbit  is  given  by  (t,p)  with  r  =  A,  p  =  The  coadjoint 
action  reads  (r,p)  — >  (r',p')  =  (o,A(t)(T,p)  with  r'  =  r  +  (A^p, cT2a)M2,  p'  = 
(k°  +  k)p\  the  invariant  measure  is  dfi(T,p)  =  drdp/p.  Correspondingly,  we  consider 
the  representation  Ur  on  the  Hilbert  space  "Hr  that  we  have  displayed  in  Eq.(4). 
We  must  choose  a  quasi-section  cr  ;  Fr  — *  'Pj.  and  try  to  construct  coherent  states 
out  of  it.  Notice  that  the  natural  quasi-section  (T„(r,p)  =  ((0,r),Ap)  cannot  do 
the  work.  The  reason  is  that  {Ur((T„(T,p))(){k)  =  e”'*C((p°  —  p)k).  Since  p  >  0, 
it  follows  that  0  <  (p°  —  p)  <  1  and  therefore  the  argument  of  the  function  ( 
cannot  be  arbitrarily  dilated.  A  well-chosen  quasi-section  should  have  the  following 
form:  (Tp(T,  p)  =  ((0,  r),  Ap(p)),  where  p  :  R"*"  — »  R  is  an  auxiliary  bijective  map.  An 
interesting  explicit  form  for  the  function  p  is  the  following  one;  p(p)  =  ^  The 

nice  features  of  this  function  are  due  to  the  following  relation:  \J p'^(p)  +  1  =  ^  +  f  • 
Consequently  we  obtain  that 

(f/,.(<Tp(r,p))C)(t)  =  e"*C(P^),  C  G  K-  (6) 


/  mwAr,pm~4>)Hr?Mr.p)^  = 

Jlr  Jo  p  Jo  K‘ 

Define  the  following  operator  on  Hr-  T>(Hr)  =  {4>  \  /o°°  dkk\<i>{k)\^  <  oo}, 


(Hr<t>)(k)  ^  k  <i>(k),  4>&V{Hr).  (8) 

Hr  is  an  unbounded  self-adjoint  operator  on  ViHr)  C  Hr  and  4>)  exists  if  and 
only  if  (^  €  In  this  case  it  follows  that 

^  |t/,(<Tp(T,p))C)(f/p(<rp(r,p))C|  dp{r,p)  =  Q  H;\  (9) 

in  the  sense  of  quadratic  forms.  Thus,  the  vectors  given  in  Eq.(6)  constitute  a  set 
of  massless  coherent  states  for  every  (  €  Hr,  but  the  operator  that  is  “resolved”  in 
Eq.(9)  is  not  bounded  and,  moreover,  its  inverse  is  also  unbounded.  Because  of  these 
facts,  this  set  of  coherent  states  is  more  general  than  those  considered  in  [1].  Let 
us  exploit  our  freedom  in  the  choice  of  quasi-sections  to  get  a  more  appealing  set  of 
massless  coherent  states  and  define  <t,(t,p)  =  ((0,  ^),  A_p(p))..  With  the  help  of  this 
quasi-section  we  get  the  following  set  of  states; 

iUr{ar{T,p)K){k)  =  e'i^a~)<  CgK.  (10) 

In  this  case  the  integral  (I)  becomes: 
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Therefore,  vectors  £  "Hr  are  admissible  for  the  quasi-section  (Tr(T,p)  if  and  only  if 
they  satisfy  the  condition  C,  €  If  this  condition  is  satisfied  we  obtain  that 

Wr{'Tr{r,p))C)(Ur((r,{T,p))C\dfi(T,p)=  I,  (12) 

c<rr(C)  Jr, 

i.e.  we  get  a  genuine  resolution  of  the  identity  !  We  call  the  states  defined  in 
equation  (10)  right  coherent  states.  In  a  perfectly  identical  way  we  may  construct 
a  corresponding  set  of  left  coherent  stales.  We  finally  obtain  a  resolution  of  the 
identity  in  the  Krein  space  (3)  : 

I  =  lu)(n|  -f  |x)(x'|  + — \U,{<T,(T,p))4>)(U,{ai{T,p))(f>\diii{T.p) 

Ca,(<P)  Jr, 

+ - f  Wr{(rr{T,p))4’)(U,{(T,{T,p))lll\  dp,(T,p).  (13) 

C,rAV)  Jrr 


with  <j)  £  Til,  xl’  £  'H,.  An  interesting  feature  of  the  sets  of  coherent  states  (10) 
is  that  they  are  exactly  identical  to  wavelets,  i.e.  the  coherent  states  of  the  affine 
group.  Indeed,  we  may  convince  ourselves  easily  that  the  previous  coherent  slate's 
coincide  with  the  wavelets  given  for  instance  in  [6]  making  the  following  identifica¬ 
tions:  i  =  a,  t  =  ip(u)).  The  admissibility  condition  (  G  P)//"'*^^) 

becomes 

r^\<{k)\^ = /'"— l■,^(u.■)l'  <  ^  (11) 

Jo  Jo  ijJ 

The  invariant  measure  reads  now  dp(T,p)  =  Define  the  following  oper¬ 
ator  :  Z/  :  K  =  /.^(R+,f )  L=*(R+,</Jt),  (Uil'){k)  =  Mk)  =  Then  we  obtain 

that 


-pi— (i7,((T,(r,p))C,  th)nr  =  / 

Jo 


.dk 


/  e’*'-"ip(au))V(u))d, 


which  is  exactly  the  wavelet  transform  for  a  progressive  wavelet  ip  (cfr.  [6]  Sect. 
3.1.).  This  correspondence  opens  a  new  range  of  applications  for  wavelet-analysis, 
namely  Quantum  Field  Theory. 
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Charge  transport  in  semiconductors  is  usually  discussed  in  terms  of  the  the 
Wigner-Weyl  (WW)  formalism  [1]  which  is  adapted  to  wave  mechanical  prob¬ 
lems  with  natural  boundary  conditions  [2],  Recently  a  similar  scheme  has  been 
proposed  [3]  to  include  -  within  an  approximation  -  the  hitherto  neglected  peri¬ 
odic  potential  of  the  ions  and  the  resulting  transformation  properties  of  the  wave 
functions.  In  this  contribution  the  mathematical  structure  of  the  new  scheme 
is  presented  in  a  more  transparent  way  aad  an  alternative  phase  space  form  of 
the  approximation,  formally  corresponding  to  the  Husimi-Coherent-State  (HCS) 
formalism  [4].  is  outlined. 

We  consider  a  fixed  band  of  a  one-dimensional  periodic  potential.  If  periodic 
boundary  conditions  are  used  the  number  of  Bloch  states  |  p  >  belonging  to  this 
band  is  finite.  They  span  the  state  space  of  the  (simplified)  quantum  mechanical 
problem  that  is  considered  in  the  following.  By  a  finite  Fourier  transform  one 
may  pass  from  Bloch  to  Wannier  states  |  </  >  which  also  form  an  orthonormal 
basis. 

k>=^F,,,|p>.  (1) 

yj  =  exp{27ri/.\')  (2) 

Here  N  =  2.1/  -t-  1  is  an  odd  integer,  p,q  ^  . expressions  like 

pq,  2pq.  pq/2.  pi  +  p^.  etc.  are  considered  as  integers  modulo  .V. 

Every  operator  A  acting  in  this  state  space  may  be  defined  by  its  action  on 
the  basis  {  |  ?  >  }.  Of  special  interest  are  the  operators  V  (momentum  transla¬ 
tion),  W  (position  translation),  and  the  Weyl  operators  U(p,  g). 

V  |g  >  =  |g  >,  W  lq>  =  jq-t-  1  >  (3) 

U(p.q)  =  w^f’i/-  (4) 

If  we  combine  the  pair  p.  q  into  a  vector  tj  and  introduce  the  (symplectic)  product 

Pi?2  -  ?iP2  =  X  TJ,  =  -  T/2  X  »Ji  (5) 

the  multiplication  law  of  the  Weyl  operators  reads  as  follows. 

U(tJi)U(»J2)  U(t/i  -I-tj,) 


(6) 
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It  follows  from  (2)-(6)  that  U(— ?/)  =  and  U(tj)  U(»j')  U(— tj)  = 

^’n^V  U(tj')  ,  the  latter  relation  showing  that  the  U's  are  tensor  operators  of 
rank  1. 

Equation  (6)  shows  that  the  operators  9)  form  a  representation  of  a 

group  of  order  N^,  or  a  projective  representation  of  the  Abelian  group  f.v  x  C\ . 
This  representation  is  irreducible  as  has  been  pointed  out  by  Schwinger  [5]  who 
first  introduced  the  operators  (3)-(4);  as  a  consequence  every  operator  A  can  be 
represented  as  a  linear  combination  of  the  U's  (see  [5],  [6],  and,  for  the  one-band 
approximation,  also  [7]).  The  idea  of  a  linear  space  of  operators,  a  complex 
vector  space  of  dimension  X-  in  the  present  case,  lies  behind  all  phase  space 
formulations  of  quantum  mechanical  problems.  In  such  a  formalism  an  opera¬ 
tor  A  is  characterized  by  a  set  of  numbers,  either  its  expansion  coefficients  with 
respect  to  a  complete  .set  of  operators  (  basis'),  or  by  its  projection'  onto  suffi¬ 
ciently  many  linearly  indpendent  operators.  Here  we  use  the  second  approach; 
starting  from  a  fi.xed  self-adjoint  operator  Z  =  we  form  the  .V-  operators 

Z(7j)  =  U(tj)ZU(-t>)  .  (7) 

Their  labels  tj  =  (p.  q)  form  a  two-dimensional  grid  of  .V-  points,  symmetrically 
arranged  around  the  origin  p  =  q  —  0.  and  called  'phase  space'  in  the  following. 
To  each  operator  A  a  function  a  is  assigned  by  the  definition 

a(tj)  =  Trace  Z(»j)^A  =  <<  Z(r)) ,  A  >>  ;  (8) 

the  last  expression  refers  to  the  definition  of  a  scalar  product  that  makes  the 
linear  space  of  operators  a  unitary  space.  Relation  (8)  is  therefore  nothing  but 
a  projection  where  oA  -f  .dB  is  mapped  onto  oa  3b  and  A^  onto  a’ .  If  the  unit 
operator  E  is  to  be  represented  by  the  constant  function  I  the  operator  Z  has 
to  satisfy 

Trace  Z  =  I .  (9) 

The  phase  space  function  a  contains  the  same  information  as  the  operator 
A  if,  and  only  if,  a(rj)  =  0  for  all  tj  implies  A  =  0.  As  the  Weyl  operators  form 
a  complete  set  of  operators  and  the  image  of  U(t7')  is  proportional  to  the  plane 
wave’ one-to-one  correspondence  of  operators  and  phase  space  functions 
is  guaranteed  if  none  of  the  proportionality  factors 

(r(?7')  =  Trace  U(?|')Z  (10) 

vanishes.  For  WW 

Z  =  I  (inversion  operator:  Il9>=|— 9>)  (11) 

and  ff{ri)  =  1  for  all  rj.  For  HCS 

Z  =  |0><0|.  Z(7/)  =  |?7  ><  »7|  (projection  operators)  (12) 
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where  the  state  vectors  |  jj  >  =  U(»/)|0  >  are  the  'coherent  states'  generated 
from  I  6  >,  and  |  0  >  is  the  normalized  eigenvector  of 

H  =  (•2E-W- W-‘)  +  (•2E- V-V-')  (13) 

that  belongs  to  the  lowest  eigenvalue.  Also  in  this  ca.se  it(t7)  ^  0  for  all  t)  so  that 
the  mapping  of  operators  onto  functions  is  bijective  both  for  WVV  and  HCS. 

In  order  to  be  able  to  perform  all  the  steps  of  a  conventional  quantum 
mechanical  calculation  also  in  the  phase  space  formalsim  under  consideration 
its  mathematical  structure  has  to  be  elaborated  further.  Here  it  is  essential 
that  the  operators  do  not  only  form  a  linear  space  but  a  star-algebra,  where 
products  -  and  hence  commutators  -  are  defined.  Completeness  of  the  operators 
Z{tj)  implies  the  e.\istence  of  a  kernel  such  that 


c(tj)  -  ^  M(v'-V")a{T}  +  v')l>(v  +  v")  (1*1) 

T}-7J" 

if  c  is  the  function  that  corresponds  to  the  operator  C  =  AB.  E.xplicit  calculation 
gives 


Miv'.v") 


do) 


Not  only  are  these  kernels  very  similar  to  those  found  in  the  continuous  W'W 
and  HCS  schemes  but  it  is  also  possible  to  find  'local  forms  of  the  multiplica¬ 
tion  law  (14)  where  the  first  term  of  c(?j)  is  a{T])b{ri)  and  the  succeding  terms 
contain  more  and  more  information  on  the  form  of  the  functions  a  and  b  in  the 
neighborhood  of  rj.  The  counterpart  of  Groenewold's  fomula  [8. '2]  for  the  \V\V 
scheme  reads 

.v-i 

civ)  =  X!  '>''■•*  [^'•.>a(n)]  ['P..  r6(7?)]  ;  (16) 

r. 

here  the  7's  are  numbers  and  the  P's  are  difference  operators  that  can  be  de¬ 
termined  recursively.  The  equivalent  of  Ruschin's  product  formula  [9,4]  in  the 
HCS  scheme  is 

•V-l 

c(v)=  ^  ['Pna{v)]['^n'’iv)]  (1") 

n=0 

where  the  P's  are  'integral  operators  with  kernels  d„(v  V')  that  look  like  dis¬ 
crete  versions  of  smoothened  distributions  ^*"’(77  —  v')-  In  principle,  the  n-th 
eigenfunction  of  (13)  has  to  be  known  to  obtain  dn  but  simple  approximations 
exist  for  n  A'. 

With  the  formulais  obtained  up  to  now  all  algebraic  calculations  (linear  com¬ 
binations,  products,  transition  to  the  adjoint)  can  be  performed  entirely  within 
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the  chosen  phase  space  formalism.  What  is  left  is  a  mapping  into  the  complex 
numbers  that  corresponds  to  the  trace  operation  in  the  conventional  formalism. 
However,  it  is  easily  derived  from  the  irreducibility  of  the  Weyl  operators  and 
the  properties  of  the  operators  (11)  and  (12)  that  both  for  WW  and  HCS 

Trace  A  =  Y  ^ 

V 

Altough  the  formulas  given  above  are  valid  for  arbitrary  odd  integers  ,\  >  3 
large  values  of  .V  are  more  appropriate  for  the  physical  problem  under  consid¬ 
eration.  The  limit  .V  f  x  is  best  discussed  by  scaling  the  original  phase  space 
variables. 

V-{P  <l)  —  i  -  {k.l)  =  V2irp/.\a.2rrq/yb)  (19) 

The  multiplication  law  of  the  operators  U(tj)  =  0(4)  is  then  identical  in  form 
with  that  of  the  usual  Weyl  operators  e.xcept  that  4  appears  instead  of  the 
continuous  vector  (p.  7)  and  the  parameter 


Q  =  2a-/.Va6  (20) 

in  the  place  of  h.  It  is  therefore  not  surprising  that  in  the  limit  .V  f  x.o  >  0 
formal  coincidence  with  the  usual  WW  and  HCS  schemes  is  obtained.  If  a 
aproaches  zero  (after  .V  (  x)  the  product  is  commutative  up  to  terms  of  order 
a  and  the  quantum-Liouville  equation  approaches  the  semi-classical  transport 
equation  which  is  the  starting  point  of  [3]. 
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I  INVARIANCE  OF  THE  GEOMETRICAL  PHASE  UNDER 

TIME  DEPENDENT  UNITARY  TRANSFORMATIONS* 


B.  KENDRICK 

CenttT  for  Particle  Theory.  The  LTiiver.sify  of  Texas  at  Austin 
.\nstin.  Texas  7S712  US.\ 


I.  Introduction 

The  effects  of  time  (lependent  nnitary  transformations  on  tlu'  geometric  (Berry) 
phase  have  been  discussetl  hy  several  authors  in  different  contexts.  In  the  adiabatic 
treatments.' the  Berry  phase  was  said  to  become  "dynamicar'  under  these  transfor¬ 
mations.  By  becoming  "dynamical"  it  loses  geometrical  meaning  and  could  in  this  way 
be  "removed".'  It  was  then  shown  that  even  though  the  Berry  phase  could  become 
"dynamical'  .  it  retaitusl  its  geometrical  meaning  and  was  therefore  not  "removed  ".^ 
Non-adiabatic  treatments  have  been  given  for  specific  physical  .systems’  and  for  peri¬ 
odic  transformations.'*  We  will  con.sitler  arbitrary  time  dependent  unitary  transforma¬ 
tions  and  work  in  the  general  non-adiabatic  setting.  By  carefully  considering  the  time 
evolution  of  both  paths  in  an  interference  experiment,  we  will  show  that  the  geometrical 
and  dynamical  ithases  are  invariant,  and  that  the  geometrical  pha.se  nmiains  entirely 
geometrical. 

II.  The  Interference  Experiment 

The  measurement  of  a  relative  phase  is  accomplished  by  performing  an  interference 
experiment. This  experiment  measures  the  relative  pha.se  between  two  state  vectors 
which  have  undergone  tlifferent  time  evolutions,  but  repre.sent  the  .same  initial  and  final 
physical  state.  In  order  to  derive  the  measured  relative  phase,  we  must  consider  the 
time  evolution  etiuations  for  both  paths.  We  will  denote  path  1  as  the  path  which  goes 
through  the  apparatus  and  path  2  as  the  path  which  goes  around  the  apparatus.  We 
will  assume  that  the  transit  times  have  been  set  equal  so  that  we  ran  ignore  the  free 
spare  Haniilfonian.  The  time  evolution  eqtiations  for  both  paths  are 

tK'lff ))  =  h(f)|l-i(f))  (1) 

t(<.'-2(U)=0  (2) 

where  |i.'i(f))  is  the  state  vector  rejrresenting  the  state  of  jrath  1.  Icilf))  is  the  state 
vector  representing  the  state  of  path  2  and  /i(f)  is  tin-  Hamiltonian  representing  the 
apparatus.  The  Hamiltonian  //(/)  is  chosen  so  as  to  produce  cyclic  evolution  for  path  1. 
By  cyclic  evolution  we  mean  that  the  curve  in  the  space  of  j)hysical  states  (projective 

*  This  work  relates  to  Department  of  Navy  Grant  N()(K)14-91-JTC79  issued  by  the 
Office  of  Naval  Research.  The  United  States  Govr-rnment  has  a  royalty-free  license 
throughout  the  world  in  all  copyrightable  material  contained  herein. 
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Hilbert  space)  is  closed.  We  will  denote  the  physical  states  of  path  1  and  2  by  the 
projection  operators 

7ri(t)  s  ;r2(0  s  (3) 

We  can  express  the  condition  for  cyclic  volution  over  a  time  period  T  as 

7r,(T)  =  (4) 

At  the  times  #  =  0  and  t  =  T  the  states  of  the  two  paths  are  equal 

7ri(0)  =  7r2(0),  ;r|(T)  =  ir2(r).  (5) 

The  measured  relative  phase  between  the  two  state  vectors  (which  represent  the  same 
physical  state  at  time  T)  is  given  by 

WAT))  =>“'WAT))  (6) 

where  q  =  Oi  — 02  (mod  2  tt).  and  the  phases  qi  and  02  are  the  phases  accumulated  by 

the  state  vectors  of  path  1  and  path  2.  From  Eq.  (2)  we  see  that  02  =  0  which  implies 

that  0  =  01.  In  the  usual  way  we  can  express  the  total  relative  phase  o  in  terms  of  a 

geometrical  and  dynamical  part**  (the  connection  defines  this  splitting' * ) 

o  =  oi  =  t  /^(o(t)|o(#))dt  -  /  {vAt)\h(t)WAf))dt  (7) 

Jo  Jo 

where  the  vectors  |o(  t))  are  related  to  the  vectors  It'i(t))  by  a  phase  such  that  \o(T))  = 
|<j(0)).  The  geometric  phase  is 

=  (o(/)|o(0)t// =  jf-4  (8) 

where  we  have  introduced  the  coordinates  x  of  projective  Hilbert  space  (c  represents  a 
closed  path  in  this  space)  and  defined  the  connection  form  .4  as 

.4  =  /{c>(x)|</lo(x)).  (9) 

The  operator  d  is  the  exterior  derivative  with  re.spect  to  the  coordinates  x.  The  dynam¬ 
ical  phcise  is 

6  =  -f  (u-i{f)\h{f)WAn)dt.  (10) 

Jo 

III.  Time  Dependent  Unitary  Transformations 

We  want  to  consider  time  dependent  unitary  transformations  acting  on  Hilbert 
space.  All  the  vectors  transform  according  to 

iv(t))  =  n/)|f(#)) 


(11) 
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where  U(t]  ■  ^  ^(^)  =  1  for  all  i.  The  transformation  U(i)  is  acting  on  all  the  vectors  m 
Hilbert  space.  It  therefore  effects  the  time  evolution  equations  of  both  path  1  and  path 
2  of  our  interference  experiment.  Equations  (1)  and  (2)  become 


'K’-ilO)  =  f>2(f)W2{f)) 

where 

hiit)  =  V(t)h{f)uHt)  + 
h2{t}  =  o  +  >L-{t)rUn- 


(12a) 

(126) 

(13ci) 

(136) 


Under  the  transformation  U(t)  the  curves  in  projective  Hilbert  space  represented  by  the 
projection  operators  iri(/)  and  Tr2{t)  change  according  to 

TTiii)  =  U{t)7:,{f)l''(t)-  Mt)  =  L'U)-2it)L'\t).  (14) 

Thus  under  the  transformation  t’(f)  the  time  evolution  of  path  1  and  path  2  generates 
two  new  curves  in  projective  Hilbert  space.  The  two  curves  start  at  the  same  point  at 
t  =  0  and  later  meet  at  some  other  point  at  t  =  T.  This  can  be  seen  explicitly  from  Eq. 
(14)  upon  setting  t  =  0  and  t  =  T  and  using  Eq.  (5) 

tri(O)  =  #2(0).  7fi(T)  =  #2(7).  (15) 


Taken  together  these  two  curves  form  a  new  closed  curve  in  projective  Hilbert  space 
which  will  be  denoted  by  c. 

It  is  straightforward  to  show  that  the  measured  relative  pha.se  is  invariant 

|v,(r))  =  c'“|t'2(r)).  (16) 

We  will  now  evaluate  the  measured  relative  phase  using  the  transformed  vectors.  We 
can  express  |i.'i(t))  and  |c’2(0)  in  terms  of  vectors  denoted  by  jOil/))  and  |d2(f))  where 
|0i(t))  and  |c>2(f ))  are  chosen  so  that  they  form  a  closed  curve  in  Hilbert  space  (analogous 
to  |(^(#))).  By  performing  a  few  simple  steps  we  obtain  the  final  expression  for  a  under 
the  transformation  U{t) 


a=  <fA-i<f{o(x]\dU{x]UU'>^)lo{x))--  f  (ci 

Jc  Jc  Jo 


U]\l-{f}h{t}UUt]\vAt))dt.  (17) 


The  transformed  geometrical  and  dvnamical  phases  are  given  by 


=  ^,4  -  t^(o(x)|rfC'(x)C'*(x)|o(x)) 

=  - jf  Wi(f)\l'{t)h{f)VHf)\>^-At))dt. 


(18a) 

(186) 


By  comparing  Eq.  (186)  with  Eq.  (10)  we  see  that  the  transformed  dynamical  phase 
is  equal  to  the  original  dynamical  phase.  Since  we  know  that  the  relative  phase  a  is 
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invariant,  this  ob\iously  implies  that  the  geometrical  phase  is  also  invariant 

3  =  1  (19) 

Substituting  the  expressions  for  3  and  J  into  Eq.  (19)  we  find 

^  A  =  -  i  jf(o(x)|dl^(x)r^x)|o{x)).  (20) 

Equation  (20)  shows  that  even  though  the  curve  in  projective  Hilbert  space  has  changed 
(c  — *  c).  the  ((o|<7i'i'*|d)  term  compensates  for  this  cliange  keeping  the  geometric  phase 
inv'ariant.  VVe  can  interpret  i(o\dL  U^\o)  as  a  connection  form  which  is  induced  b\  the 
transformation  to  a  “rotating'  frame  of  reference.  This  is  not  u  gauge  transformation, 
the  curvature  two-form  F  =  clA  also  changes.  From  Eqs.  (12)  and  (13)  we  see  that 
the  operator  UhU^  is  present  only  in  the  time  c.olution  equation  for  path  1  just  like 
the  operator  h  in  Eq.  (1).  This  operator  represents  the  apparatus  and  gives  rise  to  the 
dynamical  phase.  Xote  that  the  il’iA  term  is  common  to  both  time  evolution  equations 
which  allows  it  to  be  given  a  geometrical  interpretation.  From  a  mathematical  point 
of  view  the  choice  of  a  connection  is  in  general  arbitrary.  It  is  the  physical  quantities 
which  must  be  invariant.  The  connection  is  chosen  to  divide  the  total  phase  o  into 
the  physically  observed  geometrical  and  dynamical  parts.  A  different  choice  for  the 
connection  must  be  made  in  order  to  calculate  the  observed  geometrical  phase  under  a 
time  dependent  unitary  transformation. 
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Abstract 

Different  expressions  for  the  calculation  of  the  quantum  geometrical  phase 
are  reviewed  and  their  limitations  are  discussed.  The  comparison  between  the 
Berry  Phase  [Ij  and  the  Aharonov-Anandan  phase  [2j  is  made.  The  expres¬ 
sions  are  illustrated  for  a  circuit  surrounding  a  triple  degeneracy. 


1  Introduction 

In  this  paper  we  endeavour  to  show  different  ways  of  calculating  the  quantum  geo¬ 
metrical  phase.  We  give  three  expressions  for  the  calculation  of  the  Berry  Phase  of 
an  adiabatic  process.  We  discuss  advantages  and  limitations  of  different  expressions. 
Then  we  define  the  Aharonov-Anandan  phase  and  describe  the  geometry  of  the  fibre 
bundle  based  on  the  projective  Hilbert  space.  Quantum  states  evolve  along  horizon¬ 
tal  lifts  in  this  bundle.  We  show  that  the  phase,  acquired  during  this  evolution,  in 
fact  coincides  with  the  phcise  introduced  by  Berry.  The  formulas  are  then  applied 
to  the  calculation  of  the  geometrical  phase  corresponding  to  the  evolution  of  the 
eigenvector  of  a  general  threefold  degenerate  state  [3]. 


2  The  Geometrical  Phase 

Suppose  that  the  Hamiltonian  H(X)  of  a  quantum  system  depends  on  an  arbitrary 
parameter  X  €  fl.  Then,  in  the  adiabatic  approximation  the  time  evolution  of  a 
given  state  of  this  system  €  Ti  along  a  smooth  curve  X(t)  &  Q,  t  £  [0,  T]  is 

given  by 


mt))  «  WA'(<))>-e' 


(1) 


where  |n(.Y(<)))  is  a  nondegenerate  eigenstate  of  the  stationary  Schrodinger  equation 
H\n)  =  £„|n),  at  X(t),  corresponding  to  the  eigenvalue  EniX{t))  and  T>(t)  — 
— /o  En(X(t'))  df  is  the  usual  dynamic  factor 

It  turns  out  that  only  those  states  In(.Y))  which  obey  the  parallel  transport  law 

/w(n{.Y)  I  dn(X))  =  0.  .Y  €  fl  12) 

are  in  accordance  with  the  Schrodinger  equation  [4].  Suppose  that  the  system  en¬ 
circles  a  closed  loop  C  in  the  space  fl,  i.e.  .Y(7’)  =  .Y(0).  Then  eqs  (1,2)  imply 
that 

=  ejp{~i{T>{T)  +  l3„{C))]  (3) 

the  final  state  differs  from  the  initial  one  by  the  phase  being  the  sum  of  dynamic 
'D(T)  and  geometrical  l3n(C)  factors.  The  latter  is  the  Berry  phase,  which  according 
to  eqs  (1,3)  is  equal  to 


^n(f^)  /m  fn(ny,jja/  j  nmuiai)-  (4) 

It  is  worth  noticing  that  the  phase  depends  only  on  the  path  C  in  fl,  no  matter  what 
were  dynamic  details  of  the  evolution.  The  direct  calculation  of  the  phase  3n(C) 
from  the  definition  (4)  is  in  practice  difficult  because  vectors  |n(.Y))  must  be  found 
in  a  gauge  in  which  they  obey  the  parallel  transport  law  (2). 

It  is  sometimes  easier  to  bring  the  state  )n)  to  a  gauge  |n‘'(.Y))  =  |n(A')) 
in  which  it  is  continuous  along  C,  including  the  point  closing  the  loop  A'(0)  =  X(T). 
Then  the  phase 

3n{C]  =  -Im£(n‘'\dn‘')  (-5) 

is  given  as  a  line  integral,  along  C,  of  the  1-form  \  dn‘'). 

In  the  expressions  (4)  and  (.5)  specific  gauge  transformations  were  seen  to  be 
required  what  might  make  it  appear  that  the  phase  itself  is  gauge  dependent.  This 
is  however  not  the  case.  Using  the  Stokes'  theorem  one  can  convert  (.5)  into  a  gauge 
independent  form 

3n{C)  =  -Im  jj^{dn  I  A  I  dn).  (6) 

where  S  must  be  an  orientable  surface  bounded  by  the  circuit  C.  This  formula  is 
less  general  than  (4)  also  because  the  2-form  {dn  |  A  |  dn)  does  not  always  exists. 

A  more  general  way  of  defining  the  geometrical  phase  is  due  to  Aharonov  and 
Anandan  (A- A).  They  considered  cyclic  evolutions,  i.e.  such  that  the  initial  and 
final  states  coincide,  in  the  projective  Hilbert  space  PiTi).  In  Berry's  approach  it 
is  the  adiabatic  approximation  (1)  that  allows  a  given  physical  system  to  remain, 
during  evolution,  at  the  same  state  (n)  up  to  a  phase.  Here  it  is  assured  by  the 
definition  of  the  cyclic  evolution. 

The  A-A  phase  is  defined  as  [2] 
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where  0  is  the  total  phase  ((i7,„a/|C’ini(ia/)  =  exp{—i0)  acquired  along  a  closed  loop 
C  C  PCH)  by  the  state  vector  \ii’).  We  would  like  to  stress  that  if  in  Berry's  approach 
one  omits  the  adiabatic  approximation  then  the  Berry  phase  becomes  equal  to  the 
A- A  phase.  In  fact,  the  second  term  in  RHS  of  eq  (7)  is  equal  to  minus  the  dynamic 
phase  ;  |  dy  )  =  lo  I  ^  I  >r'(t'))dt  =  —V(T)  and  hence,  comparing  (7) 

with  (3)  we  have 


oAC)  ^MC). 


(8) 


3  Geometrical  Description 

Formulation  of  the  geometric  phase  in  terms  of  the  fibre  bundle  formalism  provides 
us  with  a  better  insight  into  the  whole  concept  [-o]. 

The  projective  Hilbert  space  PCH)  is  the  base  space  of  a  fibre  bundle  E  =  H  — 
{0}  with  the  structure  group  Tfl).  The  variation  of  a  given  state  \ti’)  in  this  bundle 
has  its  horizontal  and  vertical  parts 

dW)=dH\^-)+dv\0).  (9) 

The  horizontal  variation  dulv)  adds  to  the  path  in  the  projective  space  and  is 
orthogonal  to  the  fibre 

(C\dH\c)=0.  (10) 

The  vertical  variation  dijc)  composes  the  phase  acquired  by  the  vector  during  evo¬ 
lution.  It  is  directed  along  the  fibre 


dv|v)=--'|n}.  (11) 

where  |n)  is  a  smooth  field  of  normalized  representantives  of  fibres  .  i.e.  = 
and  u;'  is  a  differential  1-form  -  the  connection  form  on  PCH).  Combining  (9),  (10) 
and  (11)  one  gets  its  explicit  form 

u.'‘  =e'"(n  ldn)-hde'\  (12) 

The  horizontal  lift  of  a  closed  curve  C  in  PCH)  is  the  trajectory  along  which  w'  =  0 
i.e.  evolving  only  in  the  horizontal  direction.  Such  a  trajectory  is.  in  general,  not 
closed  in  E.  The  resulting  fibre  element  'i„(C)  that  relates  the  initial  and  final  states 
of  this  trajectory  is  the  holonomy  given  from  (12)  by 

ln{C)  = -Im  \dn).  (13) 

This  holonomy  is  a  purely  geometrical  object  depending  only  on  the  path  in  the 
space  of  physical  states  and  not  on  the  Hamiltonian.  Comparing  (13)  with  (5)  and 
(8)  we  recognize  that  the  Berry  phase  as  well  as  the  A-A  phjise  are  both  equal  to  the 
holonomy  of  the  bundle  E  over  the  projective  Hilbert  space  P{H)  corresponding  to 
the  circuit  C. 
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4  The  Geometrical  Phase  for  a  SU{3)  state 

The  general  normalized  quantum  state  having  SU(3)  symmetry  is  given  by 

li/’)  =  =  e''’(sintf  coscie‘*““''*|^)  +  sin  ^sin  +cos0|C))  (14) 

where  \^),  (tj)  and  j^)  form  an  arbitrary  orthonormal  basis,  a,  0^0  and  <p  parameter¬ 
izes  the  general  element  |n)  of  the  C projective  Hilbert  space  and  e'“'  represents 
the  element  of  the  structure  group.  The  phase  parameters  (q,  3)  belong  to  the  torus 
5]  X  5i  ~  [0,  2rr)^  whereas  (0,  <£>)  are  restricted  to  the  positive  octant  52/8  ~  [0, 7r/2]^ 
of  the  sphere  [3]. 

The  connection  (12)  in  this  parameterization  of  C is  u;*  :=  fe''’[(cos^  5)^7  + 
sin^  6(sin^  4>  d3  3-  cos^  6  do)],  which  yields  for  the  geometrical  phase 

-y„{C)  =  —  ^  tari^  0{ si di3  +  cos^  da).  (15) 

This  result  was  already  obtained  [6]  for  a  different  parameterization  of  the  CP^ 
space.  In  the  particular  case  of  d  =  ir/2  the  phase  (15)  coincides  with  the  SU{2) 
case  considered  by  Berry  [1]. 

Summary  In  this  paper  we  have  shown  different  ways  of  calculating  the  geometri¬ 
cal  phase.  We  investigated  the  Berry  phase  obtained  in  the  adiabatic  approximation. 
We  have  given  three  expressions  for  that  phase  discussing  differences  among  them. 
Then  we  have  introduced  the  A-A  phase  in  the  framework  of  the  geometry  of  the 
fibre  bundle  and  shown  that  the  adiabatic  approximation  is  not  necessary  in  this 
context.  Finally  we  have  calculated  the  geometrical  phase  for  the  parameter  space 
of  a  threefold  degenerate  state. 
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On  a  Certain  Class  of  Connections  in  the 
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1  Introduction 

Recently  a  lot  of  work  hcis  been  done  for  nonabelean  generalizations  of  Berry’s  phase 
[1].  In  particular,  Uhlmann  proposed  a  connection  governing  parallel  transport  along 
density  matrices  [2J,  In  the  generic  case  of  nondegenerate  not  normalized  density 
matrices  it  leads  to  an  u(n)-valued  connection  form  w  on  the  principal  bundle 

Gl(n,C)  —  GI(n,C)/U(n)  (1) 

defined  implicitly  by  the  equation 

g’guj  +  Mg'g^g'dg-dg'g;  s€GL(n,C).  (2) 

By  the  polar  decomposition  g  =  g^u,  the  space  GI(n,C)/U(n)  can  be  identified 
with  the  space  of  positive  matrices.  The  horizontal  subspaces  of  this  connection 
are  just  the  orthogonal  complements  of  the  vertical  subspaces  with  respect  to  the 
induced  Riemannian  metric  h.  h{X,V)  =  ReTrXY*,  on  Gl(n,C)  C  gl(n,C).  ft  is 
rather  difficult  to  write  down  explicit  formulae  for  u;  and  its  curvature  fl  in  terms 
of  natural  matrix  operations.  However,  one  finds 

u;  =  Wo  +  (Adp  +  1)"'  o  (Adp  —  1)  ,  ('.]) 

where 

P-=9‘9^  6  =  9~'dg,  wo=i(<l-0*)^  (1) 

{6  -  the  canonical  left  invariant  1-form  on  Gl(n,C);  Wq  -  the  canonical  connection 
form  on  the  above  bundle  [3]). 

Here  we  consider  a  whole  class  of  connections  including  the  above  one  and  cal¬ 
culate  the  curvature.  For  n=2  we  give  explicit  formulae  for  the  above  connection 
and  its  curvature.  The  proofs  and  technical  details  can  be  found  in  [5]. 


403 

2  General  Results 

Note,  that  the  operator 

z  :=  Adp  :  Gl(n,  C)  — ►  Gl(n,  C)  (5) 

has  the  positive  spectrum  <t(z)  =  |  ^  |  A,p  are  eigenvalues  o/p|.  Therefore,  f(z) 
is  well  defined  for  a  function  f  on  R+.  Generalizing  solution  (3)  of  equation  (2)  we 

obtain  the  following  _ 

Theorem  1:  Let  f  :  R+  — *  C  be  a  C'-function  satisfying  f(x)  =  —  f(x”*)  . 
Then  the  1-form  u;  defined  by 


is  a  connection  form  on  the  principal  bundle  (1)  invariant  under  natural  left  L(n)- 
action.  O 

The  main  difficulty  in  calculating  the  curvature  ft  =  dw  q-  |  [w.uj]  is  to  determine 
the  operator  valued  1-form  df(z).  For  this  purpose  we  introduce  a  "commutator’" 
of  certain  operator  functions.  Obviously,  for  X  6  gl(n,C)  the  term  ”5:11 -V"  does 
not  make  sense,  because  1  belongs  to  the  spectrum  of  z.  However,  we  may  define  a 
generalized  commutator  of  the  operators  f(z)  and  ’ad  -^^X '  as  follows; 
Definition:  If  zX  =  AA",  X  &Q,  A  €  <y(z),  let 


f(z),  ad— 

■  ^  1  ;^[f(z),adX] 

if 

z-1 

1  z  0  f'(z)  0  ad  A' 

if  A  =  1 

For  general  X  we  define  the  commutator  by  linearity. 

The  second  case  in  the  definition  is  just  the  formal  limit  of  the  first  one  if  A  tends  to  1 . 
Moreover,  the  so  defined  commutator  is  compatible  with  the  usual  commutator  and 
the  Riesz-Dunford-calculus  [4]  (for  analytic  f  on  U;  R+  C  U  C  C)  in  the  following 
sense: 

[f(z),adAl=  [f(z),ad-i--((z-l)A)l  (8) 

z  —  1 


f(z) ,  ad  1  =  /  f(C)  \  77^  .  ad  dC  •  0) 

z-1  2ir\  J  [(,1— Z  Z  — 1 

If  Q  is  a  gl(n,  C)-valued  differential  form  on  Gl(n,C),  then  [f(z) ,  ad  q]  is  in  an 
obvious  way  defined  as  an  operator-valued  differential  form  by  application  of  the 
above  Definition  to  the  values  of  a.  The  above  Definition  is  justified  by 
Theorem  2:  The  differential  of  the  operator  valued  function  f(z)  is  given  by 


cl(f(z))  = 


with  dp  p  *  =  z  0  -h  6*  (10) 
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To  proof  this  Theorem  one  uses  the  following  technical 
Lemma  3:  Let  X  £  gl(n,C)  and  4  ^  cr(z).  Then 


- — ■  o  ad  A'  o 

(,1  -z 


1 

Cl  -  z 


1 

Cl  -Z 


o  z 


(11) 


□ 

Using  Theorem  2  the  curvature  fl  of  the  connection  form  a;  defined  in  Theorem  1  is 
now  obtained  by  a  straightforward  calculation.  The  result  is  the  following 
Theorem  3: 


f2  —  flo  + 


f(z),ad  d 
z  -  1 


(12) 


where  /J  =  5  (^  +  ^*)  and  flo  =  — g  [0  +  0' ,0  +  9']  (curvature  of  the  canonical 
connection  form  uiq}. 


3  Example 

We  consider  the  Ccise 

1  1  z  - 1 

uJ=-(9-0')  +  +  n  (14) 

I  Z  z  -f  1 

coincides  by  (3)  with  Uhlmann’s  connection  given  by  (2).  From  Theorem  3  we  obtain 
for  the  curvature  of  this  connection 


fl  =  Uq  T 


z  —  1 
z  +  1 


,  ad 


z  +  1 
z  —  1 


& 


z  —  1 
z  +  1 


z  —  1 
z  +  1 


(15) 


Thus,  an  explicit  calculation  of  w  and  fl  essentially  amounts  to  explicit  knowledge 
of  (z  +  1)“'  =  (Adp  +  1)'‘-  We  consider  the  case  n=2.  Using  the  characteristic 
equation  of  p  we  obtain 


z  +  1 


=  (  Adp  +  1 ) 


'  K' ■ 


Denoting 

we  get 


^  ■■=  V 

Trp 


z  —  1 
z  +  1 


=  ad  9  . 


In  this  notation  the  connection  form  is  given  by  the  simple  formula 


(16) 

(IT) 

(IS) 


U)  —  Wo  +  [  q  ,  /?  ]  . 


(19) 
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The  above  Lemnia,  (15),  (18)  and  the  the  Jacobi  identity  yield 

The  term  on  the  right  hand  side  can  be  reduced  using  the  following  identity  for 
traceless  2  x  2-matrices  and  their  consequences  for  sl(2,C)-valued  1-forms; 

1AMV,Z]]  =  -2Tr(.VZ)  V  -1-  2Tr(.YV)  Z;  X^\Z  6  sl(2,C)  .  (21) 

We  obtain 

n=(l-Tr(,^))[d,/Jl  =  ^(^,/^l  .  (22) 

Thus,  the  final  result  for  n  =  2  is: 

^=1  ^0-01  +  :^[p,0  +  0-]  . 

2  2  up 

We  observe  that  this  curvature  coincides  -  up  to  a  factor  depending  on  p  -  with  the 
curvature  flo  of  the  canonical  connection. 
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n  = 


detp 
2  (Trp)‘ 


[P  +  0-,0-i-0’]  .  (23) 
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The  Bures  metric  and  Uhlmaim's  transition  probability:  explicit  results 

Matthias  Hiiifner 

University  Leipzig.  Depaitnieiit  of  Physics 

Abstract:  We  give  explicit  results  for  the  Bures  metric  on  the  space  of  density 
matrices  in  the  2-  and  n— dimensional  cases.  .'Vt  the  same  time,  this  applies  to  Uhlmann's 
transition  probability  for  mixed  states  on  a  '  —  algebra.  The  Bures  metric,  Uhlmann's 
connection,  the  Fubini-Study  metric  and  the  Pancharatnam  parallelity  are  special  cases 
of  a  general  construction. 

1.  Generalities 

Let  us  consider  two  states  vei,u,’2  on  a  '—algebra  M  and  all  '—repre¬ 
sentations  z  :  M  —t  BCH)  on  Hilbert  spaces  for  which  there  exist  vectors  |1  > 
,  |2>e  T-l  which  induce  the  states  ,i.‘i,L4;2: 

=<(|-(c;)|/  >  Vu  6  .^/. 

Uhlmann  introduced  in  1976  the  generalized  transition  probability 

P(uii.ijj2)  as  a  supremum 

P(u,-|.>*.-2)  :=  sup|  <  1|2>  1^  (1) 

over  all  admissible  representations  -  and  all  vector  representatives 

|1  >,  |2  >  of  the  states  [4],  This  is  intimately  connected  with  the  Bures  metric  d  on 
the  space  of  states; 

</(u,-,.,.'2);=inf|||l>-|2>  II  (2) 

Bures  [2]  introduced  his  metric  in  order  to  study  infinite  tensor  products  of  von  Neumann 
algebras,  thereby  generalizing  classical  results  of  Kakutani  [1]  to  the  noncommutative 
ctise.  Besides  many  interesting  facts,  he  showed  the  triangle  inequality  for  d.  thus 
proving  the  nontrivial  proposition  that  (2)  defines  a  metric  after  all.  From  (1)  and  (2) 
we  get  immediately  [5] 

=  2(1  -  v/PuT^  )•  (3) 

Thus  all  results  for  the  Bures  metric  apply  to  Uhlmann's  transition  probability  and 
vice  versa.  .Araki  and  Raggio  proved  in  [6]  that  Uhlmann's  concept  contains  Cantoni's 
generalized  transition  probability  [3]  as  a  special  case.  The  Bures  distance  was  further 
clarified  in  deep  papers  by  .Araki  [7]  and  .4raki  and  Yamagami  [8].  .Alberti  and  Uhlmann 
proved  intuitively  appealing  results  on  the  behaviour  of  Uhlmann's  transition  probability 
with  respect  to  stochastic  maps  on  state  spaces  [9]. 

Results  on  the  explicit  form  of  the  Bures  metric  were  lacking  for  a  long  time. 
A. Uhlmann  posed  this  to  me  as  a  problem  and  we  collect  our  findings  in  the  next 
section.  More  details  can  be  found  in  (11.12.13). 

2.  Results 

On  a  type  I  factor,  states  are  represented  by  density  matrices 

=  tr  p,(u) 
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on  the  representation  Hilbert  space  H.  We  identify  a.',  ana  /),.  Using  a  result  of  Uhlmann, 
we  can  establish 

i(p\-P2)^  =  inf  tr  (Hi  —  HaMTUi  -  IU2  )*.  (4) 

where  the  infimuni  runs  over  all  Hilbert-Schmidt  matrices  fulfilling 
=  p,.  It  is  not  hard  to  show 

d(pi.p2?  =  trfpi  +p2)-2tr  ^ y/p\p2\fp\- 

Consider  the  simplest  nontririal  case,  a  2-dimensional  Hilbert  space.  Parametrizing  the 
density  matrices  by  Pauli  matrices,  we  get  after  computation 

P(p\-p2)  =  (tr  yj ^P2^  f  =  trpip2  +  2\/det  pip2  (5) 

and  the  Bures  distance  follows  from  (3). 

The  infinitesimal  form  of  the  Bures  distance  is  more  interesting.  It  turns  out  that 
the  squared  distance  of  two  neighbouring  density  matrices  is  of  second  order  in  the 
infinitesimal  translations.  So  the  metric  can  be  described  by  a  metric  tensor.  This  can 
be  calculated  and  the  result  is  in  im’ariant  matrix  operations  (i.e.  without  refering  to  a 
certain  OXB  of  7i)  : 


d(p.p  +  <lpf  =  ^tT{(lpf  +  (</\/det  pf.  (6) 

The  space  of  2-dimensional  normalized  density  matrices  is  topologicallr’  equivalent  to 
the  3-dimensional  solid  ball.  But  (6)  is  not  a  metric  tensor  for  a  flat  metric.  Examining 
the  last  formula,  we  get  the 

T1  eorem:  The  set  of  2- dimensional  normalized  density  matrices  with  the  Bures 
metric  is  isometric  to  one  closed  half  of  the  Euclidean  !i-sphere  with  radius  j. 

In  n  dimensions  there  is  apparently  no  way  to  express  the  Bures  metric  in  inrariant 
matrix  operations,  avoiding  the  disturbing  square  root  operation  in  the  definition.  But 
we  can  write  down  an  explicit  fornnda  for  the  niei.ic  tensor  of  the  Bures  metric  at  a 
certain  nonsingular  density  matrix  p.  if  we  have  knowledge  about  the  eigenvalues  {A,} 
and  eigenvectors  {|t  >}  of  p.  Defining  the  Hermitian  matrix  .4(t)  by  the  relation 

=  y/p(p  +  t(lp)y/p 


(t  being  a  small  real  parameter),  differentiating  two  times  after  f  and  setting  t  equal  to 
zero  gives 


dlp.p  +  dpf 


I  <  >\dp\j  >  1'^ 

^  2(A.  +  A,) 

'■j 


(T) 


With  the  aid  of  this  formula  we  can  obtain  useful  estimations  of  the  Bures  metric  from 
below  and  above,  see  the  references  [12,13], 


3.  A  unifying  concept 

Consider  a  bundle  p  ■.  E  —>  B  with  .structure  group  G  acting  transitively  on  the 
isomorphic  fibres  p”'(6),  b  Q  B.  Suppose  that  the  total  space  E  is  given  a  metric  d  and 
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assume  the  action  of  G  on  E  to  be  isometric  and  contiiiuoiis  with  respect  to  the  metric 
topologt'  on  E 

Now  define  the  function  d  on  B  x  B  as 

d{b.b')—  inf  d{(.f'].  (8) 

pit  )=6. /){<')  =  &' 

Of  course,  d{b.b')  >  0  and  d{b.b)  =  0  V6,  A'  €  B.  Symmetry  of  d  in  its  arguments  is 
evident.  For  compact  fibres  d  takes  on  its  infimum  on  the  compact  space  p~^{b)xp  *(&'). 
thus 

d(b.b')  >0  for  A  /  6' . 

Furthermore  it  is  not  hard  to  prove  the  triangle  inecpiality  for  d  -  it  is  here,  where  we 
need  the  transitivity  of  the  action  on  the  fibres.  We  establi.slied  that  d  is  a  metric  on 
the  base  space  B  [12]. 

Now  for  even  more  structure  on  the  bundle.  Fix  a  certain  e  6  If  the  infimum  in 
(8)  occurs  for  a  unique  t'  €  p~‘(A').  then  e'  is  defined  to  be  parallel  to  e.  Every  point 
in  the  total  space  E  is  parallel  to  itself.  Applying  tran.sitivity  of  the  action  of  G  on  the 
fibres  one  more  time  we  see: 

1.  Parallelity  is  a  symmetric  relation  on  E. 

2.  If  e.e'  are  parallel,  then  yt.ge'  are  parallel  for  all  g  €  G.  So  the  parallelity 
relation  is  equivariant  with  re.spect  to  the  group  action. 

This  is  a  rather  useful  construction-  Notice  that  the  failure  of  this  parallelity 
relation  to  be  tranntive  corresponds  to  the  curvature  of  the  ])arallel  transport. 

Example  1:  Take  a  Hilbert  space  and  the  Hopf  bundle  of  its  unit  vectors  over  the 
corresponding  projective  Hilbert  space.  Then  the  metric  d  turns  out  to  be  the  Fubini- 
Study  metric  on  the  complex  projective  space.  Our  definition  of  jiarallelity  coincides 
with  Pancharatnam's  notion  of  parallelity:  two  unit  vectors  are  parallel  if  their  scalar 
product  is  positive  [14].  (This  breaks  down  for  orthogonal  subspaces.)  Considering  the 
parallel  transport  infinitesimally,  wo  get  the  canonical  connection  in  the  Hopf  bundle, 
obtained  in  fundamental  work  by  .Aharonov  and  .Anantlan  [14].  If  we  pull  this  bun¬ 
dle  back  to  a  parameter  space  and  consider  Hamiltonian  evolution  with  adiabatically 
changing  parameters,  we  get  the  Berry  phase. 

Example  2:  Take  the  injective  Hilbert-Schmidt  operators  with  the  natural  metric 
and  project  onto  the  injective  positive  trace  class  operators.  Then  the  metric  d  is  the 
Bures  metric  and  the  parallelity  and  connection  is  the  one  dtie  to  Lhlmann  [10],  For 
many  more  details,  see  [12.13]. 
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The  Great  Orthogonality  Theorem  and  Informational  Completeness 

Franklin  E.  Schroeck,  Jr.  f 
Florida  Atltintic  University 

Abstract.  From  the  orthogonality  theorem  for  square  integrable  representa¬ 
tions  on  homogeneous  spaces  of  a  locally  compact  group,  a  series  of  lemmas 
cure  derived  showing  the  informational  completeness  for  the  generalized  Wigner 
distributions  (matrix  elements  of  the  group)  as  well  as  the  informational  com¬ 
pleteness  of  the  natural  covariant  localization  operators.  The  results  are  ap¬ 
plied  to  special  (phase  space)  representations  of  the  Heisenberg,  Galilei,  and 
Poincare  groups. 

A  set  of  quantum  observables  is  informationally  complete  if  a  collection  of  values 
assigned  to  that  set  of  observables  uniquely  determines  a  quantum  state  for  which 
these  values  are  the  quantum  expectation  values  of  the  observables  in  that  state.  To 
perform  einy  determinative  measurement,  an  experimenter  must  have  a  (practical)  way 
of  measuring  such  a  set.  An  obvious  penalty  for  measuring  only  an  informationally 
incomplete  set  of  observables  is  that  the  ambiguity  of  the  results  permits  incorrect 
conclusions.  On  the  other  hand,  measuring  more  than  a  complete  set  (oversampling) 
leads  to  various  efficient  methods  of  error/noise  reduction. 

Analysis  shows  that  no  commuting  set  of  observables  is  informationally  complete. 
Examples  are  the  faimily  of  spectral  projectors  for  position,  or  through  Fourier  trans¬ 
form,  the  family  of  spectral  projectors  for  momentum.  Even  the  union  of  these  two 
spectral  families  is  informationally  incomplete  although  not  commuting.  The  set  of  all 
bounded  self-adjoint  operators  in  the  representing  Hilbert  space  is  complete,  but  it  is 
imprsictical  to  attempt  to  meeisure  everything  in  this  set.  We  show  here  that  the  set  of 
joint  momentum  and  position  localization  observables  (as  well  as  spin  for  non-spin  zero 
systems)  has  the  property  of  informational  completeness  for  non-relativistic  quantum 
mechanics.  This  set  is  termed  “the  set  of  (generalized)  phase  space  localization  opera¬ 
tors.”  Our  mathematical  approach  also  leads  to  a  definition  of  phase  space  localization 
operators  for  Poincare  invariant  quantum  mechanics,  for  both  massive  and  massless 
particles.  In  all  Ccises,  the  localization  operators  lire  covariant  with  respect  to  the  entire 
symmetry  group,  and  not  just  with  respect  to  the  Euclidean  subgroup. 

The  method  used  is  the  following  in  outline.  We  begin  with  a  symmetry  group 
G  for  the  system  (G  =  Weyl- Heisenberg  or  Galilean  or  Poincare  or  other  kinematical 
group.)  For  H  a  closed  subgroup  of  G,  consider  the  homogeneous  space  G/K  (or  H\G). 
Vcirious  choices  for  H  will  be  considered,  but  we  must  be  able  to  carry  out  the  following 
steps: 

Step  1.  Find  a  left  G-invariant  measure  p  on  G/H. 

Step  2.  In  order  to  have  a  phase  space  interpretation  of  G/H ^  we  must  exhibit  a 
symplectic  form  through  which  one  can  construct  p  by  taking  wedge  products. 

t  This  is  a  report  on  joint  work  with  D.  Healy  and  J.  A.  Brooke. 
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Step  3.  Form  L^{G/H,fi).  Let  denote  the  tth  irreducible  representation  of  G  on 
some  Hilbert  space  7{^'\  (These  may  be  obtained  by  Mackey’s  method  of  induced  repre¬ 
sentations.)  One  finds  an  isometry,  W ,  of  to  a  closed  subspace  A’^'*  of  L^(G / H,  fi) 
and  thereby  intertwines  f/*'^  with  a  representation,  V^'\  of  G  on  A'*‘*  C  L^(G / H,  fi). 
For  example,  one  might  intertwine  with  the  left  (quasi-)  regular  representation,  V^,  on 
L\GIH,^). 

Step  4.  For  /  6  L^(G/H,fj.),  and  A  a  Borcl  subset  of  G/H,  define  the  localiza¬ 
tion  operator  A(A)  by  A(A)[/]  =  V^/,  where  >s  the  characteristic  function  of  A. 
{,4(A)|A  is  Borel}  is  a  projection  valued  measture.  It  is  covariant  with  respect  to  V^, 
but  is  informationally  incomplete. 

Step  5.  With  P*'*:  L^(G I H ,  fi)  — *  A'*'*  being  the  orthogonal  projection,  define 
.4''>(A)  =  WP<'>.4(A)W. 

Then  {yl*''(A)|A  6  Borel(G/P)}  is  a  positive  operator  valued  measure  (localization 
operator)  on  the  irreducible  representation  space  .  If  W  intertwines  t/*'*  with  V^, 
then  is  covariant  with  respect  to  the  entire  group  G,  not  just  with  respect  to  a 
subgroup  (such  m  the  Euclidean  group.) 

Step  6.  The  localization  operator  .4*'*  must  form  an  informationally  complete  set 
in  .  This  is  a  constraint  on  the  pair  {7i^'\G /H], 

Step  7.  An  explicit  formula  for  reconstructing  a  state  from  the  set  of  expected  values 
of  the  A*'*(  A)  must  be  given.  The  formula  should  have  a  discretized  approximation  and 
must  yield  a  numericaJly  stable  algorithm. 

The  smaller  H  is,  the  more  likely  the  condition  in  step  6  can  be  met.  On  the  other 
hand,  the  smaller  H  is,  the  more  difficult  step  3  becomes.  Hence,  there  is  an  optimal 
range  of  choices  if  not  a  unique  choice  for  H.  The  present  analysis,  although  related 
to  that  of  Perelomov  (1971),  differs  from  his  approach  in  which  H  is  determined  as  the 
stabilizer  subgroup  of  a  given  vector  in  the  representation  space  rather  than  on  general 
principles. 

In  particular,  for  f  €  the  map  W  =  IV,  takes  on  the  form 


[W,f](x)  =  {U^'\a{x))riJ) 


where  <t  is  a  Borel  cross  section  from  G/H  to  G.  The  condition  that  IV,  be  an  isometry 
is  then  closely  related  to  the  condition  that  rj  must  be  square  integrable  with  respect 
to  (j{G/H).  We  wish  to  derive  the  orthogonality  relations  as  a  consequence  of  square 
integrability.  These  relations  read 


Jg/h 


{x))T]2,4>2)dli{x}  =  (Cr/2,CT7|)(<!>1,02) 


for  some  self-adjoint  operator  C  in  <^j,  rjj  6  7/;  admissible.  If  H  is  in  the 

center  of  G,  these  results  are  known  (Grossmann  et  aJ,  1985).  FVom  these  orthogonality 
relations  the  informational  completeness  of  the  A*''  follows  (see  below). 
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The  details  for  steps  1  through  5  for  the  Heisenberg  and  Galilei  groups  are  known 
(Guillemin  and  Sternberg,  1984).  For  the  Poincare  group,  they  were  recently  investi¬ 
gated  by  J.  Brooke  and  the  author  for  obtaining  fully  covariant  phase  space  localization 
operators  for  both  massive  eind  massless  relativistic  particles,  such  as  the  photon  (Brooke 
and  Schroeck,  1989  and  in  preparation).  In  the  non-relativistic  cases  and  the  massive 
Poincare  case,  the  intertwining  of  the  Cf**)  is  with  the  left  regular  representation  V^.  In 
the  non-relativistic  cases  the  only  choice  for  G/H  such  that  all  steps  are  satisfied  seems 
to  fix  G//f  to  be  configuration  space  x  momentum  space  x  spin  space. 

To  satisfy  steps  (6)  and  (7)  consider  the  following: 

Definition:  A  nonzero  t]  £  is  admissible  with  respect  to  a{G/H)  iff 

/  d^{x)  <  oo. 

JGfH 

If  f/^‘*  is  irreducible,  we  say  is  square  integrable  over  ff(G/H). 

Condition  (a).  There  exists  a:  H  -*  C  such  that  U(h)i)  =  a(h)T]  Vh  G  H.  If  this 
holds  and  rj  is  admissible,  we  say  q  is  o-admissible. 

Condition  (b).  There  exists  B:G/H  x  G/H  — >  C  and  a  dense  set  of  1-admissible 
vectors  ij  such  that 

B{x,y)t]  =  U{(T(x)~^a(y)-'cr{x)<7{y))r]  Vx,y  6  G/H. 

D.  Healy  and  the  author  (in  preparation)  show  that  (a)  (b)  imply  that  our  square 

integrability  condition  implies  that  of  Ali  et  aJ  (1991).  (a)  implies  that  the  results  are 
section  independent.  (a1  implies  that  the  orthogonality  theorem  holds  on  the  subspace 
of  Wq  generated  by  the  o-admissible  vectors;  (a)  (b)  imply  that  the  operator  C  in 

the  orthogoneJity  condition  is  a  multiple  of  the  identity. 

Now  let  xp  €  Ha,  IIV’II  =  1,  and  let  {e^}  be  an  orthonormal  basis  for  Ha-  Then 
from  the  orthogonality  theorem  we  obtain 

/  {^j,U*''^{<x{x))r}){U^''>{(x(x))rp,ip)dfi{x)  =  {Cxp,Cr)){ej,ii>). 

Jgih 

Thus  the  set  {(U^'^  (<T(x))xl>,tp/  |z  €  G/H}  of  “generalized  Wigner  coefficients”  deter¬ 
mines  V’  np  to  a  phase;  conditions  (a),  (b)  imply  the  informational  completeness  of  the 
Wigner  coefficients  in  Ha,  modulo  the  fact  that  the  {7*'*(a(x))  are  not  observables. 

The  localization  operators  are  shown  to  have  a  projection  valued  density  T’’: 
A^‘*(A)  =  T’’{x)dy,{x).  Healy  and  the  author  then  show 

/  B{x,y){xp,T’’{x)^)dft{x)  =  {Cr).,CU  {(T{y))y){U  [a(y))xp,i^), 

Jg/h 

for  Jj  6  Ha,  xp  ^  H,  y  ^  G/H.  By  the  result  on  Wigner  coefficients,  this  shows 
that  the  set  {T''(i)|x  G  G/H),  which  is  equivalent  to  {A*'^(A)|A  G  Borel(G/ff )},  is 


415 


informationally  complete  on  lia.  The  algorithm  this  yields  is  not  as  effficient  as  the 
following: 

Since  the  T’’  are  informationally  complete  in  Ha,  any  density  operator  p  in  Ha 
may  be  written  in  the  form  p  =  /(y)T'’(y)dp(y).  Then  one  shows 


B(y,k)TTipT’>iy))dp{y)  =  (Cv,CUi„ik))r,){U{a(k))v,r)} 


X  j  f(x)B{x,k)dp{x). 
Jg/h 


Thus,  if 

(c)  {U{a{k))r,,r,)^0  a.e.  keG/H 

holds,  then  one  may  reconstruct  p  via  an  integral  formula  if  one  can  reconstruct  /  from 
its  B-transform. 


Healy  and  the  author  show  that  (a),  (b),  (c)  may  be  satisfied  in  the  non-relativistic 
cases  and  that  the  B-transform  is  the  Fourier  transform.  Discrete  approximations  to 
this  integral  provide  the  numerically  stable  procedures  desired  in  steps  6  and  7. 
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PHASE-SPACE-  AND  OTHER  REPRESENTATIONS  OF 
QUANTUM  MECHANICS:  A  UNIFYING  APPROACH 

Helmut  Fink  and  Hajo  Leschke 

Institut  fiir  Theoretische  Physik  1,  Universitat  Erlangen-Niirnberg, 

Staudtstr.7,  W-8520  Erlangen,  Germany. 


Abstract:  Bi-orthogonal  systems  in  Liouville  space,  which  are  parametrized  by  phase  space, 
provide  a  convenient  way  of  formal  insight  into  the  common  structure  of  all  linear  phase- 
space  representations  of  quantum  mechanics.  The  farest  reaching  generalization  of  the 
early  Weyl-Wigner  representation  is  achieved  by  replacing  phase  space  by  a  general  pa¬ 
rameter  space  r  equipped  with  a  measure  and  possibly  with  a  group  structure.  Positivity 
and  invariance  properties  of  the  representations  with  respect  to  transformation  groups  on 
r  are  studied  in  relation  to  coherent  states. 

1  Introduction;  Motivation  and  goal 

The  choice  of  a  representation  (rep)  of  Hilbert-space  operators  is  necessary  for 
most  concrete  calculations  in  quantum  mechanics.  In  view  of  many  recent  pub¬ 
lications  oil  Weyl-Wigner-Moyal  theory,  positive  phase-space  reps,  coherent  states, 
squeezed  states,  wavelets  with  applications  in  quasiclassical  physics,  quantum  chaos, 
(quantum)  optics,  signal  processing  etc.,  we  are  concerned  with  a  unifying  approach 
which  reveals  the  common  (mathematical)  structure  of  these  kinds  of  reps.  Com¬ 
bining  and  generalizing  ideas  of  various  authors  [1-7],  we  provide  an  overall  view  for 
orientation  and  classification  of  special  results  and  aim  at  a  basis  for  better  intuition. 
In  doing  .so  we  stay  at  a  formal  level  not  caring  about  questions  of  mathematical 
rigor. 

2  The  general  formalism:  T-representations 

Consider  the  Liouville  space  £(7f)  consisting  of  operators  acting  on  a  given 
Hilbert  space  H.  Expectation  values  are  then  given  by  the  Liouville-space  scalar 
product  Tr[iy/1]  of  state  operators  W  —  W’*'  >  0,  Tr  H'  =  1  with  observable 
operators  A  =  A'*' .  A  set  f  equipped  with  a  measure  fi  serves  as  a  parameter 
space.  To  represent  elements  of  C(Fl)  by  functions  on  F,  it  is  useful  to  introduce  bi- 
orthogonal  operator  systems  {A(a),  A(/^)  :  a,/}  G  F},  obeying  the  bi-orthogonality 
relation 

Tr  [A^(q)  A(0)\  =  6(a,0) 
and  the  completeness  relation  in  C('H,) 

J  d/i(7)  A'^(7)/1A(7)  =lTr  a 

r 

A  is  called  the  dual  basis  for  A,  b  stands  for  a  Kronecker-  or  Dirac-della  depending 
on  whether  F  is  discrete  or  continuous. 


(a,/3GF)  (1) 

(AG/:(W).  (2) 
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As  is  easily  shown  by  considering  A  =  ln)(n'|,  where  {\n)}  denotes  an  orthonor¬ 
mal  basis  in  7i,  eq.  (2)  is  equivalent  to  the  operator  expansion 

A  =  y  dM7)  Tr  [A+(7)  A]  A(7).  (3) 

r 

An  operator  A  is  thus  represented  by  its  expansion  coefficients  with  respect  to  the 
£('H)-basis  A.  This  complex-valued  function  on  F, 

a^(7)  :=  Tr  (A+(7)  A]  ,  (4) 

is  called,  extending  a  notion  of  [1],  the  contravariant  symbol  of  A.  Replacing  A  by 
A,  one  obtains  the  covariant  symbol  aA(7)  • 

Given  A  and  A,  the  scalar  product  in  C{'H)  is  representable  as 

Tr  [A*B]  =  j  d/r(7)  0^(7)  />a(7). 
r 

Remarks: 

•  The  symbols  are  linear  in  the  represented  operators.  For  nonlinear  reps  see  [8j. 

•  The  contravariant  symbol  of  A(7')  is  6(7,7'),  see  (1)  and  (4). 

•  A  self-dual  basis  A  =  A  is  orthonormal,  see  (1). 

•  Change  of  rep  by  use  of  a  generalized  matrix 

aA'(7')  =yd/j(7)  r(7',7)  0^(7)-  (6) 

r 

Here  the  transformation  kernel  <(7',  7)  :=  Tr  [A^(7)  A'(7')]  represents  the 
new  basis  A'(7'),  7'  g  F'  with  respect  to  the  old  one  A(7),  7  g  F. 

•  Phase-space  reps  (Ti  S  L^(R),  F  =  IR^  =  {(p^v)})  are  treated,  within  this 
approach,  in  [2];  for  special  cases  cf.  also  [3,9]. 

Two  important  examples: 

1.  Ordinary  Hilbert-space  reps  with  respect  to  an  orthonormal  basis  {[n)}  in 
fit  into  the  £(7f)-approach  [4]; 

F=IN^  /d/i(7)=E,  A(7)  =  |n>(n'(  g  £(7f),  0^(7)  =  («iA|n'). 

n.n' 

2.  Let  F  be  a  group  with  a  unitary  irreducible  rep  U  as  an  orthonormal  basis  in 
£(7f)  and  fi  a  Haar-measureon  F.  (2)  is  obvious  for  A  =  C  by  Schur’s  lemma. 

It  can  be  shown  that  A  >  0  iff  its  ft-symbol  01/(7)  Tr  [f'‘'’(7)  .4]  is 
T-positive  definite,  i.e.  the  n  x  n-matrix  (a(/(7i  is  positive  for 

all  {71,  ...,771}  C  F  and  all  n  g  IN  (cf.[lOj). 
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For  the  Heisenberg- Weyl  group  F,  F-positive  definiteness  reduces  to  ft-positive 
definiteness  [10,1 1]  except  for  a  phase  factor  arising  because  the  Weyl  operators 
U('i)  =  D(p,q)  :=  (QP  —  PQ  =  i^)  constitute  only  a  ray  rep  of  F. 


3  G-covariant  F-representations  and  G-coherent  states 

Now  let  G  be  a  transformation  group  acting  on  F,  =  dp,{g~i)  for  all  g  G  G 

and  U  a  unitary  irreducible  rep  of  G  in  C{'H).  The  requirement  that  a^(g-f)  repre¬ 
sents  U'^{g)AU(g),  when  a^(~()  represents  A,  yields  the  G-covarianct  condition 

A(s7)  =  f/(5)A(7)f/+(5)  for  all  g  eG,  f  G  F.  (7) 

For  G  acting  transitively  on  F  (i.e.  for  all  71,72  there  is  g:  72  =  91\),  (7)  reduces  to 

A(7)  =  f/(fl)A(7o)t/+(5),  7  =  570.  (8) 

A  is  uniquely  determined  by  A(7o),  which  has  to  be  invariant  under  the  isotropy 
group  of  7o  (i.e.  for  g  with  g'jo  —  70)- 

F-reps  (with  basis  A  in  C('H))  are  called  real,  positive  and  normalized  iff 
A(7)  =  A'''(7),  A(7)  >  0  and  TrA(7)  =  1  for  all  7  €  F,  respectively.  Real  reps 
associate  with  A  =  /1+,  positive  reps  associate  >  0  with  A  >  d.  and 

normalized  reps  yield  =  1  for  >4  =  1,  according  to  (4). 

For  G-covariant  positive  normalized  F-reps,  (8)  takes  the  form 

W(g)  =  U(g)WoU*[g).  (9) 

W{g)  are  the  G-coherent  (mixed!)  states  [12]  with  fiducial  state  A(7o)  =  Wo  . 
Examples  and  remarks: 

1.  G=  translations  on  F  =  IR^  =  {(p,?)},  Wo  =  |t/'o)(0o|.  The  rep  of  A  by 
its  expectation  values  {4’o\D'*'{p,q)AD{p,q)\xl>o)  in  the  well-known  canonical 
coherent  states  is  obviously  positive  for  each  fiducial  vector  j^o)-  By  choosing 
|i/>o)  as  a  squeezed  harmonic-oscillator  ground  state,  one  obtains  the  rep  by 
squeezed  states  [13].  For  the  analogous  introduction  of  coherent  states  in  case 
of  a  discrete  finite  F,  relevant  for  quantum  lattice  systems,  see  [14]. 

2.  G=  affine  group:  <7- translations  and  scale  transformations,  Wq  =  |0o)(V’o|i 

t/(q,A)  =  exp|-i9F|exp|-^^(FQ -f  QP)| ,  A  >  0.  (10) 

A  is  represented  as  a{q,X)  ~  {4’o\U'*^(q,X)AU(q,X)\ipo),  especially  |V’)(V'|  as 
|/ di  ^  V’o(^)  V’(2:)j  ,  the  square  modulus  of  the  wavelet-transform  of  t/- 
with  analyzing  wavelet  tpo  [15]. 
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4  Quantum  mechanics  in  phase  space 

All  translation-covariant  phase-space  reps  are,  according  to  (8),  characterized  by 
A(0,0),  or  alternatively,  by  the  ’’^-function”  Q(p,q)  :=  Tr  [D'*'{p,  — g)A(0,0)]. 
Conversely,  A  is  given  by  H  as  [2] 

A(p,9)  =  J^^n(p\q')  exp[~\p’(Q-q)  +  q'{P-p)]}  .  (11) 

Analogously,  A  is  given  by  1/fl*.  For  special  cases  and  detailed  considerations  in  this 
fl-approach  see  [2,3,5]  and  cf.  also  [6].  For  0=1  one  gets  the  famous  (non-positive) 
Weyl-Wigner  rep  [7],  corresponaing  to  a  £(W)-basis  of  shifted  parity  operators  [16], 
which  is  uniquely  determined  by  the  requirement  of  metaplectic  covariance  [17]. 

Conclusion:  Bi-orthogonal  systems  in  Liouville space  are  a  natural  general  approach 
to  F-representations  (F-reps),  leading  to  ordinary  Hilbert-space  reps,  phase-space 
reps,  coherent-state  reps  and  wavelet  transformations. 
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In  this  communication  we  discuss  the  well-known  class  of  phase-space  repre¬ 
sentations  defined  by  state-independent  kernels,  /{O.r).  We  show  that  for  a  given 
f(0,  t),  we  must  also  consider  the  dual  representation  defined  by  the  kernel  g(0.  r )  = 
— r)-'  and  thus  involve  two  different  phase-space  Hamiltonians.  This  is  of 
particular  importance  for  the  construction  of  dynamical  equations. 

We  tie  our  discussion  to  the  one-dimensional  motion  of  a  physical  system  with 
Cartesian  coordinate  g  and  conjugate  momentum  p.  The  corresponding  quantum- 
mechanical  operators  are  denoted  Q  and  P:  they  satisfy  the  commutation  relation 
[Q,  P]  =  —ih.  The  restriction  to  a  single  dimension  is  made  for  simplicity,  and  the 
extension  to  several  dimensions  is  straightforward. 

Let  |?i’)  be  a  normalized  state  vector  in  the  Hilbert  space  associated  with  our 
system,  and  let 

o(p)  =  {p\v)  (1) 

be  the  corresponding  position  and  momentum  wave  functions,  in  the  notation  of 
Dirac.  They  are  normalized  to  unity, 

(C'lt’)  =  J  dqii’(qyt,'(q)  =  ^  f/po(p)*o(p)  =  1  (2) 

and  are  connected  by  a  Fourier  transformation: 


<>(p) 


dqt{q)e-”’'>'^ 


(3) 


with  all  integrations  here  and  elsewhere  going  from  — cx  to  oc  .  Then  the  quantity 
>l'(qyt'{q)  measures  the  probability  density  in  position  space  and  o(p)‘c>(p)  the 
probability  density  in  momentum  space.  We  may  also  consider  the  more  general 
quantities  \'i(qyipj(q)  and  (pi(pyd>j(p)  which  are  probability  densities  when  i  and  j 
refer  to  the  same  state  {i  =  j).  and  transition  densities  when  i  and  j  refer  to  different 
states  {i  ^  j). 

Now,  let  f(O.T)  be  any  well  behaved  function  for  which 


/(O,r)-/(0,O)  =  1 


(4) 


1 
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Then  each  such  function  defines  a  phase-space  representation  [1, 2],  according  to  the 
following  prescriptions. 

For  any  pair  of  states,  \ii'i)  and  Iv’j)-  vve  define  the  phast-space  distribution  func¬ 
tion 

J  j  dudedTi,-,iu  -  '-hT)‘Vj(u-ir  (.o) 

Its  marginal  densities  are,  independently  of  the  form  of  /(0.r): 

j  dpT>liq.p)  =  j  dqVl(q.p)  =  oApVOjip)  (C) 

This  is  readily  verified  by  using  Equation  4  and  noting  that 

j  dyt‘*^  =^  -2Tr8(y)  (7) 

Next,  we  construct  a  correspondence  between  operators  on  Hiloert  space  and 
dynamical  functions  on  phase  space.  Thus,  we  take  the  dynamical  function  corre¬ 
sponding  to  the  operator  A  to  be  [3]: 

=  1^/// dud6dT(u  +  lftr|.4|«  -  (S) 

We  shall  refer  to  aj{q,p)  as  the  f-transform  of  .4.  The  inverse  of  relation  8  is; 

.4  =  J  J  d0dTf(e,r)aj(e.T)e'^^'^*^^^  (9) 

where  qj(6,t)  is  the  Fourier  transform  of  af(q,p),  obtained  by  writing; 

ajiq.P)  =  /  j  d0dro,(e.T)t'^^^^^^'‘  (10) 

With  the  above  definitions,  we  can  show  that 

(d'.lM’-'j)  =  f  J dqdpaf{q.p)V{j{q.p)  (11) 

This  is  a  central  relation  in  the  phase-space  formulation  of  quantum  mechanics. 

Let  us  now  assume  that  aj{q.p)  and  bf(q,p)  are  the  phase-space  functions  corre¬ 
sponding  to  the  operators  A  and  B.  respectively.  It  is  then  a  fundamental  problem 
to  determine  the  phase-space  function  corresponding  to  the  operator  product  .4B. 
We  denote  this  function  by  cjiq.p)  and  write; 

C  =  AB,  Cf(q.p)  =  Ofiq.p)*  f  *bf(q.p)  (12) 

As  indicated  by  the  symbol  ♦/♦,  the  actual  form  of  this  twisted  product  depends  on 
the  form  of  the  function  f{0,7).  It  is  relatively  simple  in  some  specific  cases  [1,4], 
much  more  complicated  in  others,  but  we  shall  not  need  explicit  expressions  in  the 
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present  context.  Assuming  the  expressions  to  be  known,  we  may  also  evaluate  the 
/-bracket: 


{aj{q,p).  bjiq.p)}^  =  —  (aj(q.p)  *  f  *  bj{q.p)  -  bj(q.p)  *  f  *  aj{q.p))  (13) 

which  corresponds  to  l/ih  times  the  commutator 

IA.B]  =  AB-BA  (14) 

Knowing  the  form  of  the  /-bracket  13.  we  may  go  on  and  determine  the  phase- 
space  equivalent  of  the  dynamical  equation: 


di 


(15) 


where  H  is  the  Hamiltonian  and  t  the  time.  This  is  the  familiar  Heisenberg  equation. 
It  refers  to  operators  expressed  in  the  Heisenberg  picture.  The  phase-space  equivalent 
is: 

daf(q,p.t)  ,  ,  ,  .  ^  daf(q.p.t) 


dt 


dt 


(16) 


where  hj(q.p)  is  the  /-transform  of  the  Hamiltonian  H. 

Another  important  dynamical  ecjuation  is  the  quantum  LiouviUt  equation,  also 
known  as  von  .\eumann's  equation.  It  refers  to  the  Srbrddinger  picture  and  has  the 
form: 

=  [W-Ajl  (1") 

where 

Po  =  I  (16) 

The  factor  ll'lirh  is  optional.  It  is  included  here  for  convenience. 

To  determine  the  phase-space  equivalent  of  the  quantum  Liouville  equation  we 
begin  by  noting  that  the  relation  1  allows  us  to  write  the  expression  -5  for  D{j(q.p) 
in  the  form: 


j  J  (lud$dT{ii  +  lh7-|(.'j)(e,|u  -  \hT)J(0.: 

or.  by  introducing  p,j  from  Equation  18: 


(19) 


^o(9-P)  =  ^y  j  J  dud6dT{u ^hT\p,j\u  -  ^hT)f(6.T)e  '*‘e  '^V^“  (20) 

This  equation  may  also  be  written: 

T^!j(<t-P)  =  J  J  dudedriu  -f  (21) 
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where 

The  function  g(0,T)  will  also  define  a  phase-space  representation,  and  by  com¬ 
paring  with  Equation  S  we  see.  in  fact,  that  may  be  identified  with  the 

(/-transform  of  pq.  To  turn  Equation  17  into  an  equation  of  motion  for  Vl^iq,p)  we 
must  therefore  take  the  p-transform  on  both  sides,  not  the  /-transform.  This  gives; 

{hg(q,p),V{j(q,p,t)]^  (23) 

where  hg{q,p)  is  the  ^-transform  of  the  Hamiltonian.  It  is  generically  different  from 
^/(9iP)i  although  it  may  be  the  same  in  particular  cases. 

The  phase-space  equivalents  of  the  two  fundamental  equations  of  motion,  i.e,, 
the  Heisenberg  equation  and  the  quantum  Liouville  equation,  must  accordingly  be 
constructed  by  different  procedures.  This  wjis  already  noted,  albeit  not  explained, 
by  Mehta  [.5]. 

The  phase-space  representations  induced  by  f(0.  t)  and  g{6.  r)may  be  considered 
the  duals  of  each  other,  and  we  see  that  both  must  be  applied  together  to  cover 
the  pha.se-  space  description  of  a  quantum  system.  .\  great  simplification  appears 
when  fi&.r)  =  1.  for  then  f(O.r)  and  r)  become  the  same.  i.e..  the  phase- 
space  representation  becomes  self-dual.  This  representation  is  the  Weyl-W igner 
representation. 

As  an  example,  we  mention  that  the  so-called  standard  and  antistandard  repre¬ 
sentations  are  the  duals  of  each  other.  This  special  example  has  been  discussed  by 
the  author  in  a  different  context  [-1]. 
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Abstract 

The  existence  of  phase  space  distributions  which  are  true  probabilities  de¬ 
pends  critically  on  VVigner’s  theorem,  which  is  however  only  applicable  to 
phase  space  functions  which  are  linear  functionals  of  the  density  matrix.  We 
present  therefore  a  complete  analysis  of  distributions  which  are  quadratic  func¬ 
tionals  of  the  density  matrix.  There  exists  a  unique  positive  representation 
with  the  correct  quantum-  mechanical  marginals.  This  representation  corre¬ 
sponds  to  a  new  concept  of  joint  probability  distribution.  We  introduce  a 
scheme  which  holds  the  possibility  to  describe  a  single  event  as  well  as  the 
ensemble. 


1  Positive  joint  probability  distributions 

Perhaps  the  most  convenient  way  towards  a  realistic  underpinning  of  non-relativistic 
quantum  phenomena  is  the  representation  of  quantum  mechanics  by  joint  distribu¬ 
tions  in  phase  space  [1].  The  existence  of  true  (positive)  joint  probability  densities 
(jpd)  in  phcise  space  is  severely  restricted  by  Wigner's  theorem  [2].  which  states  that 
the  following  requirements  are  incompatible  :  /)  the  distribution  function  is  a  linear 
functional  of  the  density  matrix,  »)  it  is  a  true  (positive)  probability  function,  in) 
the  marginal  distributions  coincide  with  the  proper  quantum-mechanical  probabil¬ 
ities  (in  the  stronger  version  of  Kruszynski  and  de  Miiynck  [.3]  only  one  marginal 
distribution  has  to  coincide). 

In  contradistinction  to  a  widespread  belief,  different  ways  are  left  open  for  the 
construction  of  jpd  in  different  interpretations  [4].  Jpd  of  the  first  kind  (i.e.  where 
the  jpd  is  interpreted  as  the  probability  that  the  variables  q  and  p  have  certain 
values,  the  variable  being  considered  cis  a  property  of  the  object  system)  and  jpd 
of  the  second  kind  (i.e.  where  the  jpd  is  considered  as  the  probability  that  on 
simultaneous  measurements  of  the  observables  Q  and  P  the  values  q  and  p  are 
found)  which  are  linear  functionals  of  the  density  matrix,  exist  only  with  relation 
to  a  restricted  class  of  functions  (e.g.  Wigner  distributions  corresponding  to  pure 
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states  axe  necessarily  Gaussians  in  phase  space  [5]  [6]).  Jpd  which  are  nonlinear 
functionals  of  the  state  function  are  not  restricted  by  Wigner’s  theorem.  In  this  talk 
we  present  a  complete  analysis  of  jpd  which  are  bilinear  functionals  of  the  density 
matrix;  however,  there  exist  also  examples  of  jpd  which  are  multilinear  functionals 
of  the  density  matrix  [7].  Jpd  of  the  third  kind  are  not  functionals  of  the  density 
operator  only,  but  also  depend  on  the  measurement  arrangement  of  two  incompatible 
observables  Q  and  P.  The  measurements  mutually  influence  each  other  in  such  a  way 
that  the  singly  measured  quantum  probability  function  cannot  be  reproduced  from 
the  measurement  results.  So  it  is  no  longer  desirable  that  the  marginal  probability 
distributions  equal  the  single  measured  ones,  and  hence  Wigner's  theorem  does  not 
restrict  this  class  of  jpd  either.  The  jpd  of  the  third  kind  can  be  written  as  a 
convolution  of  two  Wigner  functions,  the  first  corresponding  to  the  object  system 
and  the  second  representing  the  measurement  apparatus. 

2  Bilinear  functionals  of  the  density  matrix 

Using  Galilei-invariance.  jpd  with  proper  marginals  which  are  bilinear  functionals 
of  the  density  matrix  p  corresponding  to  a  pure  state  ,  can  be  represented  by 

/(<7-P)  =  j  n(0,fl'.r,r')exp?[(^^^  -  9-  -q- 

+  |(r  -  r')]r=v-r,T'=v'-x'  <  X  I  p  I  !/  ><  y'  I  P*  I  ^'  >  dPde'dxdydx'di/'  (1) 

in  two-dimensional  phase  space.  For  a  general  density  matrix  p  =  .4.4^^  we  introduce 

a  straightforward  generalisation  by  replacing  p  by  .4  and  p^  by  ,4^  in  eq.  (1).  The 

requirements  to  obtain  the  proper  marginals  and  positivity  yield: 

j  f(q,p)(ip -<  q  \  p  \  q  >  =>  Q(9.0’.t.t)  =  \.  (2) 

j  f(q.p)dq  =<  p  \  p  \  p  >  =>  il{0.0.T.T')  -  1.  (3) 

f(q,p)  >o=>  n{0.0'.T.T')  =  ^\n,(0.T)n:(0'.T'}.  (4) 

t 

with  A,  >  0.  On  account  of  the  bilinearity  these  requirements  are  compatible.  More¬ 
over.  w'e  can  show  that  they  have  the  unique  solution  Q(0,0' =  1.  leading  in 
general  to  the  jpd 

f(q-fi  =\<  q\  ■  (5) 

This  jpd  corresponds  to  a  quantummechanical  state  if  y4^4  =  .AA^  (for  a  pure 
state  A  =  p).  E.g.  if  <  9  I  .4  I  p  >,  the  complex  phase  space  amplitude,  is 
Gaussian,  then  .4M  =  AA^  yields  Heisenberg’s  uncertainty  relation  in  Schrodinger 
form:  (T,(Tp  —  cr,,p^  >  fi^/4. 

The  representation  (o)  corresponds  to  a  new  concept  of  jpd.  Let  us  consider  the 
wave  function  ili(q:  E,L.Lz)  in  coordinate  representation  with  eigenvalues  E,L,Lz 
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as  ^he  amplitude  of  a  jpd  of  position,  energj-  E  and  angular  momentum  L,  or 
<  4  I  A  1  £■,  L,  Lj  >.  By  eliminating  the  eigenvalues  E,L,L^  in  favour  of  the 
momentum  p  we  obtain  E  <  q  \  A  \  E,L.L,  ><  E,L,L,  \  p  >=<  q  \  A  \  p  > 
leading  also  to  eq.  (5). 


3  Evolution  in  phase  space 

Because  the  phase  space  amplitude  ih(q,p)  =<  ^  |  ,4  |  p  >  has  the  same  transfor¬ 
mation  properties  as  a  density  matrix,  the  evolution  equation  in  phase  space  is 


h  dtjq.f) 

i  dt 


Viq.p) 


(6) 


By  setting  K'  —  f  exp(iS/h)  we  obtain  two  coupled  equations  for  the  real  functions 
fiq-’P]  ^nd  S{q,p).  For  quadratic  Hamiltonians  w’e obtain  a  /inearquantum  Liouville 
equation  and  a  generalised  Hamilton-Jacobi  equation  where  the  last  term,  depending 
on  the  Lagrange  function  L,  is  the  analogue  of  Bohm's  quantum  potential,  but  now 
in  phase  space: 


dMp)  ,d_\d^  fds  \  ■ 

dt  dq[dp\df^)\ 


£ 

dp 


dH  (  ^dS\  J 
q  V '  dq  J  _ 


dq 


=  0 


(') 

(S) 


In  the  classical  limit  fi  — >  0  these  equations  reduce  to  the  classical  Liouville  equation 
and  to  S  =  qp  -  Et,  generating  the  identity  transformation.  In  general  the  coupled 
evolution  equations  are  nonlinear  in  the  derivativ'es.  and  hence  a  causal  interpre¬ 
tation  by  means  of  trajectories  in  phase  space  is  therefore  restricted  to  quadratic 
Hamiltonians.  The  evolution  equations  are  however  well  suited  for  the  calculation 
of  corrections  to  the  classical  limit. 


4  Representation  of  single  events  and  ensembles 

Solutions  f(q,p)  of  the  evolution  eqs.  (7)  and  (8)  corresponding  to  a  density  matrix 
describe  an  ensemble,  but  there  exist  also  solutions  not  corresponding  to  a  density 
matrix  (.4^/1  ^  /1.4^).  which  may  be  much  more  localised  than  is  allowed  by  Heisen¬ 
berg  s  uncertainty  relation.  These  solutions,  f,f(q,p)  say.  can  be  associated  with  a 
representation  of  a  single  event  (e.g.  the  observation  during  measurement  of  an  in¬ 
dividual  electron),  in  contradistinction  to  an  ensemble,  wich  describes  the  xpected 
behaviour  of  a  single  entity  in  rtpen/cdexperiineiits.  The  “hidden  parameters"  of  the 
single  event  are  nothing  more  than  position,  velocitj’  and  shape  parameters  of  the 
jpd.  The  superposition  principle  for  v'  expresses  the  rules  for  combining  probabilitie  s 
during  the  preparation,  but  for  W  the  superposition  of  two  solutions  represents  two 
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individual  particles.  In  this  conception,  the  notion  of  the  collapse  of  the  wavefunc- 
tion  evaporates,  and  the  j.d.f.  /  for  the  ensemble  emerges  after  averaging  over  the 
"hidden  parameters”  of  such  that  A^A  =  AA^  is  fulfilled. 

5  An  exact  solution  for  an  individual  particle 

Take  in  eq.  (8)  dS/dt  =  —E  =  —rntp  ^  H  (which  is  allowed  by  relativistic 
considerations),  then  eq.  (8)  splits  into  two  equations.  The  first  equation  leads 
to  S  =  qp  —  Et  and  to  the  classical  Liouville  equation,  while  the  second  equation 
reduces,  for  the  simple  example  of  the  free  particle,  to 

f -  2/7?  / - 

Av/^+-^V^=0,  (9) 

n 

which  determines  the  shape  of  the  localised  solution.  The  simplest  spherical  sym¬ 
metric  solution  with  maximum  localisation  in  p  is 

/.,(fpT~5^S|p-)  110, 

where  q'  =  q  ~  qo  —  {po/m)t,  p  '  =  p  —  pj,  are  the  classical  trajectories.  Eq.  (10) 
describes  a  localised  solution  with  a  long  oscillatory  tail,  the  center  following  the 
classical  path  in  phase  space.  The  solution  shows  an  important  overlap  of  classical 
and  quantum  behaviour,  and  resembles  the  solution  for  a  single  particle  derived  by 
Barut  [8]  in  configuration  space.  The  limit  m  — *  0  yields  the  classical  point  particle, 
while  averaging  over  the  “hidden  parameters”  leads  to  an  ensemble  description  which 
is  equivalent  to  the  usual  quantummechanical  formalism. 
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Solution  of  a  Variational  Problem  Confirming  Uigner’s  Result 
on  the  Joint  Probability  Distribution 

SiLVIU  CUIASU 

York  University.  Toronto,  Canada 

Wigner  (1932)  observed  and  later  (Wigner,  1971)  proved  that  the  joint 
probability  distribution  of  canonically  conjugate  observables  does  not 
exist  in  the  sense  that  “it  may  take  negative  values,  but  of  course  this 
must  not  hinder  the  use  of  it  in  calculations  as  an  auxiliary  function 
which  obeys  many  relations  we  would  expect  from  such  a  probability."  An 
ample  study  of  such  a  quasi-probabl  1  ity  was  done  by  Miickenheim  (1986). 

The  objective  of  this  paper  is  to  construct  the  joint  (product) 
measure  induced  by  the  correlation  between  two  observables  and  show  that 
such  a  joint  measure  is  a  probability  measure  only  if  the  correlation  is 
very  small  or,  in  the  cases  of  interest,  even  equal  to  zero.  For  strongly 
correlated  observables  the  joint  measure  is  not  necessarily  nonnegative, 
confirming,  in  a  constructive  way,  Wigner’s  result. 

Let  P  and  Q  be  two  observables  and  f(p)  and  g(q)  their  marginal 
probability  densities.  Let  and  o-^,  cr^  be  the  mean  values  and  the 

standard  deviations  of  P  and  Q,  respectively.  Let  p  be  the  correlation 
coefficient  measuring  the  (linear)  dependence  between  P  and  Q.  If  the 
joint  distribution  has  the  density  ^(p,q),  then 

p  =  (tr^  <r^)'*  JJ  (p  -  p^)(q  -  p^)  ^(p,q)  dp  dq.  (1) 

If  ^  is  known  and  the  integral  (1)  does  exist,  then  p  is  calculable 
in  a  unique  way.  The  converse  assertion,  however,  is  not  true.  If  p.  f(p), 

8uid  g(q)  aire  given,  then  there  are  infinitely  many  densities  0  compatible 

■ 

with  them.  We  construct  the  closest  joint  density  0  to  the  independent 

(direct)  product  fg  of  the  two  marginals  subject  to  the  given  correlation 

coefficient  p,  (-1  ^  p  ^  1),  where  closeness  is  meaisured  by  the  Pearson's 
2 

<X  >-indicator, 

<j;^>(0:fg)  =  rr  {  [0(p,q)-f(p)g(q)  ]^/[f(p)g(q)  l>dp  dq  (2) 

where  the  Integrals  (1)  and  (2)  are  taken  on  the  Cartesian  product  of  the 
supports  of  f  and  g,  D  =  ((p.q);  f(p)g(q)  *  0}.  Mathematically,  we  have 
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to  solve  the  least  weighted  squares  variational  problem  with  constraints; 

min,  <*^>(0:fg)  subject  to  the  given  value  of  p.  Using  the  steindard 
<P 

Lagrange  multipliers  method,  the  solution  is 


0  (p. q)  =  f Cp)g(q)  1  +  p 


P  -  4,  q  - 


(3) 


12-' 

« 

Remarks:  (a)  0  is  called  the  joint  density  induced  by  the  correlation 
coefficient  p  between  P  and  Q. 

« 

(b)  If  p  =  0  Ci.e.  P  and  Q  are  not  correlated),  then  ^  (p, q)=f (p)gCq) 

2  * 

and  <z  ;  fg)  =  0- 


(c)  0  is  normed,  l.e. 


(fi  (p.q)  dp  dq  =  1. 


(d)  0  is  compatible  with  the  given  marginals,  i.e. 

r  <l>  (p,q)  dp  =  g(q),  f  <j>  (p,q)  dq  =  f(p), 
J  n  J  n 


where  =  {p;  f(p)  *  0> , 


Dg  =  <q;  g(q)  *  o) • 


(e)  However,  <j>  is  not  necessarily  a  joint  probability  density.  Taking 
all  (p,q)  €  D,  let  m  =  min  <(p  -  p^Xq  -  and  M  =  max  <(p  -  p^Xq  - 

Obviously,  m  <  0  and  M  >  0,  unless  P  and/or  Q  are  degenerate,  being  then 

* 

identically  equal  to  p^  and/or  p^,  respectively.  Then  0  would  be  non- 

negative,  and  therefore  a  Joint  probability  density,  only  if 

-<r(r/Msps-<ro-/m.  (4) 

12  ^  12 

On  the  other  hand,  0  can  take  on  negative  values  if  p  <  -  o-^cr^/M  and 

(TO-  <  H,  or  if  p  >  -  cr  0-  /m  and  -  o-  o'  >  m,  which  in  fact  does  happen  in 
12^12  12 

the  cases  of  practical  interest,  as  predicted  by  Hlgner  (1932). 

The  deviation  from  independence  due  to  the  correlation  coefficient  p 
between  P  and  Q  is 


0(p,q) 
The  set 


0  (p,q)  -  f(p)g(q)  =  f(p) 


P  -  4, 


g(q)  ■ 


W  =  |(p.q); 


1  +  p 


4  q  “  4 

I  2 


is  called  the  Wigner  region. 

Special  case:  Let  Q  be  the  coordinate  (position)  and  P  the  momentum. 

Suppose  that  they  are  both  normally  distributed  N(0,1),  in  which  case 

u  =  u  =  a,  <r  =  0-  =  1,  m  =  -00,  M  =  +<»,  and  D  is  the  whole  two-dimensional 
'^1  ^2  1  2 
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2 

real  space  IR  .  If  p  is  the  correlation  coefficient  between  P  and  Q,  the 
Joint  density  (3)  becomes 

2  2 

^  (p,q)  =  (2ir)  'e  +  ppq).  (5) 

If  P  and  Q  were  independent,  p  would  be  equal  to  zero,  the  joint 

» 

density  4>  would  be  a  probability  density  (Fig.  1),  the  contours  would  be 
like  in  Fig. 2,  and  the  corresponding  Wigner  region  W  would  be  the  empty 
set.  But,  as  P  and  Q  are  dependent,  for  Euiy  correlation  coefficient  p  *  0 
the  Wigner  region  W  is  not  empty  amd  ^  given  by  (3)  is  not  a  probability 
density.  Fig. 3  gives  the  graph  of  (5)  when  p  =  0.999,  while  Fig. 4  shows 
the  corresponding  Wigner  region  (the  shaded  sets),  with  an  accuracy  of 
three  decimals  in  computation,  provided  by  SAS/GRAPH  computer  package. 
Although  the  Heisenberg’s  uncertainty  relation  prevents  at  leaist  the 

simultaneous  knowledge  of  the  coordinate  and  momentum  of  a  pairticle,  the 

« 

Joint  density  <p  shows  the  degree  of  implauslbi  I  ity  (on  the  Wigner  region), 
and  the  degree  of  plausibility  (on  the  complementary  set  to  the  Wigner 
region)  in  locating  the  potential  values  of  P  amd  Q 
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Lorentz  Squeezed  Harmonic  Oscillators 


M.  E.  Noz 

Department  of  Radiology 
New  York  University. 

New  York,  New  '■'ork,  10016 

■As  has  been  noted  in  previous  papers. [1.  2],  the  Wigner  phase-space  picture  of 
quantum  mechanics[3.  -1]  is  the  natural  language  for  squeezed  states  of  light.  Since 
most  of  the  squeezed  states  observed  in  the  laboratory  are  two-mode  states. [5]  it 
is  natural  to  study  the  canonical  transformations  of  two-mode  states  within  the 
framework  of  the  phase-space  picture  of  quantum  mechanics.  The  basic  symmetry, 
in  this  case,  is  that  of  Sp(4).(.5] 

The  groups  81(2)  and  SU(l.l).  which  are  locally  isomorphic  to  the  0(3)  and 
0(1.2)  subgroup  of  the  (3-|-2)-dimensional  Lorentz  group, [6]  are  also  important  in 
quantum  optics. [7]  The  (3-(-2)-dimensional  Lorentz  group,  together  with  the  (4+1)- 
dimensional  Lorentz  group,  is  often  called  the  de  Sitter  group  0(3.2).  It  is  the 
local  isomorphism  between  Sp(4)  and  0(3.2)[5.  8]  that  allows  the  study  of  space- 
tim  e  symmetries  of  the  relativistic  world  in  terms  of  canonical  transformations  of 
the  Wigner  function  for  two-mode  squeezed  states.  The  mathematical  language  of 
squeezed  states  is  based  on  the  Lorentz  group  and  the  harmonic  oscillator. [8] 

It  is  possible  to  begin  this  study  of  squeezed  states  in  terms  of  special  relativity 
and  vice  \  ersus  by  e.xploiting  the  corres|)ondence  between  .81(1.1)  and  0(2.1  ).[1 .  7.  9] 
There  are  ntany  0(2.1  )-like  subgroups  of  0(  L2).  One  of  the  subgroups  of  0(3.2)  is 
the  "ortlinarv"  (3+ 1  )-dimensional  I.orentz  group  which  has  one  three  dimensional 
rotation  group  and  three  (2+1  )-diniensional  Lorentz  groups.  It  would  thus  be  easy 
to  be  misled  into  believing  that  Sl'(2)  [or  0(3)]  and  Sl'(l-l)  [or  0(2,1)  and  0(1.2)] 
are  those  from  the  ordinary  Lorentz  group.  However,  there  are  only  three  rotation 
generators  in  0(3.1).  hence  the  rotation  generator  of  0(2.1)  must  be  one  of  the 
three  generators  of  the  rotation  group.  To  see  that  this  is  not  true,  let  us  look  at 
the  interferometers  of  '^'urke.  McCall  and  Klauder.[7]  Their  81(2)  interferometer  is 
based  on  .]\.  and  ./s.  satisfying  the  commutation  relations  of  the  usual  rotation 
generators: 

[./,..y,]  = 'c+cA-  (1) 

1  heir  SU)  1,1 )  interferometer  is  based  on  ./n.  A.i  and  satisfying  the  com¬ 

mutation  relations: 

[A  t-Q.j]  =  iJo-  [./o.  A  )]  =  —iQ[i.  [-/u.  Q:)]  =  (2) 

It  is  important  to  note  that  ./q.  while  being  a  generator  of  rotation,  is  not  one  of  the 
generators  of  the  81(2)  group.  81(2)  is  locally  isomori>hic  to  the  three-dimensional 
rotation  grou|).  while  81  ( 1.1 )  is  locally  isomorphic  to  the  (2+1  )-dimensional  Lorentz 
group.  The  rotation  generator  of  81  (1.1)  {Jq)  is  not  one  of  the  three  generators  of 
8l'(2).  This  confirms  that  there  are  four  generators  of  rotation  and  indicates  that 
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the  SU(2)  and  SU(1,1)  groups  cannot  be  isomorphic  to  subgroups  of  the  familiar 
(3+l)-dimensionaI  Lorentz  group  which  has  only  three  rotation  generators.  Rather, 
these  groups  are  isomorphic  to  0(3)  and  0(2.1)  of  the  (3+2)-diminsional  Lorentz 
group.  Thus  the  SU(1,1)  group  given  here  is  one  of  the  three  0(1,2)  subgroups  of 
the  0(3,2)  de  Sitter  group  and  not  a  subgroup  of  the  (3+1  )-dimensional  Lorentz 
group. 

In  the  system  of  interferometers  of  Yurke,  McCall  and  Klauder,  there  are  three 
generators  for  SU(2)  and  three  for  SU(1,1)  making  a  total  of  six  generators.  They  do 
not,  however,  form  a  closed  system  of  commutation  relations,  but  require  four  more 
generators.  If  we  add  them  together,  the  result  is  the  set  of  ten  generators  of  Dirac’s 
two-oscillator  representation  of  the  0(3,2)  group. [6]  One  of  the  characteristics  of 
0(3,2)  is  that  As  in  the  SU(1,1 )  interferometer  is  capable  of  forming  another  SU(1.1 ) 
group.  It  would  be  very  helpful  if  we  could  design  e.xperiments  to  test  the  set  of 
0(2,1)  commutation  relations  involving  A's  and  the  generators  not  contained  in  the 
interferometer  of  Yurke,  McCall  and  Klauder.  A's  can  form  the  following  sets  of 


closed  commutation  relations; 

[Ji,  A'a]  =  -)  A'2. 

[Ji,  A'al  =  >I<3. 

[A'2.  As]  =  ■ 

-Uu 

(3) 

or 

[^2,  A'sl  =  tKu 

[J2,  Ai]  =  — iAa, 

[A\.A3]  = 

iJ2. 

(4) 

The  same  reasoning  is  applicable  to  the  expressions  where  the  A',  are  replaced  by 
the  Qi. 

An  experiment  based  on  one  or  more  of  the  above  four  sets  of  commutation 
relations  would  prove  the  existence  of  both  the  0(2,1)  and  0(1.2)  symmetries.  This 
experiment  would  also  reinforce  the  evidence  of  the  0(3,2)  symmetry  in  the  two¬ 
mode  system  and  would  allow  us  to  study  space-time  .symmetries  of  squeezed  states 
in  terms  of  the  canonical  transformations  of  the  Wigner  function  for  these  states. 
The  nine  (2+1  )-dimensional  subgroups  in  the  0(3+2)-like  symmetry  group  of  two- 
mode  squeezed  states,  are  either  separable  or  can  be  transformed  into  separable 
representations  by  a  rotation,  for  example.  A's  and  Q3  can  be  transformed  into  K\ 
and  Qi  by  J^. 

Although  we  cannot  design  an  experiment  which  incorporates  all  ten  genera¬ 
tors  of  Dirac's  two-oscillator  repre.sentation,  it  is  still  possible  to  detect  the  0(3.2) 
characteristics  with  its  subgroups.  Let  us  i..egin  by  studying  how  we  can  extract 
mecisureable  numbers  from  the  Wigner  function. 

In  quantum  mechanics,  we  calculate  those  numbers  from  the  overlap  of  the  dis¬ 
tribution  functions  and  the  expectation  value  of  the  operators  for  two  given  wave 
functions  V’l-r)  and  and  their  corresponding  Wigner  functions  \\\,(x.p]  and 

^<t)(^,p)-  Then  the  transition  probability  takes  the  form 

I  (d'(.r),i/’(.r)  27r  J  W^.{.r.p)W^(r.p)dTdp.  (5) 

This  expression  is  useful  when  we  calculate  the  probability  of  a  certain  state  being 
in  a  particular  eigenstate.  For  two  pairs  of  canonical  variables,  the  overlap  integral 
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may  be  written  as 


I  (0(ji,  Jj),  0(J-1,X2))  1^ 


=  (27r)^y  W^{jCt,X2-.puP2WAj'i-^2-Pi-P2)dxidx2dpidp2.  (6) 

We  consider  next  the  expectation  value  of  an  operator  applicable  to  t'(x)  or  the 
momentum  operator  f{p).  If  the  operator  /?  is  a  function  only  of  x  or  p.  then  the 
expectation  value  is 


<  R  >=  (ilix),  R{x)v{x))  = 


J  R{x)W{x.p)dxdp.  (7) 


with  a  similar  expression  for  R{p).  If  is  a  function  of  both  x  and  p.  we  are  not 
aware  of  any  simple  expression.  It  is  possible  to  prove  that 


/ 


Ii'(a:,p)  {x"p’” )  dxdp 


(8) 


The  photon  number  and  the  (photon  number)^  operators  are  the  two  most  important 
quantum  mechanical  operators  in  quantum  optics.  In  the  Schrodinger  representa¬ 
tion,  the  number  operator  takes  the  form 


Thus,  in  the  Wigner  pha.se-space  picture,  the  expectation  value  of  this  operator  is 
<.V>=  -  J  (.r^  +  p^  —  \  )  \V{x.p)dx<lp.  ( 10) 

The  expression  for  .V^  is  more  complicated  because  there  is  a  term  proportional  to 
x^p^.  We  obtain: 

<.V^>=  -  J  I  (.r^ -I- -  1  )^  -  1 1  ir(,r./))f/i'</p.  (11) 

In  the  single  mode  squeezed  state,  it  was  observed  that  every  squeezed  state  can 
be  represented  by  the  Wigner  function  of  Gaussian  form  localized  within  an  elliptic 
region  in  phase  space.  If  the  region  of  localization  is  a  circle,  the  Wigner  function 
corresponds  to  an  unsqueezed  coherent  state.  The  circle  centered  on  the  origin  is 
the  vacuum  state.  Without  loss  of  generality,  we  can  obtain  every  squeezed  state  by 
squeezing  the  vacuum  followed  by  translation.  Every  squeezed  state  is  a  translated 
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squeezed  vacuum.  If  Jo  measures  the  total  mimher  of  photons. [8]  then  J3  measures 
the  difference  between  the  photon  numbers  of  the  first  and  .second  kinds.  In  terms 
of  the  expectation  values  of  A’j  and  A'2  this  is 

<A'i>  =  <^Jo  +  J3  +  0>=  +  i2-P\^P2)di\dx2dpidp2, 

<A2>  =  <(^Jo-  J3  +  {xl  +  p]-  l)W(xi.X2.Pi.p2)dxidx2dpidp2(12i 

Likewise. 

<-V/>  =  ^  J  [(■*'1 +Pi  -  I)^-  l|  It'(ji.T2,Pl.P2)<^J-lf/-r2f/Plfl'P2. 

<-\2>  “  4  y  [(■'‘i  +  P2-  0^  -  1]  ^y{xi.X2.pi.p2)dx,dx2dpidp2. 

<A'iA'2>  =  -  J  (j^  +  P2  -  l)(-rj  +  pf  -  1)  I\'(xi.x2.p\.p2)dxidx2dpidp2.  (13) 

These  quantities  are  needed  in  calculating  the  photon  number  variations: 

<(A.V)S.  <(A.Vi)S.  <(AV2)S.  (M) 
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Wigner  Formalism  for  Quantum  Statistics  of 
Nonrelativistic  and  Relativistic  Anharmonic 
Oscillator  Systems 

Ch.  Zylka  and  G.Vojta.  Sektion  Physik.  Universitat  Lripzig 


In  recent  years,  there  has  been  growing  interest  in  the  foundations,  e.xtensions. 
and  applications  of  the  W  igner  phase  space  formalism  of  quantum  mechanics  [1].  ,\n 
import ent  advantage  of  this  fon..alism  is  the  possibility  to  calculate  exactly  partition 
functions  of  quantum  statistics  by  means  of  a  phase  space  integration  without  the 
necessity  to  determine  the  energy  eigenvalues  of  the  system  considered  or  to  sum  up 
the  series  of  corresponding  Boltzmann  factors.  In  practice,  a  suitable  tool  for  the 
evaluation  of  exact  quantum  corrections  to  the  classical  partition  function  nnd  to 
thermodynamic  functions  is  given  by  the  W'igner-Kirkwood  series  in  poweis  of  fi^  . 

The  purpose  of  this  contribution  is  threefold:  Firstly,  we  generalize  the  W  igner- 
Kirkwood  series  expansion  to  include  relativistic  systems.  Secondly,  we  give  a  survey 
over  varies  anharmonic  oszillator  systems  the  partition  functions  of  which  can  be 
calculated  in  terms  of  well-known  special  functions  (  e.g.  Bessel  functions.  Kelvin 
functions,  gamma  functions  and  parabolic  cylinder  functions  ). Thirdly,  we  thus  in¬ 
dicate  the  applicability  and  utility  of  Wigner  formalism. 

The  relativistic  quantum  theory  in  the  Wigner  formalism  has  been  treated  in 
a  number  of  papers  for  equilibrium  as  well  as  for  nonequilibrium  systems.  The 
nonequilibrium  processes  considered  range  from  multiparticie  production  and  kinetic 
theory  [2]  to  cosmology  [3].  There  exist  only  a  few  papers  on  relativistic  phase 
space  quantum  mechanics  [4-8]  and  equilibrium  quantum  statistical  mechanics  [9]. 
cf  [10.11].  In  this  paper  w-e  develop  a  frame-dependent  W  igner  forntalism  using  the 
so-called  synchronous  gange  [12],  i.e.  a  comoving  frame. 

Let  us  consider  a  system  with  one  degree  of  freedom  and  the  Hamiltonian  ope¬ 
rator  H  and  the  Boltzmann  operator  Q  =  fxp(  —  3H)  •  -^  =  •  The  Wigner 

equivalent  of  S7  given  in  the  coordinate  representation  is  defined  as 

n„.(9.p:.?)  =  (9-.J  |5i  l<?  +  ^> 

and  the  partition  function  is  represented  by 

Z  =  jj  dqdp  p:  J) 


(2) 
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I  he  Bloch  equation  for  the  evaluation  of  Qu-  reads 


((/■  /):  i) 

83 


=  -H„{q.p)  cos(-.\)  il„.{q.p:3) 


(3) 


where  is  the  \\  igner  equivalent  of  H  and  A  denotes  the  symplectic  differential 
operator  (  Poisson  bracket  operator  ) 

\  -  A  ^  (4) 

8p  dq  8q  8p 

Let  //  =  Huip)  4-  \  ’(q)  with 

^oip)  =  +  p^c^  -  ?iic^  (o) 

then  H„  (q.p)  —  Hoip)  4-  1  iq)  .  The  Wigner-Kirkwocx!  series  is 


^  ^  jj  -  3(IIo(p)  +  T(^))}  h-”  ^n(q-P- 


(6) 


with  <{>0=1.  Solving  (3)  we  get 


<t>8q.p.3)  =  r'-  +  Wi'  V")  (7) 

with  Wy  =  BHojdp  .  I  '  =  8\'fdq  etc.  By  use  of  the  substitution  ;>/nic  =  sinh  u 
we  first  perform  the  p-integration  and  get  after  some  algebra  .  cf.  [10]  .  Z(q)  = 
Zo  +  Z\(q)  witli 


Zo  =  \  me  l\\{3mc^)  (8) 

wh 

ZAq)  =  \  [-\3^\"  +  ^3^\  '^]A  (9) 

~ll  2-1 

where  \  rei^resents  a  linear  combination  of  Kelvin  tunciioiis  (  modified  Hankel  func¬ 
tions  [13] 


l\^{3mc^)  =  J  (  ■*"“  ’■"’•t'"  cosli  (/(/ </«  , // =  1.3.  .7 .  (10) 

0 

I  lie  full  partition  function  up  to  the  first  rpiantum  correclion.  projiort ional  to  h' 
.  and  relativistic  corrections  with  second  and  fourth  order  in  p!mc  can  now  be 
calnilatefl  Ijy  the  q-integration  of  (S).  (9)  using  the  potential  function  \  [q)  of  the 
system  to  be  (  (uisidered,  Kq.  (9)  is  a  main  result  of  our  pajier  ;  for  a  more  detailed 
exposition  cl.  [10. 11]  .  f  he  discription  of  nonrelat  ivist ic  (piantum  systems  can  be 
obtained  liv  performing  the  suitable  limit  or  directlv  In  use  of  //,,  =  p-/'2m  instead 
of  (o)  . 
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As  an  example  we  take  the  symmetric  relativistic  quantum  Toda  oszillator  with 
^  (9)  =  ^0  (cosh  —  1 )  .  (11) 


One  gets  the  part  tion  function  Z  —  Zq  Zi  with  the  classical  part 

Zo  =  ^  me  I<,(3mc^)  -  A'o(i3Vo)  (12) 

7rh  a 

and  the  quantum  part 


Zi  =  e 

nh 


i3mc^ 


/u(Jlo)  3'  Vb  B 


(13) 


where  B  is  given  with  A„  =  K^{3mc^)  .  1/  =  1.3.5  .  by 


„  1,206  93  15  ,  m(?3 


For  the  nonrelativistic  Toda  oscillator  see  [14].  Singular  and  so-called  isotonic  osziT 
lators  with  the  prototype  potential 


V(q)  =  Vo{---?  (15) 

a  q 

are  treated  in  [15]  and  yield  partition  functions  containing  modified  Hankel  functions 
I\ni2i'-3Va)  with  half-integer  index.  For  systems  of  restricted  rotators  or  particles  in 
multiwell  potentials  the  partition  function  Z  contains  modified  Bessel  functions  [16]. 
The  partition  functions  of  the  full  relativistic  quantum  Toda  chain  contains  gamma 
functions,  and  those  of  polynomial  oszillators  and  double-well  systems  parabolic 
cylinder  functions  (  WVber  functions  or  modified  Hermite  polynomials  )  •  From  the 
partition  functions  the  thermodynamic  functions  can  be  obtained  in  a  well-known 
manner.  More  detailed  papers  are  in  preparation. 
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Sixty  years  ago.  Wigner  [1]  has  shown  that  the  cpiantum  expectation  value  of  an 
observable  can  be  expressed  in  a  form  similar  to  the  statistical  average  of  the  corre¬ 
sponding  classical  quantity  with  respect  to  a  distribution  function  on  phase  space. 
.Since  this  discovery,  a  lot  of  works  have  been  done  on  the  i>hase-space  representation 
in  the  literature  [2],  However,  inclusion  of  fermions  or  s])ins  is  still  nontrivial. 

Recently,  we  have  developed  the  phase-space  representation  of  a  fermion  by  using 
the  Grassmaiin  variables  (6'- variables)  [3].  We  have  defined  the  Wigner  distribution 
function  (WDF)  of  a  fermion  as 

irf(,u.r)  =  Trg[p,Af(.u,r)i.  d) 

Here  pi  is  the  density  operator.  The  fermionic  Wigner  operator  Af  is  given  by 

Af(,j.,r)  =  j d\-exp[(/>T  -  .r)c  -  (,-(6-  .i)].  (2) 

6^  and  i  are  the  usual  creation  and  annihilation  operators  of  a  fermion.  3"  and  3 
are  the  corresponding  classical  phase-.sj)ace  G'-variables.  The  Berezin  integrations 
over  6'-numbers  [1]  are  normalized  as  follows: 

J  d'c  cc'  =  I.  c  =  y c  =  'j-  / =  0.  (dV  =  dc-  dc).  (3) 

The  symbol  Tr^  in  Eq.(l)  denotes  the  graded  trace  operation.  In  terms  of  the  Fock 
bast-  {|0).|1)  =6^10)}.  it  can  be  expressed  as 

Tr^(.4)=  ^(-)"{nl.Aln).  (4) 

rj=U.I 

We  note  that,  not  ivi/h  the  sfaiK/ard  trace  operation  hut  with  the  graded  trace 


operation,  the  Weyl  correspondence  can  be  established  in  the  fermion  theory: 


Trg[.4„(6,6+)  (5a) 

.4»(6,6t)  =  J d\3  A(3.i3')  (ob) 

where  and  A  are  a  Weyl-ordered  operator  and  its  corresponding  classical  quantity 
in  phase  space,  respectively.  The  quantum  expectation  value  is  represented  in  the 
form  of  a  statistical  phase-space  average: 

(i.  )  =  Tr[pf/U]  =  J  d^3\Vf{3.  3-)A{3,  3‘).  (6a) 


^  /d\'exp[2(  J’(;  -  (66) 

A  is  not  directly  equal  to  A  but  its  6r'-Fourier  transform,  since  the  quantum  expec¬ 
tation  value  is  defined  through  the  standard  trace  operation.  Thus  we  see  one  of 
the  qualitative  differences  Iretween  boson  and  fermion  theories. 

In  wliat  follows,  we  extend  the  above  formalism  to  a  coupled  boson-fermion 
system  and  examine  its  possible  application  to  the  kinetic  theory  of  an  optica!  model 
[5].  Let  us  discuss  it  by  employing  the  Dicke  model  of  a  two-level  atom  interacting 
with  a  monochromatic  radiation  field.  The  system  Hamiltonian  is  given  by 


H  =  fln^d  -I-  -f  g{a^  -t-  (1)3^. 


where  the  usual  creation  and  annihilation  operators,  and  it.  and  the  Pauli  matrices 
denote,  respectively,  the  radiation  field  with  frequency  f2  and  the  atom  of  level 
distance  wx  ^  is  a  coupling  constant. 

To  apply  our  formalism  to  this  system,  we  represent  the  atom  variables  in  terms 
of  the  fermionic  oscillator  variables.  simple  method  is  the  substitution:  <7+  — * 
ch^ .  3.  —>  he.  3^  — >  26^—  1.  [<t±  =  1(CTs±/<7v)],  where  c  is  a  real  Clifford  c- 

number  having  the  proirerties;  =  1,  c6^  -f  =  f6  -f  6c  =  0,  cJ’  +  3'c  = 

c3  +  3c  =  0.  Under  this  substitution,  the  Pauli-matrix  algebra  is  kept  unchanged, 
and,  furthermore,  each  term  in  the  Hamiltonian  becomes  statistically  bosonic,  rims, 
instead  of  the  form  (7),  we  employ 
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Now  the  total  WDF  of  the  system  is  given  by 

=  Trg(pAb(o.a')Af(J..i-)].  (9) 

where  Ab  is  the  ordinary  bosonic  VVigner  operator  and  a  s  are  the  complex  phase- 
space  variables.  The  standard  trace  operation  is  understood  for  the  boson  part. 

In  the  Schrodinger  picture,  the  WDF  evolves  in  time  as 

^  =  -iTrg[AbAf/lp]  +  ;Trg[p//AbAfl.  (10) 

provided  that  the  cyclicity  property  of  the  graded  trace  operation  (4)  has  been  used. 
By  virtue  of  the  operator  correspondence  relations 

AbO^  =  («■  -  ^^)Ab.  Af6^  =  (/i"  + -^)Af,  (11) 

and  so  on.  we  see  there  always  exists  the  operator  L  satisfying 

AbAfW  =  -tT(o.  0-.  ±  A,  3.  r.  ^ )  AbAr.  (12) 

Therefore  we  obtain  the  following  generalized  Fokker-Planck  equation: 

^  +  Xir  +  H’r  =  o.  (13) 

at 

This  equation  may  be  regarded  as  a  certain  superfield  equation  defined  on  the  graded 
phase  space  (o,  o',  3- ;3"). 

As  can  be  seen,  the  WDF  (9)  depends  on  the  fermionic  variables  only  through 
the  combinations.  3c  and  c3’.  Therefore,  the  expansion  of  the  WDF  in  terms  of 
these  nilpotent  variables  has  the  following  form: 

I'F  =  Ho(cj.o')  +  l'Vi‘(Q.a~)3c-t-  II'i(q.  o" )cJ'  +  H  2(0. q’).3.3*.  (14) 

In  Ref.[o].  it  has  been  shown  that  a  set  of  these  coefficient  functions  gives  the  phase- 
space  representation  of  the  effective  theory  for  the  radiation  field. 

Substitution  of  Eq.(14)  into  Eq.(13)  leads  to  an  identity,  which  gives  rise  to  the 
following  set  of  equations; 
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ffi  +  iH!l,„-£--„^)_^|,,--  +  ,,(£-_^)„.i_,o  +  „-,»i,|  =0,  (156) 
^  +  l|(fl(a-^-o£-)  +  ^}»',+l,{(A_^)VV„  +  ((,  +  <,-)H.),)l  =  0,  (15e) 

+  ([f!(o'^  -  q^)H2  +  '>ir(o  +  o')[lV,  -  H',‘)l  =  0.  (lorf) 

This  set  of  equations  determines  the  effective  dynamics  of  the  radiation  field. 

In  this  note,  we  have  constructed  the  WDF  on  a  graded  phase  space  and  ap¬ 
plied  it  to  the  kinetic  theory  of  the  Dicke  model.  This  has  also  a  meaning  of  the 
phase-space  representation  of  SU(2)  spin  with  the  complete  Weyl  correspondence. 
Recently,  the  optical  models  with  two-level  atoms  have  been  revisited  in  the  con¬ 
text  of  supersymmetry  [6].  In  the  present  approach,  the  atom  and  radiation  field 
variables  are  treated  on  a  completely  equal  footing  with  each  other.  Iherefoie.  \\c 
expect  that  this  approach  enables  us  to  discuss  such  a  symmetry  geometrically  on 
the  phase  space.  In  the  case  of  the  supersymmetric  quantum  mechanics  of  Witten’s 
type,  such  a  discussion  has  been  actually  developed  in  Ref.[7]. 
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port.  Another  author  (N.S.)  acknowledges  Profs.  J.Hiifner  and  H.A.Weidenmiiller, 
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The  explicit  expressions  for  the  Wigner  functions  [0]  of  quantum  systems  with  quadratic  Hamih 
tonians  were  given  in  refs.  [0]-[0].  The  case  of  the  quantum  particle  motion  in  the  potential  field 
^■{^)  =  —P X,  X  >  0  under  the  presence  of  an  ideal  reflecting  wall  at  x  =  0  was  investigated  in  [0]. 

Here  we  obtain  the  explicit  expression  for  the  equilibrium  Wigner  functions  of  two  nonquadratic 
quantum  systems  and  analize  their  various  limit  cases. 

Let  us  consider  first  the  one-dimensional  motion  of  a  quantum  particle  with  mass  m  in  the 
following  potential 

(^(x)  =  0  if  0<x<a 

(^(x)  =  if  x>a,  x<0  {!) 

The  exact  Green  function  of  the  Schrodinger  equation  with  this  potential  was  found  by  Pauli  [0]. 
The  explicit  expression  of  the  equilibrium  Wigner  function  in  this  case  has  the  following  form 

[0]: 

where  i  =  =  {kT)~'  and  ©^(kt)  is  the  derivative  of  the  theta-function  ©aii'.  r)  over  the 

first  argument  i/. 

In  particular,  near  the  wall  (when  q  —  0)  we  get  the  following  expansion, 

W(p.q~  0,d)  =  j0''(O,e-^')  jl  -  ^  -p  . . . 

+  (£2  )  +  ...}  (3) 

Note,  that  this  expression  starts  from  cubic  terms  on  coordinates.  Moreover,  this  expression  changes 
its  sign:  when  pq/h  <C  1  it  is  positive,  while  for  pq/h  I  it  is  negative. 

The  Wigner  function  for  the  half  space  can  be  obtained  by  making  the  asymptotic  transition 
a  — •  oc  in  (2). 


Woo(?,p.d) 


exp[-dp'/2m]Re  erf  ( 


(  '1/3 

'  IT  Jp2  ' 


2vq 

sin(-p)exp(- 


3m(/- 


where  the  error  funtion  erf(c)  1st  defined  a-s  follows, 
exp-t^dt. 


(4) 


445 


The  right-hand  side  of  (4)  leads  to  the  classical  distribution  function  if  mq^ / 3hr  1,  i.e.  for  the 
distances  from  a  wall  which  are  much  greater  than  de  Broglie's  wave  length. 

The  second  system  is  a  particle  moving  in  a  one-dimensional  delta-funtion  potential.  The  Hamil¬ 
tonian  is  as  follows. 


The  propagator  for  this  problem  was  obtained  in  [9-11].  The  equilibrium  W’igner  function  has  the 
form: 


lT(p,  9,'?)=  exp{~p~J/2)  + 

+  ^  exp(-2?a  +  a-3/-2)er{  ~  sin(2p(7)  ■ 


+2exp(-a=/i/2  -  p=J/2)Re 


+2erf 


erf 


(  +  ipirnlLl] 


Re 


a  +  ip 

exp(~29(a  +  ip)) 


n  +  ip 


The  asymptotic  expression  in  the  strong  field  case  {a  —  x)  of  the  VVigner  function  (5)  is 
\V^{q.p.3)  ^  exp(V/2]  -  (J/2)-‘/2!iiI^exp(-2,V4) 

In  the  weak  field  case  the  following  expansion  (o  — *  0)  can  he  derived  from  (5): 


■-S-- 


(0) 


(6) 


Wo(p.q.3)  ~ 


exp(-p-J/2)  + 


sin(2pv) 


-( 


2?  + 


4,2 


(2r 


4,2 


(2i)‘/2 


2  +(4/2) 

+  2, (4/2) 


('■(24’>/2)' 

2)‘/2)  ,2 

2)‘/2^  a2+  .. 


(T) 


Comparing  expression  (6)  with  the  analogous  expression  for  the  Wigner  function  of  a  free  particle 
moving  in  the  half  space  [6]  we  see  that  they  do  not  coincide  because  the  delta-potential  is  a  half- 
penetrable  one. 
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ON  THE  POSITIVENESS  OF  THE  SMOOTHED  WIGNER  FUNCTION 
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Wigner  function  was  for  a  first  time  introduced  in  1932  for  a 
treatment  of  quantum  correction  to  thermodynamics  [1].  It  found  many 
applications  afterwards,  and  by  its  use  the  phase  space  formulation  as 
one  of  the  equivalent  representations  of  quantum  mechanics  was 
established.  Although  defined  as  an  ordinary  function  on  phase  space, 
which  plays  the  role  analogous  to  that  of  classical  distribution  function 
[2],  Wigner  function  can  not  be  directly  interpreted  as  a  probability 
distribution  function  because,  in  the  general  case,  it  is  necessarily 
negative  in  some  regions  of  phase  space. For  an  indirect  probabilistic 
interpretation,  a  non-negative  phase  space  function,  related  to  Wigner 
function,  is  necessary.  One  example  of  such  a  function  is  Husimi 
distribution  function  [3]  which  can  be  represented  as  a  Gaussian 
smoothing  of  Wigner  function  in  phase  space. 

From  early  sixties  [41  it  was  generally  assumed,  as  most  clearly 
formulated  in  (51  and  quoted  again  in  relatively  recent  review  article 
[6J  without  comment,  that  Wigner  function  "once  smoothed  out  over  any 
phase  space  region  of  dimensions  larger  then  or  equal  to  unity  (=  h  )  is 
always  positive  and  smaller  than  one".  In  the  review  article  on  Wigner 
representation  of  quantum  mechanics  (7)  it  was  claimed  that  averaging  of 
Wigner  function  on  finite  phase  space  cells  gives  always  non-negative 
results.  To  prove  this.  Instead  of  direct  averaging  over  finite  phase 
space  cells,  the  author  performs  Gaussian  smoothing,  tacitly  assuming 
that  both  procedures  give  close  results  necessarily  of  the  same  sign. 

Wlodarz  18]  in  1988  proved  that,  in  the  general  case,  it  is  not 
possible  to  obtain  a  non-negative  function  on  phase  space  by  averaging 
Wigner  function  over  finite  phase  space  cells.  This  conclusion  was 
directly  related  with  the  discontinuity  of  the  characteristic  functions 
of  the  corresponding  cells  at  their  boundaries.  Recently  de  Aguiar  and  de 
Almeida  [9],  in  a  detailed  and  thorough  analysis  of  Wigner  function  of  a 
particle  in  a  box,  have  shown  that  averaging  i t  on  a  rectangle  in  phase 
space  of  area  greater  than  2nh  one  can  obtain  negative  values.  When 
representing  the  characteristic  function  of  a  rectangle  as  a  sequence  of 
analytic  functions,  they  noticed  that  this  result  in  their  concrete 
example  remains  valid  even  if  the  smoothing  function  is  continuous  on  the 
boundary  of  the  non-zero  region  In  this  way  they  found  one  example  to 
which  Wlodarz’ s  proof,  strictly  speaking,  does  not  apply. 

In  the  present  work  we  give  a  simple  proof  that  whenever  smoothing 
function  is  zero  outside  a  finite  phase  space  region,  but  arbitrary 
otherwise,  the  smoothed  Wigner  function,  in  the  general  case,  can  not  be 
non-negative. 

For  simplicity  we  shall  restrict  our  considerations  to  one  dimensional 
case,  and  in  what  follows  we  shall  put  h  =  1. 

For  pure  state  Wigner  function  is  defined  as  [21 
W(q,p)  =  l/Tr  J0  (q+y )i//(q-y)exp(21py)dy. 


(1) 
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From  this  function  the  probability  distributions  in  position  and  momentum 
coordinates  can  be  derived  [2]: 

|i//(q)  I  =  JW(q.  p)dp  (2) 


2 

|0(p)|=JV(q,p)dq  (3) 

where  0  (p)  =  l/rt  J^lq )exp(  ipq )dq  is  the  momentum  wave  function. 

The  absolute  square  of  the  scalar  product  of  two  wave  functions 

and  0  may  be  expressed  through  their  Wigner  functions  as 
"  2 

l<0j^  I0n  ^1  =  XW|^(q,p)W^(q.p)dqdp. 

This  expression  is  zero  when  the  two  wave  functions  are  orthogonal  to 
each  other,  what  shows  that  Wigner  functions,  in  the  general  case,  can 
not  be  positive  everywhere  in  phase  space.  Due  to  this  fact,  the  problem 
of  smoothing  arises. 

The  conditions  which  the  smoothing  function  f(q,p1  must  satisfy  in 
order  that  for  every  Wigner  function  the  relation 

P  =  J  f(q,p)  W(q,p)  dqdp  2:  0  (4) 

holds,  were  found  in  [2]. There  was  shown  that  the  smoothing  function 
f(q,p)  must  be  of  the  form 


f(q,p)  =  I  Wj^(q,p) 

k 


X,  >  0. 


(5) 


In  other  words,  f(q,p)  must  be,  up  to  a  multiplication  factor,  a  Wigner 
f  unction. 

Now  we  shall  prove  that  such  a  function  can  never  take  non-zero  values 
on  the  finite  part  of  phase  space  only. 

Supposing  the  opposite,  it  would  be  always  possible  to  find  such  q^ 

and  p  that  whenever  at  least  one  of  the  inequalities  lpl>p  or  lql>q  is 
m  n  m 

satisfied  one  could  write 


f(q,p)  =  0  =  j;  W|^(q,p)  (6) 

k 

Taking  into  account  the  relations  (2)  and  (3),  after  integration  of  (6) 
over  p  and  q  one  would  have,  respectively 

0=1  A^|0^(q)|^  ,  Iql  >  q^  (7) 

k 

0  =  Z  ^  ^m 

(  A^  >  0  ) 

However,  (7)  and  (8)  can  not  hold  simultaneously.  If,  for  example,  (7) 
were  satisfied  we  would  have 


= 


for  Iql  >  q^ 


0 
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and 


The  last  equation  implies  the  existence  of  all  the  integrals 


J  q'^  exp(ipq)  dq 


for  arbitrary  n  and  p.  This  means  that  is  an  entire  function  of  p 

and  as  such  can  not  be  zero  on  a  segment,  what  is  required  for  the 
validity  of  (8).  This  terminates  the  proof. 

Our  result  shows  that  smoothing  of  a  Wigner  function  over  an  infinite 
instead  over  a  finite  region  of  phase  space,  in  order  to  get  a 
non-negative  smoothed  Wigner  function,  is  not  just  a  matter  of 
convenience  or  a  matter  of  choice,  as  it  is  often,  explicitly  or 
implicitly  assumed  [5,7],  but  is  a  necessary  condition  for  getting  a 
non-negative  smoothed  Wigner  function.  We  think  that  this  fact  should  be 
taken  into  account,  in  an  appropriate  way,  in  all  endeavors  to  give  a 
probabilistic  Interpretation  to  the  non-negative  smoothed  Wigner 
functions. 
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1 .  Ifitrodur  t  ion.  The  uncertainty  principle  of  Quantum  Mechanics  (QM)  is 
a  fundamental  conc»'Ot  of  the  theory  since  it  represents  the  breakdown 
of  the  possibility,  that  exists  in  classical  physics,  of  a 
simu  1  taneoui-  measurement  of  physical  observables  with  arbitrary  degree 
of  accuracy.  QM  introduced  a  fundamental  limit  on  the  simultaneous 
knowledge  of  observables,  formally  represented  by  noncommu t a t i ve 
operators,  which  cannot  share  the  same  set  of  eigenstates  and  for  some 
state  ji^>,  the  product  of  their  variances  has  a  lower  bound.  The 
concept  of  entropy  permits  to  introduce  an  alternative  approach  to 
represent  the  amount  of  uncertainty  that  is  contained  in  a  state  |  •/^>  * . 
The  aim  of  this  contribution  is  to  discuss  the  use  of  the 
Squeezed-Coherent  States  (SCS)  within  the  entropy  formalism  since  this 
is  an  adequate  representation  for  noncompatible  observables  with 
ontinuous  spectrum  (generators  of  the  Wey 1 -Hei senberg  group) 

2»  The  Squeezed-Coherent  States  and  the  Squeeze  Operator 
I  he  squeezed-coherent  states  are  defined  as, 

|pq;x>  :=  D( p, q )S( r ) |0> 

where  |0>  is  the  vacuum  state, 

D(p,q}  t-  exp  1^- — ^ —  (  pQ  -  qP)j  (2) 

IS  the  phase  space  displacement  operator  and  the  squeeze  operator  is 

L.r)  =  exp  [-  ^(p5  .  5p)]^  ,3, 

where  the  real  squeeze  parameter  y  controls  the  sharpness  of  the 
states.  The  squeeze  operator  transforms  P  and  □  by  simply  introducing 
a  scale  factor,  S(r)QS*(x)  =  e  ^  ,  5(  x)PS  {  y)  =  .  Therefore,  S(/) 

squeezes  c.  streLches  Q  (for  y  positive  or  negative,  respectively), 
but  keeps  the  product  PQ  invariant. 

J,  The  Differential  Equation  of  the  "Projection"  Operator  \pq,y><pq,y\ 
Let  us  consider  the  ’’projection"  operator 

Pip.q.y)  =  |pq,y><pq,x|.  (4) 

For  any  a  density  matrix  p,  P(p,q;x)  =  Tr  pP{p,q,y)  >  O,  while  tor  a 
pure  .tate,  p 

P  <p,q;x)  '  l<pq,y  1^. 

^(P»q»X)  has  the  important  property 


(5) 
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•P  (  p  ,  q  ,  y )  1 


a 

a 

ap 

2 

aq 

a 

a 

aq 

2 

ap 

:»(  P,q  ,  y) 


which  permits  to  verify  the  partial  differential  equation 


pq  ;  y ) 


-  f 

t  -? 


Pi pq ;  y)  . 


-  = 


Therefore,  for  a  square  inteqrable  wavefunction  v/(x),  P^(p,q;y)  is  a 
solution  of  the  partial  differential  equation 

a  P^(p,q;\)  _  1  ,  ^  ^  1  a  ^  ^ 

f  V  ^  (8) 

This  equation  is  similar  to  a  diffusion  equation  in  two 
dimensions,  where  the  parameter  X  plays  the  role  of  ti/ne.  However,  the 
diffusion  coefficients,  1/4  and  -1/(4'.^),  have  opposite  signs,  so  at 
describes  a  diffusive  process  in  the  q-variable  and  an  ‘'infusive" 
process  in  p-variable.  For  this  reason  it  is  called  pSB-udo-d  i  f  iusi  on 
equation  ,  p  and  q  have  been  made  dimensionless  and  >.  =  e  .  The 
coefficient  of  depends  on  in  such  a  way  that  for  X  <  1  there 

IS  more  "infusion"  (l/>^  >1)  than  diffusion  and  the  other  way  around 
for  X  >1.  Considering  <  !^  |  v/>  =  1,  the  probability  functions  P  (p,q;\) 
have  the  properties,  J)0  <  P  {p,q;X)  <  1  ,  jj)  P  (q,p;\  *),  P  (-p,q;X) 
and  P^(p,-q;X)  are  also  solutions  of  the  pseudo-diffusion  equation, 

4.  Phase  space  entropy  functionals 

In  probability  theory  two  correlated  random  variables  have  their 
probability  distribution  represented  by  a  jOint  distribution  function 
rather  than  by  two  indcpendf*nt  ones;  also  in  Qfl  the  5CS  permit  to 
associate  to  each  state  jv  >  the  probability  density  function 
P  (p,q;‘),  whereas  the  marginal  probabilities,  □  (q;V)  and  R  (p;'‘^), 

V 

arp*  obtained  by  integ  atinq  on  only  one  variable  at  a  time. 

As  We  hr  1  %  en  tropy  for  CS,  which  in  t  he  limit  f.  0  goes  t  o  the 

classical  Gibbs  entropy,  we  introduce  a  class  of  functionals  for  the 
SCS ,  where  the  joint  entropy  or  pq  entropy  is  given  by 


f  dp  d( 

J  ~ 


P  (p,q;^)  In  P  (p,q;X), 
V  V 


while  the  marqina!  entropies,  S  (*)  iq~entropy)  and  S  (*)  (p  entropy) 

o  R 

are  defined  similarly  although  the  funttior»s  in  the  integral  are  now 
t  tif>  marginal  pr  obab  i  }  i  1 1  .  The  conditional  enfropjes  are  defined  as 


B  ( O  B  ( ‘ )  B  ( ' )  and  S  ()-5(*)S(X). 

P  R  P  R  PO  P  Q 

Comparincj  tt»c*se  equations  one  can  establish  the  balance  equatiur^ 
B  (  ^  ♦  B  (  O  '  Ti  (  *  )  ♦  B  (  ^  ) 


P  R 


P  u 


(11) 
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which  IS  the  only  conservation  law  that  one  encounters  in  the  entropy 
formalism.  Some  inequalities  among  these  functionals  can  be  verified: 

Any  pair  (Xty)  of  non-negative  variables  satisfy  the  Klein 
inequality  y  Jn  x  ~  y  Jn  y  -  x  ~  y  <  O,  then  if  we  consider 
y  =  P  (PiP;^)  and  x  =  R  (p;X)0  (q;\)  and  integrate  on  both  variables. 

if/  • 

p  and  q,  one  obtains 

S(X)<S(\)+S(\),  (12) 

p  o  it 

which  means  that  the  sums  of  the  marginal  entropies  contains  less 
information  (about  >)  than  the  joint  entropy  which  becomes  a  lower 

bound.  The  equality  holds  only  when  the  variables  are  uncorrelated 
which  is  to  say  that  the  function  (5)  factorizes  as  R(p)Q(q),  Now 
comparing  eqs.  (10)  -  (12)  one  arrives  to  the  inequalities 


S  (  X )  <  S  ( X )  ,  ^  .  . ,  -  ^  V  w.  ,  , , , 

P-  O  Q  P  R  R  (13) 

Therefore  the  conditional  entropies  contain  more  information  than  the 

marginal  entropies  and  they  become  equal  only  when  the  variables  are 

uncorre 1  a  ted . 

It  is  useful  to  define  the  p-q  correlation  functional^, 

C(X)  -S(X)-S  (X)*5(\)-S  (.V)=:S(\)-*-S(\)-S{>)(lA) 

P  O  P'  R  R  P ''O  O  R  P 

which  has  the  properties  of  symmetry  and  posi  ti vene"^  . .  The  p-q 
correlation  is  zero  when  the  joint  probability  factorize'  nd  ♦  alue 
grows  as  the  correlations  become  more  manifest. 

When  one  variable  determines  the  other  exactly  the  conditional 
entropies  become  zero,  implying  that  tbe  joint  and  marginal  entropies 
are  equal,  and  the  correlation  becomes  equal  to  the  marginal  entropies 

5.  Illustrative  ^Application  and  Discussions 

We  consider  the  1-d  harmonic  oscillator  wave f unc t i ons ,  which, 
have  associated  the  probability  distribution  functions* 

*  2  ,  .  .  T—  _  2_2  ^ 


S  (  X  )  <  S  (  \  )  . 

P  R  R 


P  (  p ,  q  ;  X  )  - 


1  2 

f  ■ 

i  f 

.  2  Z  . 

Xq  P  1 

r.  -  ^ 

-  1  . 

1 

X  ♦  1  J 

where  the  are  the  associated  Laquerre  polynomials.  For  X  =  1, 

the  P  ‘s  goes  to  the  familiar  Poisson  d i s t r i bu t i on ,  so  they  are  called 

Generalized  Poisson  Distributions.  See  Figs  1,2  for  P  and  P  ;  for 

o  1 

y  ^  \  one  verifies  that  the  symmetry  present  for  X  =  1  is  broken. 

In  Fig  3  the  entropies  are  plotted  as  function  of  >>  ,  the  joint 
entropy  (solid  line)  and  the  sum  of  the  p  -entropy  and  q-entropy 
(dashed  line),  verity  the  inequality  (12);  for  n  ==  O  both  curv»>s 
foinride  while  fur  n  x  0*  the  curves  merge  only  in  the  limits 
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A.  =  O ,  JO  ,  implying  the  existence  of  correlations  that  are  absent  for 
the  ground  state  nave func t ion .  For  A.  =  1  (Glauber  coherent  states), 
all  curves  attain  their  loMest  value  because  the  p-q  uncertainty 
becomes  a  minimum.  So  one  can  appreciate  the  role  of  as  it  squeezes 
or  stretches  the  fundamental  cell  from  its  optimum  value,  \  =  1,  the 
map  blurs  the  information  contained  in  the  wavef unc t ion ;  in  the 
limits,  =  O,  00,  the  entropy  becomes  infinite  and  the  phase  space 
becomes  useless  for  providing  information  on  both  variables,  jointly. 
It  IS  worth  to  remember  that  independent  1 y  of  how  the  fundamental  cell 
is  deformed  its  area  h  is  always  constant.  In  Fig.  4  the 
p-q  corr(?J^tion  attains  a  maximum  value  at  X  =  1,  then  decreases  in 
the  extremes.  Thus,  one  verifies  that  while  the  joint  entropy  attain  a 
minimum  value  at  X  =  1,  for  n  ^  O,  the  p-Q  correlation  attain  a 
maximum;  the  only  exception  being  n  =  O  which  is  zero  because  the 


joint  distribution  function  factorizes  as  0  (q;\)R  (p;X). 

o  o 


*■ 

With  partial  support  of  FAPESP,  S5o  Paulo,  Brasil. 

IJ  D.  Oeutsch,  Phys.  Rev^.  Lett.  50  (tPBJj  AJi 

PereJomov,  "Generalised  Coherent  States  and  Their 
Applications",  Springer-Ver lag,  1986. 

S.S.  Mizrahi,  Physica  A  127  (1984)  241;  150  rj90G;  54J ; 

15J  (1988)  567 

4)  J,  Daboul  and  S.S.  Mizratu,  prepr ints. 

5}  A.  Uehri,  Rev.  Mod.  Phys.,  50  (1978)  221 

6)  S.  GuiasiJ  and  A.  Shenitzer,  Math.  Intelligencer  7,(1985)  42 

7)  S.S.  Mizrahi  and  M.A.  MarchjolJi,  in  preparation. 
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In  the  framework  of  Nelson's  stochastic  mechanics*’*  the  notion  of  a  particle 
path  can  be  given  a  well  defined  meaning  in  the  configuration  space.  We  can 
view  it  as  a  sample  trajectory  followed  by  the  mass  point  undergoing  a  Markovian 
diffusion  process  in  with  dynamics  constrained  by  the  second  Newton  law  in 
the  conditional  mean.  Leaving  aside  the  problem  to  what  extent  a  particular  so¬ 
lution  of  the  respective  stochastic  differential  equation  with  constraint  is  capable 
of  simulating  a  genuine  point  particle  path  in  ,  we  are  left  with  a  persuasive 
representation  of  each  Schrddinger  wave  function  by  a  collection  of  sample  propa¬ 
gation  scenarios.  To  understand  this  classically  motivated  stochastic  model  of 
quantum  phenomena  on  physically  deeper  grounds  it  appears  necessary  to  reveal 
a  random  phase-space  propagation,  whose  configuration  space  projection  would 
imply  stochastic  mechanics. 

The  phase  space  route  was  originally  abandoned  by  Nelson  in  his  expository  paper 

although  it  was  clearly  stated  there  that  ’’the  situation  appears  to  be  related 
to  diffusion  processes  in  fluids  with  currents  flowing  in  them”.  In  fact  this  hydro- 
dynamical  aspect  of  the  quantum  mechanical  formalism  found  a  detailed  analysis 
in  the  papers  by  Takabayasi.  The  only  serious  attempt  to  derive  stochastic 
mechanics  from  a  random  phase  space  model  belongs  to  de  la  Peiia  and  Cetto, 
but  it  was  finally  reduced  to  the  search  for  restrictions  on  the  formalism  which 
would  give  rise  to  the  Wigner  distnbution.  Apparently,  the  Wigner  function  is 
one  only*'^*  (though  best  known  to  the  physicists)  example  of  the  joint  phtase  space 
distribution,  unfortunately  not  everywhere  positive  atui  not  a  solution  of  the  dif¬ 
fusion  equation. 

In  the  present  note,  we  wish  to  report  that'- *'  random  phase  space  motions  gover¬ 
ned  by  white  noi.se  without  friction,  induce  a  difftision  equation,  which  if  constrai¬ 
ned  by  the  appropriate  equation  of  sl.ite  (terminology  borrowed  from  the  kinetic 
theory  of  gases  and  flui<is)  implies: 

1 )  Madelung  fluitl  equations  known  to  characterize  wave  functions  of  Schriidinger 
mechanics  in  the  nonrelativistic  case 
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2)  Local  conservation  laws  characterizing  the  positive  energy  solutions  of  the 
Klein-Gordon  field  in  case  of  relativistic  Markovian  diffusions. 

Let  us  recall  that  in  the  nonrelativistic  situation  the  white  noise  Langevin  problem 
without  friction: 

at  m  at  j 

F  =  -vv,  <  >=  -  <') 

implies  the  following  evolution  equation  for  the  joint  position  -  momentum  proba¬ 
bility  distribution  associated  with  the  statistical  ensemble  of  diffusing  particles 


m  L 


(2) 


The  white  noise  amplitude  is  not  specified  and  r,p  take  values  in  IF  x  F? . 

By  introducing  the  marginal  distribution  p(x,t)  =  / <Pp  ^(x,p,t)  and  local  mo¬ 
ments  ^  Pi  >=  f  (Fp  p,i{x,p,t),  <  p,pj  >=  / (Fp  p,pj^{x,p,t)  of  $  we  impose 
the  following  constraint  (which  is  a  direct  analogue  of  the  equation  of  state  tra¬ 
ditionally  utilized  in  the  kinetic  theory  of  gases)  on  the  adnussible  solutions  of 
(2)  ^ 

<  piPj  >=  -  <  Pi  ><  Pj  >  ■\-rrFPij 


=  - 


h  '' 

2m  , 


d- 


(3) 


lnp{x,t) 


dxidxj 

Let  V  =<  p  >  I  pm  be  an  irrotational  velocity  field,  then  the  constraint  (3)  relates 
first  and  second  moments  of  ^(x,p,t)  with  p{x,t),  and  in  the  infinite  hierarchy 
of  local  conservation  equations  (for  moments)  induced  by  it  transforms  the 
first  two  equations  into  a  self-contained  (closed)  system.  Its  solution  does  not 
involve  an  explicit  form  of  the  joint  distribution,  and  given  the  initial  position  and 
first  moment  distributions,  we  have  uniquely  determined  p(T,t)  and  <  p  >  (i,  <) 
together  with  P,j(x,t)  for  all  times.  Under  the  assumption  that  (2)  and  (3)  are 
compatible,  we  recover  then  Nelson's  stochastic  mechanics.'"' 

The  interesting  situation  is  here  obtained  by  comparing  the  Langevin  problem 
(1)  with  the  Nelson's  diffusion 


(4) 


dX(t)  =  {d  +  v){X(t),t)di  -t  W-  dW(i) 

V  m 

~{X(t),t)  =  l(D,D.  +  D.D^)X(I)  - 

m2 

{dt  +  vV)v  -  I  - —  A  -I-  uV  j  u  =: 

o  .  —( iF  -  F  h 

=  +  v  ^  ^d^^ 


/ 

liv 


L 
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where  W(t)  is  a  normalized  Wiener  noise  in  .  Although  (4)  generates  wildly 
random  trajectories  in  they  cannot  be  identified  with  the  individual  particle 
paths  in  the  sense  of  (1)  .  The  drift  b  =  u  +  v  entering  (4)  indicates  the  local  flow 
tendency  of  propagation  and  comes  from  configuration  space  conditioned  moments 
of  the  phase-space  probability  distribution  t).  Hence  is  definitely  not  the 

individual  particle  velocity  consistent  with  (1).  In  the  above  the  joint  distribution 
is  not  specified  completely  by  the  continuity  and  momentum  balance  equations, 
and  quite  strong  additional  restrictions  would  be  necessary  to  replace  it  by  the 
Wigner  distribution  in  our  formalism.  At  the  moment  no  explicit  phase  space 
solutions  of  (l)-(3)  are  available,  but  the  mathematical  structure  of  previous  ar¬ 
guments  makes  it  plausible  that  the  set  of  solutions  is  nonempty  and  sufficiently 
rich.  One  should  here  consult  how  solutions  of  the  Boltzmann  equation  are  loo¬ 
ked  for.  Higher  moment  equations  were  not  exploited  at  all  in  the  above  and  they 
are  non-trivial. 

However,  one  should  realize  that  the  level  of  difficulty  in  obtaining  explicit  so¬ 
lutions  of  the  diffusion  equation  (2)  is  similar  to  this  encountered  in  case  of  the 
Boltzmann  equation,  or  in  search  for  general  solutions  of  the  Kramers  equation, 
see  e.g.  for  an  analysis  of  the  innocent  looking  equation  w,  =  Wj.^  —  xwy  arising 
in  the  analogous  (random  accelerations)  context.  In  our  investigation,  the  absence 
of  friction  locates  the  problem  in  the  domain  of  the  non-equilibrium  statistical 
physics. 

Let  us  pass  to  the  relativistic  generalization  of  the  above  observations.  It  is 
instructive  to  notice  that  the  left-hand-side  of  (2)  would  precisely  represent  d^/dt 
in  case  of  no  noise.  By  passing  to  the  finite  difference  approximation  with  small 
time  increments,  we  can  evaluate  the  net  change  of  4>  due  to  noise  in  the  time 
interval  At,  as  follows: 

$  -t-  ^  Al,p+  FAi,t  +  -  4>(x,p,f)  =  At  (:) 

In  case  of  the  relativistic  invariant  phase  space  distribution  f{r,p)  the  role  of  At 

-  1 

is  taken  by  the  proper  time  increment  cAt  —  jAt  with  7  =  (l  -  3)  '  ,  i’  = 
Then  (4)  should  be  replaced  by: 

/  f  At,p  t  FArj  -  f(r,p)  ^  (noise  term)Ar  (6) 

where 

X  -  (c/,x),  p  -  (p,„p),  Pi.p'‘  p,-,  -  r 

p-  ni  mcu  -  TO  p„  -  TOC7  p‘  -  mvf  (7) 

F  F,.u'‘  0 
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Apparently  the  noise  term  in  (5)  must  be  a  relativistic  invariant  diflfusion  generator 
coming  from  the  assumption  that  a  Markovian  random  walk  is  taking  place  on  the 
mass  m  hyperboloid. 

The  pertinent  diffusion  equation  reads: 

cu“d,J(x,u)  +  —  ^  f(x,u)  =  —4-^  A.LBf{x,u)  (8) 

me  Oui‘  Zm-c- 

where  the  Laplace- Beltrami  operator  on  w'‘u,,  =  1  is  given  in  the  hyperbolic  para- 
metrization  as  follows; 


d  d  I  d  .  1  an 

dr  ^  ^  dr  ^  sinO  d6  d6  ^  sirdO  dtf>- ) 


(9) 


With  the  notion  of  the  configuration  space  conditioned  local  moment  ^1,(2;)  = 
^  I  Ui,f(x  ,u)(Pu/ we  arrive  at  the  continuity  and  energy-momentum  balance 
equations; 

a,.(pt.'‘)  =  o  (10) 

d,T“'  =  pF“  or  pF>"'v„  (11) 

which  upon: 

T'“'  =  mc^ pv“v‘'  +  j  f(x,u)mc^{u‘‘  —  v'‘){u‘'  —  v‘')(Fu!u„  —  mc'{pi''‘i'‘'  +  P'“')  (12) 
and  imposing  the  equation  of  state  (osmotic)  constraint: 

P'"'  =  -  pd,Alnp  (13) 

give  rise  to  the  equation: 

-  (d,,S  -  -  {d“S  -  -  A'*)  -  ~  {{d“lnp){d„lnp)  +  Dfnp}  =  M  (14) 

In  case  of  A/  =  mc^  together  with  a  continuity  equation  (14)  forms  a  closed  system 
providing  us  with  the  positive  energy  solutions  of  the  Klein-Gordon  equation: 

I  (a,.  -  r  ^  (a-  -  r  ^  A'*)  +  =  0  (15) 

under  the  identification  'I'  =  exp  (^In  p^'-  -f  ~  5),  where  the  invariant  scalar  density 
is  given  by  p(x)  =  f  P"  f(x,u). 
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CANONICAL  TRANSFORMATIONS  IN  CHANNEL  SPACE 
AND  THEIR  UNITARY  REPRESENTATION: 

A  STEP  TOWARD  UNDERSTANDING 
CHAOTIC  SCATTERING  IN  QUANTUM  MECHANICS 

T.H.  Seligman 

Laboratorio  de  Cuernavaca.  Instituto  de  Fisica 
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Mexico  City,  MEXICO 

We  define  a  classical  scattering  process  in  a  four-dimensional 
phase  space  as  a  canonical  map  between  the  two-dimensional  phase 
spaces  of  incoming  and  outgoing  channels.  Time  reversal  invariance  is 
introduced  and  the  iterated  scattering  map  appears  naturally.  Using 
the  theory  of  unitary  representations  of  classical  canononical  trans¬ 
formations  the  transition  to  the  quantum  problem  is  achieved  in  the 
framework  of  a  semi-classical  aproxiniation.  Families  of  canonical 
scattering  maps  are  defined  by  canonical  transformations  on  channel 
space;  the  invariance  properties  of  these  families  translate  naturally 
in‘o  intaritmt  ensembles  of  S-niatrices  that  are  unique  according  to 
Dy.;on.  The  transitivity  of  the  action  of  a  chaotic  iterated  scattering 
map  indicates  that  its  unitary  representation  is  a  characteristic  mem¬ 
ber  of  the  ensemble  and  thus  by  way  of  ergodicity  the  corresponding 
S-matrix  has  a  distribution  of  eigenphtuses  known  as  a  COE. 

The  statistical  behaviour  of  scattering  processes  has  been  of  interest  for  many 
years  in  nuclear  physics  [l],  btit  recently  it  has  acquired  more  general  importance  in 
the  context  of  quantum  manifestations  of  chaos  [2].  In  this  context  one  question  asked, 
refers  to  the  statistical  distribution  of  the  eigenphases  of  the  S-matrix.  The  interplay 
between  energy  averages  for  specific  models  and  ensemble  averages  for  random  matrix 
ensembles  is  usually  the  key  point  of  such  an  analysis. 

Smilansky  has  .shown  [3].  that  in  the  semi-classical  limit,  the  two  point  function  of 
the  eigenphase  distribution  coincides  with  the  one  of  the  circular  ensemble  of  unitary 
and  symmetric  matrices  [4|  (referred  to  in  what  follows  as  COE),  if  the  corresponding 
iterated  scattering  map  [5]  is  chaotic. 

The  purpose  of  this  paper  is  first  to  formulate  the  classical  problem  in  terms  of 
classical  canonical  transformations  that  describe  the  scattering  process  and  to  discuss 
the  symmetry  properties  related  to  chaoticity  of  the  iterated  scattering  map.  Next  we 
u,se  the  theory  of  representation  of  classical  canonical  transformations  in  quantum  me¬ 
chanics  [6,7],  The  invariance  properties  derived  for  a  family  of  clas.sical  transformations 
can  be  translated  to  the  quantum  case  and.  due  to  the  well  known  group  structure  of 
U{ti).  induce  in  the  semi-classical  limit  the  invariant  ensemble  known  as  COE.  Invoking 
ergodicity  we  find  the  COE  proprties  for  the  eigenphases  of  every  generic  member  of  the 
ensemble.  Typical  non-generic  cases  based  on  aditional  symmetries  of  the  problem  are 
discus.sed  at  the  end.  The  entire  problem  will  be  restricted  to  the  case  of  two  degrees 
of  freedom,  which  is  the  simplest  case  that  displays  general  features  of  chaos. 
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First  consider  a  free  particle  in  four  dimensional  phase  space  with  coordinates 
(Pi . 9i  1P2. 92)-  We  can  perform  a  canonical  transformation 

(Pi,9i-P2.92) ->  (1) 

to  energy  E.  time  t,  angular  momentum  P^,.  and  angle  0.  In  principle  this  transforma¬ 
tion  is  two  to  one  [8].  but  we  shall  be  interested  in  particular  subspares.  The  purpose 
is  to  describe  a  scattering  process  by  a  time  independant  and  time  reversal  invariant 
Hamiltonian  that  differs  from  the  free  particle  Hamiltonian  on  a  compact  support  only. 
Thus  the  energy  is  constant  and  the  particles  will  be  asymptotically  free.  Therefore  we 
consider  the  free  particle  for  large  times  t  — *  oc  and  outgoing  particles  as  final  channel 
space  and  the  same  for  times  i  — >  — oc  and  incoming  particles  as  initial  channel  space. 
These  are  typical  surfaces  of  section  that  on  their  own  form  a  phase  .sjjace  each.  The 
choice  of  incoming  and  outgoing  particles  respectively  chooses  between  the  two  Riemann 
like  surfaces  we  have  in  phase  space  [8].  We  shall  call  the  outgoing  and  incomeing  spaces 
respectively  \I°  and  A/' and  they  are  characterized  by  coordinates 

(E  =  const.,  i  =  ±~<z.  Po-O)  —>  (Po-pht).  (2) 

These  spaces  are  thus  effectively  two  dimensional  as  E  and  /  are  fixed. 

Scattering  by  a  Hamiltonian  of  the  above  mentioned  type  can  be  represented  as  a 
canonical  transformation 

(3) 

which  we  call  scattering  map. 

.4s  we  are  interested  in  time  reversal  invariant  scattering  processes  we  have  to  con¬ 
sider  the  time  reversal  operation  T.  This  operation  is  non-canoniral  in  that  it  changes 
Pc  to  -Pc  while  simultaneou.sly  changing  an  outgoing  into  an  incoming  space  or  vice 
versa.  Time  reversal  invariance  implies  that  TC'sTCs  =  I  is  the  identical  transforma¬ 
tion  on  .\P  ■ 

The  iterated  scattering  map  was  introduced  by  .Jmigen  [5]  in  order  to  be  able  to 
use  for  iterated  maps  the  surface  of  section  implicit  in  the  definition  of  channel  space. 
In  our  language  we  shall  define  the  iterative  map  Is  =  TCyTCs-  where  C'r  is  the  mao 
induced  by  the  free  particle  dynamics.  This  map  can  readily  be  iterated  as  it  maps  M‘ 
onto  itself,  and  its  iteration  is  indeed  identical  to  the  iterated  scattering  map  >5]. 

We  now  consider  bijective  canonical  transformations  CV.  of  M'  onto  itself.  The 
corresponding  transformati<)n  on  A/"  is  TC\,T.  and  we  can  <lefine  a  family  of  scattering 
maps  - 

C.S- =  rc-'rrsC„.  (ai 

with  a  corresponding  family  of  iterative  scattering  maps  /".  Tln'se  two  families  i>f 
scattering  maps  have  by  construction  a  remarkable  invariance  property  If  we  perform 
an  arbitrary  bijective  canonical  transformation  on  A/'  and  simultaneously  the  time 
reversed  transformation  on  .\/"  the  family  of  transformations  C'v"  remains  invariant, 
and  a  similar  argument  holds  for  the  iterative  maps. 

We  now  proceed  to  the  quanttun  mechanical  probleni,  Tt)  do  this  we  follow  ideas 
of  Dirac.  Moshinsky  and  others  [G.Tj.  that  allow  us  to  associate  unitary  operators  to 
canonical  transformations.  In  general  these  unitary  operators  do  not  reprc.sent  the 
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quantum  problem  on  hand  "precisely’’  [9],  as  ordering  problems  will  occur.  On  the 
other  hand  any  unitary  representation  we  may  choose  will,  by  construction,  give  the 
correct  semi- classical  limit  [6],  We  can  therefore  choose  any  representation  in  channel 
space  and  associate  a  unitary  operator  to  a  canonical  transformation.  We  furthermore 
have  to  recall  that  the  representation  of  conjugation  by  the  time  reversal  operator  is 
simply  the  anti-unitary  operation  of  canonical  conjugation. 

If  the  S-matrix  5  is  the  unitary  representation  of  Cs  then  TC'sTC's  =  1  implies 
S'S  =  1  or,  due  to  the  unitarity  of  5,  S  =  S'.  We  are  only  interested  in  those  parts  of 
channel  space,  whose  trajectories  are  affected  by  the  non-free  part  of  the  Hamiltonian, 
which  was  chosen  to  have  compact  support.  This  part  of  channel  space  is  in  turn 
compact  and  for  finite  Planck  constant  will  lead  to  a  finite  dimensional  S-matrix.  If 
we  further  denote  the  representation  of  C50  by  S",  we  have  a  family  of  symmetric 
S-matrices  that,  at  least  in  the  semi-classical  limit,  represents  the  family  of  canonical 
scattering  maps,  which  we  constructed  above. 

The  group  of  bijective  canonical  transformations  is  still  very  little  understood  and 
no  invariant  measure  is  known.  By  consequence  we  cannot  construct  an  ensemble  from 
the  family  of  scattering  maps,  which  we  defined  in  eq.  (4).  On  the  other  hand  the 
corresponding  S-matrices  S°  can  readily  and  naturally  be  endowed  with  a  measure. 
The  invariance  of  the  family  of  scattering  maps  discussed  above,  translates  into  an 
invariance  of  the  family  of  S-matrices.  such  that  if  5“  is  a  member  of  the  family  so 
is  U'SaU  where  U  is  any  unitary  transformation  that  in  turn  represents  any  bijective 
classical  canonical  transfonnation.  Yet  this  im^ariance  is  well-known  for  random  matrix 
ensembles  and  if  we  require  it  for  the  measure,  that  determines  the  ensemble  it  leads 
uniquely  [10]  to  one  of  the  classical  circular  ensembles,  also  known  as  classical  domain.s 
[11],  namely  the  orthogonally  invariant  ensemble  of  unitary  symmetric  n  x  u  matrices 
(COE). 

Thus  the  family  of  scattering  maps  developed  from  classical  notions  leads  naturally 
to  the  COE.  but  we  now  have  to  establish  under  what  circumstances  we  can  expect  the 
individual  S-matrix  on  hand  to  be  typical  in  the  sense  that  we  can  asumme  ergodicity. 
Ergodicity  is  here  invoked  not  in  the  usual  sense  where  time  a^■erages  are  replaced  by 
ensemble  axerages.  Rather  xve  replace  averages  over  eigeux^alues  by  ensemble  averages, 
and  in  this  sense  we  proceed  in  a  similar  fashion  as  for  the  energy  averages,  commonly 
considred  in  random  matrix  theory.  Ergodic  behaviour  has  been  proven  for  the  Gaussian 
orthogonal  ensemble  [r2j,  and  can  be  extended  to  the  closely  related  COE. 

A  first  requisite  is  the  transitivity  of  the  scattering  process  on  channel  space.  This 
is  expressed  in  terms  of  chaoticity  of  the  iterated  scattering  map  on  .1/'.  This  condition 
is  necessary  because  otherwise  we  can  select  some  subspace  of  M'  such  that  no  iteration 
of  /  will  take  us  out  of  this  space.  Time  reversal  invariance  insures  the  equivalence  of 
incoming  and  outgoing  spaces,  and  thus  xve  could  formulate  a  similar  family  of  scattering 
maps  on  the  reduced  space.  This  in  tvirn  induces  an  invariant  measure  on  the  subspare 
and  its  complement,  thus  inducing  a  superposition  of  two  COE's. 

This  leads  us  imediately  to  the  next  and  well  known  restriction.  In  quantum  me 
chanics  spaces  that  belong  to  irreducible  representations  of  a  symmetry  group  will  induce 
independent  invariant  measures  and  thus  lead  to  superpositions  of  COE  s.  This  hap 
pens  in  close  analogy  to  the  bound  rase,  and  obliges  us  to  consider  minimal  inxm-iant 
subspaces  of  each  chaotic  region  of  channel  space. 
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Even  if  we  separate  symmetry  classes  or  eliminate  symmetries  to  take  this  problem 
into  account,  this  is  not  sufficient  to  ensure  COE  behaviour  as  other  types  of  symmetries 
may  also  occur.  Consider  the  map  Css  =  Csis  wich  is  again  a  symmetric  scattering 
map.  The  corresponding  S-matrix  has  eigenphases  that  are  double  the  eigenphases 
of  S  according  to  the  spectral  theorem.  If  the  eigenphases  of  S  corresponded  to  a  COE 
those  of  correspond  to  a  superposition  of  two  COE  s.  This  behaviour  is  not  particular 
to  the  S-matrix;  indeed  the  same  is  to  be  expected  for  time  evolution  operators  conected 
with  periodic  hamiltonians,  if  we  choose  them  over  two  periods  rather  than  one.  and 
this  has  been  numerically  confirmed  [13]  for  the  quasi  energies  of  the  Fermi  oscilator 
[14]. 

Even  now  we  can  not  be  sure  that  we  have  identified  all  possible  sources  of  non¬ 
generic  behaviour,  though  we  have  eliminated  the  most  obvious  ones.  We  have  thus  to 
keep  in  mind  that  any  property  of  the  system  that  makes  it  possible  to  define  separate 
Hilbert  spaces  corrsponding  to  the  same  classically  connected  domain  in  phase  space 
but  not  connected  by  the  quantum  Hamiltonian  will  cause  non-generic  behaviour. 

We  can  thus  summari2e  as  follows:  The  chaoticity  of  the  iterated  scattering  map 
is  a  necessary  condition  for  a  COE  distribution  of  the  eigenphases  of  the  S-matrix  and 
furthermore  generically  scattering  processes  with  a  chaotic  iterative  scattering  map  have 
COE  distributions  of  eigenphases.  We  obtained  this  result  using  a  new  approach  of  the 
concept  of  invariance  that  in  a  sense  indicates  a  dynamical  symmetry,  because  we  use 
the  ergodic  behaviour  of  the  orbit  to  create  an  ensemble  which  by  a  second  apparently 
independend  ergodic  hypotesis  gives  us  results  on  energy  averages.  Tlte  dynamical 
aspect  of  this  symmetry  lies  in  the  fact  that  the  two  ergodic  behaviours  mtist  still  be 
more  closely  related,  which  is  not  done  in  this  paper.  The  main  difficulty  arrises  from 
the  appearence  of  other  symmetries  wich  have  to  be  globally  understood  to  define  the 
generic  case  properly. 

I  am  grateful  to  H.  Weidenmiiller  and  F.  Leyvraz  for  many  usefull  discussions,  to 
the  MPI  ftir  Kernphysik  for  its  kind  hospitality  and  to  COXACVT  for  financial  support. 
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Resonances  in  quantum  systems  with  continuous  spectrum  as  in  scattering  or  in  interact¬ 
ing  fields,  give  rise  to  divergencies  in  the  conventional  perturbation  algorithms  which  should 
solve  the  Hamiltonian  eigenvalue  problem.  These  quantum  resonances  are  of  the  same  na¬ 
ture  with  the  classical  Poincare  resonances'  of  large  systems^-^  '  which  prevent  the  ansiiytic 
integration  of  Hamilton’s  canonical  equations.  However,  a  natural  time  ordering  of  the  dy¬ 
namical  states  leads  to  a  rule  for  analytic  continuation  of  the  perturbation  terms  according 
to  the  processes  they  represent.  The  rule  may  be  seen  as  a  boundary  condition,  nessesary  to 
gUcirantee  the  uniqueness  of  the  solution  of  the  dynamical  system  with  continuous  spectrum, 
i.e.  as  a  generalized  Sommerfield  radiation  condition.  The  construction  developed^  ^  by  the 
Brussels- Austin  school,  directed  by  I.  Prigogine.  not  only  integrates  the  system,  hut  also  leads 
to  a  representation  of  dynamics  in  an  extended  space,  where  the  Hamiltonian  has  complex 
eigenvalues  and  the  generated  evolution  is  split  into  two  semigroups*,  one  decaj-ing  in  the 
future  and  the  other  in  the  past.  Irreversibility  emerges  then,  intrinsically  as  the  selection  of 
the  semigroup  compatible  with  our  future  obsevations.  In  the  case  of  the  Friedrichs  model, 
a  suitable  mathematical  framework  for  the  time  ordering  construction  is  provided  by  the 
Rigged  Hilbert  space  of  Hardy  class,  constructed  by  A.  Bohm  and  M.  Gadella*. 

1.  COMPLEX  EIGENVALUES  FOR  THE  LEE-FRIEDRICHS  MODEL, 

The  time  ordering  construction  will  be  illustrated  through  the  Lee-Friedrichs  model*”'^. 
This  model  is  solvable  in  a  non  analytic  way  and  served  as  a  prototjqje  for  the  decay  problem  in 
quantum  mechanics.  In  the  simplest  version,  a  discrete  state  |1).  is  coupled  with  a  continuum 
of  states  lu.').  w  €  [O.oo)  corresponding  to  field  modes.  The  Hamiltonian  operator  is 

oo  ^OO 

X  /  (iw')(]| -H  |i)(u.ii  (1) 

Jo 

The  Friedrichs  solutions^  are  obtained  through  the  wave  operators'"" 


H  =  Ho  +  AU  =  u',|l)(l|+  / 
Jo 


l/j“'  )  =  |w)  -(- 


AV,„ 


w  —  w'  i 


(2) 


Here  )  are  the  boundaiy  functions  from  above  and  below  correspondingly  of  the  inverse 
partial  resolvent 


1  /■°°  A^IU  .1^ 

r,(z)=  (1|— <J^’-~:  (3) 

The  interaction  is  assumed  to  be  such  that  the  branches  — ^  of  the  partial  resolvent  have 
meromorphic  extensions  to  the  lower  and  upper  half  planes,  with  simple  poles  at  cj  and 
cj  correspondingly.  Conditions  for  the  meromorphic  structure  of  the  partial  resolvent  are 
discussed  for  example  by  Exner'^. 

Friedrichs  eigenvectors  12)  present  two  difficulties:  first  they  are  not  analytic  in  the 
coupling  parameter^'®  and  second  they  provide  a  representation  of  the  evolution  as  a  shift  in 
the  continuum.  Transitions  and  events  do  not  appear  in  this  representation.  The  unstable 
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state  |1)  has  disappeared,  as  there  is  no  real  point  eigenvalue,  and  the  complex  poles  ;i  and 
c”  have  instead  emerged. 

An  eigenstate  associated  with  the  complex  eigenvalue  was  constructed  by  N  tikamshi” 
and  a  complete  set  of  right  and  left  eigenvectors,  including  Nakanishi”  solution,  was  con¬ 
structed  by  Sudarshan.  Chiu  and  Gorini*^  These  solutions  were  also  obtained^  with  the  time 
ordering  rule  and  perturbation  theory,  as  a  first  test  of  the  method. 

-A  more  straightforward  derivation'  is  based  on  the  application  of  the  anedytic  contin¬ 
uation  rule  to  the  Brillouin-Wigner  iteration  formulas.  For  the  eigenstate  /j  the  Brillouin- 
Wigner  formulas  give: 


Cl  =  lUi  -t- 


(l|AF'l/i) 

(u'll/l) 


'4) 


l/i)  =  (-ii/OM  +  — 

Zx  —  no 


(5) 


Q>=I 


ii)(ii=  r 

Jo 


dLU|ui)(ul{ 


The  time  ordering  rule  regularises  the  BW  formulas  (4).  (5)  according  to  the  following  nat¬ 
ural  convention.  The  terms  representing  transitions  from  the  continuum  modes  I-)  to  the 
eigenstate  U).  i.e.  excitations,  are  past  oriented,  therefore  they  are  analytically  continued 
from  the  lower  to  the  upper  hall-plane.  .All  other  terms,  i.e.  de-excitations  or  mode-mode 
transitions,  are  future  oriented  and  they  are  analytically  continued  from  the  upper  to  the 
lower  half  plane. 

Formula  (5).  regularized  according  to  the  time  ordering  rule,  gives: 


Putting  (6)  into  (4)  we  get  the  formula  for  ci 


2i  =  ail 


duj 


[u>  -  Cii-t- 


(6) 


Equation  (7)  means  (3),  that  is  the  simple  pole  of  the  meromorphic  extension  ^  \  of  the 
partial  resolvent  to  the  lower  half  plane. 

For  the  complex  eigenvalue  zi  we  have  also  the  left  eigenvector  (/i  j  obtained  in  the  same  way 


(7ii  =  + 

Normalization  fixes’'*'®  the  undetermined  factors: 


I'S) 


<ii/.)  =  (/.ii)  =  (4;(rir^ 


(9) 


2.  THE  EIGENVECTORS  ASSOCI.ATED  TO  THE  COMPLEX  EIGENVALUES  LIA'E  IN 
THE  RIGGED  HILBERT  SPACE  OF  HARDY  CLASS. 

The  eigenvectors  (6)  and  (8)  cannot  live  in  the  Hilbert  space  as  they  correspond  to 
complex  eigenvalues  of  a  self  adjoint  operator.  However,  they  acquire  meaning  as  generalized 
eigenvectors  in  a  suitable  Rigged  Hilbert  Sptute  extension 

Rigging  the  Hilbert  space  “boat”  in  order  to  extend  the  eigenvalue  problem  of  the  self- 
adjoint  operator  H,  means  that  we  choose  a  suitable  “carine”  ♦  of  test  vectors,  which  is 
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stable  with  respect  to  the  operator  H  and  construct  the  sails  as  the  continuous  Hnear 
functioneds  on  $ 


the  topological  dual  of  4 


Hilbert  space 


$  a  test  vectors  subspace. 


For  the  Rigged  Hilbert  Space  extension  of  the  eigenvalue  problem  see  for  example  the  mono¬ 
graph  by  Bohm  and  Gadella®  and  references  therein.  The  possibility  of  complex  generalized 
eigenvalues  of  self-adjoint  operators  was  realized  by  Kuriyan,  Mukunda  and  Sudarshan'^  and 
by  Lindbland  and  Nagel’^  in  the  context  of  group  representations. 

From  the  defining  formulas  (6),  (8)  one  can  immediately  guess  suitable  test  spaces.  The 
test  vectors  0  for  /j  should  be  chosen  so  that 


Wh) 


1 


duj 


AV>.(0|u.-) 
[:i  -wl+ 


) 


(10) 


has  meaning  as  a  complex  '.lumber. 

It  is  enough  therefore  that  (d|w)  has  an  analytic  extension  to  the  lower  half-plane  which 
includes  the  singularity  zi,  so  that  the  integral  defines  an  analytic  function  evaluated  at 
zj.  The  simplest  choice  for  {6\u;),  -which  does  not  depend  upon  the  location  of  zi,  is  that 
(o|w)  is  a  square  integrable  Hardy  function  from  below.  Therefore  the  spectral  representation 
d(u;)  s  {u.'|o)  of  the  test  vector  4>  should  be  in  the  upper  Hardy  class  The  test  vectors 
o  for  the  eigenvector  f\ .  may  therefore  be  chosen  to  satisfy  the  condition  that  the  spectral 
representations  (mz|o)  are  restrictions  to  the  positive  semiaxis  of  functions  in  the  upper  Hardy- 
class  Hx.  which  are  also  in  the  Schwartz  class  S  of  infinitely  differentiable,  rapidly  decreasing 
functions  on  the  real  line,  i.e.: 


(u'ld)  are  in  S[5n7f^j 

9  is  the  Heaviside  step  [unction.  ^ 

In  the  same  way  we  can  show  that  the  test  vectors  <t>  for  the  left  eigenvector  f\  may  be  chosen 
so  that  the  spectral  repre.sentations  (>u|(fi)  are  in  the  lower  Hardy  class  Hi. 

Let  us  denote  by  and  the  test  spaces  for  the  right  and  left  eigenvectors  /[.  /i 
correspondingly 


=  arein  »[5nH^)}  (11) 

The  test  spaces  of  Hardy  class  fl[5  fl  H^j  were  introduced  by  Bohm  and  Gadclla®,  who  also 
studied  their  properties. 

The  eigenvectors  /i  and  fi  live  therefore  in  the  duals  and  <>1.  The  time  ordering 
nile  leads  to  an  extension  of  the  Friedrichs  Hamiltonitin  (1)  to  the  space  4-  $!..  Here  we 
cannot  use  the  direct  sum,  as  the  spaces  9[S  nHl]  and  fl(5nHl]  are  not  disjoint®.  However 
the  extension  of  the  unitary  group  Ut  =  exp(— i/ft)  generated  by  H ,  to  the  space  -f 
has  not  the  group  property.  As  a  result  of  the  time  asymmetric  evolution  of  the  Hardy  spaces, 
Ut  ctin  be  extended'  to  $  1,.  for  positive  times,  t  >  0,  only  and  to  $!.  for  negative  times,  f  <  0. 
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only.  The  time  asymmetry  of  Hardy  spaces  is  the  basis  of  Lax-Phillips  scattering  theory'^ 
and  was  used  to  show  that  relativistic  fields  are  Kolmogorov  systems'*''®,  The  asymmetry  in 
the  time  evolution  associated  with  /i  and  /j  was  sdso  imticed®  2is  divergence  in  the  formal 
expressions  for  the  time  evolution  of  f\  in  the  past  and  /i  in  the  future. 

S.CONCLUDING  REMARKS. 

The  time  ordering  rule  leads  to  an  extension  of  the  eigenvalue  problem  to  $1,.  +  ,  where 

the  two  roles  of  the  Hamiltonian  as  the  energy  operator  and  as  the  generator  of  the  evolution 
aie  separated.  The  analogy  of  the  two  semigroups  of  the  Friedrichs  model  with  the  two 
semigroups  of  Kolmogorov  systems*  '*  *®  is  striking.  In  the  latter  case,  the  two  semigroups 
arise  through  the  time  asymmetric  evolution  of  the  stable  and  the  'unstable  A' -partitions. 
The  above  mentioned  construction  of  the  Friedrichs  model  shows  the  intrinsic  irreversibility 
at  the  dynamical  level,  but  does  not  deal  with  the  probabilistic  character  of  the  macroscopic 
evolutions.  This  can  be  achieved  for  large  Poincare  systems,  at  the  level  of  the  Liouville  space 
of  densities.  The  time  ordering  on  the  basis  of  correlations*  leads  to  generalized  eigendensities 
which  live  in  appropriate  Rigged  Liouville  spaces  and  provide  an  intrinsically  irreversible  and 
probabilistic  representation  of  dynamics®". 
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Symmetry,  as  emphasised  in  the  research  and  writings  of  Eugene  Wigner,  plays  a 
vital  role  in  both  the  kinematics  and  dynamics  of  interacting  fields  and  panicles  [1). 
Through  the  inextricable  linkage  of  invariance  principles  and  conservation  laws,  the 
existence  of  particular  symmetries  implies  the  nonexistence  of  particular  processes.  One 
long-known  example  of  this  is  the  strict  disallowance  of  optical  activity  in  systems  of  free 
atoms  (to  the  extent  that  parity-breaking  weak  interactions  between  the  nucleus  and  bound 
electrons  can  be  neglected  [2]).  Optical  activity  is  the  generic  term  for  a  complex  of 
optical  phenomena  (such  as  opttcai  rotatory  power  and  circular  dichroism)  that  derive 
from  the  nonequivalent  interaction  of  chiral  structures  with  left  and  right  circularly 
polarised  light.  Such  structures  lack  a  centre  of  symmetry  and  cannot  be  superposed  on 
their  mirror  images. 

Recent  studies  have  shown,  however,  that  unbound  atoms  (treated  as  purely 
electrodynamic  systems)  ought  to  manifest  chirally  asymmeuic  optical  behaviour  in  a 
rotating  reference  frame  [3).  All  atoms  on  the  spinning  Earth,  therefore,  should  exhibit  a 
weak  optical  activity  (4). 

From  the  perspective  of  quantum  mechanics,  the  coupling  of  the  total  internal 
angular  momentum  of  the  atom  to  the  spin  of  the  Earth  lifts  the  degeneracy  of  magnetic 
substates  (51  thereby  leading  to  chirally  asymmetric  atomic  polarisabilities  or 
magnetisabilities,  and  ultimately  to  chirally  asymmetric  refractive  indexes.  From  the 
perspective  of  classical  mechanics  |6],  the  Coriolis  force  of  the  E-rth's  rotation  acts 
oppositely  upon  clockwise  and  counterclockwise  circulating  electron  orbits  to  produce 
chirally  asymmetric  electric  dipole  moments  that  again  give  rise  to  an  atomic  circular 
birefringence. 

For  a  sufficiently  rarefied  sample  of  N  atoms  per  unit  volume,  the  electric 
permittivity  E  and  the  magnetic  permeability  fi  are  expressible  in  tenns  of  the  atomic 
polarisability  a  and  the  magneti.sability  p  as  follows 

e  =  1  +  4na  (la) 

p  =  1  -r  4jtP  (lb) 

where  a  and  P  relate  the  expectation  values  of  the  induced  atomic  electric  and  magnetic 
dipole  moments  to  the  electric  and  magnetic  fields  of  the  incident  light .  Thus,  the  index 
of  refraction  of  the  medium  (for  each  of  two  orthogonal  stales  of  light  pohuisation)  takes 
the  form 


n  =  /cTt  =  I  +  2nN(a  +  P)  (Ic) 

To  determine  a  and  P  for  an  atom  in  a  rotating  reference  frame,  one  must  solve  the 
Schroedinger  equation  where  the  Hamiltonian  H  (characterising  a  system  at  an 


instantaneous  angular  location  0)  is  related  to  the  corresponding  Hamiltonian  in  an 
ineitial  reference  frame  by  the  transformation  (5| 

H  =  UHOU->  +  iU(dU-Vdt)  (2a) 

where 

U=exp(-iFze>  (2b) 

is  the  rotation  operator  generated  by  the  total  angular  momentum  F  of  the  system  (where 
Fz  is  the  proiection  onto  the  axis  of  rotation).  For  a  nonrelativistic  hydrogenic  system  the 
total  Hamiltonian  can  be  decomposed  into  a  sum  of  two  terms,  one  characterising  the 
centre  of  mass  (CM),  the  other  characterising  the  internal  dynamics  of  the  atom.  The 
effect  of  the  Earth’s  rotation  on  the  CM  of  a  quantum  system  has  already  been 
demonstrated  by  the  neutron  Sagnac  effect  [7|.  The  internal  Hamiltonian,  which  is  the 
focus  of  interest  here,  takes  the  form 

Hi  =  HOi  -  (o/z  (2c) 

where  /is  the  total  relative  angular  momentum  of  the  electron  and  nucleus  (with  /z  the 
projection  onto  the  rotation  axis)  and  m  is  the  angular  velocity  of  the  reference  frame. 

First-order  perturbation  theory  applied  to  an  atom  interacting  with  the  electric  field 
of  nonresonani  left  or  right  circularly  polarised  light  waves  leads  to  chiral  polarisabilities 
(as  a  result  of  virtual  transitions  to  levels  of  parity  opposite  that  of  the  ground  state)  and 
hence,  from  Eq.  (Ic)  with  P  =  0,  to  a  rotationally  induced  circular  birefringence.  This 
circular  birefringence,  for  a  rotation  rate  O)  =  7. x  I0"5  rad/sec  corresponding  to  that  of 
the  Earth,  has  been  estimated  for  electromagnetic  waves  lying  in  the  visible  and  ultraviolet 
to  be  on  the  order  of  10'*  ^  (4).  Weak  as  this  effect  may  be,  it  falls  within  the  theoretical 
capability  of  large  ring-laser  interferometers  now  underdevelopment  [8],  |9]. 

Recent  examination  of  the  effect  of  rotation  on  the  ground  state  hyperfme  structure 
of  atomic  hydrogen  [10]  has  shown  that  the  .splitting  of  the  inertially  degenerate  states 
with  total  angular  momentum  quantum  numbers  f  =  1 ,  mf  =  ±1  should  be  observable  for 
rotational  rates  lower  than  1  Hz.  The  extreme  sensitivity  to  rotation  derives  in  part  from 
the  long  lifetimes,  and  consequently  sharply  defined  energies,  of  the  hydrogen  IS 
hyperfme  states.  This  suggests  the  novel  prospec  t  of  a  ground  state  rotational  optical 
activity  deriving  exclusively  from  the  spin  degrees  of  freedom  and  falling  within  the 
microwave  region  of  the  spectrum  close  to  the  hydrogen  1,420  MHz  transition.  The 
optical  activity  is  manifested  through  the  interaction  of  the  hydrogen  atoms  with  the 
magnetic  field  of  the  incident  microwave  radiation.  Although  strictly  speaking  the 
classical  Coriolis  force  is  zero  (since  the  states  have  zero  orbital  angular  momentum),  one 
may  heuristically  attribute  the  chiral  asymmetry  to  the  precession  of  particle  spins  in  the 
rotating  frame: 

d5/dt  =  -(27ti/h)[S,Hi|  =  -0)xS  (3) 

To  first  order  in  perturbation  theory,  the  virtual  magnetic  dipole  transitions  induced  by 
incident  microwave  radiation  between  the  f  =  0  and  f  =  1  states  in  the  ground  level  of 
rotating  atomic  hydrogen  leads  to  the  magnetisabilities 

Pl,R  =  (4Jt/h)  (eh/47tmc)2  wo/Iwq^  -  (W  ±  (o)2]  (4a) 

and  hence  (from  Eq.  (Ic)  with  a  =  0)  to  the  circular  birefringence 

An  =  nL  -  nR  =  (w^w„W(i))/(wc(w2  -  W2)2]  (4b) 
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where  wq  is  the  (hyperfine)  Bohr  transition  frequency,  W  is  the  radiation  frequency,  wp 
is  the  electronic  plasma  frequency  of  the  medium 


wp  =  (dnNe^/m)*/-^’ 

(where  e/m  is  the  charge  to  mass  ratio  of  the  electron),  and  wC  is  the  Compton  frequency 
of  the  electron 

wC  =  2jtmc2/h  .  (4d) 

All  things  being  equal,  the  circular  birefringence  deriving  from  magnetic  dipole 
transitions  between  states  of  the  same  parity  is  of  order  smaller  than  that  deriving 
from  electric  dipole  transitions  between  states  of  opposite  parity,  where  a  is  the  fine 
structure  constant  (=  1/137).  Under  the  particular  circumstances,  however,  the  sharply 
defined  hyperfine  energies  and  the  relatively  small  Doppler  width  (proportional  to  the 
hyperfine  level  separation)  compared  with  optical  transitions  give  ri.se  lo  a  circular 
birefringence  in  the  microwave  region  some  ten  orders  of  magnitude  larger  than  that 
estimately  previously  for  visible/U  V  radiation.  As  an  example,  consider  atomic  hydrogen 
gas  at  1  Atm  and  300  K,  for  which  the  atomic  density  N  is  about  2.4  x  10'9  per  cubic 
centimetre  and  the  Doppler  width  is  1.7  x  10^  Hz.  Assuming  a  hyperfine  splitting  of 
1 ,420  MHz,  an  incident  microwave  frequency  below  resonance  by  ten  limes  the  Doppler 
width,  and  the  rotariona!  angular  velocity  of  the  Earth  leads  to  a  circular  birefringence 

An  =  9.2  X  10-9  (5a) 

and  an  associated  optical  rotary  power  (rotation  of  the  plane  of  polarisation  of  incident 
linearly  polarised  radiation)  5  of 

5  =  10"^  degrees/cm  .  (5b) 

Though  small,  this  rotationally  induced  optical  activity  is  now  comparable  to  the  optical 
activity  produced  in  heavy  metal  vapours  by  the  nuclear  weak  interactions.  On  the  other 
hand,  the  technology  that  permits  measurement  of  very  weak  chiral  asymmetries  in  the 
optical  domain  (e.g.  the  use  of  photoelastic  modulation  combined  with  phase  .sensitive 
detection  [11|,  [12|  or  of  ring  laser  interferometry  18|,  |91)  does  not  yet  exist  for  the 
microwave  domain.  Thus,  current  prospects  for  observing  predicted  effects  of  the  Etinh's 
rotation  on  the  electromagnetic  interactions  of  atoms  centre  upon  optical  methods. 

Light  waves  of  appropriate  polarisations  counterpropagating  round  a  rotating  ring 
laser  interferometer  containing  a  birefringent  sample  are  frequency  shifted  in  opposite 
directions  and  give  rise  to  a  beat  frequency  upon  recombination.  The  beat  frequency 
derives  in  part  directly  from  the  rotation  of  the  interferometer  and  in  part  from  the 
difference  in  phase  velocities  of  the  two  differently  polarised  waves  in  the  birefringent 
medium  (which,  in  the  present  case,  is  also  attributable  to  the  rotation  of  the 
interferometer).  Various  procedures  exist  for  measuring  only  that  part  of  the  beat 
frequency  deriving  from  the  rotationally  induced  circular  birefringence.  For  example,  the 
difference  in  beat  frequencies  between  the  configuration  where  right  and  left  circularly 
polarised  waves  (emitted  in  opposite  directions  by  the  laser)  propagate  respectively 
clockwise  and  counterclockwise,  and  the  configuration  where  the  sense  of  propagation  of 
the  circularly  polarised  waves  is  reversed,  is  linearly  proportional  to  the  mean  light 
frequency  and  the  induced  circular  birefringence;  that  is. 


(W!*  -  WV)  -  (WL  -  Wf )  =  2W/  An  (6) 

where  is  the  frequency  of  light  of  polarisation  X  =  R,L  and  propagation  sense  s  =  ± 
(for  s  =  -  the  wave  propagates  in  the  sense  of  interferometer  rotation)  and  /  is  the  filling 
factor  (fraction  of  optical  path  occupied  by  the  birefringent  sample).  The  predicted 
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sensitivity  (i.e.  the  measurable  beat  divided  by  the  optical  frequency)  of  realisable  ring 
laser  interferometers  has  been  shown  to  be  on  the  order  of  10''®-10'*9. 

Success  in  observing  the  predicted  atomic  optical  activity  will  depend  critically  on 
being  able  to  eliminate  spurious  effects  from  two  principal  sources.  One  is  the  atomic 
optical  activity  from  weak  neutral  currents  (medi  ited  by  the  exchange  of  a  Z°  vector 
boson  between  the  nucleus  and  the  bound  electrons).  Of  very  short  range  (about  10'^^ 
cm),  the  weak  interactions  act  on  S  states  giving  rise  to  parity  violating  effects  (through 
mixing  in  of  close-lying  P  states)  that  increase  approximately  with  the  cube  of  the  atomic 
number  and  have  the  same  symmetry  characteristics  as  structural  (i.e.  chemical)  optical 
activity.  By  contrast,  the  optical  activity  induced  by  the  Eanh's  rotation  is  analogous  to 
the  Faraday  effect.  This  suggests,  therefore,  that  one  may  circumvent  the  problem  of 
weak  interactions  by  employing  light  atoms  (e.g.  hydrogen  or  helium),  selecting  a  light 
frequency  that  avoids  virtual  transitions  from  S  states,  and  taking  advantage  of  signal 
enhancement  by  multiple  passage  through  the  sample.  (It  is  worth  noting  that,  in  the 
case  of  microwave  optical  activity  in  the  hydrogen  ground  level,  there  is  no  IP  state,  and 
hence  no  significant  contribution  from  the  weak  interactions.) 

The  second  problem,  however,  is  the  true  Faraday  effect  induced  by  stray 
magnetic  fields,  in  particular  the  field  of  the  Farth.  As  follows  readily  from  Larmor's 
theorem  (and  the  analogy  between  dynamics  of  field-free  rotating  systems  and  inenial 
systems  in  a  static  magnetic  field  (6|,  one  must  reduce  the  stray  magnetic  field  along  the 
rotation  axis  of  the  Fanh  to  the  extent  that 

B  <  2mc(0/e  =  8  x  10  G  (7) 

Although  quantum  magnetometry  currently  permits  the  measurement  of  magnetic  fields 
with  a  sensitivity  on  the  order  of  femtotesla,  the  elimination  or  compensation  of  fields  to 
this  extent  poses  a  significant  technical  challenge. 

Difficult  though  such  an  experiment  may  be,  its  successful  achievement  would 
mark  another  step  forward  in  the  advance  of  high  precision  measurements  and  the 
concomitant  exploration  of  unusual  physical  phenomena,  for,  in  effect,  one  will  have 
observed  the  coupling  of  the  angular  momentum  of  an  atom  to  the  spin  of  a  planet. 
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A  Method  of  Solving  the  Stern-Gerlach  Problem 

H.-J.  Schmidt  H.-W.  Nikolaiski 
Fachbereirli  Physik 
Univcrsitat  Osiiabriiok,  Germany 


Abstract 


We  propose  a  method  of  decoupling  the  Pauli  equation  of  a  neutral  spin  ^ 
particle  in  a  strong,  inhomogeneous  magnetic  field  (Stern-Gerlach  problem). 

For  a  special  choice  of  the  magnetic  field  the  resulting  pair  of  Schrddinger 
equations  will  be  exactly  solvable. 


1  The  Stern-Gerlach-Problem 

The  splitting  of  a  beam  of  paramagnetic  atoms  in  an  inhomogeneous  magnetic  held  (Stern- 
Gerlach- Experiment  SGE  [1])  is  one  of  tiie  fundamental  experiments  of  quantum  theory 
and  has,  moreover,  often  been  used  for  illustrating  or  testing  cissumptions  of  theories 
concerning  the  quanuim-mcchanical  measurement  process.  For  example,  E.  Wigner  (2j 
proposes  the  SGE  as  a  model  for  the  inU'iactlon  between  a  quantum  object  (^;  spin 
component)  and  measuring  apparatus  (=  orbital  coinponeut  of  the  wave  function).  .Ne¬ 
vertheless,  the  SGE  seems  yet  not  to  be  completely  understood.  Many  treatments  of  SGE 
use  the  replacement  of  the  interaction  term  $  ■  B  by  thereby  decoupling  the  Pauli 

equation.  The  heuristical  argument  for  this  is  the  vanishing  of  the  ctj-.  aj,-components 
in  the  time-avarage  due  to  ilu;  lapid  spin  pr<  c-sio"  about  B  [7l.  In  thi.s  paper  we  will 
reformulate  this  heuristical  argument  hi  a  more  careful  (though  not  completely  rigorous) 
manner.  Our  method  .seems  to  support  a  rccimt  analysis  of  the  SGE  as  an  "unsharp"  spin 
measurement  [4). 


2  A  Method  of  Decoupling  the  Pauli  equation 


After  the  usual  simplifications  we  consider  a  diineusionless  Pauli  equation 


.  d 

'at 


(1) 


where 
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M:  mass  of  a  silver  atom, 
rn:  electron  mass, 

(i:  width  of  the  initial  wave-packet  w  in  '*  m 
//(j:  strength  of  the  ntagiielii  field  ^  I  I 

Here  length  is  measured  in  units  of  d,  time  in  units  of  Md^/h  ITs,  which  is  a  typical 
time  for  the  diffusion  of  the  wave  packet,  Id.  are  rissimied  to  depend  only  on  (.r.c) 

and  Hy  2  0:  hence  the  free  motion  into  .v^hrection  can  be  separated  and  in  (11 

only  di'pend  on  (.r.;).  The  Stern  (uMlach-magnet  occupies  .some  region  P  C  IH^;  P., . 
B,.  fi,  if'i  in  (I)  are  defined  on  the  complement  P'  =  IK'  \  P.  with  Diriihlet  boundary 
conditions  on  PP  for  and  y-r- 

■After  a  transformation  to  "magnetic-field  coordiantes"  f>.  I  detined  by 


Pj  =  psin.f,  P.  =  p<osP 
and  a  P-depending  rotation  in  spin  space 


I 


i:ii 


we  obtain,  using  <iiv  B  =  0,  rot  B  =  0: 


'pt  \  ©r  J  2G  V  <?r  /  V  .j'f’r  -  PaOi  /  V  J 

with 


Bilh.B,) 

P(j.r) 

Writing  <Si  2  =  fj  2exp(|(h  ±  .p)).  t  :=  fit.  <  : 1/p  we  ol>tain  equations  of  the  form 


(4) 


lb) 


Dt 

r)  i  =  \  /2 

OT 


(  fi  1 


~  P  \  r)  + 

OT 

db  ,  >  i , 

—  =  ( H{r.b.  ^p.T)  -f 


(7) 


G  and  //  are  functionals  depending  on  r,,  b,  -p  and  its  spatial  derivatives  of  lirst  and 
second  order. 

The  crucial  point  is  the  following:  the  explicit  calculation  of  l‘\.  G.  H  shows  that 
neglecting  the  non  diagonal  terms  Pp^2.  P;ri?i.  (4)  will  not  produce  any  change  in  the 
averaged  equations  (6).  (7),  (8),  wlx-re  averaging  is  performed  with  respei  t  to  the  rapidli 
o.scillating  phase  ip.  Thi.s  i.s  what  we  take  as  a  Justification  for  ronsidering  the  deconpleil 
form  of  (4).  Tfils  juslificatioti  is  still  heuristical  in  the  sense  that  we  did  not  prove  that  a 


L 
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solution  of  (<  !  (7),  (X)  can  bn  aiiproxitiiaU’d  by  a  solution  of  the  corrcsjxnifling  avnragc-l 
equal  ns  '  ,r  times  smaller  than  a  typical  time  of  flight  of  the  silver  atom.  VVe  do  noi 
knov  an  averaging  theorem  for  partial  <lifrerential  equations  of  tiie  kind  of  (b),  (7),  (8) 
ma.  us  to  the  averaging  principle  in  the  theory  of  ordinary  different  ial  e<|uations.  see 
e.  g.  [5j.  lielaled  theorems  ean  be  found  in  [fi]  and  [7)  but  these,  as  they  stand,  are  not 
applicable  to  onr  problem. 

liouio’er.  by  this  very  just  dilation  it  is  clear,  even  without  a  detailed  calcnlat  ion,  that 
the  .Sdl'l  cannot  tic  an  ideal  measurement,  becansi-  the  direction  of  li  determining  the  up 
and  down  compoiH'nl  varies  from  place  to  place. 

3  A  Solvable  Example 

I’he  pair  of  Si  hrbdinger  eipiations  obtained  by  neglecting  in  (-1)  will,  nonethe 

less,  in  general  not  be  explicitely  .solvable.  However,  the  sjiecial  choice 

Hx  —  -'Itz.  -  i‘,  [xj  <  i/v'd  ('.)) 

(see  figure  I)  leads  to  a  pair  of  Schrddinger  equations  equivalent  to  the  2  dimensional 
( 'onlotnb  problem. 


Figure  I  .  magnetic  field  (fl)  and  its  potential 


The  corresponding  time- independent  Schrodiiiger  erpialioiis  read 

-  1  F  =  F'<?i,2  (101 

ff  I  I 

with  ( uiHiorniaIiz<‘(i)  soliitiuiis  tor  the  (-)  sign 

-f)  -  (in 
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/•'...m  =  .^  +  ('■^n  +  2rii  +  l)y'7<.  (  12,1 

where  >n  €  [N,  ri  =  1,H, for  the  eos  e;i.se,  ;/  =  ...  I(;r  the  sin  ra.se.  and 

//Im"'  denoting  the  generalized  Lagu<Tre  poiynoinials.  'I'hese  solution.s  whirh  < urrespond 
to  hovnid  stales  of  tin'  C'ovilomh  prohleiii  represent  orbits  of  the  siivei  atom  trapped  t)', 
the  mag'ietii  noteh.  I  he  eigenfnnetions  for  th<'  (  f  )-sign  {repulsive;  rase  are 

.f )  ~  .  ( -  n.d)  e.xe'  i,  -iy//!//),  (  I  d  i 

Sill  22 

where 

"  =  .-,((>  +  +  ---(I''  -  7.))  I  >4) 

-  v'7'  d 

/>=l-f:tn,  (l.'i) 

It  a.s  aliove.  /'.'  (;  Uv  and  A'/in.h.c)  denoting  ll.e  ronilin.'nt  tivjierceoniei rir  funriion 

.■\  nuineriral  evahnalion  oi  a  spei  iai  solnlnjii  desrriliing  the  splittiiig  up  ol  an  nn;eiia 
nzed  beam  will  be  presented  in  a  forth  roiiung  papi.T. 
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THE  QUANTUM  BEAMSPLITTER,  THE  2-0  OSCILLATOR  AND  THE  2-D 
HYDROGEN  ATOM:  GROUP  THEORETICAL  CONNECTIONS 
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Physics  Department 
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The  purpose  of  this  paper  is  to  point  out  some  striking  analogies  between 
the  lossless  optical  beam  splitter  and  the  following  two  elementary  quantum 
systems:  (1)  the  two-dimensional  isotropic  oscillator  and  (2)  the  two- 
dimensional  hydrogen  atom.  The  analogies  follow  when  one  notes  the  underlying 
symmetries  of  these  systems  and  exploits  them  by  means  of  standard  techniques 
from  the  quantum  theory  of  angular  momentum. [1] 

Consider  the  lossless,  two-port  beamsplitter  shown  in  Fig.l.  Photons  are 


1,2  --->  input  ports 

r,2'  --->  output  ports 


FIGURE  1.  The  lossless  two-port  beamsplitter. 

incident  at  the  input  ports  1  and  2  and  are  partially  transmitted  to  the  output 
ports  r  and  2'.  We  will  restrict  the  entire  treatment  to  a  single  frequency 
mode  so  that  all  photons,  both  incident  and  outgoing  ones,  are  at  the  same 
frequency  u.  Because  the  beamsplitter  is  assumed  lossless,  the  average  number  of 
incident  photons  is  equal  to  the  average  number  of  outgoing  photons.  The  quantum 
mechanical  theory  of  such  a  beamsplitter  has  been  worked  out  by  several 
authors[2-5]  in  recent  years.  We  will  use  this  theory  to  exhibit  some  analogies 
between  the  beamsplitter  and  the  two  quantum  systems  mentionf-d  above. 

We  take  as  our  starting  point  the  quantum  mechanical  de..cription  of  a 
lossless  beamspl  itte  "  given  by  Prasad,  Scully  and  Martienssen.  [3]  Denote  by 
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the  joint  input  state  of  the  photons  at  ports  1  and  2  and  by  Itout^  joint 
output  state  at  ports  1'  and  2'.  Then,  as  shown  by  Prasad  et.al.,l3]  the  action  of 
the  beamsplitter  is  to  perform  a  unitary  transformation  on  the  input  state 
to  yield  the  output  state  : 

l*out>  =  l*jn>  .  (1) 

The  beamsplitter  operator  is  given  by 

B(0,fl.ip)  =  exp(i)iJ3)  exp(iW2)  exp('vJ3)  (2) 

where  Jj  =  J(aj'''a2  +  aia2'''),  J2  =  -}i(aj'''a2  -  aja2''^)  and  J3  =  naj'^'aj  -  a2*a2), 
with  aj  and  a2  being  the  annihilation  operators  for  photons  in  the  input  ports  1 
and  2.  The  angles  and  (f  occuring  in  (2)  are  related  to  the  properties  of  the 
beamsplitter  as  follows:  it  and  if  are  phase  shifts  imparted  by  the  beamsplitter 
while  cos2(d/2)  is  the  transmittance  of  the  beamsplitter.  In  physical  terms 
Eqn.(2)  says  that  the  beamsplitter  performs  a  sequence  of  Euler  rotations  on  the 
input  state,  with  the  generators  of  the  rotations  being  the  Schwinger  operators 
Ji,  J2  and  03  and  the  angles  of  rotation  being  determined  by  the  characteristics 
of  the  beamspl itter, 

A  fundamental  question  one  can  ask  about  the  beamsplitter  is  the  following: 
if  the  joint  Fock  state  =  |nj>|n2>  (i.e.  nj  photons  in  port  1  and  n? 

photons  in  port  2)  is  incioent  on  the  Beamsplitter,  what  is  the  probability 
amplitude  for  observing  nj'  photons  in  port  1'  and  02'  photons  in  port  2'  ?  The 
answer,  which  we  will  denote  P(nj' ,02' |nj,n2),  is  given  by[5] 

P(ni',n2' |ni,n2)  =  <ni '  ,02' |B{0,d,(|i)  |ni,n2>  (3a) 

=  ^2),i(nr-n2')(l^.«.'^)  (3b) 

Equation  (3b)  is  just  a  rotation  matrix  element[l]  (or  irreducible  representation 
of  the  rotation  group)  with  the  angular  momentum  parameters  j  -  H''i+'’2)’  “ 

i(ni-n2)  and  m'  =  ■l(nj'-n2')  and  the  Euler  angles  ^,0  and  ip. 


Analogy  with  the  2-d  isotropic  oscillator 

Consider  a  two-dimensional  isotropic  harmonic  oscillator.  The  steady  state 
Schrodinger  equation  for  this  system  can  be  separated  in  both  cartesian  and 
polar  coordinates.  Denote  the  normalized  cartesian  and  polar  eigenfunctions  by 
*nl  n2(x-y)  and  ♦"((r.'P),  respectively,  where  nj,n2  and  n,l  are  the  quantum 
numbers  labelling  the  two  sets  of  eigenfunctions;  we  will  assume  that  an  extra 
phase  factor  exp[-ji(n-(' )(x/2)]  has  been  appended  to  each  (otherwise  real) 

♦"(  as  this  will  prove  convenient  below.  We  ask  now  what  the  connection 

between  the  two  sets  of  eigenfunctions  is,  i.e.  how  can  one  express  a  polar 
eigenfunction  as  a  linear  combination  of  the  cartesian  eigenfunctions  and  vice- 
versa  ?  The  answer,  which  can  be  worked  out  with  the  aid  of  the  SU(2)  degeneracy 
group  of  the  oscillator,  is  the  following: 

^^'^2m(^>*fJ  *  2  R3^,m' (i*>  '('j+m' ,  j-m' (x>y)  (^) 

m  --j 
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Equation  (4)  says  that  any  polar  eigenfunction  can  be  expressed  as  a  linear 
combination  of  the  degenerate  cartesian  eigenfunctions  at  the  same  energy,  with 
the  coefficients  in  the  linear  combination  being  given  by  the  rotation  matrix 
elements  R^ni.m'  particular  choice  of  Euler  angles 

«  -  x/2  ;  ^  =  -<p  =  it/2  .  (5) 

To  exhibit  the  analogy  between  the  beamsplitter  and  the  oscillator,  consider 
a  beamsplitter  possessing  the  Euler  angles  in  (5)  (such  a  beamsplitter  has  a 
transmittance  of  50%  and  also  imparts  phase  shifts  of  90”  to  the  outgoing 
beams).  In  this  case  the  expression  for  P{ni '  .n^' l''i,n2) ,  Eqn.(3b),  reduces 
exactly  to  that  for  RJ^  ()5r, )»,-)»)  in  {4J,  provided  that  the  quantities 
{nj,n2,nj',n2')  and  {j,iit,m')  are  related  in  the  manner  indicated  below  Eqn.(3b). 
in  other  words,  the  fundamental  probability  amplitudes  for  the  beamsplitter  (5) 
are  identical  to  the  coefficients  relating  the  cartesian  and  polar  eigenstates 
of  the  2-d  oscillator!  As  an  amusing  application  of  this  observation,  we  show 
how  the  beamsplitter  (5)  can  be  used  as  an  analog  device  to  realize  the 
eigenstates  of  the  2-d  oscillator.  Suppose  that  the  joint  Fock  state  l*in>  = 
|nj>|n2>  is  incident  on  this  beamsplitter.  This  input  state  can  be  thougnt  of  as 
a  cartesian  eigenstate  of  the  oscillator  with  quantum  numbers  ni  and  n2.  Then 
the  output  state  produced  by  the  beamsplitter  is  analogous  to  the  polar  eigen¬ 
state  with  quantum  numbers  n  ■=  ni+np  and  t  =  nj-no.  It  should  be  stressed  that 
the  output  state  does  not  consist  of  definite  numbers  of  photons  in  the  ports  r 
and  2'  but  is  rather  a  superposition  of  such  states,  with  the  coefficients  in 
the  superposition  being  given  by  the  )*,-}*)  of  eqn.{4). 


Analogy  with  the  2-d  hydrogen  aton 

Consider  a  hydrogen  atom  in  two  spatial  dimensions  with  a  1/r  potential 
between  the  electron  and  proton.  The  Schrodinger  equation  for  this  system  can  be 
separated  both  in  polar  (r,(())  and  parabolic  {u,v)  coordinates  (the^latter 
coordinates(6]  are  related  to  the  former  by  the  equations  u  *  (2r) ;cos{iJ/2)  and  v 
=  (2r) 2sin(d/2) ;  by  restricting  u  and  v  to  the  ranges  -i  <  u  <  x  and  0  <  v  <  x 
one  ensures  that  the  correspondence  between  the  two  sets  of  coordinates  is  one- 
to-one).  Denote  by  4"({r,(|))  and  ♦ni ,n2^*‘’'')  normalized  polar  and  parabolic 
eigenfunctions,  respectively.  All  polar  eigenfunctions  with  the  same  n  (but 
different  E)  are  degenerate  while  all  parabolic  eigenfunctions  with  the  same 
ni+n2  (which  is  restricted  to  be  even)  are  degenerate.  We  will  assume  that  a 
phase  factor  exp[-)iiin2]  has  been  affixed  to  each  (otherwise  purely  real) 

♦ni  n2^''’''l’  pnove  convenient  below.  As  in  the  oscillator  problem, 

we  JiSK  what  the  connection  is  between  the  two  alternate  sets  of  eigenfunctions 
(here  polar  and  parabolic).  The  answer,  obtained  with  the  help  of  the  S0(3) 
degeneracy  group  of  this  problem[7],  is 

♦(-m,(.m(“.v)  =  2  Rf„,„<(0,-)tt.0)  ♦'^^-(r,<p)  (6) 

m'  =  -l 

Equation  (6)  says  that  any  parabolic  eigenfunction  can  be  expressed  as  a  linear 
combination  of  the  degenerate  polar  eigenfunctions  at  the  same  energy,  with  the 
coefficients  in  the  linear  combination  being  given  by  the  rotation  matrix 
elements  R'ni,(ii'  particular  choice  of  Euler  angles  d  -  -(a  and  »  0. 
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To  exhibit  the  analogy  between  the  beamsplitter  and  the  hydrogen  atom, 
consider  a  beamsplitter  with  the  Euler  angles  ij  =  ^it  and  tj)  =  if  =  0  (these  imply 
a  transmittance  of  50%  and  no  phase  shifts  imparted  to  the  outgoing  beams).  In 
this  case  the  matrix  of  probability  amplitudes  .P(nj' ,02' I”!  >>'2)  becomes 
identical  to  the  inverse  of  the  rotation  matrix  _<(0,-Jir,D)  appearing  in 
(6).  To  put  the  matter  more  transparently,  suppose  fnat  the  joint  Fock  state 
l^in^  =  |n2>in2>  (with  nj  +  no  =  even)  is  incident  on  a  beamsplitter  with 
ana  il>  =  if  =  0.  This  input  state  can  be  thought  of  as  a  parabolic  eigenstate  with 
quantum  numbers  nj  and  n^.  Then  the  output  state  produced  by  the  beamsplitter  is 
analogous  to  the  polar  eigenstate  with  quantum  numbers  n  -  Hni+n^)-*-!  and  I  = 
)(n2-nj).  The  output  state  does  not  consist  of  definite  numbers  of  photons  in 
the  ports  1'  and  2'  but  is  rather  a  superposition  of  such  states,  with  the 
coefficients  in  the  superposition  being  determined  by  the  quantities  m'(0.- 
)it,0)  in  (6). 


CONCLUSION 

We  have  shown  that  for  particular  types  of  beamsplitters  (namely,  those 
with  a  transmittance  of  50%  and  the  appropriate  phase  shifting  properties)  the 
connection  between  the  input  and  output  photon  statistics  is  identical  to  the 
connection  between  the  cartesian  and  polar  eigenstates  of  the  2-d  oscillator  or 
the  parabolic  and  polar  eigenstates  of  the  2-d  hydrogen  atom.  The  analogies 
between  the  optical  beamsplitter  and  two  fundamental  quantum  systems  demonstrate 
once  again  the  unity  that  can  be  brought  to  seemingly  diverse  phenomena  by  the 
application  of  symmetry  methods. 
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ABSTRACT 

A  generalization  of  the  symmetry  group  of  the  harmonic  oscillator, 
which  has  the  appropiate  c— and  6>-^0  limits,  is  proposed.  The 
quantization  is  achieved  by  using  a  higher-order  polarization  leading  to 
a  set  of  relativistic  Hermite  polinomials. 

In  a  recent  paper*,  we  have  solved  the  quantization  of  a  .system  defined  by  the 
following  quantum  operators  commutation  relations: 

(1) 

[  E  ,  p  1  =  imci)^  b  X  . 

where  E,  p  and  x  stand  for  energy,  momentum  and  "position"  (this  is  a  relativistic 
system)  operator,  respectively.  Once  the  solution  in  configuration  space  was  obtained, 
this  quantum  system  was  found  completely  ade(|uate  to  de.scribe  a  quantum  relativistic 
harmonic  oscillator  (RHO)  (even  at  the  Lie  algebra  level,  you  can  see  how  (I )  leads  to  the 
non-reladvisdc  harmonic  oscillator  algebra,  under  the  contraction  c-)<>°  ,  and  in  the  limit 
(0— >0  to  the  algebra  of  the  1  +  1  dimensional  Poincare  group,  when  E  has  the  rest-mass 
energy  substracted,  just  as  it  should  be  for  the  RHO  algebra).  Also,  (1)  is  an  affine 
version  of  the  algebra  of  the  1  +  1  dimensional  aniideSitter  group.  Thus,  the  quantum 
system  defined  by  (1)  can  also  be  regarded  as  a  free  particle  in  antideSitter  space. 
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Let  us  recall  that  the  irreducible  representations  of  ( 1 )  have  been  obtained  by  finding, 
among  functions  satisfying  the  differential  polarization  condition  Lp  t;/  =  0,  the  vacuum 
defined  by 

Ev|ro  =  0  (2.a) 


zV|/o  = 


f  ‘  f  ■ 

1  mto  ~ 

yjlmoih 

\  2b  ^ 

k)  =  0 . 


(2.b) 


and  then  applying  repeatedly  the  creation  operator  i  on  the  vacuum.  As  a  result,  we  get  a 
family  of  states  igp  with  energy  levels  equally  spaced  between  them  (just  as  in  the  case  of 
the  non-relaiivistic  oscillator). 


¥n 


(2b) 


n/2 


e  e' 


(?a) 


<D„(^)  =  a  (N>n)  H^(^)  , 


(3b) 


where  mca/hx,  N=mc2/fiC0  and  a  =  yj  \  +  to^x’/c’  The  functions  Hp  are 
polinomials  which  generalize  the  non-relativistic  ones,  luid  therefore  are  called  Relativistic 
Hetmite  Polinomials.  They  satisfy  the  following  recursion  relations 

=  [^2(^1  ^  S’)  ^  +  f]  ^ 

^H!^(^)  =  ^(2N  +  n-  1)H,V^»  • 

and  the  differential  equation 


They  have  as  general  expression 

|n/2| 

s=0 

N  ^  OljiL.  (2N+n-l)! 

®"'"-2*-s!  (n-2s)!  (N+s-i)!  (2N)"(2N-1)! 


(6a) 

(6b) 


The  first  polinomials  are 
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hS  =  1;  H^=2^;  =  4  ( 1+ -  2  : 

H?  =  8(l +^  +  5^)43.  12(1+^)^  .  (7) 

As  expected,  in  the  limit  c— ><»  (N— >oo),  all  expressions  above  go  to  their  non- 
relativistic  counterparts.  For  example,  we  may  explicitly  see  this  for  the  vacuum. 


(the  function  f  in  (3a)  yields  px  in  the  limit  c— ><"1. 

In  this  paper  we  want  to  use  another  method  of  solution  that  has  been  introduced 
recently^  in  orden  to  reach  the  quantization  of  the  RHO.  Here  will  just  sketch  the  method 
in  order  to  apply  it,  since  it  has  been  discussed  in  detail  in  Ref.  2.  First  of  all,  let  us  note 
that  the  differential  operators  L*  ,Lp,  L,,  close  on  the  same  algebra  (1)  as  the  physical 
operators  (but  for  a  change  of  sign  in  each  r.h.s.  of  ( 1 ) ).  Thus,  the  polarization  condition 
Lp  V  =  0  prevents  the  imposition  of  any  other  first  order  condition.  Therefore,  we  used  in 
Ref.  1  the  method  of  determination  of  the  vacuum  and  orbit  through  it  in  order  to  achieve 
a  full  reduction.  However,  we  sail  find  out  another  reduction  condition  if  we  decide  to  use 
elements  of  the  envelopping  algebra  generated  by  1,^  .Lp.  1.,.  thus  leading  to  a  HIGHER 
ORDER  POLARIZATION^  (HOP). 

The  condition  which  is  to  determine  the  higher  order  condition  is  that  it  closes  a 
(HOP)  subalgebra  toghether  with  Lp.  From  the  commutation  relations  it  is  easy  to  see  that 

[(Lt)^Lpl  =  -^(  L,  L,  +  L,  L,  I 

(  (Lx)^  ,  Lp  I  =  -  (  L ,  L  X  +  L  X  L 1  )  -  p  L, .  (9) 

and  thus  we  have 

[  (L,)^  -  c2(Lx)^  +  L, ,  Lp  I  =  0  (1 0) 

Therefore,  we  set  Lp  V|/  =  0  as  in  Ref.  1  leading  to  y(t.x,p)  =  expl if(t,x,p)/bl(p(t,x)  ,  and 
then  we  impose  the  higher  order  condition 


(L,)^  -  c2(Lx)^  +  ^-i^L,  jv^ti 


(II) 
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In  order  to  work  out  (1 1)  we  first  calculate 


pOc 


L,v  =  e''  |  f-mc2(p  -  4-‘_^(p  + 


I 


,  P(  1  P  ^(P 

Lx\if  =  e  -r--^<P  +  —  rr“  + 
*  ^  r.2  ^  me  £>X 


£_d(p  P*’  d(p  'j 

^  mca^  ^  j 

P  ()<p  'j 

mc^a’  ^  j 


(12) 


and  then  (11)  turns  into 


1  8^<p  2imc^  8<p 
a^'  ha^ 


2u)^x 


3<p 

37- 


c^a2 


a2,p 

8x2 


m2c"‘ 

f2a2 


<P  + 


01204 


(IS) 


As  is  well  known,  the  change  (p  =  exp|inic2t/hl0  restores  the  rest-mass  energy 
(which  was  absent  previously,  see  (1))  in  the  wavefunetions.  Making  this  change  in  (1 3) 
you  can  check  that  (p  satisfies  the  wave  equation 


1  82<j)  2a)2x  8<ti  2 

c2(i2di^  c2  3x  ^ 


82(t>  m2c2 

^  b2 


0  =  0 


(14) 


or 

□  =  0  .  (15) 

where  □  is  the  D'Alembertian  in  antideSitter  space.  We  want  to  note  as  an  attractive 
feature  of  the  HOP  method  that  it  leads  directly  to  the  wave  equation  in  configuration 
space2.  Moreover,  the  HOP  fixes  the  indeterniinatcd  constant  that  appears  in  wave 
equations  obtained  by  means  of  procedures  of  conventional  quantization  in  curved  space- 
time  background^.  On  the  other  hand,  we  may  compute  the  non-relativistic  limit  of  the 
wave  equation  -  it  is  clear  that,  for  this  purpose,  it  is  0 .3)  that  should  be  employed.  As  a 
result,  one  gets  inmediately  the  Schrddinger  equation  w ith  potential  V=l/2  mto2x2. 
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Abstract 

In  quantum  optics  we  can  prepare  the  states  which  depend  on  the  phase. 
The  question  of  detection  and  measurement  of  phase  arises. 


Difficulties 

nn  In  quantum  optics  there  is  essentially  only  one  type  of  experiments  —  the  photon 
counting.  But  it  gives  only  an  information  about  the  number  of  photons  and  no 
knowledge  about  the  phase.  To  obtain  any  information  about  the  phase  properties 
we  should  superpose  the  investigated  signal  with  some  known  coherent  impuls  and 
from  the  interference  pattern  infer  about  the  pl,a.so. 

Really  operating  in  the  quantum  area,  we  have  a  very  low  intensity  of  the  unknowm 
signal.  The  interference  picture  is  very  vague.  To  overcome  this  difficulty  we  should 
amplify  the  investigated  signal  so  that  the  information  about  the  phase  is  not  lost. 


Measurement  scheme 


S  [2] 


|T]  The  amplified  unknown  signal  p  is  mixed  in  a  partially  transmitted  beam¬ 
splitter  with  transmittance  e  with  the  known  coherent  signal  |i’)(i'|  of  the  mode 
(b.b')  and  finally  detected  in  the  photodetector  D.  The  beamsplitter  transforma¬ 
tion  is  the  following  unitary  map  ('  =  f  (o)  =  exp(a  a  T  h'  —  a  a"  Z  b).  where 
Q  =  rexp(i>p),  cos  r  =  The  photodetector  with  unity  quantum  efficiency  is 
as  usual  described  by  the  spectral  measure  {ln)(n(}  connected  with  the  number  of 
photos  A’  =  a’a  =  XI  n  |n)(n|.  Treating  B  +  D  as  a  whole  detector  and  climating  the 

n 

degrees  of  freedom  of  the  mode  {b,b')  vve  obtain  from  the  equation 

Tr  U(p  G  |i'>(ti)f  "(|n)(n|  Q  I)  =  Tr  pE^{r) 

the  positive  operator-valued  measure  (POV-measure)  £'„(  e).  which  describes  our  mix¬ 
ing  and  detecting  device  B  +  D.  From  calculations 

En(r)  -  D{xv)'E„D{xr). 
where  D(:)  —  exp( ca' —  |.r|^  =  (1  —  c)/t  and 

=  £  Qe’‘(i-cr''ip)(pi. 

The  coherent  signal  |r}  should  be  strong  enough  to  ensure  a  good  quality  of  the 
interference  pattern.  This  can  be  achieved  by  taking  ii’|  — ►  30.  But  then  D{xv)  —>  0. 
To  obtain  the  reasonable  result,  we  mu.st  u.se  the  arbitrariness  of  t.  We  take  t  — *  1 
and  simultaneously  |i’|  — *  oc  but  in  such  a  way  that  Iri’l  — ►  1:|.  The  parameter  c 
can  change  but  it  is  finite.  At  the  level  of  PO\’-measure  the  above  limit  induces  the 
transition 

£4t.)  D{zr\v){r,\D{z). 

the  limiting  process  preserves  the  known  phase  of  It  }.  The  price  we  pay  for  obtaining 
the  expression  describing  both  the  phase  and  number  of  photons  is  the  apperance  of 
the  parameter  |c|.  This  parameter  makes  our  description  of  simultaneous  measure¬ 
ment  of  phase  and  number  of  photons  in  the  device  {B  -i  D+  limiting  procedure) 
unsharp.  From  the  expression  £)(c)“|n)(n|Z)(c)  we  can  extract  seperate  information 
about  the  phase  or  about  the  number  of  photons.  It  is  done  in  the  standard  way 
using  marginal  observabels.  These  observables  (again  PO\  -measures)  we  denote 

OC  2r 

=  J  d{\z\^)D{zr\n){r,\D{z)  .  P,.  =  j  g£(c)*|n){n|£)(c). 

The  phase  observable  is  defined  for  the  determined  vector  |»). 

[2]  We  use  the  non-degenarate  parametric  ampliflier.  This  amplifier  couples  a 
signal  wave  (mode  a.  A")  and  an  idler  wave  (c, c‘)  by  the  second  and  third  order 
nonlinear  processes  produced  by  the  pump  wave.  This  pump  wave  is  treated  as  a 
classical  wave,  the  state  of  the  mode  (c.c*)  is  the  vacuum  state  |0).  The  interaction 
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between  modes  has  the  shape  H  =  h  a'  Q  c'  +  h  a  c.  where  k  is  the  parameter 
of  interaction.  U  =  exp(— ///)  describes  the  interaction  unitary  operator.  When  w’e 
measure  any  observable  (POV-measure)  .4  in  the  part  [2  of  the  device,  the  whole 
amplification  process  can  be  described  as  follows 

Tr  U{p  S  10)(0)f'(A  Q  I)  =  TrpA  =  Trp.4 


Tilde  over  A  describes  the  amplification  process  in  Heisenberg  picture.  We  obtain 
the  expressions  for  the  observable  of  the  number  of  quanta  and  the  phase; 


Pn 


ftf‘ 

0  P=0  P' 


-y(a"a  +  ll  p 


a^D(z)~\T>){n\D(z)a''’e 


Fn 


P' 


2p 


where  y  =  Inch  |A'|  ,  x  =  e"^th  |A‘|  .  h  ~  In  such  a  way  we  have  the 

final  expressions  for  the  desired  observables  connected  with  the  experimental  set-up 
( A  +  B-4-D+limiting  procedure)  (see  the  picture).  This  kind  of  amplification  increases 
the  number  of  photons.  It  also  changes  F„  with  the  remarkable  exception  of  n  =  0. 
The  noise  introduced  by  non-degenerate  parametric  amplification  does  not  influence 
the  measurement  of  the  lack  of  counts  in  the  photodetector.  A  direct  calculation 
shows 

Fo  =  Fo. 

The  POV-measure  we  have  obtained  to  describe  the  measurement  of  phase  and  lack  of 
photons  is  l;)(r|.  In  quantum  optics  |i)(i|  is  assumed  as  the  POV-measure  describing 
the  heterodyne  detection.  Hence  our  final  result  is  a  little  bit  in  a  spirit  of  the  paper 
J.  H.  SHAPfRO  and  S.  S.  Wagner  IEEE  J.  Quantum  F/cctro  . QE-20.  803(1984). 
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Quantum  Stochastic  Calculus, 

Measurements  Continuous  in  Time, 
and  Heterodyne  Detection  in  Quantum  Optics 

AIl)Mto  Barrhielli 

DtpaTiimcnto  di  Ft.mu.  d< ll'VnrvcT.nfii  di  Milann. 

Via  Ctloria  16.  I  201  dd  Milano.  Italy, 
and  I.itituto  Nazionalc  di  Fi.nca  Nucltarr.  Scziouf  di  Milano 

Quantum  stochastic  calculus  (QSC)  [1]  is  a  noncommutativc  analogue  of  It(ys 
stochastic  calcuhis.  Its  usefulness  in  <mantuin  ojjtics  is  mainly  due  to  the  fact  that 
it  is  based  on  the  use  of  certain  Bose  fields  which  can  he  taken  as  an  apiuoximation  of 
the  electromagnetic  field  [2].  In  particular,  by  QSC  one  can  di’veloj)  a  quantum  ])ho- 
todetection  theory  (direct,  heterodyne  and  homodyne  detection)  [3  5;.  This  subject  is 
also  connected  tt)  the  theory  of  measur<’ments  contiimous  in  time  in  quanttim  mechan 
ics  [G.7].  In  this  note  we  want  to  show  how  this  th<’ory  of  heterodyne  diuection  can  be 
applied  to  the  study  of  the  fluorescence  spectrum  of  a  two  h'vel  atom  stimulated  by  ;i 
strong  monocromatic  las«'r  [dynamtcal  Stark  rffret  Due  to  the  shortage  of  spaci- 

we  shall  refer  to  the  paper  [4]  for  what  concerns  theory,  gt'iieral  results  and  references. 

Let  us  introduce  d  Bose  fields  (tj{t).  ej(/).  satisfying  the  canonical  commutation 
rtiles  [<jj(t).c(,(s)]  =  0,  [oj(/).o|(.>)]  =  kj,  d{l  -  .'I.  We  consider  the  Fock  representation; 
this  means  that  the  Hilbert  space  on  which  the  field  operators  art  is  the  symmetric 
Fock  space  over  the  "one-jiarticle  space  "  C*  L"(1R).  This  sjtace.  which  we  denote  by 
F,  is  spanned  by  the  e.xponential  vectors  i  (/ ).  whose  components  in  the  0.  1 . ti.  .  .  . 

particle  spaces  are  (.'(.n  =  . .f  f _ ^  /  €  C'**  Z.^(1R).  .\part 

from  the  normalization,  the  exponential  vectors  are  the  usual  coherent  vectors  for  the 
fields  aj(ty.  the  vector  i.  (0)  is  the  Fock  vacuum.  Then  we  define  the  annihilation  and 
creation  processes  by  Aj{t)  :=  o^(.s)<l,s.  .4*{t)  =  fj  «)( > )  d.'.  The  rigorous  definition 

of  these  processes  in  terms  of  their  action  on  the  ex]>onential  vectors  is  given  in  [ij.  Sj2 
and  4.  In  particular,  the  exponential  vectors  are  eigenstates  of  .4j(t)  with  respect  to 
the  eigenvalues  /j(s')d.s.  .4  QSC  of  ltd  ty]>e.  based  on  the  integrators  d.4j(t).  d.4j(t) 
and  (It.  has  been  developed  by  Hudson  and  Parthasarathy  [1]. 

The  Bose  fields  a^(t)  can  be  considered  as  an  approximation  of  the  electromag 
netic  field:  in  this  ca.se  the  index  j  stays  for  polarization,  direction  of  propagation 
(discretized),  and  so  on.  Then,  let  us  con.sider  a  system  (e.g.  an  atom;  Hilbert  space  X) 
interacting  with  the  electromagnetic  field.  In  the  so  called  broadliand  approximation 
[2],  the  evolution  operator  [\  of  the  composed  system  (in  the  interaction  picture  with 
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respect  to  the  free  dyiiHmics  of  the  fields  I  satisfies  the  quantum  stochastic  differential 
equation  (QSDE)  ([4],  §1  and  2) 

<if,  =  \^-R]dAj{f)  +  RjdA'jt)  ~  \R]njdt^  ~iHd/|f,.  [■„  =  n.  (1) 

J 

where  Rj.  H  are  bovinded  operators  on  'H  awd  H  =  //'.  The  solution  Vi  of  'his  equation 
exists  and  is  unique  and.  for  any  t  J;  0.  f  (  is  a  unitary  operator  on  Ti  ;  ([I]-  §~) 

Concretely,  we  consider  a  two  level  atom  with  ground  state  |0)  and  excited  state 
|1):  its  Hamiltonian  i.s  H  =  u,-|l)(l|.  with  .c  >  0.  We  take  d  =  2:  the  index  j  =  2 
represents  the  modes  of  the  field  carrying  the  laser  signal  and  ^  =  1  represents  all  the 
other  modes  carrying  fluorescence  light  (sideways  scattering).  The  (juantities  Rj  are 
atomic  dipole  operators  Rj  =  yr7|0)(li.  with  Tj  >  0.  As  initial  state  of  the  total 
system  we  take  a  'I'l/).  where  a  is  the  initial  st:ite  of  the  atom  (a  statistical  operator 
on  H)  and  <*<(/)  :=  jfl /))<(.'( /)|/l|t,-(  /  )|i’.  with  f{t)  =  (/,  ( t ). /jl  t )) .  ftH)  =  0  and 
/2(f)  =  iAe"'-'.  The  function  fz  is  not  stpiare  integrahle.  hut  can  he  seen  as  a  limit  c>f 
/-‘-functions  [9];  it  represents  a  coherent  input  signal  (the  la.ser  field:  in  re.sonance.  for 
simplicity). 

The  power  .spectrum  of  the  emitted  light  can  h('  obtained  by  measurements  on  the 
fields  after  the  interactioii  with  the  atom.  The.se  output  fields  are  given  by  ([4j.  !j3) 

:=  ^,lim^r;..4;(Mr,  (2) 

and  satisfy  the  QSDE  s  d.4"'"(f)  =  d.4^(t)  f,'  R,l  ,dt.  j  1.2. 

Let  us  consider  now  balanced  keterodyur  detrrUoit  ([4].  tjo).  By  means  of  a  beam 
splitter  the  fluorescence  light  of  the  atom  (output  field  1 )  is  m?de  interfere  with  a  strong 
laser  .signal  of  frequency  u  (local  oscillator).  Two  identical  photoelectron  counters  are 
used  for  detecting  the  photons  coming  out  from  th<’  two  output  iiorts  of  the  beam 
splitter.  The  two  output  currents  are  subtracted  one  from  th<‘  other  and  resulting  signal 
/(e, /)  is  analyzed.  In  (4j  §0  it  has  been  shown  that  the  whole  jirocedure  described  here 
corresponds  to  the  measurement  of  the  observiibles  (t  >0) 

I[n.t)=  [  F(t  -  s)  [/n(.s)d.4'‘;"(.wi' -e /J(.,)d.4""'|.s)i  .  (3) 

Ju 

where  F{f]  i.s  the  detector  response  function  and  fu{t)  =  iAoe'"''  rejiresents  the  local 
laser  field.  Here  the  key  iioint  is  that  [/( n.  t ). /( r.  .s ))  .t=  0.  for  any  f.  '.  Therefore,  we 
can  use  the  standard  prescriptions  of  (piaiitum  mechanics  in  order  to  obtain  the  joint 
probability  distribution  for  /(n.t).  t  >  0  (here  we  identify  the  stochastic  output  signal 
and  the  quantum  observables  (3)).  We  can  say  that  our  measuring  procedure  performs 
a  measurenient  continuous  in  time  of  /(//./).  Let  us  stress  that  the  parameter  i-  has  a 
different  role:  it  is  the  frequency  of  the  local  laser  ami  to  change  it  means  to  change  the 
mea.suring  apparatus  and.  indeed,  for  different  v  the  output  currents  are  not  represented 
by  commuting  operators. 

In  [4]  it  is  shown  how  the  whole  statistics  of  the  process  I(n.t).  t  >  0.  can  be 
obtained.  By  eliminating  the  degrees  of  freeiloin  of  the  fields  this  statistics  can  be 
expressed  in  terms  of  atomic  quantities  only  (se<’  equations  (1.17).  (4.S)  (4.10)  and 
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(5,18)  of  [4]).  This  last  level  of  description  corresponds  to  the  theory  of  continuous 
measurements  developed  in  [6],  The  power  spectrum  of  the  fluore.scence  light  P{u)  will 
be  proportional  to  the  power  related  to  the  current  Hi'.t):  more  precisely. 


P{u)  y. 


1  r 

>  1  Ju 


(4) 


The  whole  spectrum  is  explored  by  changing  the  frequency  of  the  la.ser  used  as  local 
oscillator  in  the  heterodyne  scheme.  Because  the  whole  statistics  of  /(n.  t)  can  be 
obtained,  in  principle  one  could  also  compute  the  fluctua.ions  of  the  detected  spectrum. 

.4  typical  form  for  the  detector  response  function  in  (3)  is  an  exponential  one: 
moreover,  in  order  that  (4)  give  the  power  spectrum  we  need  that  the  detector  integrates 
the  input  signal  for  a  long  time  (bad  time  resolution,  but  good  frequency  resolution); 
precisely, 

F(t)  ac  *,  e"''' ,  0  < ';  <  r  ;=  Ti  +  r,;  .  (5) 

The  first  two  moments  (Hi'.t))  and  ))  are  given  by  equations  (5.19) 

and  (5.20)  of  [4],  In  otir  concrete  case,  by  a  unitary  transformation  under  trace  and  by 
changing  the  phases  of  the  states,  equation  (5.20)  of  [4]  gives 


{/(i/.f)')  X  (l_e-‘-’')  + 


+  2jf  As  d,s'-,'e--'^'-’-'''Tiy,  |j(.s)e^''--''j(>')e^-''o}  . 

Cn=-  ,MI|10)(1|  +  11)(0| .  o}  *  4r(2;0)(lle!l)(0|  -  eil)(li  -  ll)(lie)  . 

12  is  called  Rabi  frequency. 

Becau.se  of  the  limit  in  (4).  many  terms  do  not  contribute  and  (4)  reduces  to 


(C) 

(7) 

(S) 

(9) 


P(  I')  X  1  +  lim 

7  — +s 


45  r 

r 


a.s' 


=  l+2r,^  d#|e-i'-''"'-“'''(0|e^'ii«)(l,l''xl:l)  -  (!»' 

where  is  the  equilibrium  state  satisfying  thee<iuation  =  0.  from  which  it  ran  be 
easily  computed.  Note  that  the  spectrum  is  determineel  by  the  etiuilibrium  dipole  dipole 
correlation  functicn. 
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By  setting  n(t)  :=  e^'  [|0)(l|!?5c)-  obtain  for  its  matrix  elements 


^  oiilO  —  2  ^[?io(0  —  )]  —  Tei  iff )  —  —  ^eoo(f )  • 

''oi(f)  +  yTeoilf ) 


)  =  2^[<>ll(f)  ~  Poo(f)]  = 


<lt 


(11) 


with 


Qr  n- 

Pu(0)  =  rtio(O)  =  0.  !?oo(0)  ~  -i  .3^2  ,  -p.j  ■  eoi(O)  =  2  ^ 


These  equations  can  be  solved  by  Laplace  transform  and  we  obtain,  for  fl  >  F/  4. 

+  +  (f-~F 

3  'f  1  *"  K  4  (  “  ‘A'*  ~  ^  3  "y  I  +  K  4  ( —  U,’  +  )  1 


+ 


~i  f  +  (I' - '  -/f +(n +  j- 


=  -ryi6.  ~,o  =  y  +  r/2.  y,  =  a  +  ap . 


= 


FiQ^ 


Q^  +  r\/2'  n'2  +  rv2'  2Q2Vr*  '  s^-  2n=  +  r2 

In  the  limit  of  a  strongly  stimulated  atom.  0  <  y  <§;  F  <S  fL  we  obtain 


F^ 


I'j  = 


Q2  -  r^/2 


'>■■1  =  ^ 


F  lon^-r^ 


(13) 

(14) 

(15) 


-,o:^r/2.  -M~3r/4.  (16) 

s'i~Fi.  K2==rVn^  s'y~l/2.  K.,  ~  5F/(Sfi).  (17) 

Equations  (13).  (16).  (17)  give  the  well  known  three  peaked  spectrum  typical  of  the 
dynamical  Stark  effect  [S.9j.  apart  from  the  first  constant  term,  which  is  a  white  noise 
contribution  due  to  the  continuous  meastirement  [C]. 
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This  contribution  is  aimed  to  give  a  short  review  of  our  results  obtained  by 
applying  the  Hermitian  phase  formalism  of  Pegg  and  Barnett  [1]-  [3]  to  study  phase 
properties  of  the  field  generated  in  various  nonlinear  optical  processes.  The  Pegg- 
Barnett  formalism  allows  us  to  study  a  number  of  phase  characteristics  of  the  optical 
field  that  were  inaccessible  before,  for  example,  the  expectation  values  and  variances 
of  the  Hermitian  phtise  operators,  the  phase  probability  distribution  functions,  and 
the  correlations  between  the  phases  of  different  modes. 

We  have  systematically  studied  the  phase  properties  of  fields  generated  in  a  num¬ 
ber  of  nonlinear  processes,  and  results  can  be  found  in  our  original  papers,  which 
include  the  anharmonic  oscillator  model  [4.  5].  the  elliptically  polarized  light  prop¬ 
agating  in  a  nonlinear  Kerr  medium  [6]-  (8).  the  two-mode  squeezed  vacuum  states 
[10].  the  second  harmonic  generation  [11]-  [13],  the  parametric  down-conversion 
with  quantum  pump  [14],  the  Jaynes-Cummings  model  [15,  16],  the  fractional 
coherent  states  [17],  and  the  displaced  number  states  [18]. 

Our  studies  of  the  pha.se  properties  show  that  the  phtise  distribution  or  the  joint 
phase  distribution  (for  the  two-mode  fields)  that  can  be  obtained  according  to  the 
Pegg-Barnett  formalism  are  new  representations  of  the  quantum  state  of  the  field 
alternate  to,  for  example,  the  Q  function  or  the  Wigner  function,  and  they  carry 
quite  a  bit  of  information  characterizing  the  field  state.  For  instance,  when  the  field 
is  a  superposition  of  well  separated  coherent  states  the  phase  distribution  splits  into 
separate  peaks  clearly  indicating  the  components  of  the  superposition  [6],  the  phase 
distribution  splits  into  separate  peaks  when  the  transition  from  the  second  harmonic 
generation  to  the  down -conversion  regime  takes  place  [11]-  [13],  the  multiplicity 
of  the  phase  distribution  in  the  multiphoton  down-conversion  indicates  clearly  the 
multiplicity  of  the  process,  etc.  This  gives  the  motivation  for  further  studies. 

Here,  1  would  only  like  to  explore  the  relationship  between  the  Pegg-Barnett 
phase  distribution  and  the  phase  distributions  obtained  by  integrating  the  Q  function 
and  the  Wigner  function  over  the  radial  variable  )q).  It  is  interesting  that  all  three 
phase  distributions  can  be  unified  into  one  analytical  formula  which  has  the  form 
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Gw(n.k')  = 

m=sO 

where  p  =  m\n(n,k).q  =  max(ii.A‘).  All  the  coefficients  G,{iuk)  are  symmetric. 
G,{n.k)  =  Gj(A.n).  and  G,(n.n)  =  1.  Relation  (  1)  is  quite  general  and  can  be 
applied  for  any  field  described  by  the  density  operator  with  the  number  state  basis 
matrix  elements  p^k- 

The  coefficients  Gg{n.  A)  can  be  easily  calculated  with  the  following  recurrence 
formula 

Gq  (n  +  I .  A ) 

where 


GQ(n.k)  j  +  l)  n/tt rcSi  (l  -  :^)  for  r?  +  A  even 
I  (l  -  ^)J"'  for  n  +  A  odd 


Sm  =  «  +  A  +  1 


/?  +  A  -|-  1 
2  ■ 


(6) 


and  [x]  in  (  6)  denotes  the  greatest  integer  less  than  or  equal  to  x.  The  behaviour 
of  the  coefficients  Gq(ii.k)  is  such  that  the  farther  away  we  go  from  the  diagonal 
Gq(n,'n)  —  1.  the  smaller  are  Gqin.k),  although  the  rate  of  decay  decreases  as  the 
numbers  n.  A  increase.  Knowing  the  coefficients  Ggfn,  A)  we  can  directly  calculate 
the  phase  distribution  Pq(0)  according  to  (  1),  and  inserting  Ggfn.A)  into  (  4), 
calculating  the  coefficients  Gw{n.k).  we  can  again  use  (  1)  to  calculate  the  pha.se 
distribution  P\\  (0). 

The  Pegg-Barnett  phase  distribution  Ppb(O)  and  the  distribution  Pq(6)  are  pos¬ 
itive  definite  and  normalized  to  unity,  so  they  satisfy  the  requirements  imposed  for 
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the  probability  distributions.  Since  all  the  nondiagonal  coefficients  GQ(n,k)  are 
less  than  unity,  the  phase  distribution  Pq(0)  is  obtained  from  the  Pegg-Barnett 
phase  distribution  by  weighting  the  nondiagonal  density  matrix  elements  p^k  with 
the  ‘‘probabilities"  GQ{n,k).  This  means  a  sort  of  averaging  procedure  that  must 
be  performed  to  get  Pq(6)  from  Ppei^)-  This  procedure  leads  to  the  broadening  of 
the  Pegg-Barnett  phase  distribution  [19]  and,  in  some  cases,  to  washing  out  some 
of  the  peaks  present  in  the  Pegg-Barnett  phase  distribution  [18,  19].  This  means 
that  the  Pegg-Barnett  phase  distribution  Ppb{6)  carries  more  phase  information 
characterizing  a  given  state  than  the  distribution  Pq(0). 

Since  the  VVigner  function  W'(a)  can  take  on  negative  values,  for  some  states 
of  the  field,  the  phase  probability  Pu  (^)  can  also  be  negative,  and  it  cannot  be 
considered  as  a  true  probability  distribution,  but  rather  as  a  quasiprobability  distri¬ 
bution.  However,  even  for  the  displaced  number  states  for  which  lT(a)  really  takes 
the  negative  values,  the  distribution  Pw(^)  is  positive  and  gives  the  phase  structure 
very  similar  to  the  Pegg-Barnett  distribution  [IS].  The  positiveness  of  Pw(0)  is. 
however,  not  guaranteed,  and  the  anharmonic  oscillator  model  is  an  example  which 
leads  to  Pw[6)  with  negative  values  [20].  The  coefficients  Gw[n,k)  can  take  the 
values  that  are  both  smaller  and  greater  than  unity  (depending  on  n  and  k).  so 
their  effect  on  the  Pegg-Barnett  phase  distribution  is  not  as  simple  as  that  of  the 
coefficients  Gq(n,k).  Nevertheless,  formula  (  1)  allows  to  calculate  all  the  three 
phase  distributions  and  find  the  differences  between  them. 
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QUANTUM  PARAMETRIC  CHAIN  IN  WIGNER  REPRESENTATION 
O.V.Man'ko. 

Institute  of  Nuclear  Research  Academy  of  Sciences  of  the  USSR 
USSR,  Moscow  117333,  60th  October  Anniversary  Prospect,?® 

A  number  of  papers  devoted  to  the  problem  of  different 
kinds  of  quantum  chains  were  published  last  time.  The  quantum 
unclosed  nonparametr ic  chain  was  discussed  in  Ref./l/.  The  clo¬ 
sed  nonparametric  chain  is  considered  in  /2-4/.  Different  kinds 
of  parametric  chains  are  considered  in  /3,5,6/,  and  different 
kinds  of  damped  parametric  chains  are  considered  in  /7,8/. 

In  this  paper  let  us  consider  a  chain  consisted  of  N  har¬ 
monic  coupled  parametric  oscillators.  All  oscillators  vibrate 
with  the  frequency  Q  (t)  which  depends  on  time,  and  linearly 
interact  with  the  neighbours.  The  interaction  constant  n(t)  de¬ 
pends  on  time  too.  When  the  distance  between  neighbours  approa¬ 
ches  zero,  and  number  N  tends  to  infinity,  the  chain  turns  into 
the  parametric  string. In  order  to  consider  the  most  simple  case 
N  must  be  an  odd  number  N=2p+1.  The  Hamiltonian  of  this  system 
is 


where  q  is  an  operator  of  a  shift  from  the  equilibrium  point 

n  ^ 

of  an  n-th  oscillator,  p^  is  a  momentum  operator  of  the  oscil¬ 
lator,  m  is  a  mass  of  oscillators,  and  the  part  Q"  ( t)  m  |q-q^_^  J ' 

describes  the  interaction  between  the  neighbours .The  equations 
of  motion  corresponding  to  Hamiltonian  (1)  are  /2/ 

q  =  n''(t)(q  +  q  _  -  2q  )  -  n'’(t)q 

n  n+1  n“l  n  n 

Following  the  procedure  suggested  in  /2,3/,  let  us  introduce 
new  variables: 

2  1 '  2nsm 

X  =  -  Z  <3  cos - 

N  J  .»=!  N 


2  ' 

27Tsm 

- - 

z  %sin 
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s=l , 2  ,  .  , 

.  .  ,  p 

N 

N 

This  variables  reduce  the  system  of  N  coupled  harmonic  oscilla¬ 
tors  to  a  set  of  N  free  oscillators,  vibrating  independently 
according  to  the  equations 

X  +  n^(t)x  =  0,  X  +fi‘(t)x  =  0, 

s  s  N  "  N 

■y  +  ng(t)y^  =  0 

with  the  time-dependent  frequencies 

n^(t)  =  4n‘^t)  sin'f  ns/N  )  +  n'’(t) 

5  '  O 


+  n“(t)m  q  -  q 

fi  n*  I 


■+  n"m  q 


(2) 
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One  can  see  that  the  Hamiltonian  (1)  turns  to  the  sum  of  the 
Hamiltonians  of  free  parametric  oscillators,  vibrating  with 
frequencies  (2) .Following  the  usual  procedure  /9/  one  can 
construct  ' 'annihilation' 'operators  for  variable-frequency 
chain. 

in 

A  (t)  =  -  I  1  -  p_  - 
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s  s  ^ 
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where  the  functions  c^(t),  e^(t)  are  the  solutions  of  the 
equations 

c  +  n^(t)c  =  0,  'c  +  n^(t)c  =0 

S  S  S  O  O  <7 

with  additional  conditions 

f  .  .1 

2in  (0) . 

o 

One  can  check  that  operators  (3)  and  their  hermitian  conjugate 
operators  are  integrals  of  motion  for  the  quantum  parametric 
chain.  Operators  (3)  satisfy  the  commutation  relations  of  the 
boson  creation  and  annihilation  operators.  The  ground  state  of 
the  parametric  chain  can  be  constructed  with  the  help  of  the 
integrals  of  motion,  so  the  ground  state  is  as  follows, 

P  I  ^*^0  Iro  l' 

ijj  =7T  ’^^[7  e  ’l"'®  exp 
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SMC  NC2  (0)  1 

s  s  s 

The  Wigner  function  of  the  quantum  parametric  chain  is 


W(p,q,t)  =  h  (deta)' 
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where  cr  is  the  matrix  of  dispersions.  The  quantum  dispersions 
and  correlations  of  coordinates  and  momenta  in  coherent  states 
(4)  are  equal  to 

(  P  \  I 
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<i2  o  '  o  I 
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N-’  1 
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'  1  k.i_  V  -  1 


The  squeezing  coefficients  k  =  a  (t)  a  Jt)  cr  (0)  cr  (0) 

r  ‘'k  ’’k  ''k  k  ' 

and  the  correlating  coefficients  r  =  (t)  a  ’  (t)  a  (t) 

'\’'k  '*  k  *  k 

in  coherent  states  (4)  are  equal  to 
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One  can  see  from  (5)  that  changings  of  the  freguencies  influen¬ 
ce  the  squeezing  coefficients  and  one  can  increase  the  disper¬ 
sions  of  the  coordinates  due  to  decreasing  of  the  dispersions 
of  momenta  and  vice  versa. 
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Abstract: 


We  are  presenting  here  an  alternative  approach  i;o  obtain  a  better 
description  of  the  nuclear  level  density.  We  are  applying  methods  from 
Analytic  Number  Theory.  The  obtained  results  are  form£uly  related  to  other 
areas  of  Mathematical  Physics  where  the  estimation  of  the  coefficients  of 
(formal)  Fourier  series  of  partitions  functions  plays  an  important  role.  The 
acid  test  of  this  approach  and  the  primary  reason  to  develope  it  is  a 
comparison  of  an  explicit  theoretical  calculation  with  experimental  data. 


This  contribution  was  motivated  by  the  original  work  of  H.A.  Bethe 
(1936/37),  N.  Bohr  (1936),  C.  van  Lier  and  G.E.  Uldenbeck  (1937),  S. 
Goudsmit  (1937)  and  others  physicists.  These  authors  obtained  a  formula 
which  showed  with  very  simple  analytical  relations  the  most  imponant 
behaviour  of  the  nuclear  level  density,  parametrized  by  means  of  quantitie.> 
with  a  clear  physical  meaning.  No  parameter  was  introduced  in  an  ad-hoc  way 
to  reproduce  experimental  results.  The  connection  to  number  theoretical 
problems  was  also  known.  Nevertheless,  their  results  are  only  a  crude 
approximation  which  still  today  needs  to  be  implemented. 

By  introducing  the  shell  structure  into  the  single  particle  spectra,  we 
obtain  here  new  results  expressed  with  simple  fommlas  using  as  guide 
methods  from  the  modem  Analytic  Number  Theory  (see  for  example  H. 
Rademacher  (1973)).  In  this  way  it  becomes  easier  to  recognize  the  relevant 
mathematical  quantities  which  must  be  related  to  the  physical  parameters. 

We  succeeded  here  to  obtain  a  thorough  analytical  description,  so  that 
only  a  minimum  of  numerical  computer  calculations  is  needed  to  carry'  out 
the  compeirison  with  experimental  results.  During  the  last  jiO  years,  there  have 
been  many  extensive  numerical  works  under  the  title  "microscopic 
calculations".  But  of  course  they  are  done  without  the  existence  of  a  consistent 
fundamental  nuclear  theory.  It  is  well  known  since  many  years  that  different 
spectra  lead  to  the  same  average  results  for  the  level  density.  There  is  no 
unique  way  to  fix  the  "correct"  nuclear  Hamiltonian  from  these  considerations. 

Here  we  adopt  a  different  point  of  view.  We  consider  classes  of  single 
particle  spectra  with  common  analytic  properties.  We  stress  the  importance  to 
recognize  the  most  relevant  parameters,  which  must  be  common  to  all  single 
particle  spectra,  whenever  they  are  to  reproduce  the  experimental  data.  In  this 
way,  we  do  not  need  to  limit  ourselves  to  a  special  kind  of  Hamiltonian  and 
it  is  also  not  necessary  to  diagonalize  it.  We  attempt  rather  to  introduce 


501 


nuclear  structure  properties  in  the  form  of  well  founded  mathematical 
quantities  with  a  corresponding  physical  interpretation.  This  approach  should 
conduce  to  the  stuoy  of  invariants  associated  with  heavy  nuclei. 

At  the  same  time  we  introduce  as  many  mathematical  devices  we  feel 
reasonable  for  a  serious  study  of  nuclear  spectra  and  to  find  a  common  basis 
for  all  analytic  studies  up  to  now,  as  well  as  for  future  developments.  The 
most  important  criterium  we  observe  is  the  achievement  of  a  method  for 
explicit  numerical  calculations  ready  to  be  compared  with  available 
experimental  data.  It  is  remarkable  that  many  results  are  formally  related  with 
other  branches  of  theoretical  physics  as  the  reader  can  recognize.  But  because 
of  lack  of  space  we  will  report  many  results  separately. 

As  usual  we  follow  the  Darwin-Fowler  method  to  obtain  an  analytic 
expression  for  the  level  density.  The  density  of  excited  sates  of  a  system  of 
N  neutrons  and  Z  protons  with  total  energy  E  and  total  angular  momentum 
projection  M  is  given  by  p(N,Z,M,E)  in  the  expression  for  the  grand 
partition  function; 


Z(a,0)  =  n(l  +  exp(an+a3m3i,__-0£„J  )n(l +exp(«p+ a3m3i,p-|3Ei,p)  )  = 

=  X  p(N,Z,M,E)  , 

Z,N,M,E 


where  xj,®  e;m(ai.)  and  y=  exp(-0).  The  single  particle  spectnim  is  given  by 
the  numbers  for  neutrons  (protons). 


Using  the  saddle  point  method  the  level  density  is  given  approximately 
exp  S(ao,(3o) 


by: 

p(N,Z,M,E)  = 


(2rt)2 


where  S(a,0)=  In  Z(a,(3)  +  <3E-«t,N-Q(p-a3M  is  the  entropy  of  the  system  and 
D  is  the  determinant  of  the  4x4  matnx  formed  with  the  jecond  order  partial 
derivatives  of  In  Z(a,(3)  evaluated  at  the  saddle  point  given  by  the  solution 
of; 


aa„s  =  0  ,  a„pS  =  0  ,  =  o  ,  =  o  , 

Our  method  consists  now  in  the  calculation  of  the  entropy  S(K,fi)  using 
standard  methods  of  Analytic  Number  Theory.  Although  the  single  particle 
energies  are  real  numbers,  we  follow  the  common  practice  of  substituiug 
them  by  integer  numbers  using  a  sufficiently  small  energy  unit.  Furthemore, 
we  take  £„=  1,2,  ...  ,  and  describe  a  general  single  particle  spectrum  by  an 
adequated  selection  of  degeneracy  numbers  aj,.  Consider  now  the  number  of 
particles  which  can  be  allocated  in  the  given  spectrum  up  to  level  n  starting 
on  from  the  lowest  level.  For  this  number  of  particles  we  assume: 

n 

X  *  X  dm  >  dn  for  m>n  ,  dm>0  , 

j=l  m  Om 
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where  we  have  introduced  a  finite  set  of  parameters  {An„dn,},  which  for 
physical  reasons  must  be  real.  With  this  assumption  the  most  important 
objects  are  the  following  Dirichlet  series:  the  partition  function  Z(x)  and  its 
Mellin  transform  D(z): 

Z(x)=  X  ane-"*  ,  D(z)=  Z  J  ’ 

n>o  n>o  '  '  o 


We  obtain  after  some  effort  the  following  expression: 


lnZ(a,/3)=  lnZ(-a,-0)  +  J  d£g(e)(tt-/3£)+  ^ 


(2j)!0-i  1  g 


j>o 


,(2j-2) 


(M) 


jTS  a^(j-l)!(2m)j-i 


^t  ^Dj(M,m)  , 


where  n  =  cc/li,  t=l/f3,  0^(4, m)=  aj_iCj(4,nt)  +  iujSjju.m),  02m=l- 

‘^2m+i=0  and  with  the  q-series  : 


n^™  sinh(2nnt) 


and  the  single  particle  level  density  defined  by: 

g(t)=  ^  ^  [t  ‘‘m  -  (t-l)‘‘'”  I  +  2  Df-k)  (t)/l;! 

m  am  ^  k>o 


Additionally,  an  equivalent  expression  for  In  Z(o(,j3)  in  terms  of  P  itself 
can  be  found.  It  corresponds  to  the  modular  transformation  P-^l/P,  i.e. 
relates  large  and  low  temperatures.  Both  relations  are  very  important  for 
explicit  numerical  and  anal^ical  calculations.  Additionally,  the  transformation 
formula  establishes  a  link  with  other  areas  of  Physics. 

We  have  applied  the  preceding  method  to  the  most  simple  possible  case. 
It  is  the  periodic  spectrum  introduced  by  P.  Kahn  and  N.  Rosenzweig  (1969) 
*^k,j  =  (k  +  u(j))  jiloj  ,  kGN  ,  j=l,2,  ...,  e  ;  where  e  gives  the  degeneracy  of  a 
shell.  Our  method  yields  explicitly  the  energy  dependence  of  the  shell  effects 
not  present  in  the  considerations  of  Kahn  and  Rosenzweig. 

In  our  calculation  we  computed  the  so  called  a-paranieter  appearing  in 
the  formula: 

_  exp(2N(U-Ei)) 

^  ~  12/^cral/''(U-Ei)5/^  ’ 


where  U  is  the  excitation  energy.  The  constants  a  and  Ej  where  adjusted  by 
T.  von  Egidy,  H.  Schmidt  and  A.  Behkami  (1988)  to  reproduce  experimental 
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data  at  the  neutron  binding  energy. 

For  the  periodic  spectrum  the  shell  width  was  set  equal  for  all  nuclei 
belonging  to  the  same  shell.  Besides  the  shell  widths  we  did  not  adjust  any 
other  parameter.  In  Figure  1,  we  show  the  results  of  the  theoretical 
calculation  in  comparison  with  the  experimental  data  compilated  by  von  Egidy 
et  al..  The  agreement  is  encouraging.  In  a  forthcoming  publication  we  will 
show  more  details  of  this  calculation  as  well  as  many  other  related  results  of 
mathematical  and  physical  interest. 


Figure  1  Comparison  for  a  particular  set  of  shell  widths 
with  the  experimental  data. 
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TYPKS  OK  NIICLKAR  RK.ACTION  MKCHANISMS 


Helmut  .lahn 


Faculty  o!  Physics,  UnivtTsity  Karlsruhe* 
Karlsruhe ,  Oermanv 


Nucleeir  reactions  show  a  statist  it  a  I  structure  as  well 
as  the  wave  structure  ot  the*  nuclear  potential  size. 
Rut  recently  a  transitional  behaviour  called  prec 'im= 
pound  mechanism  has  been  d i scovci ed .We  treat  the  pro¬ 
blem  of  properly  d ist i n^u t sh i between  these  mecha¬ 
nism  and  defininj*  them.  This  purpose  tan  he  iuhieved 
bv  using  properly  defined  average  cross  sections  wIkuc 
we  distinguish  between  statistical  averages  and  ave* 
rages  by  means  of  sum  rules.  This  method  may  furm  a 
step  towards  a  formulation  of  cross  sections  in  rt*rms 
of  reaction  mechanisms.  It  also  might  provide  a  hint 
to  a  suitable  treatment  of  the  non-  weak  interacting 
many-  nucleon  systems. 


Intcjrmat  ions  about  microsystems  as  nuclei  or  p.irtlcles  c.in  onlv  be*  ob= 
tained  by  means  of  scattering  or  reaction  experiments  and  thi‘ir  theureti= 
Cell  interpretat  ion.  As  an  example  we  may  cemsider  the  inelastic  scatti'iing 
of  neutrons  on  nuclei. For  the  case  ol  we  obtained  the  following  re= 

suits; 

1. Direct  Hechanism. 

Fig.l  shows  the  secondary  energy  dependent  inelastic  scattering  i t nss= 
section  of  14.6  MeV  neutrons.  The*  left  and  the  right  end  of  the  curve  <ire 
dominated  by  two  different  reaction  mechanisms.  The  reaction  mt'cTuinism  at 
the  right  end  has  as  its  characteristic  angular  distribution  of  the  me  * 
lastically  scattered  particle  cross  section  the  type  shtiwn  in  tig^.I'his  is 
the  typical  angular  distribution  of  a  direct  react  i(»n  mc*rhanism.  Wuh  its 
its  relative  small  rate  of  energy  transfer  (only  2  -  f  MeV  of  14, b  MeV  in= 
incident  energy)it  can  be  described  by  the  OWBA -approach  which  yields  this 
type  ot  angular  distribution.  The  wave  structure  is  originated  by  the  occu 
rente  oi  the  square  of  the  spherical  Besselfunct ion  Ij(qR)?^  where  the  ar^ 
gument  qR  is  the  product  of  the  transfered  momentum  times  the*  Radius  R  of 
the  nuclear  potential  size.  In  the  figure  2  there  is  v  =  2. 
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Fig.-i:  Stepcurve  and  CDH-curve  the 

secondary  energy  dependent  total 
inelastic  scattering  cross  sec« 
tion  of  1U,6  MeV  neutrons  on 

Points  :Ov«?<lenM«4suWr«mi»,/2/, 


0.  no.  60,  120.  160. 


Fig.J:  Angular-distribution  of  the 
inelastic-scattering  cross 
3ec|Jon  of  1^,6  MeV-neutrons 
Of*  Fe  averaged  over  the 
interval  10,6-n,l  MeV  of 
the  secondary  neutron  en¬ 
ergies.  Approx.  DWBA-curve 
with  R  s6,5  fB,  t  s  2,“  fn, 
as t ,5  fa  u.  isO. 7 


Fig,  j  Neutron  emission  cross-section  of  56Fe;  Fj  =  14,6  MeV 
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2.  Compound  mechanism. 

In  contrast  to  the  just  described  reaction  mechanism  at  the  right  end 
of  fig.l  we  have  at  the  left  end  of  figl  a  reaction  mechanism  where  a  maxi¬ 
mal  amount  of  the  incident  energy  is  transferred.  This  is  possible  only  if 
many  nucleons  are  involved  into  the  reaction  process,  where  many  impacts 
must  occur  to  excite  the  nucleus  to  the  considered  energy  before  the  secon 
condary  particle  will  be  emitted.  Because  of  the  many  impacts  the  correla= 
tions  of  the  emitted  particle  to  the  incident  particle  ray  have  been  lost. 
Thus  the  angular  distribution  of  the  emitted  particle  becomes  nearly  iso= 
tropical  and  the  Hauser-Feshbach-Formula  is  valid  with  the  emission  cross- 
section  proportional  to  the  level-density  of  the  target-  nucleus  remaining 
after  the  emission  of  the  secondary  particle. Anzaldo  presents  at  this  mee= 
ting  for  the  first  time  a  rigorous  consistent  and  complete  formal i.sm  for 
the  calculation  of  the  level  densities  of  nuclei. His  method  is  statistical 
corresponding  to  the  statistical  nature  of  the  many  impacts.  But  by  means 
of  the  use  of  the  methods  of  analytical  numbertheory  it  takes  a  priori  in= 
to  account  the  shell  structure  of  nuclei  which  is  shown  by  considering  the 
A  -  dependence  of  the  level  densities  of  the  various  nuclei. 

3. Precoapaund  oechanisit. 

Between  these  two  reaction  mechanisms  at  the  right  and  at  the  left  of 
fig.l  there  is  a  transition  region,  which  firstly  has  been  considered  by 
Griffin  and  in  particular  by  Blann  who  developed  the  first  three  models  by 
name  pre-equilibrium  or  pre-compound  to  describe  this  transition  region. 
Meanwhile  there  are  in  total  11  models: 

Those  are  models  by  Cline  and  Blann  and  by  Bunakov  describing  the  for= 
mation  of  the  statistical  equilibrium  at  the  left  end  of  fig.l  by  means  of 
a  master  equation .Other  models  are  based  on  reaction  formalisms  like  those 
of  Weidenmtiller  andl'eshbach.All  of  these  models  have  free  parameters  which 
have  to  be  fitted  like  residual  interactions  or  transition  strength  or  am= 
plitudeslsee  review  of  Hodgson/1/, in/2/and/3/) .But  the  experimental  errors 
are  too  large  to  get  a  unique  fit  this  way  and  no  unique  results  can  thus 
be  obtained(soe/i/),Only  Blann.s  geometry  dependent  hybrid  model(GDH)(see/3/, 
/5/)  has  no  fit-parameters  other  than  those  of  the  usual  optical  model. Its 
results  for  our  example  are  shown  in  f ig. 1 . u. 1. , where  fig. 3. shows  that  the 
precompound  excitation  steps  with  particle-  hole  number  n-j  mostly  remain 
much  smaller  than  IL)%  of  the  complete  cross-section.  Thus  they  can  be  neg= 
lected  with  regard  to  the  errors  of  the  measured  results  and  merely  the  on 
ly  geometry-  dependent  n=n„=3-  component  has  to  be  taken  into  account  of 
which  it  can  be  proven  to  be  equal  to  the  averaged  direct  contributions. 
This  proof  has  been  carried  out  in  /2/  with  the  result: 
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and  the  preceding  equations  in  111 .  It  should  be  pointed  out  that  the  ave= 
raging  interval  in  (1)  must  have  a  minimum  of  length,  which  must  include  a 
minimum  number  of  levels.  Since  this  minimum  number  of  levels  needs  to  be 
only  3  to  5  with  the  corresponding  minimum  length  of  intervals  between  1/2 
MeV  and  IMev  the  averaging  in  (1)  cannot  be  considered  as  a  statistical  a= 
veraging.  Alternatively  we  might  call  it  a  spectroscopical  averaging  since 
it  can  be  related  to  the  sum  rules  of  Lane  /6/.Thus  as  a  result  of  the  pre¬ 
ceding  considerations  it  can  be  concluded  from  the  figures  that  in  the  re= 
gion  of  nuclei  around  Fe  and  at  incident  neutron  energies  around  lAMeV  and 
below  the  inelastic  neutron  cross-section  is  almost  fully  composed  by  the 
direct  plus  the  compound  reaction.  A  precondition  of  this  conclusion  is, 
that  the  averaged  direct  component  has  been  fully  exhausted  throughout  the 
scale  of  the  secondary  energy  of  the  emitted  particle.  This  we  have  achie= 
ved  by  using  the  n= 3-component  of  the  GDH  as  a  substitute  for  the  averaged 
direct  component  according  to  (1).  As  the  essential  re.sult  of  our  inve.sti= 
gation  we  can  conclude,  that  the  direct  and  the  compound  component  have  to 
be  fully  exhaustet  before  a  precompound  component  must  be  taken  into  ac= 
count.  In  our  example  it  even  could  be  neglected  in  agreement  with  the  se= 
mimicroscopical  results  of  /7/and/8/.  A  proper  tool  for  exhausting  the  di= 
rect  component  is  the  n=no=3-component  of  the  GDH,  which  can  be  expressed 
by  the  sum  rules  of  Lane  /6/,  and  the  exhausting  of  the  compound  component 
can  be  achieved  by  using  the  level  density  concept  of  Anzaldo  /9/.  Both  of 
these  tools  have  to  be  applied  before  a  precompound  component  has  to  be 
considered. 
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87-100  Toruh.  Poland 

First  we  shall  try  to  explain  what  the  information  thermodynamical  approach  is. 
Information  thermodynamics  is  an  empirical  probability  inference  (assessment,  fixing) 
by  means  of  measurement  of  mean  values  of  the  related  observables,  and  sometimes 
also  their  higher  order  statistical  moments,  and  maximizing  entropy  (information)  by 
these  values  as  constraints.  This  method  was  proposed  first  in  19-57  by  E.  T.  Jaynes 
[4]  for  classical  systems,  in  1961  by  R.  S.  Ingarden  and  K.  I'rbanik  [4.  4]  for  quan¬ 
tum  systems,  and  in  1963  it  was  generalized  by  R.  S.  Ingarden  [4.  4]  for  higher  order 
moments.  The  Lagrange  indeterminate  coefficients  occuring  by  this  variational  pro¬ 
cedure  have  been  called  by  the  present  author  temperature  coefficients  because  of 
their  physical  meaning.  In  particular,  one  speaks  about  higher  order  temperatures  as 
conjugated  with  higher  order  moments. 

When  higher  order  moments  are  taken  into  account,  the  method  of  information 
thermodynamics  is  more  general  than  that  of  central  limit  theorem  of  probability 
theory.  The  latter  works  only  in  the  limit  of  large  number  of  components  .V  and  their 
stochastic  independence,  in  particular,  in  the  case  of  the  so-called  thermodynamic 
limit  [N  — *  oc.  volume  V'  — >  00.  but  V’/.V  =  const.). 

Therefore,  information  thermodynamics  (IT)  can  give  essentially  new  results  with 
respect  to  the  usual  thermodynamics  (T)  in  the  following  cases; 

a)  for  small  systems,  e.g.,  for  N  in  the  region  10^-10®.  where  is  of  the  order 

lO-^-lQ-^ 

b)  for  strongly  and  intermediently  interacting  particles,  as  for  nuclei,  atoms,  molecules, 
microclusters,  etc., 

c)  for  nonuniforms  systems  with  V'/.V  ^  const.,  where  surface,  size  and  shape 
effects  are  essential, 

d)  for  integrable  systems  (solitons)  with  infinite  number  of  hidden  symmetries  and 
constants  of  motion  which  cause  that  the  usual  thermization  is  impossible  and 
entropy  is  very  low,  theoretically  zero,  but  practically  small  positive. 
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To  show  the  meaning  of  higher  order  temperatures  we  shortly  discuss  the  results 
concerning  two  important  idealized  cases. 

1,  One  real  continuous  observable,  —  oo  <  r  <  +oc,  and  one  higher  order 
moment 


■TOO 

(*’■>  =  / 


'^f(x)dx  =  = 


where  <t  >  0  is  a  given  number  and  T„  >  0  is  the  conjugated  temperature.  The 
resulting  distribution  is  the  generalized  Gauss  distribution,  cf.  Fig.  1, 


/(,r)  =  - ; - ex 

2(2n)A^r(l  +  ^) 


2n 


Fig.  1.  Generalized  Gauss  distributions  for  n  =  1, 2. -5, 10.  50.  oo;  cr  =  1 


511 


.5;v 

2.  3-dimensional  ideal  gas  with  Hamiltonian  H(p)  =  ^  H  P?  and  two  mo- 

t  =  l 

ments  (//)  =  {/  =  (',,  {H^)  =  U2,  D  =  (I'i  -  [r^]2 . 

We  obtain  the  partition  function 


Z(3i,32)  =  ^  J exp(-i3iH(p)  ~  iilH^(p))dp 


where  Dp{x)  is  the  Weber  parabolic  cylinder  function.  Now  for  large,  but  not  infinite 
Af(l  A'’  <C  00)  we  obtain  using  Darwin’s  assymptotic  representation  of  Dp(x) 


1 


3.V) 


3.= 


1 


(i  =  1,2),  with  the  condition  of  solubility 


U'^  3.V 

^  -  T" 


or 


A 


i.e.,  for  Af  — >  c»  :  A  — *  0  or  dj  — *  0  {T2  oc)  which  gives  the  correct  cor¬ 
respondence  with  T.  But  IT  can  be  applied  when,  e.g.,  ,V  =  10*  and  A  is  of  the 
order  of  1%,  and  therefore  can  be  measured.  Otherwise,  we  can  go  to  the  2nd  order 
thermodynamic  limit 

V  9 

N  — >  oc,  V'  — *  00.  but  —r  =  const..  «  =  1  -h  -  =  3.25. 

jV“  4 

which  shows  a  vanishing  mass  density  in  infinity,  but  constant  entropy  density  [4]. 

We  see  that  IT  can  be  applied  in  mesoscopic  domain  where  surface  effects  are  es¬ 
sential  since  higher  order  temperatures  are  not,  in  general,  intensive  and  energy  is  not 
extensive.  But  how  to  measure  thermodynamical  parameters  of  such  a  small  system? 
This  can  be  done  by  means  of  spectroscopj-,  especially  infrared  spectroscopy.  We  have 
in  mind  polymers,  biopolymers,  microclusters,  quasicristals.  To  measure  thermody¬ 
namical  parameters  from  infrared  absorption  spectra,  it  is  necessary  to  distinguish  the 
constant  and  the  stochastic  part  of  the  Hamiltonian:  H  =  H^-ir  Hl  {Ho  =  the  Hamil¬ 
tonian  of  the  polymer.  Hi  =  Langevin  term  =  the  Hamiltonian  of  the  environment). 
Thus  we  come  to  the  Wigner  statistical  theory  of  spectra  [4.  4.  4,  4). 

At  present,  three  versions  of  this  theory  are  mainly  discussed:  GOE  (Gaussian 
orthogonal  ensemble).  GUE  (Gaussian  unitary  ensemble)  and  GSE  (Gaussian  sym- 
plectic  ensemble)  with  distributions  of  {n  x  n)-niatrice:. 


=  C,Y[\X.  -  A,r’exp(--Lf^  Af). 

I<J  t=I 


L 
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where  jS  =  1,2.4  for  GOE,  GUE,  and  GSE,  respectively.  The  multiplicative  term  is 
due  to  P.  Pechukas  [4]  and  should  describe  energy  level  repulsions,  while  the  Gaussian 
factor  stems  from  Wigner  and  corresponds  to  the  central  limit  theorem  approximation. 
Both  factors  can  be  considered  as  “ad  hoc"  and  not  general  enough  for  our  purpose. 
We  have  in  mind  an  IT-generalization  of  the  form 


P(  {  A. } )  =  Z-'  ( A .  32, . . .)  exp(  -d,  ^  A?  -  3l{f;^  Af  )^  +  . . . ) 

i=l  1=1 

where  3\,32.  ■  ■  are  physically  measureable  constants  extracted  from  the  absorption 
spectra.  Such  a  project  connected  with  an  experimental  work  is  in  a  preliminary 
stage  in  Toruh.  We  report  on  it  already  now  because  of  the  Wigner  Symposium  in 
Goslar. 
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Abstract:  We  show  that  the  information  ihi-rease:.  by  applying  a  donh’y  stochps*’'-  matrix 
{DSM  )  to  the  probability  distribution  vector,  while  the  Boltzmann  entropy  decreases  by 
applying  a  DSM  on  the  spectral  vector,  provided  that  the  expectation  value  of  the  energy  is 
kept  fixed.  An  algebraic  proof  of  Schiffer’s  inequality  follows  as  a  corollary. 

1  Introduction 

Consider  an  experiment  with  N  possible  outcomes.  These  outcomes  may  have  some  quan¬ 
titative  additive  values  assigned  to  them,  such  as  an  energy  ti  or  a  money  reward,  or  they 
may  not  have  such  a  value,  if  say,  the  outcomes  refer  to  different  colours  of  certain  objects. 
There  are  two  scalar  functions  which  are  commonly  associated  with  such  experiments: 

(I)  If  the  probability  p,  of  each  outcome  is  known,  then  we  can  assign  to  the  probability 
(distribution)  vector  p  :=  (pi ,  ...,pjv)^  tfic  scalar  quantity: 

N 

Hp)  Piinpi,  (1) 

»=1 

which  is  known  as  (Shannon)  information.  However,  in  some  mathematical  books  [3)  the 
expression  (1)  is  called  entropy  and  is  denoted  by  H{p).  Note  that  the  information  (1)  is 
well  defined,  even  if  no  values  are  assigned  to  the  outcomes. 

(II)  In  contrast,  suppose  the  outcomes  have  assigned  values,  e  :=  (ti,  cy, ...,  cv)^  and 

suppose  that  we  were  given  the  average  value  c  of  the  outcomes,  without  any  further  details. 
Then  there  are  many  possiblities  (for  N  >  3)  for  choosing  the  probabilities,  which  would 
give  the  average  E  :=  i  =  Pi<i  =•  However,  there  is  a  well-defined  probability 

density  p®  which  is  uniquely  defined  in  terms  of  e  and  E: 

N 

pf{E,  e)  =  e^^^'/ZlB,  e],  with  Z\0,  e)  :=  ^  e"®'- ,  (2) 

1=1 

where  Z  is  the  “partition  function”  and  IS  is  a.  parameter  which  is  adjusted  to  obtain  the 
average  value  E.  The  vector  e  can  be  thought  of  as  the  set  of  eigenvalues  of  a  Hermitian 
matrix  (an  observable).  Therefore,  e  will  be  called  the  spectral  vector.  I  shall  call  pf{E,e) 
the  Boltzmann  (probability)  density.  This  density  gives  the  maximum  information  among 
all  the  probability  densities  that  can  reproduce  the  given  average  [8, 9): 

5(£,e)  /(p®(£’,e))  > /(q),  V  prob.  vector  q  with  £  =  (p^je)  =  (qje),  (3) 

^  Peimaneni  Addt«s«:  Phratc*  Oepartnient,  Ben  Gorion  Uiurenitjr  of  the  Neger,  Beer  Shev*,  ISRAEL. 
e>maU;  DABOULftBCUVMS.bilnei. 
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where  we  use  the  symbol  S(E,e)  to  denote  (he  information  of  which  will  be  called  the 
(Boltzmann)  entropy. 

In  the  present  talk,  I  shall  explain  what  happens  to  information  and  entropy,  when  we 
apply  a  Doubly  stochaotic  matrix  fDSM)  to  the  rele-rant  v-ectors,  p  and  e  ,  respectively 

1  recall  that  a  DSM  is  an  IV  X  IV  square  matrix  with  nonnegative  elements,  dij  >  0,  such 
that  dij  =  d,j  =  1,  V  i,j  =  1,..,  IV.  A  special  DSM  will  be  called  u-DSM,  if 
there  exists  a  unitary  matrix  U,  such  that  dij  =  |l/iyP,  for  all  components  ij.  When  applied 
to  a  vec*or  e  ,  a  DSM  D  produces  a  kind  of  averaging  of  the  components  of  e  ,  which  is 
manifested  as  follows:  Let  h  :=  De,  then  [7] 

(1)  The  extreme  components  move  closer  together;  >  h.Tnax  5  >  e„,„. 

(2)  The  average  “level  splitting”  becomes  smaller:  jA.  -  Ajp  <  J2ij  P*  “  f'tr  p  =  1,2. 

The  extreme  DSA/  is  the  “equalizer”  Q,  which  averages  out  all  the  components  completely; 

Q  =  9.J  =  1/iV,  Qe  =  iz,  where  z  (1. 1, ...,  1)^.  (4) 

2  Two  Inequalities 

Theorem  1;  The  following  inequality  holds  for  arbitrary  DSM  D: 

t(Dp}  >  Dri)  (generalized  von  Neumann  Inequality).  (5) 

The  above  inequality  can  be  considered  as  a  generalization  of  the  usual  von  Neumann 
inequality  on  entropies  [1,4,5],  which  can  be  shown  to  hold  for  u-DSM  [6].  The  proof  of  (5) 
is  simple  and  follows  essentially  from  the  convexity  of  the  function  -x  Inx  [6]. 

As  an  immediate  corollary  of  (5)  ,  we  obtain,  by  using  D  =  Q,  the  upper  bound  on  the 
information  for  a  system  of  N  levels: 

InN  =  I{z)  =  I{Qp)  >  I(p),  where  z  :=  ^(1, 1, 1)^.  (6) 

This  inequality  is  usually  proved  by  variation  [8]. 

In  contrast  to  information,  the  entropy  decreases  by  the  application  of  a  DSM  to  the 
spectral  vector  e  ; 

Theorem  2  (Decrease  of  Entropy  by  Averaging  of  the  Spectrum):  Given  two 
spectral  vectors  h  and  e  ,  which  arc  related  by  an  arbitrary  DSM  D.  Then  their  Boltzmann 
entropies  satisfy  the  following  inequality: 

S(E,h)  <  S{E,e),  where  h  =  De,  'd  E  ^  B(D,e),  (7) 

where  B{D,e)  is  the  common  E-domain  to  both  systems,  i.e. 

N  N 

B{D,e)  :=  {Ej  if  B  and  B’  exist,  such  that  D  =  ^  e,p,®[/3,e]  =  ^  A,pf[/7*,hj}  (8) 

i=l  i=l 
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Proof  :  The  equality  in  (8)  for  the  average  energy  E  can  be  written  as  scalar  products 
between  the  spectral  vectors  and  their  corresponding  Boltzmann  probability  distribution: 

E  (e|p®)  =  (hip®*)  ==  (J9e|p^*)  =  (elD^p®*)  =  (e|q),  where  p^*  ;=  p^[/3%hl, 

(9) 

Note  that  q  :=  D^p^'  is  a  probability  distribution,  but  not  necessarily  a  Boltzmann  distri¬ 
bution.  Since  is  also  a  DSM  ,  (5)  gives 

o^e.h)  /(p®(f;,h))  <  /(It^p“(£,h))  =:  i(q,  <  S(E,e),  (10) 

where  the  second  inequality  in  (10)  follows  from  (3)  . 

The  upper  and  lower  bounds  of  the  E-domain  B(D,e)  were  determined  in  [6]. 

The  recent  inequality  by  SchifFer  [2]  can  be  seen  as  a  special  case  of  (7)  for  n-DSM  : 
Schiffer  compares  the  entropies  obtained  by  using  the  spectral  vector  e  of  the  Hamiltonian 
and  the  entropies  obtained  by  using  the  diagonal  matrix  elements  h  =  (hi, /ijv)^,  where 
hi  :=  (ailif|ai)  and  (la;)}  is  any  basis,  such  as  the  coherent  states,  which  is  not  the  energy 
(eigen)-basis.  It  is  easy  to  show  [6]  that  h  =  De,  where  Dij  =  |(a,|e^)|^.  By  calling  the 
entropy  of  h  information  (since  it  is  not  the  true  physical  entropy),  Schiffer  fSf  concludes 
that  the  entropy  is  the  upper  bound  of  information:  S(E,e)  >  5(£'.  h). 


3  Zeeman  Splitting 

Theorem  2  is  also  useful  if  the  spectra  h  and  e  of  two  Hamiltonians,  Ho  and  H  —  Ho  +  V , 
are  related  by  a  DSM  .  As  a  concrete  example,  we  consider  the  Zeeman  level  splitting  due 
to  a  weax  ur.’tjrm  external  magnetic  field  B.  The  total  Hamiltonian  is 

H  =  Ho- ph-'L..B  .  withp:=-^,  (11) 

2  ntf  c 

where  Ho  is  the  Hamiltonian  of  an  electron  in  a  spherically  symmetric  potcr.*ial  and  where 
e  and  m,  are  the  charge  and  mass  of  the  electron.  We  shall  neglect  the  spin  of  the  electron, 
for  simplicity  jlOi.  Therefore,  the  eigenvalues  h„j  of  Ho  corresponding  to  a  certain  tgular 
momentum  I,  are  (2/  +  l)-degenerate,  where  n  denotes  all  the  other  quantum  numbers  that 
characterize  the  quantum  states. 


This  field  B  breaks  the  degeneracy,  and  leads  to  the  Zeeman  splitting  of  these  levels: 

=  h„j  —  mpB,  for  —  I  <  m  <  1.  (12) 

We  note  that  the  above  perturbation  keeps  the  "center  of  energy”  {or  every  I  invariant,  i.e. 


''n.l 


=  —  E 

2f  -h  1 


^n,l,rT 


(13) 


Therefore,  for  each  n  and  I  the  (2/  -hi)  degenerate  levels  /i„,/  are  related  to  the  corresponding 
split  levels  of  the  multiplet  by  the  {21 1- 1)  x  (2/  +  1)  equalizer  matrix  which 
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is  defined  in  (4)  .  Therefore,  the  spectral  vector  h  of  Ho  is  related  to  the  spectral  vector  e 
of  /f  by  a  DSM  D,  which  is  a  direct  sum  of  equalizers,  one  for  each  n  and  1: 

/>  = 'r„,,  (14) 

Similarly,  any  breaking  of  the  degenerate  levels,  which  keeps,  as  in  (13)  ,  the  “center  of 
energy”  invariant,  can  be  described  by  a  DSM  similar  to  (14)  .  Eq.  (7)  tells  us  that  the 
entropy  of  the  system  is  increased  (!)  by  the  symmetry  breaking,  provided  that  the  average 
energy  E  is  kept  the  same: 

S(E,Ho)  =  S(£;,h  =  De)  <  S(E,e)  =  S{E,H).  (15) 

Note  that  in  many  books  (11],  {Ho)h  ~  Tr(Hop^(fi))  is  called  “internal  energy”,  while 
our  average  energy  E  (H)h  =  Tr(Hp^(l3])  =  {Ho)h-  M(B]B  is  called  the  “enthalpy”, 
where  p^{0)  :=  e~^^  jTr{e~^^)  is  the  density  matrix  of  the  total  system  H .  The  inequabty 
(15)  seems  to  surprise  many  people,  since  they  expect  the  external  field  to  align  the  spins  and 
thus  to  produce  more  order  and  consequently  less  entropy.  But  the  condition  of  comparing 
the  entropies  at  the  same  average  energy  Tr{p^{0')Ho)  =  Tr{p^{0)H)  plays  a  crucial  role. 
The  inequality  (15)  can  also  be  proved  by  using  thermodynamical  arguments  [6].  Here,  we 
shall  illustrate  the  inequality  (15)  by  a  numerical  calculation  for  a  simple  3- level  system: 

e  =  (0,2,2)^  and  h  =  Z)e  =  (1, 1, 2)^,  where  D  =  Q*’)  0  QfB.  fig) 

For  these  spectral  vectors,  we  readily  obtain  the  partition  functions; 

2^(^)  =  1  +  2e-^'’,  +  e-^^'.  (17) 

Using  E{0)  =  —  snti  S(0)  =  0E(/3)+  lnZ{/3),  we  obtain  the  results  in  Table  1. 


S’ 

0 

Z‘{0') 

ZyP) 

E 

S{0) 

“iC 

"1  In  2 

0 

2 

1 

In  2 

5  In  2 

25 

.3466 

0.0000 

2.0000 

1.0000 

.6931 

1,0397 

1.5 

.2459 

0.4960 

2.2231 

1,1004 

.9495 

1.0695 

.6931 

.1438  ; 

1.2500 

2.5000  ; 

o 

o 

o 

1.0549  i 

1.0889 

0 

0 

3 

]  3 

:  4/3 

In  3 

In  3 

Table  1  :  Comparison  of  the  partition  functions  Z,  and  entropies  S  of  the  two  systems 
defined  in  (16)  ,  at  the  same  values  of  the  average  energy  E‘(p‘)  —  E[0);  The  quantities 
belonging  to  h  are  denoted  by  *. 

References:  [1]  J,  von  Neumann,  Mathematical  Foundations  of  Quantum  Mechanics, 
Princeton, 1955,  p.  387.  [2]  M.  Schiffer,  Phys.  Lett.  154  d(1991)361.  (3]  N.F.G.  Martin 
and  J.W.  England,  Mathematical  Theory  of  Entropy,  Addison- Wesley,  1981,  p.  102.  [4]  B. 
Leaf,  J.  Math.  Phys.  216(1985)  1337.  (S]  C.S.  Sharma,  Phys.  Lett.  H4A(1986)  352.  [6]  J. 
Daboul,  “  Entropy,  Information  and  Doubly  Stochastic  Matrices”,  to  be  published  in  Phys. 
Lett.  [7]  J.  Daboul,  “  Inequalities,  Irreversability  And  Doubly- Stochastic  Matrices’',  The  33 
Brasiban  Seminar  on  Analysis,  Rio  de  .Janiero,  1989,  p  303-329.  [8  A.  Katz,  Principles  of 
Statistical  Mechanics,  Freeman,  San  Francisco  and  London,  1967.  [9]  R.  Kubo,  Statistical 
Mechanics,  North  Holland,  Amsterdam  and  London,  1971,  p  60.  10]  G.  Baym,  Lectures 

on  Quantum  Mechanics,  Benjamin,  1969,  p.  312.  [11]  R.  Becker,  Theory  of  Heat,  Springer, 
Berlin,  1967,  2.  ed.(See,  in  particular,  sect.  3b  and  Table  3  ). 
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Istituto  di  Elettronira  Quantistica  del  C.N.R.,  Via  Panciatichi  56/30,  1-50127  Firenze,  Italy. 

The  path-integral  formulation  of  quantum  statistical  mechanics  [1]  constitutes  an 
useful  tool  in  order  to  reduce  quantum  statistical  mechanics  to  classical-like  calculations, 
based  on  an  effective  phase-space  distribution  which,  in  the  classical  limit,  bears  the 
usual  form  where  H{p,q)  is  the  cla,ssicsd  hamiltonian  function.  Indeed,  the 

classical  distribution  is  recovered  by  considering  the  only  paths  with  minimal  action,  so 
it  is  expected  that  an  expansion  accoimting  for  the  neighboring  paths  gives  the  main 
modifications  due  to  quanticity.  In  this  way  it  turns  out  to  be  possible  to  define  effective 
hamiltonians  (more  often,  effective  potentials)  in  terms  of  which  the  thermodynamic 
quantities  of  anharnionic  systems  can  be  expressed,  and  calculated  by  any  classical 
technique,  overcoming  the  strong  difficulties  of  direct  quantum  mechanical  approache.s. 

With  this  aim,  Feynman  [1]  introduced  a  free-particle-like  trial  action  So  with 
variational  parameters  to  be  determined  by  the  so-called  Fej  man- Jensen  inequality: 
F  <  Fo  +  /3~'(S  -  50)5^,  where  F  and  Fq  ‘■he  free  energies  associated  with  the 
actions  S  and  So-  respectively.  This  method,  however,  is  limited  to  almost  classical 
systems,  since  it  lacks  the  very  desirable  property  of  exactly  accounting  for  the  behavior 
of  harmonic  systems. 

This  shortcoming  has  been  overcome  a  few  years  ago,  when  a  variational  approach 
using  the  same  basic  inequality  and  a  quadratic  trial  action,  was  proposed  and  imple¬ 
mented  in  the  calculation  of  the  quantum  specific  heat  of  the  sine-Gordon  field  [2],  The 
results  for  the  case  of  one  particle  in  an  anharmonic  (f*  potential  were  idependently 
recovered  also  by  Feynman  and  Kleinert  [3].  Afterwards,  a  number  of  successful  appli¬ 
cations  has  been  made  to  variotis  model  systems  [4-7].  Among  them,  single  particles 
in  different  potentials  [4,5],  nonlinear  Klein-Gordon  models  in  one  space  dimension  [6], 
a  unidimensional  solid  with  Lennard-Jones  (LJ)  interaction  [7j.  In  the  Isist  case  it  has 
been  shown  that  the  heavy  quantum  Monte  Carlo  calculations  by  McGvun  et  al.  [8]  on 
the  same  model  could  be  reproduced  within  just  a  few  seconds  on  a  personeil  coniputer. 
It  has  also  been  shown  that  the  method  correctly  reproduces  the  results  of  the  self- 
consistent  quantum  harmonic  approximation  at  lowest  temperatures  [6],  and  the  results 
of  the  Wigner  effective  potential  [9]  in  the  high  temperature  limit  up  to  order  [4|. 

Further  improvements  regarded  the  calculation  of  quemtum  static  correlation  func¬ 
tions  [10]  and  the  extension  of  the  formalism  to  the  general  hamiltonian  ca,se  [11] 
(whereas  previously  only  hamiltonians  with  a  separated  quadratic  kinetic  dependence 
on  the  conjugated  momenta  were  considered),  thus  using  the  full  phase-space  fonnu- 
lation  and  opening  the  way  to  the  treatment  of  complicated  systems  like  spin  chains 
1^21- 

Recently  the  method  was  used  to  obtain  results  for  realistic  nonlinear  solid  state 
systems  [13,14],  and  because  of  the  limited  space  in  this  paper  we  will  shortly  report 


about  this  topic.  We  consider  solid  argon,  a  rare  gas  solid  whose  interaction  potential 
is  reasonably  well  understood  [15],  represented  by  a  LJ-model.  The  full  hamiltonian  is 


1  I  “  I  n  d  n 

u(r)=4£l(-)  (2) 

The  N  atoms  are  labeled  by  their  equilibrium  position  1;  X|  is  the  position  of  the  atom  at 
lattice  site  1;  and  the  sum  over  n  =  1, 2, ...  accounts  for  the  successive  shells  of  neighbors 
of  atom  1  which,  in  equilibrium,  are  at  relative  positions  d„. 

It  turns  out  as  a  result  of  the  variational  approach  [7,14]  that  the  quantum  partition 
function  is  at  best  approximated  by  the  configurational  integral 

where 

V;ff(X)  =  i  £  -  X,|)  +  i  El"  (4) 

"  1  n  d„  ^ 

is  the  effective  potential  expressed  in  terms  of  an  effective  pairwise  interaction 


^)  =  u(r)+i[«"(r)-u"(d„)]D„Hi 


u'(r)  u’{d„) 


dn 


Dl 


(5) 


The  logarithmic  term  in  Eq.  (4)  contains  the  quantities  and  u^k^  are 

the  phonon  frequencies  of  the  fee  lattice: 


^k,i]  ' 


"*  "k.,j  =  E  X]  2  sin' 


k  d„ 


n  d„ 


(6) 


where  the  subscripts  ij  denote  the  derivatives  of  ii(|x])  and  e^(k)  =  {e^i(k)}  are  the 
polarization  vectors  of  the  phonon  modes.  In  Eq.  (5)  and  are  the  longitudinal 
and  transverse  (with  respect  to  d„  =  d„/(fn)  “pure  quantum”  square  fluctuations  of 
the  relative  position  X|+d„  —  X|: 

=  E  ~  ^ki)^(d  •  e^(k))^Okp  , 

(7) 

•On  =  E  ('Vi+dn  -  ^ki)^(l  -  d  •  e^(k))^Qk^  , 
k« 

where  Ak\  is  the  orthogonal  matrix  which  realizes  the  Fourier  transformation  to  k-space 
and 
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Figure  1.  —  Temperature  dependence  of  Iht  number  density  p  for  solid  argon 
at  zero  pressure.  Dashed  line  and  solid  line:  classical  MC  and  EPMC  simulations 
utilh  the  LJ-model;  circles:  experimental  data  from  Ref.  (17]. 

By  means  of  the  aiiove  dclned  effective  potential,  the  very  long  procedure  needed  to 
perform  the  path  integral  quantum  Monte  Carlo  simulations  (PIMC)  can  be  shortened 
by  a  factor  corresponding  to  the  required  Trotter  number.  Indeed  the  effective  potential 
can  be  inserted  in  classical  Monte  Carlo  simulations  (EPMC)  in  order  to  calculate  the 
partition  function  (3)  and  the  related  thermodynamic  quantities.  This  has  been  done 
for  a  sample  consisting  of  an  fee  lattice  of  A'  =  108  atoms  enclosed  in  a  cubical  box  to 
which  periodic  boundary  condilionh  were  applied.  In  these  simulations  the  dynamiced 
interaction  beyond  tht  nearest  neighbor  distance  has  been  cut  off  and  accounted  for 
in  a  static  approximation,  appropriate  for  an  infinite  static  fee  lattice.  This  cutoff 
c,. erection  allowed  us  to  use  the  well-established  L,1  potential  parameters  for  argon 
(elks  "  119.8  K  and  er  =  3.405  k).  which  were  cletermined  from  gas  phase  data 
[16]  and  give  a  reasonable  representation  of  the  true  pair  potential.  With  this  simple 
proc<>dure,  excellent  agreement  with  the  experimental  equation  of  state  of  solid  argon  is 
obtained,  and  tire  use  of  unphysical  parameter  values  is  avoided  |13].  The  results  for  the 
dens,‘y  at  zero  pressure  and  for  the  specific  heat  at  constant  volume  are  rej)orted  and 
compared  with  the  corresponding  experimental  data  [17]  in  tin-  figures.  In  addition,  the 
EPMC  results  are  in  excellent  agreement  with  those  obtained  by  PIMC  [14|.  However, 
taking  the  difficulties  in  obtaining  ‘‘exact"  PIMC  results  intf>  account,  the  performance 
of  the  EPMC  approach  is  impressive  indee<l  (14]. 
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Magnetization  of  a  Charged  Particle 
Interacting  with  Reservoir 

A.  B.  Klimov 

Lebedev  Physical  Institute.  Moscow.  USSR 

The  problem  of  investigation  of  the  dissipation  processes  in  quantum  mechan¬ 
ical  systems  has  a  long  history  [l]-[5].  But  in  most  of  the  papers  the  irreversible 
behaviour  of  the  simplest  one-dimensional  system  -  an  oscillator  coupled  with  ther¬ 
mal  bath  consisting  of  a  number  of  harmonic  oscillators  -  has  been  studied.  One 
purpose  is  to  investigate  the  simple  two-dimensional  system  -  charged  oscillator  in 
a  magnetic  1  eld  in  the  presence  of  dissipation  -  in  the  framework  of  the  Wigner 
function  desiription  of  quantum  systems  [6].  .According  to  [6]  we  assume  that  for 
the  quadratic  Hamiltonian  H  =  qBq  all  mean  values  are  expressed  through  matrix 
R  which  is  a  solution  of  the  following  equation  [6] 

r  =  -!:br.  E,,  =  i/i-M</o,93lR=  [  r  . 

n2i  it22 

R(0)  =  l  (1) 

Besides  that  the  bath  to  be  presumed  is  at  the  equilibrium  state  at  the  initial 
moment. 

We  suppose  the  magnetic  field  to  be  directed  perpendicular  to  the  plane  of  motion 
of  the  oscillator.  We  assume  that  the  oscillator  is  connected  to  the  bath  via  the 
canonical  m(.menta: 

2  2  2  'T  “ 

-f  ^  Q*  (  +  JTyPtj,  )  ( 2 ) 

k 

where  ir  =  p  -^  is  a  canonical  momentum.  A  is  the  vector  ootential.  The  covariance 
matrix  can  be  expressed  in  terms  of  matrix  R12  as  follows 

•".p  =  (Rr.R?2  +  Rir*Rw^) 

k 

.  -^k  np'2\+k  .  fjq3.V+fr  1 

-Trvj2  ^12  '  ^12  *^12 

where  ft  =  y'-  coth  ^  ,  it  -  1, ....  A' 

The  main  problem  is  to  calculate  magnetic  moment  at  the  steady  state  {t  —»  oc): 
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M  —  2c  —  mn) 

Solving  equations  (1)  with  the  help  of  the  Laplace  transformation,  we  obtain  at  the 
end  of  rather  complicated  calculations  the  following  expression 


M(t  — *  cx)  =  f  f  drdr' cosw'ilr  —  r') 

^  Jo  Jo 

X  [  k,  (r)(K. +n^(k, (3) 
^  ki(u;^  +  n^)  +  (Ki  —  K2)  +  u?^k2  ^  ^  ki  —  k2  ^  j  u^' 


where  the  Laplace  transforms  K(s)  =  £[K(01(*)  as  follow's; 


K-*(s) 


K2(ji) 

r(s) 


-u;^  [nr  -  Difr'  +  a.'V)  q-s^r 

+  (s'* +  6^--''  + 20^)  +  O'*)  (1  -F) 


=  K,(.s)r(.s)  . 

2  2 

V  W?  +  .s2  • 


eli 

c 


W  is  a  magnetic  field.  Let  us  consider  the  inverse  Laplace  transformation  of  the 
kernel  K(s) 

K(<)  =  /  dy K'(s  =  ii()e'*'n  (f  >  0  .  (-fj 

where  the  intsgration  contour  lies  in  the  lower  half-plane.  If  the  number  of  oscillators 
of  the  bath  is  finite  then  the  integral  (4)  equals  the  sum  of  lesidues  at  the  poles  lying 
at  the  real  axis.  In  the  continual  limit  all  poles  merge  and  form  a  cut  in  the  complex 
plane  along  the  real  axis,  so  that  the  integration  contour  turns  into  the  path  around 
the  cut  from  — oo  to  oc  along  the  down  shore  and  then  fiom  oc  to  — 3C  along  the 
up  shore.  Fo'  this  reason  in  the  continual  limit  the  single  function  r(s)  gives  birth 
to  two  functions  r+  and  r_  differing  in  the  meanings  of  the  variable  y  on  the  down 
or  up  sides  of  the  cut  =  yZt.  -Accordingly  we  obtain  two  functions 

K±  =  K(r±)  Formula  (4)  takes  the  form 


T"  dye'^'  [Kx.2j\y)-Ki.,,(\y)]  .  (0) 

J~^ 

The  characti  r  of  the  approach  to  the  equilibrium  state  is  determined  completely 
b\’  the  function  r±.  If  we  suppose  that  the  spectrum  of  the  bath  oscillators  is 
very  dense  and  makes  the  continual  limit  b'"  substitution  =  / du;e(a.')  with  the 
density  function  satisfying  the  relation 

f(u;)o^(uO)  TT  — 


=  const  . 
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then  r±(ij/)  =  The  positivity  condition  of  the  Hamiltonian  (2)  puts  the  fol¬ 

lowing  limitation  on  the  constants  ~i  and  A:  <  A.  Then  only  the  K_(iy)  function 
contains  poles  lying  in  the  upper  half  plane.  By  evaluating  integral  (5)  we  obtain 
(in  dimensionless  form) 


K.(0  =  E 


[A 


a  [A  -  .Pnje 


where  ~p  =  y/i^ .  Q  =  .  A  =  \/uj ,  b  =  Q/u:  and  the  values  .  n  =  1, 

solutions  of  the  algebraic  equation 

[h^  +  -  2o  [A  -  [6^  +  (6^  +  1 )  1 

+  [vn  +  T^n  +  1  )  -t-  6'']  (A  —  =  0 


(6) 


,  6  are 


Substiituting  e.xpressions  (6)  into  the  formula  (3)  we  obtain 


M  =  - 


eh 

2c 


EE 


0„ 


''n  "t”  -^n 


f- 


2A  + 


2\.H 


Yn 


A)  {ym  +  A) 


IS) 


where  J  =  ^.  'P(j)  =  ~lnr(.r).  Expression  (S)  is  the  exact  formula  for  the 
magnetic  moment  of  the  charged  oscillator  in  the  magnetic  field  in  the  presence  of 
an  arbitrarih  strong  dissipation.  In  the  weak  coupling  case  1  it  is  possible  to 

solve  equation  (7)  in  analytic  form.  In  this  limit  we  obtain  the  following  corrections 
to  Landau  fcrmula  for  the  magnetic  moment  of  a  free  charged  particle  (b  -*  0)  in 
the  magneti<  field; 

a)  in  the  high  temperature  limit  (3  <€.  1) 


of 


where  j  l/n^. 

b)  in  the  low  temperature  limit  (d  1) 


M  =  - 


eh 

2^ 


1  +  /A(2- A^) 

A^  +  1  V2(l  +A') 


1 


TT 


1  - 
1  -f  A^ 


(9) 


1  +  A^\ 
dA^.fV 


(10) 


All  presented  calculations  of  the  magnetic  moment  are  directly  applicable  to  the 
system  obeying  Boltzmann  statistics.  But  it  is  possible  to  obtain  a  generalization 
to  Fermi  statistics  case  if  we  make  use  of  the  Burner  method  [7.  S].  .According  to 
this  method  for  the  single  particle  density  matrix  exists  integral  representation: 


_ 1 _ 

exp[^(H  -  7)J  +  1 


1  r+‘'^  ,  e^i'e-^” 

2i^  ‘  sin  f 


0  <  <T  <  ^  .  (11) 
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where  //  is  a  chemical  potential,  H  is  the  Hamiltonian  of  the  system  ^  =  1/kT. 
Using  representation  (11)  and  formula  (9)  in  the  case  of  strongly  degenerated  gas  in 
a  weak  magnetic  field  fi  ^  T  ^  ftTi ,  -C  w .  p  =  e7i/2mc  we  obtain  (after  rather 
complicated  calcidations)  the  following  expression  for  the  Fermi-gas  magnetization 
(M)f  =  (M>f  +  (M)f 


(M-)^ 

(M)f 


/< 


'  ,  3/17^3) 


1 


^(-l)"cos^sin(^-f) 
^  smh^  (^) 


n^h'i 


We  see  that  in  the  case  of  weak  interaction  between  Fermi  gas  and  thermal  bath  the 
total  paramagnetic  moment  (both  its  regular  part  and  its  amplitude  of  oscillations) 
increases.  Perhaps,  this  effect  can  be  explained  by  a  suppression  of  the  Landau 
diamagnetism  (9).  This  suppression  results  in  the  increase  of  a  total  magnetic 
moment.  Besides,  we  have  assumed  that  coupling  with  thermal  bath  does  not  affect 
to  the  spin  slate  of  a  gas. 
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Wigner  Crystallisation  in  One  Component  Coulomb  Plasmas 
Some  rigorous  Estimates 

Manfred  Requardt*' 

1 .  Introduction 


In  the  regine  of  statistical  mechanics  of  classical  particles 
interacting  via  short  range  potentials,  crystallisation  in  one 
and  two  dimensions  is  ruled  out  by  the  original  Mermin  argument. 
Matters  are,  however,  far  less  transparent  in  the  case  of  long 
range  interactions  (e.g.  Coulomb),  as  most  of  the  technical  ma¬ 
chinery  is  not  directly  applicable  in  this  context.  There  exists 
in  fact  an  old  conjecture  of  Wigner,  that  electron  systems  may 
crystallize  at  sufficiently  low  temperatures. 

Unfortunately,  calculations  for  e.g.  Coulomb  systems  turn  out 
to  be  rather  tedious  and  one  has  to  develop  a  variety  of  relatively 
ingenious  methods  in  order  to  arrive  at  really  reliable  results. 

In  the  following  we  want  to  treat,  as  a  case  in  point,  the  so 
called  one  component  Coulomb  plasma  (jellium),  i.e.  electrons 
being  immersed  in  a  positive  neutralizing  background. 

In  order  to  get  quantitative  results  (and  as  tne  mere  existence 
of  the  infinite  volume  limit  is  far  from  being  trivial,  cf.  e.g. 
/I/),  we  start  with  the  system  being  confined  to  a  finite  volume 
V  and  perform  the  limit  V  ®  in  the  end.  Furthermore  we  impose 
periodic  boundary  conditions  and  an  exterior  field  which  fixes 
the  position  of  the  crystal  (if  it  exists  at  all)  and  which  is 
switched  off  in  the  end. 

.Remark:  Uote  that  this  makes  the  Coulomb  potential  non-trivially 
dependent  on  the  volume  V  (see  below)! 

2. The  Model 


With  the  kinetic  energy  integrated  out  the  Hamiltonian  reads: 
. rjj)  =  q^  I  <ty(r^.r  )  -  qo  I/dx  iiy(r^,x)  + 

i<J  i  (1) 

1/2p^/dxdy  4i^,(x,y)  +  \Z  (r^^) 

i 

We  choose  the  canonical  ensemble,  -q  denotes  the  charge  of  the 
electron,  o  the  neutralizing  positive  background  charge  density, 
(ty  the  adjusted  (!)  Coulomb  potential. 

§)Institut  fiir  Theoretisohe  Physik  der  Universitat  Gottingen 
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In  the  following  we  want  to  treat  the  whole  class  of  possi¬ 
ble  scenarios,  both  with  respect  to  space  dimension  d  and  'type' 
of  Coulomb  potential,  i.e: 


potential : 
d  =  1 
2 
3 


ordinary  plasma 
-|x| 

"y  +ln|r| 

■y  1  / 1  r| 


surface  plasma 
■y  +ln  I  r  1 
■y  1  /  I  r  I 
etc . 


Remark:  Some  special  cases  have  been  studied  e.g.  in  /2/  to  /4/. 
On  a  broader  scale  and  improving  the  various  known  estimates  con¬ 
siderably  (presumably  optimizing  them)  the  problem  was  attacked 
by  ourselves  in  /5/. 


3.  General  Ideas  about  Breaking  of  Translation  Invariance  in 
the  Classical  Regime 

As  to  the  general  strategy  applied  by  us  cf.  e.g.  /6/  and 
further  references  given  there. (in  particular  concerning  the  sys¬ 
tematic  use  of  Poisson  brackets).  We  employ  the  following  crite¬ 
rion  of  crystallinity:  In  the  expansion  of  the  one  particle  densi¬ 
ty,  p(r)  =  I  exp( iKr ) "oCK) ,  K  the  vectors  of  the  reciprocal  lattice, 
occurs  at  least  one  K  with  d(K)  ^  0. 

The  onset  of  crystallisation  is  signalled  by  a  specific  singu¬ 
larity  structure  of  the  Fourier  transform  of  the  pair  correlation 
function  o'  '^(r,r')  resp.  descendants  thereof,  e.g.  the  so  called 
structure  factor,  S(K+k),  near  some  K,  i.e.  for  k,  taken  from  the 
first  Brillouin  zone,  to  zero. 

In  our  case  this  will  be  employed  with  the  help  of  the  following 
( Mermin-type )  inequality: 

S(K+k)  i  r(K  +  k)-e,,]^-|6(K)|^/[(k-e^)^+  D,.^(k)]  (2) 

with  e^  an  arbitrary  unit  vector,  in  the  direction  of  which  the 
overall  momentum  is  taken,  being  related  to  a  'double  commu¬ 

tator'  between  momentum  P  and  Hamiltonian  H.  The  main  task  consists 
in  fact  in  estimating  effectively  this  relatively  complicated 
quantity . 
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4.  Some  Calculaticnal  Intermediate  Steps 


In  a  first  step  one  has  to  determine  the  'effective'  Coulomb 
potential  of  a  given  configuration  of  electrons  and  compensating 
background  under  periodic  boundary  conditions.  The  strategy  is 
to  solve  the  corresponding  Poisson  equation  in  the  volume  V  under 
periodic  b.c: 


A'J(r)  =  -const . ‘q  •  6(r-r^)  -  N/V^  (3) 

i 

by  Fourier  methods.  This  leads,  in  the  end,  to  the  potential 
energy  of  the  microscopic  configuration  (ordinary  jellium,  m=2; 
surface  jellium,  m=1 ) : 


U  =  U  +  1/2*oonst.*  I  Z  q^/V* 1 k I •exp( ik( r . -r . ) ) 


(4) 


with  a  self-energy  counter  terai;  (J>y.(r) 


Z  q  may  be 


-  0  -  -----ow  - -  - -  ''  ~  ^ 

v’ewed  as  the  affective  (Coulomb)  pair  potential. 

In  a  next  step  ue  have  to  estimate  in  a  subtle  way  (as  most  of 
the  occurring  expressions  are  at  the  border  of  being  almost  ill- 
defined  due  to  the  long  range  of  the  Coulomb  interaction)  the 
intricate  behavior  of  D^^(k)  for  k-*0  as  V-*®.  It  turns  out  that 


J  I'^r  oh  ( r)  ( 1  -coskr)  ♦  (e,.  •V)^iji,,(  r) 
V  z  V 


(5) 


-  - 1  ( 2 ) 

with  Oh(r)  =  .V  -/dr'  o  (r',r'-r)  a  certain  descendant  of  the 
pair  correlation  function. 

As  h(r)  does  not  (!)  decay  at  infinity  one  has  to  split  it  into 
an  asymptotically  oscillating  and  a  decaying  part  which  will  then 
be  estimated  separately  in  Fourier  resp.  position  space.  In  doing 
this  we  use  the  theory  of  harmonic  functions,  elliptic  regularity, 
asymptotic  Fourier  analysis.  In  a  last  step  we  develop  a  (new) 
recursive  optimisation  procedure  with  a  variant  of  the  'Hermin 
inequality'  as  input. 


5.  Results  and  Conclusions 


We  briefly  describe  our  results,  the  details  of  which  can  be 
found  in  /5/. 
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i)  For  ordinary  Coulocb  plasma  crystallisation  is  incompatible 
with  a  decay  of  pair  correlation 

(d=2):  ,  E>0 


)i^^r' .r'-r)  I  < 


(d=3):  ,  £>0 


ii)  For  surface  Coulomb  plasma  the  same  holds  with 
(d=2):  |r|-(''/2+e)  ^  g>o 


(r' ,r'-r)  I  < 


(d=1):  Irl' 


Our  conclusion  is  that,  in  contrast  to  short  range  interactions, 
crystallisation  is  not  (!)  a  priori  ruled  out  for  Coulomb  systems 
in  lower  dimensions  (apart  from  the  surface  plasma  in  d=1 ,  as 
oi  has  to  decay  in  a  pure  phase  on  a  priori  grounds) ,  but  is 
accompanied  by  a  very  slow  decay  of  the  pair  correlation  function. 

This  slow  decay  may  then  be  critical  for  certain  integral  expres- 

(2) 

sions  which  contain  as  e.g.  mean  free  energy  density  etc. 

Therefore  a  fine  tuning  will  then  be  necessary  in  order  that  vari¬ 
ous  quantities  remain  well  defined  in  the  thermodynamic  limit. 
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DYNAMIC  DEPINNING  OF  2D  ELECTRON  WIGNER  CRYSTAL 
AT  A  SOLID  STATE  HETEROJUNCTION 

Yurij  A.  Kosevich 

All-Union  Surface  and  Vacuum  Research  Centre,  117334  Moscow,  USSR 

Wigner  [1]  predicted  the  phase  transition  from  a  liquid  (dis¬ 
ordered)  state  to  a  solid  (crystalline)  one  in  an  electron 
Coulomb  plasma.  Such  a  transition  was  experimentally  observed  in 
a  2D  case  -  in  a  low  density  nondegenerate  2D  electron  system  at 
a  liquid  helium  surface  [2]  and  in  a  high  density  degenerate  2D 
electron  system  at  a  high-quality  solid  state  GaAs/AlGaAs 
heterojunction  in  a  strong  magnetic  field  at  low  temperature 
[3,4],  In  both  cases  a  shear  mode  can  propagate  in  2D  electron 
system,  which  is  a  defining  property  of  a  solid  (crystalline) 
state.  In  the  absence  of  magnetic  field  the  shear  mode  in  the 
system  is  dispersionless  (  u^”^(k)  =  =  c^k  ),  but  in 

a  strong  perpendicular  magnetic  field  a  gapless  low-frequency 
magnetophonon  branch  has  a  characteristic  dispersion 

w(k)  =  (k)i<;  (k)/w  =  c(2)r(<)^^^k  ,  w  >>  a)  ,  (1) 

V  p  c  c  p 

where  it,  m  and  n^are  the  shear  modulus,  effective  mass  and 
charge  concentration  of  2D  electron  solid,  u  =  eH/mc  and  w(k)  = 
[2rre  ngk/«m]  are  the  cyclotron  and  2D  plasmon  frequencies. 

The  pinning  of  2D  electron  Wigner  crystal  in  a  random  poten¬ 
tial  of  a  solid  state  heteroj unction  breaks  translational 
periodicity  and  creates  a  restoring  force  with  respect  to  the 
host  milieu  [5].  In  such  a  way  the  pinning  has  the  effect  of 
introducing  a  gap  into  the  nominally  gapless  excitation  branches. 
The  recent  experiments  [6]  reveal  a  sharp  insulator-conductor 
threshold  at  the  same  boundary  at  which  radio- frequency  (rf) 
resonances  signal  the  onset  of  transverse  elasticity.  These 
experiments  'stablished  a  quantitative  relation  between  threshold 
conduction  field  and  rf  resonance  frequency  which  is  well 
accounted  for  by  a  model  of  pinned  2D  electron  Wigner  crystal. 
Thus  the  effect  of  pinning  on  the  magnetophcnon  frequencies  was 
established  in  the  experiments. 
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The  dynamic  equations  of  2D  Wigner  crystal  in  external 
magnetic  field  have  the  following  form,  which  in  general  case 
takes  into  account  an  effect  of  pinning  on  its  dynamics: 

m  =  eE^  +  (e/c)[v^,H]  +  f  ,  (2) 

where  and  are  the  tangential  components  of  electron 
velocity  and  electric  field  (the  Greek  indices  a,fi  =  1,2), 


f 

Oe 


(i  /<.)[C  ,  ,  V 


+  A 


,  V 


=  l/2( 


c»,/3 


are  the  elastic  forces  due  to  the  lateral  electron-electron 
interaction  (the  elastic  tensor  C  „  ,  )  and  due  to  the 
electron -substrate  interaction  (  the  tensor  A  ^  of  the  Dinning 

,  ap  ■  - 

forces  A  .  and  of  the  electron-substrate  friction  A'' 

ap  aP 

-iuG  .  ,  G  „  =  ms  ./  r,  T  is  a  characteristic  momentum-relaxation 

Cep  cip  ap 

time  of  electrons  in  2D  crystal).  The  explicit  form  of  the 
dynamic  matrix  of  2D  Wigner  crystal  was  derived  by  Bonsai i 

and  Maradudin  [7). 

For  the  plane  wave  (propagating  in  the  x  direction)  we  can 
exclude  the  elastic  and  the  relaxation  terms  from  the  dyna.mic 
equations  (2)  by  introducing  the  anisotropic  effective  electron 
mass 

™xx.yy  =  'll  {1  ■  ("o  i/(-;r)},  (3) 

where  A„„/(n„m)  =  A,„/(n^m)  is  the  square  of  the  bare  (for  H 
o  s  yy  s 

=  0,  k  =  0)  gaps  in  both  longitudinal  and  transverse  branches 

of  Wigner  crystal  oscillations  due  to  the  pinning  in  a 
solid  state  heterojunction.  The  anisotropic  effective  mass 
tensor  (3)  enters  the  tensor  of  2D  magnetoconductivity  of  the 
electron  layer  a  .  =  a  ,„(w,H);  j  s  en^v  =(?„£„  . 

If  the  2D  electron  Wigner  crystal  is  placed  between  two 
semiconductor  layers  (<j>d^  and  t^.d^  )  with  metallized  external 
surfaces  (a  solid  state  heterojunction),  then  we  have  to  satisfy 
the  boundary  conditions  (BC)  of  zero  tangential  electric  field 
at  metal  surfaces  (E^.  =  0  at  z  =  -d^  and  z  =  d^  )  and  the  BC  on 
the  jump  of  the  tangential  magnetic  field  at  the  2D  electron 
layer  due  to  the  surface  current  j^  ([H^  -H^.n]  =(4)r/c)j^  at  z 
=  0). 
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In  the  collisionless  regime  ur>>l  the  dispersion  equation 
(DE)  of  the  coupled  magneto -phonon  modes  may  be  written  in  the 
following  form: 

(n/cQ))  -  [(1  +  (n/cQ))(cPn  +  cfk  +  +  uij,  + 

c^lc^  +  +  c^k^)(cPn  c^k^  +  )  =  0,  (4) 

where 

n  =  (4irn.^e^  )/(mc),  ^  =  tk^  - 

P  =  [  ((^/q^lcthq^d^  -t-  ((2/d2)cthq2d2 '  !  ‘  ^  , 

Q  =  gj^cthq^d^  q2Cthq2d2 

In  Eq.(4)  the  parameters  cP,  cQ  and  n  are  the 
characteristic  frequencies  of  a  bounded  and  a  screened  2D 
electron  system  (with  the  finite  thicknesses  d^^  2  of 
metallized  semiconductor  cladding).  In  the  case  of  nonzero 
shear  rigidity,  when  (c^.w  )  >  0,  the  Fq  14)  describes  two 
uranches  of  the  coupled  magnetophonon  oscillations:  a  (quasi) 
longitudinal  w^(k)  and  a  (qu.asi)  transverse  a;2(k)  ones. 

In  the  case  of  a  weak  collective  Coulomb  forces,  when  n  << 
the  both  branches  have  the  gaps  (for  k  =  0)  and  their  spectra 
also  posses  the  dispersionless  domains: 

In  the  case  of  a  strong  collective  Coulomb  forces,  when  n  >> 
the  both  branches  are  gapless  and  a  transverse  one  possesses 
a  characteristic  dispersion  (for  kd»l): 

o;^^(k)  =  (u^^/«^)(cPn)^^^  a  H  .  (6) 

Thus  due  to  the  collective  Coulomb  forces  it  happens  tlie 
dynamic  depinning  of  2D  electron  Wigner  crystal  in  a  solid  state 
heterojunction:  the  gaps  in  the  coupled  magneto ■ plionon  brandies 
disappear.  It  is  worth  mention  that  the  frequencies  and  j,-, 
(5)  are  the  characteristic  frequencies  of  a  charged  oscillatcr 
in  an  external  magnetic  field.  The  screening  of  a  2.D  electron 
system  (  in  the  case  kd  <<  1  )  suppresses  in  general  case  the 
influence  of  the  collective  Coulomb  forces  on  the  coupled 
magnetophonon  oscillations. 

According  to  the  available  experimental  data  [6]  in  a 
GaAs/AlGaAs  heterojunction  one  deals  witii  a  weak  collective 
Coulomb  forces  in  so  far  as  n  ~  u  =  (lO^'^^  +  lO^*')  s'^  <  u  ~ 
10  s'  (for  H  =  5T).  In  this  case  a  coupled  magneto  -  phonon 
spectrum  has  to  present  the  finite  gaps  for  k  =  0. 
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Abstract.  VVe  discuss  the  interaction  of  two  Klein-Gordon  or  two  Dirac  parti¬ 
cles,  not  as  a  problem  of  QCD,  but  of  relativistic  quantum  mechanics.  To  keep 
the  problem  invariant  under  the  I’oiiicare  group  we  restrict  the  interaction  to 
the  space  time  point  of  coincidence  of  the  two  particles,  and  assume  that  there 
a  single  compound  particle  is  formed.  From  considerations  of  conservation  of 
probability  we  derive  the  boundary  condition  which  connects  the  two  particle 
wave  function,  at  the  point  where  the  two  particles  coincide,  with  the  compound 
particle.  In  this  way  we  derive  cross-sections  of  scattering  that  can  be  associated 
with  the  one-level  Breit-Wigner  formula. 


1.  Introduction 

The  history  behind  this  paper  may  be  more  interesting  than  the  paper  itself, 
particularly  in  a  Conference  that  bettrs  the  name  of  Wigner.  Thus  I  will  take  a 
few  lines  to  toll  it. 

In  194G-1949  I  was  a  graduate  student  in  Princeton  and  my  advisor  was  Eugene 
P.  Wigner.  In  our  weekly  discussions  Wigner  used  to  touch  on  many  subjects  as  his 
versatility  is  known  to  many  of  you. 

One  subject  to  whicli  he  returned  many  times  was  the  one  of  interactions 
between  particles,  two  of  them  to  begin  with,  that  was  relativistically  invariant. 
Wigner  was  of  course  familiar  with  the  quantum  electrodynamics  of  his  time  and 
I  assume  that  later  he  also  learned  of  at  least  the  group  theoretical  background  of 
quantum  chromodynrunics.  Yet  it  was  clear  that  he  wanted  a  simpler  representation 
of  the  interaction  of  particles. 

When  he  mentioned  his  idc.a  of  interaction  only  at  a  space-time  point  of  coinci¬ 
dence  of  two  particles,  it  brought  to  me  a  responsive  chord.  As  air  undergraduate  I 
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got  interested  in  vibrating  systems  of  different  dimensions,  like  the  vibrating  string 
(one  dimension)  with  a  point  mass  (0  dimension)  or  as  the  drum,  where  the  air  in 
the  cylinder  is  three  dimensional  while  the  membrane  at  the  end  is  two  dimensional. 

I  thus  thought  that  here  I  had  to  deal  with  the  eight  dimensional  space  time 
of  two  particles,  while  the  interaction  took  place  only  in  the  four  dimensional 
subspace-time  where  the  particles  coincide. 

How  to  take  into  account  this  interaction?  First  of  course  pass  to  the  center 
of  mass  and  relative  space-time  coordinates.  The  former  give  rise  to  a  plane  wave 
and,  in  the  center  of  mass  frame,  to  just  an  irrelevant  phase  factor.  The  later  then 
represent  free  relative  motion  so  long  as  the  relative  coordinate  does  not  vanish, 
but  at  the  point  of  coincidence  of  the  two  particles  one  must  impose  a  boundary 
condition. 

I  developed  the  appropriate  relativistic  formalism  and  the  paper  was  accepted 
as  a  Ph.D.  thesis.  Unfortunately,  the  interaction  I  managed  to  introduce  in  all  cases: 
Two  Klein-Gordon,  one  Klein-Gordon  and  one  Dirac,  or  two  Dirac  particles,  did  not 
actually  include  the  resonance  term  that  is  so  relevant  for  the  Breit-Wigner  formula, 
already  known  from  the  1936  paper*\  and  applied  to  non-relativistic  interactions 
of  neutrons  with  nuclei. 

Due  to  tills  defect  a  paper  on  my  Ph.D.  thesis  was  never  pubhshed.  On  my 
return  to  Mexico  I  realized  though  how  a  resonance  effect  could  be  introduced  in  a 
non-relativistic  version  of  my  formalism,  and  developed  what,  in  Mexico,  is  known 
as  the  schematic  theory  of  nuclear  reactions. 

At  that  time  I  was  already  engaged  in  other  problems  and  did  not  have  the 
interest  to  extend  the  idc£is  mentioned  in  the  previous  paragraph  to  the  relativistic 
problem. 

It  was  not  until  the  second  half  of  last  year  when  giving  a  course  on  “Relativistic 
rpiantum  mechanics  from  a  different  point  view”  that  I  reread  my  Ph.D.  thesis  and 
with  a  student,  Guadalupe  Lopez  Laurrabaejuio,  achieved  what  would  actually  could 
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have  been  my  objective  in  1949,  a  Relativistic  Generalization  of  the  Breit-Wigner 
formula. 

This  will  be  the  subject  of  my  paper  and  I  will  only  give  you  the  simplest 
exajnples,  starting  with  the  non-relativistic  case  and  then  the  case  of  two  Kiein- 
Gordon  particles.  For  the  more  interesting  situation  of  two  Dirac  particles  I  will 
only  present  results  for  the  R  matrix  and  the  scattering  cross  section. 

2.  A  non  relativistic  point  interaction  model  for  deriving  the  one  level 
Breit-Wigner  formula 

We  want  in  this  section  to  discuss  a  non-relativistic  model  in  which  two  particles 
of  masses  mi,  m2  interact  at  the  point  of  coincidence  forming  a  compound  particle 
of  mass  A/.  This  model,  introduced  long  ago,^^  will  be  generalized  in  the  next 
section  to  discuss  the  interaction  of  two  relativistic  Klein- Gordon  particles  at  their 
point  of  coincidence,  ag2iin  forming  a  compound  particle. 

Our  first  step  will  be  to  consider,  in  the  fr^lme  of  reference  where  the  center  of 
meiss  is  at  rest,  a  state  having  two  components 


where  the  first  one  t/>(r,<)  represents  the  two  particles  with  r  being  the  relative 
coordinate,  while  the  second  one  ^(<)  will  correspond  to  the  compound  particle. 
Note  that  in  the  frame  of  reference  we  chose,  neither  component  depends  on  the 
center  of  mass  coordinate. 


The  equation  satisfied  by  is 

=  r/0  (2.2) 

where  we  took  units  in  which  h,c  and  some  given  mass,  say  of  the  electron,  are 
given  by  1.  The  /r  appearing  in  (2.2)  is  the  reduced  mass 

fi  —  mim2(mi  -I-  m2)~' 


(2.3) 
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How  can  we  get  the  interaction  between  rp(r,t)  at  r  =  0  and  4>{t).  We  shall  use 
for  this  purpose  the  argument  of  conservation  of  probability  for  our  full  state  ^  of 
(2.1).  Considering  t'.vo  different  states  their  scalar  product  can  be  defined  by 

(^ ,  +  ^\t)m  (2.4) 


The  derivative  of  (^','1')  with  respect  to  time  should  be  0  and  thus  we  get  the 

1  _ 
i  dt 


2n  f  dT\i>\ 
H  \  dr  ) 


(rV>)o 


where  we  restricted  ourselves  to  s-waves,  used  the  time  dependent  Schrodingcr 
equation  (2.2)  and  Gauss  theorem  on  a  sphere  surrounding  r  =  0 


As  we  are  interested  in  states  of  definite  energy  we  can  write 

^  =  f{r)exp{-iEkt),  rl>  =  f{r)exp{-iEkt)  (2.6a,  6) 

4>  =  (pexp{—iEkt),  ^  =  <fiexp{—iEkt)  (2.6c, d) 


where  E  carries  the  index  k  to  indicate  that  it  is  only  the  kinetic  energy.  The 
equation  (2.5)  becomes  then 


where 


xjarj  —  ijxi  +  —  x\x?.  =  0 


X3  =  (r/(r)]o,i4  =  -Ek<P 


The  bilinear  form  (2.7)  can  be  satisfied  by  the  linear  equations^) 
2:3  =  ClI*I  +  C12I27  X4  —  C21X1  +  €22^2 


(2.7) 

(2.8a,  6) 
(2.Sc,d) 


(2.9a,  6) 


where  c  =  lic,j  l|  is  a  constant  2x2  hermitian  matrix. 
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The  stationary  problem  satisfies  then  the  equation 

-(2p)->VV  =  Etf,  r  ^  0  (2.10) 

together  with  the  boundary  conditions  at  r  =  0  given  by 

(r/)o  =  cn{2n/fi){drf/dr)o  +  Cnip  (2.11a) 

-Ek^p  =  C2i{2v/p.){drf/dr)o  +  C22P  (2.116) 


If  there  is  only  coupling  through  the  formation  of  a  compound  particle  cn  =  0. 
If  besides  also  cj2  =  0,  then  from  (2.11b)  C22  should  be  the  negative  of  the  energy 
associated  with  the  mass  of  the  compound  particle  at  rest  from  which  we  subtract 
the  mcisses  of  the  two  initial  particles.  Denoting  this  energy  by  Eq  we  have 

C22  = -£o  = -[Af  -  (mj  +  m2)j.  (2.12) 


Eliminating  between  equations  (2.11a)  and  (2.11b)  we  get 

(r/)o  =  R{E,){drf/dr)o,  R{Et)  =  {2n\cu?  I  p){E^  -  Ekf^  (2.13a.  6) 

that  gives  the  explicit  veJue  of  what  is  called  the  R  matrix^*  (in  this  case  just  1x1) 
of  the  problem. 


As  we  are  dealing  only  with  an  s-wave,  the  radial  function  /(r)  multiplied  by 
r  is  given  by 


r/(r)  =  e-*’'  -  5(jt)e’*^ 


(2.14) 


where  S{k)  is  the  S  matrix^)  (also  1  x  1  in  this  case)  of  the  problem  wliich  from 
(2.13a)  teikcs  the  value 


S{k)  = 


1  +  xkRjEk) 

1  -  ikR{Ek) 


(2.15) 
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As  the  cross  section  a  is  given  for  s-waves  in  terms  of  the  S{k)  by 

then  we  see  that  it  talces  the  Vcilue 

(Eo  -  EtY  + 

where  Fq  is  the  reduced  width  defined  by 

To  =  (2;r|ci2|V/^)  (2-18) 

and  the  kinetic  is  related  with  the  wave  number  k  by  the  usual  non-relativistic 
expression 

Et  =  (^V2/i)  (2.19) 


(2.16) 

(2.17) 


We  derived  then  the  standard  one  level  Breit-Wigner  formula,^)  by  considering 
only  interactions  at  the  point  of  coincidence  of  the  two  initial  particles,  expressed 
by  boundary  conditions  derived  from  arguments  of  conservation  of  probability.  We 
shall  now  extend  this  type  analysis  to  relativistic  interactions. 


3.  Breit-Wigner  formula  for  the  scattering  of  two  Klein-Gordon  particles 


Again  we  start  with  a  wave  function  with  two  components,  one  for  the  two 
initial  particles  of  masses  mi, m2  and  one  for  the  compound  particle  of  mass  M,  but 
now  the  former  depends  explicitly  on  the  space  time  coordinates  of  the  two  particles 
Xi,X2,n  =  0, 1, 2, 3,  while  the  latter  is  a  function  of  one  space  time  coordinate  A''', 
which  we  will  later  identify  with  the  center  of  mass  coordinates  of  the  two  initial 
particles. 


Our  state  can  then  be  written  as 


^  = 


/i  =  0,l,2,3. 


(3.1) 
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So  long  as  ^  X2  the  tj^lx^x^)  satisfies  the  equations 


^  dx^dx^ 


-  m\il)  =  0,  5** 


d^ip 


dx2dx2 


-  -  77120  =  0. 


(3.2a,  b) 


On  the  other  hand  in  the  absence  of  interaction  with  the  compound  particle  </> 
satisfies 


where  in  this  paper  we  use  the  metric 

5'“'  =  0  if  =  =  =  l 


(3.3) 


(3.4) 


a)  Relative  and  center  of  mass  space-time  coordinates 


We  first  note  that  the  total  four  momentum 

P/i  =P/<1  +P/*2. 


(3.5) 


is  an  integral  of  motion  even  in  the  presence  of  an  interaction.  This  will  hold  also 
for  the  scalar  product  of  with  itself  i.  e. 


=  P^P**  =  -u;2 


which  we  denote  as  — as  from  the  metric  (3.4)  P^  is  negative 
Now  following  Crater  and  van  Alstine'*^  we  define  first  £j ,  £2  by 


£■1  = 


XU  -i-  m\  —  m2 
2xu 


m?  —  i77i 

,£2  ~ - - >^l  +  £2  =  UI. 

2xu 


so  the  relativistic  relative  and  center  of  mass  coordinates  become 

r**  -  T** 


=  X'‘ =  w  ^{£}x1  +  £2X2)- 


(3.6) 


(3.7a,  6,  c) 


(3.8a,  6) 
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Because  momenta  are  related  to  the  derivative  of  the  coordinates  i.  e.  =  —id/dx^ 
we  see  from  (3.8)  that 

Pm  =  (e2/n')PMi  -  =  p^i  +  p^,2-  (3.9a,  b) 


In  terms  of  x^,X'‘  the  equations  (3.2)  for  rp  will  be 

dip 


2i  9'“'P. 


=  0 


(3.10a) 


Si?" 


d^ip 


dx‘^dx'' 

where  P^  caxi  be  interpreted  as  the  operator  (  —  id/dX^)  or  cis  a  number  as  the 
dependence  of  ip  on  A'’'*  is  exp(2  P^X^)  even  in  presence  of  interactions. 


If  we  pass  now  to  the  frame  where  the  center  of  mass  is  at  rest  t.e.  Pj  =  0,  i  = 
1,2,3,  then  ~  (Pq)  cind  the  two  equations  (3.10)  becomes 

-2iPo{diPldx'^)  =  0  (3.11a) 

2V2v.  +  [(1/2)(Po)2  +  {2Pi)~\m]  -  m])^  -  (m\  +  m|)]r/.  =  0  (3.11b) 

where  in  the  second  we  dready  made  use  of  the  fact  that  {dip(dx°)  =  0  that  follows 
from  the  first. 


As  —  is  the  square  ordinary  relative  momentum,  whose  value  we  may  denote 
by  k^,  and  Pq  is  the  total  energy  which  we  may  call  E,  we  get  from  (3.11b)  the 
following  relation  between  the  two 


=  (£2/4)  +  (m]  -  m2)2(4f;2)-i  _  (l/2)(m2  +  ml) 


(£2  _m2)(£2  -  mi) 
4£2 

(3.12) 


where 


TTij.  =  mi  i  m2 


(3.13) 
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If  we  invert  (3.12)  to  get  E  in  terms  of  k,  we  obtain  for  the  positive  value  of  E 
the  expected  relation 

£1  =  (^1:2  +  m|  +  +  m|)  (3.14) 


b)  Currents  associated  with  the  one  and  two  particle  systems 

As  in  the  non-relativistic  case^^  we  want  to  con'  Icr  two  states  4',4'.  The 
compound  particle  part  of  these  states  is  represented  by  the  second  component  i.e 
(f>,  with  which  we  can  associate  the  current 


,  .  1  (j.  0<t>  \ 

2iMv  ax^  axt^^j 

~  ^  iaxi^  ~  a^). 


where  on  the  right  hand  side  we  wrote  it  as  an  operator  between  the  states  (f>*,(j>, 
with  arrows  indicating  when  it  acts  on  the  right  and  when  on  the  left. 

For  a  single  non  interacting  particle  where  4>,  ^  satisfy  the  Klein-Gordon  equa¬ 
tion  (3.3),  the  current  (3.15)  satisfies  the  continuity  equation 


The  factor  {2iM)  ^  is  introduced  in  (3.15)  to  have  the  same  form  for  the  spatial 
part  j,  as  in  the  non-relativistic  case. 

Clearly  for  two  Klein-Gordon  particles  j'‘  must  be  replaced  by  a  tensor  T'“' 
with  two  indices  given  by 

which  from  (3.2)  satisfies  the  corresponding  continuity  equations 


(3.18a,  6) 
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c)  Scalar  product 


With  the  help  of  the  vector  aiid  tensor  currents  discussed  above  we  can  define 
the  scalar  product  of  the  two  component  states  'i',  ^ 

($,«<)  =  j  jT°°d\id\2  +  j  j°d^X  (3.19) 

which  is  a  concept  invariant  under  the  Lorentz  group  as  discussed  in  another 
publication^!. 

Is  possible  to  express  the  scalar  product  (3.19)  purely  in  terms  of  the  relative 
and  center  of  mass  coordinates  as  from  (3.8)  we  see  that 

xj*  =X'‘  +  (e,i''/te),x^  =  .Y''  -(£ix'‘/te)  (3.20a,  6) 

where  we  note  that  Jacobian  of  (xi,  X2)  with  respect  to  (x,  X)  is  1  so  that  d^x\d^X2  = 
d^xd^X. 

For  the  derivatives  we  have  from  (3.9)  the  relations 

d  d  c\  d  d  d  £2  d 

dxi  dx!^  wdXi^'  dx2  dx>‘  w  dX'‘  (3.21a, 6) 

where  we  m  st  be  careful  to  note  that  they  can  be  applied  to  t/)(x5‘,i2)  as  they 
appear  in  (3.21)  but  when  applied  to  ^(xj,X2)  the  £\,£2  must  be  replaced  by  £1,62 
i.e.  u)  by  w  in  v.hich  the  first  is  associated  with  total  energy  E  and  the  second  with 
E. 

d)  Basic  argument 


If  we  choose  the  fr2ime  of  reference  where  the  center  of  mass  is  at  rest,  the 
conservation  of  probability  argument  for  the  states  cem  then  be  expressed  as^! 

^[1  jl^d^xdKx  +  /yVx]  =  0,  (3.22) 
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where  now  as  P.-  =  P,  =  0  we  can  write  the  two  body  wave  functions  i/.,  ^  as 

=  /(r)exp(-i£X“)>  =  /(r)exp(-iPX°)  (3.23a,  6) 

while  tlie  compound  particle  <j>,  ^  take  the  form 

<j>  =  ipexp(-iEX°),  ^  =  (^exp(-i£:X“)  (3.24a,  h) 

with  (p  depending  only  on  the  energies  E,  E. 


The  equation  (3.22)  by  an  analysis  entirely  similar  to  the  one  leading  to  (2.5) 
in  the  non-relativistic  case,  can  be  written  as 

d 

{2^/  W)  +  '^*(-Pvj)-y.(-P(,5)*j|  =  0  (3.25) 


j (^,  ^)  =  exp[-i{E  -  E)X°]  J  d?X 


where  we  already  replaced  idldX^  by  P  as  follows  from  (3.23),  (3.24). 

As  only  the  curly  bracket  in  (3.25)  can  vanish  we  get,  again  using  Gauss  theorem 
on  a  sphere  surrounding  r  =  0,  the  equation 


27r 


■¥<f>'{-Eip)-{-E^)*p,  =  Q  (3  20) 

which  differs  from  the  non-relativistic  case^’^)  only  in  that  the  reduced  mass  p  = 
-t-  m2)~^  is  replaced  hy  jl  =  mim2  M~^. 


e)  Linear  relations 


The  linear  relations  which  guarantee  that  the  bilinear  form  (3.26)  vanishes 
identically  are  then  given  by^’^^ 


{rf)o  =  cj2¥> 

(dr  j\ 


(3.27a) 

(3.276) 
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where  C12  =  cJi  is  the  coupling  constant  relating  the  two  particle  system  j/'(r^,r2) 
when  =  X2  with  4(X^)  both  in  the  frame  where  the  center  of  mass  is  at  rest. 

Eliminating  between  the  equations  (3.27a)  and  (3.27b)  we  get  a  relation 
between  (r/)o  and  its  derivative  (5r//9r)o  given  by 

(r/)o  =  R(E)ldrf/dr]o  (3.28) 

where  the  R  matrix  (in  this  case  only  1  x  1)  is  given  by 

R(E)  =  (2irlci2p/A)(M  -  E)-^  (3.29; 


As  only  s-waves  are  involved  in  this  analysis,  because  of  the  interaction  takes 
place  only  at  the  point  of  coincidence  of  the  two  particles,  the  total  scattering  cross 
section  is  given  by^^ 


_ 

"  (M  -  £1)2  +  rlk2 


(3.30) 


with  the  reduced  width  Fj  related  tc  the  coupling  constant  |ci2p  by 


Fo  =  (27r(ci2(VM). 


(3.31) 


The  expression  (3.30)  for  the  cross  section  is  then  entirely  equivalent  to  the 
non-relativistic  one^)  with  the  basic  change  that  the  relation  between  energy  and 
momentum  is  not  given  by  Et  =  {k^ I2p,)  but  by  the  relation  (3.12)  i.e. 


,7  {E^  -  m\){E^  -  ■m}_) 

P  =  1 - ±— - - ,m±  =  mi  ±  m2 

4£2 


(3.32) 


The  boundary  conditions  (3.27),  expressed  only  in  terms  of  r/  can  be  given 
a  dynamical  form  if  E  is  replaced  by  idjdX^-  By  using  the  transversal  relative 
coordinates  defined  by 

i"  =  x"  -  {PrP^)-\x‘'P,)P>‘  (3.33) 
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as  well  as  the  Poincare  invariant  expression 

2  -u  - 
p  = 


(3.34) 


we  then  get  that  the  problem  leading  to  the  relativistic  Breit-Wigner  formula  (3.30) 
is  described  by  the  two  equations  (3.2a,b)  satisfied  by  ^’(^1*1^2)  "'hen  ^ 
together  with  the  boundary  condition 


M{pi>)  -  ii-P^P‘')-^/^pi‘{dptP/dX‘‘) 


p=0 


To{dpjp/dp)p=o 


(3.35) 


Thus  the  Dreit-Wigner  formula  (3.30)  is  a  consequence  of  a  fully  relativistic- 
analysis  for  two  Klcin-Gordon  particles. 


4.  Breit-Wigner  formula  for  the  scattering  of  two  Dirac  particles 


The  analysis  is  entirely  parallel  to  the  one  of  the  previous  section,  with  the 
wave  function  given  by  (3.1)  but  now  with  satisfying  two  free  particle 

Dirac  equations  when  ^  x^.  We  assume  that  the  compound  particle  is  a  scalar 
one  satisfying,  in  the  absence  of  interaction,  the  Klein-Gordon  equation  (3.3) 


As  shown  in  reference  5,  a  conservation  of  probability  argument  leads  to  a 
bilinear  form  equal  to  0.  though,  different  in  form  from  (3.26).  The  corresponding 
linear  relations  that  satisfy  it  now  give  an  R  matrix  of  the  form^^ 


«(£;)  = 


4Mr  E 

{M'^  -  -  ml) 


(4.1) 


where  the  reduced  width  T  is  related  with  the  coupling  constant  C12  by 


r  =  47r|ci2|^ 


(4.2) 


The  differential  cross  section  da  for  scattering  is  now  given  by  ' 

•  2cc  IQM-T^E^dQ. 

da  -  (l/2)sm  (5i  -  _  £.2)2(£.2  ..  ^  mPr^EH-^ 


(4.3) 
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where  ilQ  is  the  difFerential  of  solid  angle,  and  61,62  angles  that  the  spins  of 

the  two  Dirac  jiarticles  form  with  the  direction  of  propagation. 

Thus  We  have  in  (4.3)  a  generalized  form  of  the  Breit-Wignor  scattering  cross 
section  for  a  single  level  for  a  system  of  two  Dirac  particles  forming  a  scalar  Klein- 
Gordon  one  at  the  point  of  coincidence. 

If  we  assume,  for  example,  that  E  is  of  the  order  of  M  and  A/  >>  mj  or  mj. 

tlien 

(E-  -  mi)  ~  E'\  {E  +  M)  ~  2M.  k~  ~  E~/A  (4.41 

and  tlie  cro.s.s  .section  takc.s  the  form 

da  -  isin^(6,  -  (4.5) 

clo.se  to  the  standard  Bndt-Wigner  formula. 


5.  Conclusions 


W’c  liavt'  de\'eloped  a  ndativistic  form.alism  for  the  inli'raction.  at  their  point  of 
coincidence,  of  *w<>  Klein-Gordon  or  two  Dirac  particles.  These  interactions  implied 
the  formation  of  a  single  compound  particle  of  the  Klein-Gordon  type. 

In  tliis  way  we  obtained  a  single-level  Dreit-Wigner  type  of  cros.s  .section  for 
the  two  problems  nn’iitioned,  in  which  the  only  jiartiineter.s  are  the  ina.ss  .\!  ol 
the  comiioujul  p.article  .-md  tlic  reduced  with  T,  where  the  latter  is  related  to  the 
.strength  of  flie  coupling  lietween  (lie  two  particle  co.-nponent  f(.r'j‘,  jA'  )  at  r'/  --  .r'!. 
and  the  .single  compound  particle  o(,Y'‘). 

In  th<'  an;tlys]s  preseiiti-d  here,  as  wi-ll  as  in  reference  5,  the  rel;>llve  orbital 
aiigniar  monientum  of  the  two  jiartich-s  is  taken  as  0  implying  that  'lie  compound 
parti.  !(•  ha.s  total  aiignlar  momentum  0  i.r.  is  a  sealar  one. 
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It  is  possible  though  to  generalize  our  reasoning  to  arbitrary  relative  orbital 
angular  momentvim  of  the  two  particles  and  thus,  for  example,  consider  *hc  interne 
tion  of  an  electron  with  a  neutrino  with  mass,  in  whicli  they  form  a  W~  compound 
particle  which  has  total  angular  momentum  1  and  parity  In  that  case  in  our 
formula  (4.3)  M,T  could  be  determined  from  the  experimental  measurement  of  the 
energy  and  width  associated  with  the  W~  particle  which  are  respectively  80  and 
2.5  GeV. 

A  more  interesting  example  is  the  scattering  of  electrons  by  positron  at  very 
high  energies  where  we  can  disregard  the  effects  of  the  Coulomb  interaction.  In  that 
case  M,  r  will  be  determined  by  the  energy  and  width  of  particle.  We  plan  to 
discuss  tliis  problem  in  a  future  paper. 

Finally  we  note  that  om  analysis  is  restricted  to  scattering  with  a  single 
resonant  level.  We  can  though  introduce  many  levels  by  taking  several  functions 
(f>  in  (3.1)  instead  of  one.  To  have  many  channels  we  take  several  functions  rp 
in  (3.1).  Doth  of  these  generalizations  were  already  considered  in  reference  2  for 
the  non-rclativistic  case  and  there  is  no  essential  change  in  the  relativistic  analysis 
presented  in  this  paper,  whe"  ve  co a  dder  several  <i>  or  i>,  or  both. 
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ON  THE  SYMMETRY  OF  LATTICE  FERMIONS 

H.Joos,  Deutsches  Elektronen-Synchrotron  DESY,  Hamburg. 


The  Dirac-Kahler  equation  [l]  (DKE):  (d  —  8  +  m)$  =  0  is  a  generalization  of  the 
Dirac  equation  which  allows  a  straightforward  lattice  approximation  leading  to  a 
geometric  interpretation  of  staggered  lattice  fermions  x(®)  [2].  We  embed  in  R*  a 
cubical  lattice  with  lattice  points  y.  lattice  vectors  e^,  h-dim.  lattice  cubes  [y,i?j 
spanned  at  y  by  (  c  H.  DeRham  mapping  if )  =  ^  -  2/+|cif, 

e/f  =  leads  to  the  DKE  on  the  lattice;  (A  —  V  +  m)#  =  0.  A,  V 

the  boundary  and  coboundary  opertors  acting  on  cocliains  #  =  Sy.H  . 

By  DeRham  mapping  the  DK-action  gets  transformed  into  the  action  of  staggered 
fermions;  S,  =  i(4,(d  ~  8  +  m)$)o  =>  S,(x,x;). 

It  is  the  aim  of  this  talk  to  report  on  the  group  theoretical  treatment  of  the 
symmetry  problems  posed  by  this  scheme  [3j.  This  includes;  (1)  the  description  of 
the  symmetry  group  Q  of  the  DKE;  (2)  the  determination  of  the  symmetry  group 
Ol  of  the  lattice  action  which  is  determined  as  a  sub-group  of  Q  by  the  geometry  of 
DeRham  mapping;  (3)  the  classification  of  the  irreducible  unitary  representations 
(’’irreps”)  of  Q  and  Qr,',  (4)  the  decomposition  of  the  irreps  of  Q  into  the  irreps  of 
Gi-  We  mention  some  applications  at  the  end. 

1.  For  the  understanding  of  the  meaning  of  the  DKE  it  is  essential  to  know 
that  the  DKE  is  equivalent  to  four  simultaneous  Dirac  equations.  It  follows  that 
its  symmetry  group  G  is  generated  by  the  transformations  of  the  Dirac  components 
under  the  4-dim.  Euclidean  group  SS  and  by  the  Sf7(4)  ’’flavour”  transformations 
of  the  four  degenerate  Dirac  fields.  In  addition  there  is  a  global  [/(ll-phase  trans¬ 
formation.  For  mass  m  =  0,  the  S(/(4)  x  17(1)  gets  enlarged  to  U(4)  x  U(4}  by 
chiral  transformations. 

The  extension  of  the  calculus  of  differential  forms  by  a  Clifford  product; 
dx^  V  dx^  -  -f  dx^  A  dx'' ,  (generallyidx*^  V  dx^  ~  pKldx^^^ ^  pKC  =  ±1) 
allows  the  derivation  of  these  facts.  The  transformations  of  the  flavour  symmetry 
group  are  generated  by  Clifford  right  multiplication  with  constant  forms;  'tVc(u). 
The  spinor  rotations  of  the  Dirac  components  t(^^(.r))  —  <f>{x,  can  be 

expressed  as  operations  on  the  forms;  8,,^^  -  (x,.9i/  -  +■  V 

=  dx,,  A  dx^.  The  Cartesian  components  transform  as  0(41-  tensors  like; 

-  (Xy9,,  x„9y  )4>  -t-  |(5yy  V  $  ~  $  V  5y^).  These  ‘geometric’  rotations  differ 
from  spinor  rotations  by  flavour  transformations.  A  general  element  of  (7;  (/, a,s) 
is  composed  by  a  flavour  transformation  (/),  a  translation  [a],  and  a  spinorial  rota¬ 
tion  (.s).  Alternatively  it  may  be  composed  by  a  geometric  rotation  J2(s),  another 
flavour  transformation  j/]  and  a  translation  (o]:  [/,  a,  i?(s)].  With  these  notions 
and  concepts  we  can  describe  the  structure  of  the  symmetry  group  of  the  DKE: 
PROPOSITION  1.  The  symmetry  group  G  =  {(/,a,s)}  =  {[/, a, JZ(s)]}  ~ 
S£  X  U(4)jZ2  is  defined  by  (f,a,s)  o  (/',a',s')  =  (f  f  \  R(s)a'  a,s,s'),  or 
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[f,a,R{s)]  o \f\a',R{s')]  =  [fsf's'\Ris)a'+a,Ris)R(s')]. 

The  relation  between  the  two  notations  is  given  by  p  =  (/)  o  (s,  a,  s)  =  (fs,a,s)  = 
[/,  a,  i?(s)i.  The  second  form  of  the  group  multiplication  is  essential  for  the  under¬ 
standing  of  the  lattice  symmetry  group. 

2.  DeRham  mapping  defines  the  symmetry  group  Ql  of  the  lattice  DKE  as 

’’lattice  restriction”  of  the  continuous  symmetry  group  G  [4].  This  is  obvious 
for  the  translation  group:  T  D  T/,  =  {a  |  a  =  b(n'),n'  E  Z}  =  {[a]}-  The 
geometric  rotation  group  must  be  restricted  to  the  symmetry  group  W4  of  the 
4-dim.  cube.  A  similar  geometric  approach  to  the  lattice  restriction  of  the  flavour 
transformations  makes  use  of  a  definition  of  a  V-  product  on  the  lattice:  = 

e#  V  f  =  ±1.  The  lattice  flavour  transformations  ed^  £  J'T l  generate 

translations:  =  [  — e/r].  The  factor  group  Ti^  =  TT i/Ti  ~  Ki  is  isomorphic 

to  the  multiplicative  group  K.^  of  the  Dirac  matrices  {±7^}.  However  TT i  is  not 
a  semi-direct  product  Tl  but  a  non-symmorphous  extension  of  the  lattice 

translation  group.  We  may  summarize  these  facts  on  the  group  Qi  in  the  following 
PROPOSITION  2.  The  lattice  restriction  of  G  is 

Gl  —  ,  —  jCat  +  a,  R]  I  a  €  Ti,  R  €  W4}  with  the  composition  law 

(ed'",-ieK-fa.i^]o[e'd^-^et+a^R'l  =  [pd’^^^°\-^-[eK  +  ReL)  +  Ra +a,RR']. 

p  =  [(.t'p{R  R  o  L)pk,RoL  =  ±1.  It  is  a  symmetry  group  of  the  free  DKE  if  it 
acts  on  staggered  fermion  fields  according  to:([o]x)(i')  =  x(®  —  ([-Rlx)!®)  = 

p{R,H(x))x{R~'^x),R  6  W'’4,  (ed*'x)(*)  =  ePH(i),KX(i  +  I^k)-  The  sign  p(R,H) 
is  the  same  as  in  the  transformation  of  the  basis  differentials  of  the  continuum: 
Rdx^  =  piR,H)dx^''’^'^. 

3.  The  problem  of  the  classification  of  the  irreps  of  a  group  with  a  normal 
subgroup  is  greatly  simplified  by  the  induction  procedrire.  This  was  illustrated  for 
semi-direct  products  with  abelian  normal  subgroup  by  E.P.Wigner  [5j  in  a  classical 
paper  on  the  Poincare  group.  The  structure  of  the  group  Gl  is  somewhat  more 
complicated.  Therefore  the  construction  of  the  irreps  of  Gl  must  be  gviided  by  a 
more  general  procedure  which  is  due  to  G.W.  Mackey  [6]. 

MACKEY’S  MAIN  THEOREM  states:  All  irreducible  unitary  representations  of 
a  group  G  with  normal  subgroup  N  are  characterized  by  the  G-orbits  0'  in  N, 
and  the  irreducible  projective  representations  of  the  related  little  groups  of  second 
kind  5,-’*/^  =  Sf  B  s  0(3)  with  multiplier  of  a  certain  equivalence  class.  The 
little  group  of  first  kind  5,-’*  is  the  stability  group  of  0'. 

The  iterated  applic.ation  of  the  Wigner-Mackey  procedure  leads  to  a  complete 
classification  of  the  irreps  of  Gl  [V].(See  also  [8],j9)).  In  a  fir.st  step  we  consider  the 
translation  gro\ip  Ti  as  a  normal  subgroup  of  Gl-  The  1-dim.  irreps  of  Tl  :  [aj 
e''”  are  labelled  by  ‘momenta’  p  varying  in  the  Brillouin  zone:  7  The 

star  Stj  is  the  orbit  of  the  rotations  R  £  W4  applied  to  the  momenta,  p  —>  Rp,  i.c. 
Stj  =  {Rpj\R  6  W4}.  There  are  17  qualitatively  different  ’’momentum  stars”Sfy 
characterized  by  reference  momenta  pj.  In  the  applications  the  irreps  with  a 
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’’momentum  at  rest”pj  =  (0,0, 0,p)  are  used  mostly.  5^''  is  generated  by  the 
translations,  flavour  transformations,  and  the  rotations  of  Sj  =  {i?|/?pj  =  Pj}. 
The  little  group  of  the  second  kind  ~  Sj^^/Ti  is  generated  by  Sj  and  the 
elements  of  IC^  .  It  is  not  a  subgroup  of  Qi,.  The  Stj  and  the  irreps  of  Sj  ' 
determine  the  irreps  of 

/2\ 

In  order  to  determine  the  irreps  of  Sj  '  we  apply  the  Wigner-Mackey  construc¬ 
tion  a  second  time.  The  group  contains  IC4  as  a  normal  subgroup.  Therefore 
we  consider  first  the  irreps  of  IC4.  These  are  the  4-dim.  representation  by  Dirac 
matrices  (‘L  =  O’),  and  the  16  one  dimensional  representations  -*  £7^,  ed^-  — » 
=  r^(€d^).  The  transformations  of  the  irreps  of  IC4  under  the  rotations  of 
Sj  are;  T^(R~^{ed^  )R)  ~  pttoi  p _q^  jpjg  js  equivalence  transformation  for 
all  R;  iZo  (L  =  0)  =  (L  =  0).  The  set  of  1-dimensional  representations  decomposes 
under  the  rotations  of  Sj  in  ‘flavour  orbits’  Qj,F-  is  a  semidirect  product  of 
Sj^F  with  IC4  as  normal  subgroup;  Sj^p  ~  {iZ|J?XF  =  Lf',R  G5,}C  Sj,  Lf  refer¬ 
ence  point  of  di  F-  ,  and  Sj  p//C4  ~  Sjp-  We  call  S^^f  the  ’’reduced  spin  group”, 
the  character  of  its  irreps  ’’reduced  spin”.  The  result  is 

PROPOSITION  3.  The  irreducible,  unitary  representations  of  the  symmetry 
group  of  staggered  fermions  are  determined  by  a  ‘momentum  star’,  a  ‘flavour 
orbit’,  and  the  ‘reduced  spin’. 

4.  The  decomposition  of  the  irreps  of  the  symmetry  group  Q  of  the  DKE  in  the 
continuum  into  those  of  the  lattice  restriction  plays  an  important  role  in  the 
calculations  of  the  hadron  spectrum  by  a  lattice  approximation  of  QCD.  In  the 
framework  of  Mackey’s  theory  this  problem  is  solved  by  the  ‘Subgroup  Theorem’, 
and  ‘Frobenius’  Theorem’.  We  shall  deal  with  our  problem  along  this  line  [10], 

First  we  make  some  remarks  on  the  irreps  of  the  continuum  symmetry  group 
S  0:  S£  X  SU(4)  .  The  irreps  of  0  can  be  constructed  as  products  of  the  irreps  of 
the  spinorial  Euclidean  group  S£  with  the  irreps  of  S0(4).  According  to  Wigner’s 
construction,  the  irreps  of  5£  are  characterized  by  an  ‘Euclidean  mass  shell’; 
p^  ~  M^,  and  by  a  spin  cr  determined  by  an  irrep  of  the  ‘little  group’  SU{2)  9  s  — » 
The  irreps  of  517(4)  ;  D^‘{f)  relevant  for  quark  model  considerations  are 
for  the  qq-  system  ;  (4)iS>(4)  =  (1)0(15),  and  for  the  qqq-system:  (4)g>(4)C?>(4)  — 

(20)  ©2  •  (20')  ©(Ij. 

The  ‘Subgroup  Theorem’  deals  with  the  decomposition  of  the  re¬ 
striction  to  a  subgroup  of  a  representation  of  a  group  G  induced  by  a 

representation  L(  )  of  the  little  group  of  first  kind  Hi .  It  states  that  — 

Z])t  W‘'*.  Here  G  3  xt,  denote  representatives  of  the  double  cosets,  W*‘  is 

the  representation  of  H2  induced  by  Hj  3  y  L{xi,yx^^).  In  our 

case  we  have  to  identify  Q  with  G,  Qi,  with  Hj,  and  the  little  group  of  first  kind 
of  the  continuum  group  Sj  ~  0(3)  x  SU{4)  with  Hi.  The  double  cosets  might  be 
represented  by  boosts  i*  ~  ^(p>)  G  G  with  pj  ~  \{pj)p,  p  reference  momentum 
on  the  mass  shell,  pj  the  independent  reference  momenta  of  Stj. 

KLuLiWG)  rr  Trace(Li(g  ^)Trace(L2ig})  defines  the  intertwining 


I 

f 
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number  between  two  representations  Li,  Lj  of  a  group  G  .  If  Li  is  irreducible  it 
gives  the  multiplicity  with  which  ii  is  contained  in  L^.  For  induced  representations 
Frobenius’ theorem  states:  L2l\G)  =  7(i,  This  formula  allows 

the  calculation  of  the  multiplicity  of  the  irreps  oi  Qi  contained  in  IF**.  Adding 
up  we  get  the  final  result: 

PROPOSITION  4.  The  lattice  restriction  of  the  irrep  U^,  x  =  {M,  F^,ac)  of  the 
continuum  symmetry  group  0  contains  the  irrep  U^‘- ,  XL  =  (j,F,(T)  of  Qi  with 
the  multiplicity: 

^  5:  EyTraceD-^(A{p,)ph-Hp,))Trace{ D^(p)) 

with  =  —  y  Trace(D'’'^((d^  p))Trace(T^  (ed^ ,  p),  andp^  =  M^. 

We  made  the  physical  assumption  M  <  otherwise  the  case  gets  too  involved. 
Extensive  tables  cover  most  of  the  physical  interesting  cases  [lOj. 

5.  QCD  with  DK  fermions  is  supposed  to  describe  a  quark  model  with  four 
flavours.  Therefore  it  is  a  major  problem  for  the  calculation  of  the  hadron  spectrum 
in  the  framework  of  lattice  QCD  with  staggered  fermions  to  relate  lattice  states  of 
a  given  lattice  symmetry  xl  to  physical  particles  with  quantum  numbers  x  defined 
by  the  continuum  symmetry.  A  natural  condition  is:  [7’'^)  ^  0.  On  the 

otherhand,  one  believes  that  lattice  calculations  approach  the  continuum,  if  they 
produce  energy  degenerate  states  with  all  the  lattice  quantum  numbers  making  up 
for  a  complete  continuum  particle  multiplet.  There  are  very  few  dynamical  lattice 
calculation  which  include  a  complete  consideration  of  these  symmetry  aspects.  We 
want  to  mention  strong  coupling  approximations  of  the  meson  spectrum  Ill],  and 
of  the  baryon  spectrum  [12],  and  some  recent  Monte  Carlo  calculations  [13].  Of 
course  the  real  physical  signiFldcance  of  our  considerations  depends  on  the  under¬ 
standing  of  a  possible  physical  meaning  of  the  flavour  structure  of  Dirac-Kahler 
fermions,  a  problem  about  which  to  speculate  goes  far  beyond  the  scope  of  this 
report. 
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press.  [13]  MTC-Collaboation  (private  communication). 


V 

i 


LATTICE  FERMIONS  WITHOUT  SPECIES  DOUBLING 
AND  WITH  AXIAL  ANOMALY 


553 


MIGUEL  LOREN  1 1,  Deparlamento  de  Ftsica.  Universidad  de  Oviedo,  Spain.  Arnold  Sommerfeld  Institut 
Universildi  Clamthal.  Germany. 

Using  the  method  of  finite  differences  for  the  Dirac  field  equations  on  the  lattice,  a  new 
scheme  is  proposed  that  gives  exact  solutions  at  any  time  step.  The  hamiltonian  of  the  Dirac 
field  is  translational  invariant,  hemnitian,  avoids  fermion  doubling,  and,  for  the  massless  case, 
preserves  global  chiral  symmetry.  Coupling  the  fermion  field  to  the  electromagnetic  vector 
potential  we  construct  a  gauge  invariant  vector  current  leading  to  the  correct  axial  anomaly. 


1.  QUANTIZATION  OF  THE  DIRAC  RELD 

The  discrete  analog  of  the  equal  time  anticommutation  relations  for  the  Dirac  field  and 
its  hermitian  adjoint  read  as  follows: 


5  „i-S. 
afie  u 


=  [<"•  =  0 


(i.n 

(1.21 


where  vr"- V'a  (/e .  nri  .  ,  nr)  are  defined  on  the  lattice,  f.T  being  space  and 

time  intervals,  and ),n  integer  numbers. 

As  in  the  Klein  Gordon  field,  we  introduce  the  method  of  finite  differences  in  the 
Heisenberg  picture  of  the  equations  of  motion 

+  +  =  J-[v/'"'  +  2r +v'''',h!  u..^) 

g^tU+1  U  r/-l  V  U  V->'  4,LU  V  U  J 

The  time  independent  Hamiltonian  can  be  constructed  in  the  (1+1)  dimensional  lattice  as 
follows; 

W-i  .  . 


with 


Inserting  (1.4)  in  (1.3)  we  find; 


V  V  /?  =0 

t  "  ! 


(1.4) 

(0-1) 

0  1 

(1.5) 

(1.6) 

where 


/? "  =  (y,  2-  A  5  -  A  +  iV/  3  A  )  ur'' 

;  \'\  e  )  n  'A  T  n  J  J  a) 


and  Aj  (aJ  are  the  difference  (average)  operators  with  respect  to  the  space  index; 
A^  s  h  ,  Similarly  for  the  time  index. 


The  general  .solution  of  (1.6)  for  is: 


(1.7) 


with  Aj  and  B„  arbitrary  functions.  Applying  the  operator 

to  both  sides  of  (1.7),  we  obtain  the  wave  equation  for  V'  if  Aj  and  are  const.  Conservation 
of  current  (2.1)  requires  const  =  0.  Thus  we  obtain  the  discrete  analog  of  Dirac  equation 
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A 


R  =0  (1.8| 

The  same  result  was  obtained  by  Bender.  Milton  and  Sharp  [Ref.  I,  formula  I8|  applying 
the  methode  of  finite  elements  to  the  action. 

Let  us  construct  solutions  to  (1.8)  of  the  form 


I//"  =  w(/(,£:)/^(A:,£)sw(i.£)| 


/ 1 + -  /fit  y 
2 

/ 1  -  f irE' 

[i  +itr£j 

(1.9) 


The  four  component  spinors  w(k  ,  E)  must  satisfy 
(i  y^k-  Y^E+M)w{k,  E)  =  0 

Multiplying  this  equation  from  the  left  by  {i  y^  k  -  y^  E  ~  M)we  obtain  the  “dispersion 
relation”  for  the  Dirac  equation 

E--k^  =  0.11) 

Imposing  boundary  conditions,  ^  =  1  we  can  construct  a  complete  set  of  Dirac  wave 

functions  of  the  form 

(1.12.13) 


We 


where 


and  the  spinors  Um  and  v„  are  defined  as  usual: 


’ 

k 

*  2M  ' 

- 2L_ 

k_  \ 


this  onhonormal  .set  we  can  expc 

, 

i/r"  =  -'p  y  c  /"{k  ,  £  )  +  V  d'  f  '‘{k  ,  £  ) 

J  ily  €  y  E  m'  m  m  •' j  \  m‘l 


Em  + 

'  1 

With  the  aid  of  this  onhonormal  .set  we  can  expand  the  fields  in  the  usual  way 
■Vi 

Iff" 


'  I  _ 

V/;‘  =  y  S  f'”{k  .  £  )  +  V  d  fik  .  £  )) 

/  y  ^  I  m  m  •'/  '  m  mr  m  m  •' j  '  m  m’l 


(1.14) 


(1.1.3) 


(1.16) 


(1.17) 


(I.IS) 


where  V"  =  li-  Invcning  this  expressions,  with  the  help 
,  v  )  . 

-E  )s''{k  ..£  .)=  6  . 

f  '  m  m' j  '  m  m‘  nvn 

wc  derive  the  anticommutation  relations 

fc  .c*!  =  5  .  \d  =  5  . 

\  tn  mi*-  ntn  I  m  m  If  rrn 

with  other  anticommmation  relations  vanishing. 

Finally  the  Hamiltonian  can  be  written  in  terms  of  these  operators 

'v'  It  t  f  1 

//  =  y  ; - IT  ('L  C_  +d_d__-\] 


of  the  orthoeonalits’  conditions 


am 


mm  mm 


(1.19.20) 


(1.21) 


Notice  that  the  zero  point  energy  is  finite  due  to  the  lattice: 
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I 

f 


rFe=-^2 


\  4  "■ 


(1.22) 


Our  model  for  the  fermion  field  satisfies  the  following  conditions: 

i)  the  hamiltonian  is  traslational  invariant  with  respect  to  the  space  indices. 

ii)  the  hamiltonian  is  hermitian  (1.4). 

iii)  for  M  =  0,  the  wave  equation  (1.7)  is  invariant  under  global  chiral  transformations. 

iv)  there  is  no  “fermion  doubling”  as  it  can  be  seen  in  (1.14).  In  fact,  takes  the  value  M 
at  m  =  0  and  nowhere  else. 

v)  the  hamiltonian  is  non  local.  Using  the  finite  Fourier  transform  the  hamiltonian 

^  i^m)  ~  ‘  ^  ^  by  (1.10),  and  consequently  the  dispersion  relations 

( 1 . 1 1 )  are  smooth  functions  of  km,  except  for  m  =  NI2.  Therefore  our  model  escapes  the 
no-go  theorem  by  Nielsen  and  Ninomiya^. 


2.  ANOMALIK.S  IN  AXIAL  VECTOR  CURRF.NT 


In  order  to  construct  vector  and  axial  currents  in  terms  of  the  fermions  fields  in  the  presence 
of  external  electromagnetic  vector  potential,  we  multiply  (1,8)  from  the  left  by  A^  V?"  and 
then  we  multiply  the  adjoint  equation  of  (1.8)  from  the  right  by  A  A^  !//"■  Adding  together 
both  results  we  find: 

-  i(AjA^^;y,lr;)  =  0  <2.1) 

This  equation  can  be  consiilered  the  discrete  version  of  the  “conservation  law  ”  for  the  vector 
/,  =  /  (a^  Tjr]  y^  (a^  vr")  (a^  vr")  y,  (a  y/;)  (;,2) 

The  same  equation  (6.1)  can  be  applied  to  the  axial  current 

i\  =  '■  ^j] =  I (‘V y?;) (a  y/;)  ,2  3) 

Both  currents  are  invariant  under  global  chiral  transfomiations  but  thes  are  not  invariant 
under  (/(l)-gauge  transformations: 


n  v" 

I  u 


yr'’  f?" 
U  I 


(2.41 


U 


1  -V  4  C 


U  .  = 

jj 


with  i2  some  unitary  function  of  discrete  variables.  In  order  to  have  gauge  invariance  ive 
define  a  gauge  field  on  the  lattice 

mm;!  " 

where  (Ai,  lAn)  are  the  two  component  electromagnetic  vector  potential,  each  of  them  satisfying 
the  wave  equation  with  M  =  0  namely. 


(2..S.6) 


A  V  A  V 

n  n  I  I 


-1-.4V  A  V  \{aS  =  0 

^2  I  J  n  n  ' 


(2.7) 


and  similarly  for  (A„);  . 

The  gauge  fields  U"”  are  assexiiated  with  the  link  between  the  points  {j  .  >i)  {j .  n' )  in 
the  positive  direction,  and  they  transfomi  under  the  gauge  group  as  follows: 

Q*"  U""  Q"  •  U ^  Q'"  U "  ii"  (2.8,6) 

}  )  J  J  Jl  J  JJ  J 


ii.:.?iing  these  fields  in  the  vector  and  axial  currents  between  fermion  fields  at  separated 
points,  we  get 

,n.n+]  fi+i  _ ,,n+l.n  n  — n+l 


/  i — n  n  _ n  ,,n.n+]  n+i  ,,n+l.n  n  — n+l  n^' 

h  =4  'A  't'i  A  >;  'f'j 

i  I — n  n  — n  .,n  n  — n  ,,n  n  — n  n  \ 

'4=1 1'^'j  ^4  v/  +  n  A, V'..  +  V',,  y,  ¥,  +  V',.,  y,  v'.;} 


(2.10) 

(2.11) 


and  similarly  for  and  .  Using  (2.8)  and  (2.0)  we  can  prove  that  all  these  expresions  for 
the  vector  and  axial  currents  are  invariant  under  the  gauge  transformations  (2.4). 

Now  we  want  to  calculate  the  vacuum  expectation  value  of  the  divergence  of  the  vector  and 
axial  current.  We  assume  that  this  vacuum  expectation  value  approches  the  corresponding  non 
interacting  fields  for  vanishing  spacial  separation  of  the  fields^.  Thus  we  use  solution  of  the  free 
massless  fermion  field  (1.7)  with  M=0,  namely. 


”  t 

W  =  — ! — 

I  -{Ne 


^  "  +  ”  ) 
y  u  c  /  (*  ,  £U  )  +  V  (i  f  Ik  ,-a)  ) 
m  m*'it  m  ml  m  m  ■' / 1  m  mfl 


with  =  |jj,and  =  j  and  the  operators  c„  and  satisfying: 

[c  ,cM  =  S  .  ,  \d  ,d+.l  =  s  . 

L  m  mi*  fnn  i  m  mi*  nm 

Applying  these  operators  to  the  vacuum  of  the  Fock  space,  we  get 
dl  |0)  =  cl  |0>  =  0  for  m>0 

1 0>  =  1 0)  =  0  for  m  <  0- 

Collecting  these  properties  we  obtain  for  the  axial  current 
<0|iAy^l/A„4’l0>  = 


(2.12) 

(2.1.2) 

(2.14) 

(2.15) 


-I 


2Ntg^ 


-in! 


N 


Ta  A  (A.) 
r  ;  n'  17 


2Nsenf^ 


+  c.c. 


"N  i-,^a^a„(a„);-^a;(a„)-  . . /Vl-,eA5jA,);-^A:(A,); 

which  in  the  limit,  N  — »  ~  ,  e-^0  ,  r— >0,  becomes 

-  )  t 

10  (2.16) 


<0(3,yf+d,y-'|0)  =  -X(a,A„-3„A,)  = 


We  come  to  the  conclusion  that  our  model  leads  to  an  interaction  which  is  U(  1  )-gauge 
invariant,  but  the  divergence  of  the  axial  current  gives  in  the  continue ...  'imit  a  photon  mass,  as 
expected  by  the  axial  anomaly.  (For  schemes  in  one  dimension  see  Ret. 4). 


Thi.s  work  has  been  partially  supported  by  the  Viccrrcclorado  dc  Invesiigacidn  of  the  Dniversiiy  of 
Oviedo,  and  by  Volkswagen  Foundation. 
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Abstract 

An  extension  of  the  standard  model  of  electroweak  interactions  which  incor¬ 
porates  the  usual  gauge  fields  and  the  Higgs  fields  in  one  generalized 
Yang-Mills  field  (or  superconnection)  is  discussed.  It  is  shown  that  both  this 
Yang-Mills  field  and  the  corresponding  field  strength  (supercurvature)  take 
their  values  in  the  real  graded  Lie  algebra  (SU(2'1)).  The  model  is  character¬ 
ized  by  a  constant  background  supercurvature  which  is  invariant  under  arbi¬ 
trary,  constant  SL)(2'1)  gauge  transformations.  The  Hicgs  mechanism  receives  a 
new  and  geometrical  interpretation. 

I  would  like  to  discuss  a  model  which  is  inspired  by  noncommutative  geome¬ 
try,  see  e.g.  /!/,  ana  its  connection  to  the  standard  model  (SM)  in  elementary 
particle  physics.  It  is  also  connected  to  the  model  we  have  seen  in  the  talk 
of  Y.  Ne'eman  in  this  conference.  But  the  point  of  view  here  is  different.  It 
contains  no  ghosts  and  non  other  particles  but  those  which  we  have  in  the  SM 
and  the  realization  of  supersymmetry  in  it  is  very  oifterent  from  the  usual 
realizations.  In  particular,  I  would  like  to  review  some  aspects  of  the  work, 
contained  in  /2-5/. 

Our  aim  is  to  attain  a  better  understanding  and  improvement  of  the  SM  which 
hac,  as  is  well  known,  a  lot  of  parameters  and  some  isatisfactory  aspects. 
The  usual  way  to  reduce  the  number  of  parameters  is  to  introduce  more  Sym¬ 
metry.  Up  to  the  present,  the  theoretical  efforts  to  incioise  the  symmetry  in¬ 
crease  also  the  degrees  of  freedom  and  contain  therefore  de  facto  more  parame¬ 
ters  than  before.  This  is  the  case  with  supersymmetry,  Kaluza-Klein  theory, 
grand  unified  theories  and  superstrmg  theory.  The  model  I  am  going  to  Oiscuss 
introduces  more  symmetry  without  intoducing  new  particles.  Therefore  it  oro- 
mises  to  reduce  the  number  of  parameters  and  certainly  to  give  a  deeper  under¬ 
standing  of  the  SM.  The  essential  ingredients  of  the  model  are 

1)  a  certain  Kaluza-Klein  ansatz  without  additional  nonexisting  fields, 

ii)  a  certain  supersymmetry  SU(2|l)  without  additional  nonexisting  fields, 

iii)  all  this  in  a  noncommutative  way. 
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This  leads  to  a  superconnection  l/I  with  values  in  Lie  (SU(2|1))  witn  a  speci¬ 
fic  grading,  so  that  the  even  (odd)  part  of  i/^  takes  values  in  the  even 
(odd)  part  of  Lie  (SU(2|l))  and  contains  an  additional  derivative  d^^  which 
acts  on  the  values  of  lA  .  In  what  follows  we  shall  discuss  shortly  1.  the 
superconnection,  2.  the  real  SU(2|1)  superalgebra,  3.  the  superderivative  "d  = 
d^  +  and  the  supercurvature,  4.  the  bosonic  Lagrangian  and  Higgs  mechanism 
(geometrical)  and  5.  comment  on  the  realization  of  supersymmetry. 

1.  The  Superconnection 

We  may  start  heuristically  as  in  the  Kaluza-Klein  approach  by  splitting  the 
connection  in  two  parts  =  (A^,Aj)  which  take  their  values  on  some  subspace 
N(n)  of  a  matrix  space  M(n).  The  new  ansatz  is  to  consider  the  "j -direction" 
discrete  which  leads  to  a  specific  grading  /2/;  A^^  =  that  intro¬ 

ducing  also  a  Z^  grading  in  the  matrix  space  M(n),  the  A  ($)  takes  its  values 
on  the  even  part  ^^(n)  (odd  part  Mj^(n))  of  M(n)  .  The  superconnection  takes  the 
form  of  a  2x2  block  matrix  which  may  be  represented  by 

*^11  *^12  ^  t/p$ 

“^2  1  ”^2  2  '  ® 

A  and  B  are  1-forms,  gauge  fields  and  the  41,4  are  0-forms,  Higgs  fields,  p  is 
a  mass  scale  which  we  may  put  equal  1.  Superconnections  were  recently  studied 
also  in  /6/. 

2.  The  Supersymmetry  SU(2jl) 

For  N(n)  we  take  the  graded  Lie  algebra  SU(211)  /7/  the  even  part  of  which, 
SLI(2)xU(l),  corresponds  to  the  electroweak  part  of  the  SM.  The  Lie  (SU(2:1)) 
with  supercoromutator  <,>  is  given  by 

Lie(SU(2|l)  =  (m  £  M(3)|m^  =  -m,  str  m  =  O} .  (2) 

With  the  grading  matrix  T  =  diag  (1,1,-1)  we  have  for  the  even  and  odd  projec¬ 
tions  of  =  l/2(m  t  rnTra)  .  For  the  reasons  explained  in  /4/  we  take  the 

graded  associative  product  in  M(n): 

m  ■  n  =  m^jn^  +  m^n^^  +  m^n^  +  im^n^  .  (3) 

The  graded  commutator  is  given  by 

<m,n>  =  [ragn^]  t  [mQ,n^)  +  [mj,njj]  +  i|m^,n^l  ,  (4) 

where  e.g.  corresponds  to  the  usual  matrix  multiplication  and  [,]  { 1  ,  ,' ) 

to  the  commutator  (anticommutator).  The  generators  of  SU(2ll)  in  the  Cartan 
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basis  IS  given  by  /3,4,8/  =  diag  1/2(1, -1,0),  Y  =  diag  (1,1,2)  and 


1 

“1 

i  /  ° 

0 

!  ° 

0 

0 

J  =  1//2 
+  ' 

'  0 

1 

0 

” 

fi  =  0 

+  \ 

0 

0 

1 

fi  =  0 

0 

1 

i  0 

0 

0  i 

'  0 

0 

0  1 

'  0 

0 

0  1 

and 

J  =  J  ,  «'=«'■,  S'  =  -Q  . 

The  superconnection  can  be  expressed  in  this  basis  /3/  as; 

o4  =  i(/2  J-W  +  1//6  Y  W®  +  1°  +  S2_  ■?“  +  S  '  <5°  +  P*)  .  (6) 

It  can  also  be  represented  by  the  block  matrix  (1)  with  I 


3.  Superderivative  and  Supercurvature 

A  new  ansatz  which  has  far-reaching  consequences  (Higgs  mechanism)  is  the 
adjoined  derivative  which  acts  on  N(n)  <  M(n)  121 .  In  our  case  it  can  be 
constructed  by  use  of  the  odd  element  n  z  Nj(n): 


with 


d^m  :=  <n,m>  ^  [n.m  ]  +  i^n  m, ' 
M  0  1’ 


(7) 


n  =  i(c^K^  t  Cjfi 


he)  =  1  (  °  ''  )  and  C 

C  0 


(8) 


C  can  be  chosen  =  1,  Cj  =  0.  So  we  have  in  the  space  ot  matrices  M(n)  the 
graded  associative  algebra  (multiplication  as  in  eq.(3))  with  the  derivative 
dj^;  GOAl  =  (M(n),.,dm).  Together  with  the  De  Rham  algebra  on  the  space-time  X, 
with  the  usual  Cartan  differential  d^^,  G0A2  =  (A*  (X) ,  •  ,d^) .  By  use  of  the  gra¬ 
ded  tensor  product  we  may  construct  the  space  of  matrix  valued  forms  on  X; 

G0A3  :=  GOAl  a  G0A2  =  (M(n)  a  A'(X),  s,d),  (9) 

This  leads  immediately  for  the  elements  M,N  of  GDA3  (M  =  m  g  f,  N  =  n  b  g)  to 

the  total  grading  3(m  g  f)  =  (3ra  +  3f)  mod  2,  to  the  total  associative  pro- 

duct;  . 

mgf0nag  =  (-)°'^  m  •  n  g  f  -g  ,  (10) 

to  the  total  derivative 

d(ro  a  f)  =  (dj^m)  g  f  +(-)^'’’m  a  d^f  ,  (11) 

and  to  the  graded  commutator 

[M,N]g  :=  M  0  N  -(-)^”^'^  N  0  M  .  (12) 
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Since  there  is  no  danqer  of  confusion  we  use  <M,N>  ^  Tn?  superconnec- 

tion  u4  may  be  recognized  as  an  element  of  Lie  (3U(2  1) )  a  .'.'(X;  with  ^  J  . 
The  supercurvature  is  given  canonically  by  the  geneialized  structure  equation 

j"  .  d  J  1  1/2  <^,  J  >  .  ;:3: 

f  IS  an  element  of  Lie(SU(2;lj)  s  A*(X)  and  has  of  course  the  same  block 
structure  ns  the  superconnection  J\  .  It  turns  out  that  the  following  spiitting 
IS  relevant  /4,5/ 

J  =  J-y  1  -  -■  .  14/ 

It  corresponds  to  defining  the  backshifted  field  1-  •  =  I  *  C  and  leacs  e.so 

to  a  splitting  of  A  .  given  by 

T  J  *  X  with  T  =  -1  ana  il5i 

n  o  -'0 

It  IS  remarkable  that  A  is  invariant  under  constant  SU(2'i';  transfortaticns . 
0 

A  and  y  are  "aosolute  elements"  in  the  theory,*  V  is  proportional  to  the 
0  0  2  ^  0 
electric  charge  i  i  (J^  +  1/2  Y)  ,  ana  may  be  considered  as  acting  as  a 

constant  magnetic  field  on  a  spherically  symmetric  atom  /4,5/.  The  final  La- 

grangian  has  only  the  (U(1))q  symmetry.  We  may  add  a  constant  Cj-  =  -i  » 

xY)  and  we  have  3^  -  T  +  Cp  ;  T\*  icaY,  with  (a  =  12  -x.i.  In  terms  of 

(the  backshifted  field),  the  Lagrangian  has  the  symmetry  &U(21  x  j;!)  of  the 

SM. 

4.  The  Bosonic  Lagrangian  and  Higgs  Mechanism  (.geometrical ) 

Given  the  supercurvature  ,  the  Lagrangian  may  be  constructed  canonically 
by  the  trace  /2/ : 

m  -Tr  <.J*J>  .  :::/ 

laking  the  trace  leads  immediately,  as  expected,  to  the  brenkmg  of  tne  super¬ 
symmetry  which  IS  both  theoretically  and  experimentally  inevitable.  Tnis  ieaus 

to  /2-5/ 

.  -1/4  (T,,l^  -  1/4  1  2  D  ,D'^'  :  -  YC)  IS! 

With 

£ip  ;>  -  D-:  e  AC  -  CB  ;  Of  :=  d^f  +  Af  -  ;B  vl'S! 

and 

2g^  V(..)  u  -  3/2  a  <■  3a^  o*’  (•>  =  t  <■  Cl  .  (201 

Isospin  transformation  leads  to  the  special  choice  c.  u  ,  c,,  u  0  -  1!. 

i  £- 


Centimeter 


561 


V  is  characterized  by  the  center  -C  and  the  radius  of  the  minimum  in  the 
i>-space.  These  results  are  directly  visible  in  the  supercurvature  T  .  too:  In 
its  block  matrix  structure,  we  have  for  the  essential  terms: 

'^11  -  ^  ^12  =  -"V  • 

A  <5? 

F  leads  via  (17)  to  the  kinetic  term  in  A,  and  F  ,  given  by 

f'*’  =  -i  ($0  +  C4>  +  W)  ,  (22) 

leads  via  (17)  to  the  potential  (V(<1>)  ~  Tr(F^)^). 

It  is  important  to  note  that  the  vacuum  degeneracy  arises  from  the  term 
41.  +  M  =  in  F  and  the  W-  and  2-mass  from  the  term  AC  -  C  B  = 

in  We  realize  that  the  adjoined  matrix  derivative  d^^  is  respon¬ 

sible  for  the  spontaneous  symmetry  breaking  and  the  Higgs  mechanism.  This  con¬ 
stitutes  a  new  and  geometrical  derivation  of  the  Higgs  mechanism.  We  have  fur¬ 
thermore  obtained  in  (18)  the  Lagrangian  of  the  standard  electroweak  model, 
with  some  parameters  fixed  by  the  above  construction  of  T  and  X.  .  This  may 
fix  the  value  of  the  Weinberg  angle  to  =  i/S  and  lead  to  the  ratio  = 

/2  /3/.  There  are  however  doubts  whether  this  fixing  is  legitimate. 

5.  On  the  Realization  of  Supersymmetry 

I  would  like  to  terminate  with  a  few  remarks  which  at  the  moment  reflect 
more  my  own  feelings  than  imperturbable  theorems.  Phenomenologically ,  the  fact 
that  leptohs  and  quarks  {(\/^,e^^,e^) ,  (U|^,d^,Up,dp) )  fit  into  irreducible  re¬ 
presentations  of  SU(2ll)  is  a  most  i.mportant  observation  /3,7,9/.  If  we  try  to 
interpret  SU(2ll)  as  an  inner  symmetry,  and  if  we  are  not  willing  to  accept 
additional  particles  beside  the  experimental,  existing  ones,  we  are  forced  to 
interpret  the  odd  transition,  e.g.  12  ;  e^ -*  e^^  corresponding 

to  the  usual  vector  current  induced  by  victorlike  particles,  but  as  "scalar 
currents",  corresponding  to  Yukawa  couplings  and  induced  by  spin  zero  par¬ 
ticles  like  the  $.  This  leads  us  again  back  to  the  SH.  We  have  a  model  which 
contains  in  an  unusual  way  the  SU(2|l)  supersymmetry  and  it  is  not  in  contra¬ 
diction  to  the  experiments.  The  prize  for  this  achievement  is  that  only  a  few 
not  very  strong  predictions  (e.g.  the  Cabibbo-Kobayashi-Maskawa  matrix)  beyond 
the  SM  are  possible  /3/.  Theoretically  this  model  may  contain  a  new  mathemati¬ 
cal  structure,  corresponding  to  a  graded  connection  with  adjoined  derivative. 

References 

/!/  A.  Connes  and  J.  Lott,  Nucl.Phys.  B  (Proc.Suppl . )  18(1990)29 

/2/  R.  Coquereaux,  G.  Esposito-Farese,  G.  Vaillant,  Nucl.Phys.  6353(1991)689 


562 


/3/  R.  Coquereaux,  G.  Esposito-Farese,  F.  Scheck,  preprints  CPT-90/P.E.  2464 
and  MZ-TH/&0-34,  submitted  for  publication 
/4/  R.  HauGling,  N.A.  Papadopoulos,  F.  Scheck,  Phys.Lett.  8260(1991)125 
/5/  R.  Coquereaux,  R.  HauRling,  N.A.  Papadopoulos,  F.  Scheck,  Int.  Journ.  of 
Mod.  Phys.  A,  to  appear 

/6/  Y.  Ne'eman,  S.  Sternberg,  Proc. Natl. Acad. Sci.  USA,  Phys.vol.  87(1990)7875 
111  Y.  Ne'eman,  Phys.Lett.  681(1979)190;  0.8.  Fairlie,  Phys.Lett.  682(1979)97 
/8/  M.  Marcu,  J. Math. Phys.  21(1980)1277; 

M.  Scheunert,  W.  Nahm,  V.  Rittberg,  J. Math. Phys.  (1977) 

/9/  Y.  Ne'eman,  J.  Thierry-Mieg ,  Lect.  Notes  in  Math.  836(1980)318  (Sprin- 
ger-Verlag,  1980)  ; 

Y.  Ne'eman,  J.  Thierry-Mieg,  Proc. Natl. Acad. Sci.  USA  77(1980)720 


On  the  Solution 

OF  THE 

Relativistic  Two  Body  Equation 


563 


S.R.  Koniy. 

Htlwan  University. 
Cairo,  Eygpt. 


1  The  Radial  Equation 

Rcr^n'ly  thp'c  I.as  much  interest  in  the  relativistic  dynamics  of  two  (or  more) 

interacting  particles.  In  fact  the  dynamics  of  interacting  fermions  via  the  electromag¬ 
netic  field  is  the  basic  problem  for  tests  of  Quantum  Electrodynamics  (QED)  in  low 
energy  bound  state  problems. 

A  relativistic  two  body  equation,  for  two  matter  fields  tq  und  vi  interacting  via 
the  electromagnetic  field,  has  been  derived  from  first  principles  of  QED: 

[h^id^  -  mi)  C  ->“  +  q®  3  -  m2)  +  V]o(.r.i/)  =  0  (U 

where  1^  "  yl<  <^(^-y)  =  “  16-component  composed  field.  The 

relativistic  potential  V  contains  terms  coming  from  minimal  and  pauii  coupling,  tor 
the  minimal  coupling; 


In  the  tensor  product  ©  we  shall  always  mean  particle  1  first  and  particle  2  second. 
Equation  (1)  has  many  remarkable  properties,  among  them  the  exact  separability 
of  the  center  of  mass  and  relativistic  coordinates.  One  then  sees  that  it  is  a  one-time 
equation.  .Moreover,  equation  ( 1 )  can  be  fully  separated  into  angular  and  radial  parts. 
The  radial  part  consists  of  16  radial  equations  which  separates  into  two  sets  of  eight. 
In  each  set  four  of  the  eight  equations  are  algebraic.  The  algebraic  equations  are 
used  to  eliminate  four  component  functions.  Thus  we  arrive  for  the  first  set  at  four 
coupled  first  order  differential  equations: 


+  u.-h2(E-h^)^+2^Jto  =  0 

(£  -  A  -  Am^l  -  2£^  -  2^roo  =  0 

|£_4)  +  (£+^)-A/-|fi(£-^)J,.oo-2(£-^)  it  +  f) 

-2^  (£-^)i2=0 

[£(£+^)-Am^]s,o  +  2(£  +  ^)(^-T)+2^''>=° 


(3) 


564 


where  E  is  the  total  energy  in  the  Center  of  mass  traine  (A/  =  nii  +  m2),  Am  = 
nt]  —  W2.  Q  =  —tit2,  =  j(j  +  1)  and  j  is  the  total  angular  momentum.  The  indices 
of  the  function  Ui,yo,Z2  and  I’oo  denote  the  spin  components.  For  the  other  set,  we 
obtain  identical  equations  to  (3)  with  the  replacement  Xrn  M  and  changing  sign  of 
some  component  functions. 

Due  to  the  (\/r^)  singularities  equations(3)  do  not  possess  simple  power  series 
solutions.  In  fact  substitution  into  (3)  with: 


Ux  =  '^ar,r^,...,Voa  =  YiKr''  (4) 

leds  to  3- term  and  4-term  recurrence  relations  which  are  difficult  to  solve  for  . . . , 
One  may  try  to  eliminate  more  component  functions  by  forming  O.D.E.  of  the 
second  order  out  of  the  set  (3).  VVe  still  obtain  four  equations  in  two  sets.  The  first 
set  is  the  one  of  two  coupled  equations; 


dui 


2a 


2a£‘ 


^  nE(g+^)-AmjE(E.4-^)-A/^]  _ 


Ul 


j _ iaam'  O 

]  ’■  00  —  0 

J.  _ _  dvm  . 

rT(E+s^[E(E+sr)r5;;;a[  dr 

— 


\  4(E-2f  )(E+2f ) 


2a^m J _  _ 

r3jE(E+^)-Am2j  0°  “ 


^(E+^)[E(E+^)-Am2] 


>'00+ 


(5) 


The  second  set  consists  of  another  one  of  two  coupled  second  order  equations  in 
the  two  functions  j/o  and  C2  but  with  more  complex  structures.  It  is  clear  that  these 
equations  are  more  singular  than  (3)  and  simple  power  series  solutions  do  not  exists. 
In  the  following,  functional  series  solutions  are  suggested  and  this  seems  to  work.  The 
baisic  idea  is  to  replace  the  set  {r"}  in  (4)  by  an  apropriate  set  of  complete  functions 
{/„}  and  hope  that  such  series  terminate.  In  the  next  two  sections  we  shall  illustrate 
the  method  but  with  some  limiting  Ccises.  These  limits  are  obtained  be  expanding 
the  potential  terms  as  power  series  of  (o/r).  In  the  power  counting  (1/r)  is  counted 
as  Q. 


2  The  free  System  (a  =  0) 


For  the  first  set  of  the  radial  equations  we  obtain: 


(6) 
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where  p  =  kr.  ^  and  a  = 

The  first  two  equations  have  the  well  known  regular  (at  p  =  Q)  solutions  iij  = 
pjj(p)  and  t’oo  =  pjj(p],  where  }n(p)  is  the  spherical  Bessel  function.  The  form  of  the 
other  two  coupled  equations  suggest  the  solutions  zi  =  Y.n=Q  ^^nPin+Ap)  and  Vo  = 
Yln=o  Bnpjn+a{p)-  Substituting  into  (6),  it  can  be  shown  that  the  inicial  equations 
implj’ s  =  j  —  Moreover,  if  Ai  =  0  =  6i,  then  /4„  =  0  =  for  odd  For  even  n 
(put  7i  -I-  2  =  '2m)  we  obtain  the  recurrence  relations: 

_  ,2 _ L'''L+  J  -  +  J  -  J)  ,  ,2  (2"'  +  J  +  2H2m  +  ;  +  :!)-  .P  , 

{2(2m+;)  {2(2n..  +  j]  +  I }{2(2m  +j)  +  :)) 

+ h(2,„ + + J  - 1)  -  j-i  - 

{2(2m  +  j)  +  1}{2(2/7i  +  j)  -  .5}j 

-2a./B2„.  =0(7) 

_  ,2 _ I2r>^  Z)i'2iii  +  J  -  4)  ,  (2n7  +  J  +  ■>)(2m  +  J  +  3)  - 

{2(2m  f  7 )  -  .j)  {2(27»  4  7)  -  3}  '  ’  (2(2»7  4  7)41 } (2(27u  47)  +  :!} 

*  [<M(2.»  +  + ,  - 1 1  - A,. 

{2( 2m +7)  4  ij{2( 2m  47)  -  3} J 

-■2aJA2,n  =  0  (S) 

Notice  that  for  m  =  2  the  coefficients  of  A2  in  (7)  and  B2  in  (8)  vanish.  Hence,  if 
we  assume  that  A4  =  0  =  B4.  then  A2m  =  0  =  B2m  for  n?  >  2.  For  (A_n  =  0  =  B-n) 
(7)  and  (8)  lead  to  four  equations,  only  two  of  them  are  independent  in  the  coefficients 
To.  Bq.  Tj.  Bj.  Chosing  ,4o  =  0,  then  Bo  =  0,  we  obtain  the  two  solutions: 

~2  =  T2p7j+i(p).  I/O  =  Bopjj-i  4  Dzpjj-z  and  Z2  =  Aopjj-\  4  A2pjj+i.  yo  =  Bjp7j+ 
which  can  be  checked  by  direct  substitution  in  (6). 


3  The  Interacting  System  (a  4  0) 

Due  to  space  limitation,  we  consider  only  two  limiting  cases  for  the  set  (.5). 
(i)  Up  to  Q^,  for  the  set  (-5)  we  obtain: 


(P  I  ui\  1  A 

V'ooJ  ^  4  p 


^10= 


where  we  put  p  =  2kr.  4k^  =  1'"^  and  -  ^Art!^). 

The  regular  solutions  (at  p  =  0)  of  (9)  are  given  by  the  hydrogenic  wave  functions 
U]  =  Rnjip)  and  I’oo  =  Bnj(p)  provide  that  A  =  n  (integer)  and  r,  >74  1.  This 
implies  the  energy  mass  relation: 


j\P  4 
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(ii)  Up  to  o'*,  for  the  set  (5)  we  obtain: 


i^u^  I  a  rftii  if  1  I  A  ..  aAmJ ..  n 

[“4  +  7  — “  “pr*oo  -  ^ 

i^VQQ  _i_  Am^a  rfuQQ  [ _ i  _i_  A  _  J^—o^6f:  _  oAm^  1  _  nAmJ  _  q 


tf^t/OQ  I  Am^g  rfi>QQ  1 

dp2  ■*■  £2^2  jp  -r 


i  +  7- 


£2  <>3 


(11) 


where  we  put  A.  p  and  k  as  before,  a  =  and  6e  =  2^^  d"  ■ 

Again  by  comparison  with  (9)  one  may  try  the  series  solutions:  Uj  =  Y.i=o  A/ir'(+>(p) 
and  siimi=oBiWi^,{p),  where  we  have  put  R„i(p)  =  wi(n,p).  The  following  recurrence 
relations  (written  for  first  time)  are  needed: 


('  +  1)^  =  {1-7)  ^•'+>  -  |^n^-(/+  l)^a.|. 


Again,  following  the  same  steps  of  section  2,  we  show  that  (11)  have 


n-j-1  n— ji-l 

u\=  Aiuv+j  and  noo  =  Y 
1=0  1=0 

as  solutions. 

It  is  to  be  noted  that  to  have  these  (regular  at  p  =  0)  solutions,  the  same  energy 
mass  relation  (10)  is  obtained. 

Details  of  these  considerations  and  their  physical  interpretations  will  be  listed 
elsewhere.  It  is  worth  mentioning  that  for  positronium  (Am  =  0)  the  radial  equations 
and  their  solution  simplify. 
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VACUUM  FLUCTUATIONS  IN  PRISMATIC  CAVITIES 
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INTRODUCTION. 

Spectral  features  and  energy  level  statistics  of  semiclassical  and 
quantum  systems  have  been  a  subject  of  growing  interest.  It  is  commonly 
accepted  that  a  chaotic  behavior  is  described  by  a  Wigner  statistics,  while 
Poisson  statistics  is  related  to  a  completely  random  behavior'.  Nevertheless, 
it  has  been  shown  that  such  a  sharp  distinction  may  be  misleading^ 

In  this  work,  we  calculate  the  energy  spectrum  of  vacuum  fluctuations  for 
a  massless  scalar  field  which  satisfies  boundary  conditions  inside  a 
rectangular  box.  The  spectrum  is  similar  to  that  of  a  quantum  particle  in  a 
billiard,  with  the  difference  that  all  the  energy  levels  are  ‘occupied’.  The 
fluctuations  do  not  obey  a  strictly  Poisson  distribution,  and  thus  we 
conjecture  that  a  realistic  detector  would  not  observe  quantum  vacuum  as 
‘white  noise’,  except  in  the  unrealistic  limit  of  infinite  high  frequency. 
This  kind  of  study  is  important  due  to  recent  results,  both  theoretical  and 
experimental,  of  quantum  field  effects  on  atomic  systems  in  cavities. 


SPECTRAL  DENSITY  OF  VACUUM  FLUCTUATIONS. 

Consider  a  prismatic  rectangular  cavity  with  infinite  axis  along  the  x 
direction  and  transverse  lengths  b  and  c  along  x^  and  x^,  respectively.  The 
Wightman  correlation  functions  for  a  scalar  field  D*(x,x')  =  <OI^(x)^(x’)IO>, 
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and  D  {x,x')  =  <0 1 0(x’ )0(x)  1 0>  that  satisfy  Dirichlet  boundary  conditions  at 
x^  =  0,b  and  x^  =  0,c  are  found  using  the  method  of  images  in  a 
straightforward  way: 

_ 1_ _ 

(x  -x’)^+(x  -x’-2bm)^+(x  -X ’-2an)^-(t-t’ +ic )  ^ 

II  2  2  3  3 

_ 1 _ 

{x  -x’)^+(x  +x’-2bm)^  +  (x  -x’-2an)^-(t-t’ +  ic  )  ^ 

11  2  2  3  3 

1 

- + 

(x  -x')  +(x  -x’-2bm)^  +  (x  +x'-2an)^-(t-t’+ic )  ^ 


(x  -x’)^+(x  +x’-2bm)^  +  (x  +x’-2an)^-(t-t’  +  ic  )  “ 

11  2  2  3  3 


D-(x.x-i  =  [  I  . 

4rr  n  =  -<»  m=~oo 


Following  the  procedure  outlined  in  Ref. 7.  we  calculate  the  energy 
spectrum  at  a  given  point  x  =  (x,y,z)  inside  the  cavity.  This  is  achieved  by 
taking  the  static  observer  limit  x’-*x.  t-t’  =  cr,  of  the  Wightman  functions, 

and  Fourier  transforming  with  respect  to  the  proper  time  cr.  The  double  scries 
may  be  evaluated  in  closed  form  with  the  aid  of  Poisson  summation  formula  (for 
details  of  the  calculation  see  Ref. 7).  The  final  result  for  the  energy 

spectrum  de/du  is: 


de 

du 


2 

u 


2  n  a  b 


_  ^2nikzy/b  j  (  j  _  ^2nikjZ/c 

Zy  2  ,  2  ,,  2  ,  2  ,  2 

u  /n  -  kz/b  -  k3/c  1 


(2) 


In  this  formula,  the  integers  k  and  k  take  all  the  values  such  that 

2  3 

s  01^  =  (kVb^+kVc^). 

A  2  3 

The  resulting  spectrum  is  highly  irregular,  with  a  series  of  resonances 
located  at  u  =  u^.  They  can  be  determined  by  drawing  a  rectangular  grid  with 
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spacings  b  am-  ,  the  resonances  are  then  given  by  all  the  possible  values  of 
the  distance  from  the  origin  to  each  of  the  crossing  points  in  the  grid.  In 

practice,  this  method  permits  to  calculate  a  great  number  of  resonances  in 

order  to  perform  a  statistical  analysis. 

The  distribution  of  resonance  fluctuations  may  be  formally  identified 
once  the  distribution  has  been  ‘unfolded’*,  with  those  of  a  particle  in  a 
two-dimensional  rectangular  box.  According  to  Berry',  the  energy  levels  for 
those  systems  should  exhibit  a  Poisson  uncorrelated  statistics  in  the 
semiclassical  limit.  However,  this  particular  spectrum  has  interesting 
properties  which  have  been  the  subject  of  exhaustive  statistical  study  in  the 
last  few  years^  *.  First  of  all,  when  the  ratio  b/c  is  a  rational,  the 

distribution  cannot  be  Poissonian  because  the  energy  levels  become  infinitely 

degenerate.  On  the  other  had,  when  the  parameter  b/c  is  taken  to  be 
irrational,  unexpected  fluctuations  in  the  nearest  neighbour  spacing 

distribution  occur.  This  result  was  discovered  by  Casati,  Chirikov,  and 

Guarnieri^,  who  found  that  the  level  spacing  distribution  exhibits  a 

significant  deviation  from  a  Poisson  distribution,  and  that  the  long-term 
correlations  characterized  by  a  A3  Dyson-Meiha  statistics*  differed 
considerably  from  the  expected  linear  behavior.  They  also  argued  that  this 
result  should  hold  in  the  multidimensional  case.  These  results  gave  rise  to 
further  studies;  Berry*  calculated  the  semiclassical  limit  of  the 

statistics,  clarifying  the  meaning  of  the  deviations  from  the  Poisson 
statistics.  Feingold*  found  that  a  slow  and  irregular  decay  of  the  excessive 
fluctuations  was  obtained  when  millions  of  states  were  included. 

What  we  want  to  stress  in  this  work  is  that  the  scalar  vacuum  field 
spectrum  is  a  definite  physical  example  for  which  the  above  results  apply,  and 
that  vacuum  fluctuations  inside  a  cavity  are  not  strictly  uncorrelated.  The 
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point  is  that,  although  the  deviations  from  Poisson  statistics  may  decrease 
for  large  quantum  numbers,  in  practice  there  is  always  a  cutoff  frequency- 
above  which  the  aproximation  of  impenetrable  walls  fails  to  be  reliable. 
Furthermore,  a  physical  detector  is  susceptible  only  in  a  narrow  frequency 
windows  around  its  own  resonant  frequency,  and  thus  measures  in  practice. 
As  pointed  out  above,  the  detector  does  not  observe  a  Poissonian  distribution. 

The  conclusion  is  that  the  spectrum  of  vacuum  fluctuations  in  a  cavity  is 
Poissonian  only  for  high  frequencies  and  in  the  limit  of  ideal  conducting 
boundaries,  but  that  less  idealized  conditions  may  open  the  way  to  chaos  in 
quantum  field  theory. 

A  detailed  analysis  of  the  vacuum  fluctuations  and  Casimir  energy  in 
rectangular  closed  cavities,  both  for  a  scalar  and  an  electromagnetic  field, 

9 '  1 0 

will  be  considered  in  forthcoming  articles. 


The  authors  are  grateful  to  T.  Seligman  and  F.Leyvras  for  many  valuables 
discussions. 
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Abstract 

QED  is  considered  in  the  presence  of  delta  shaped  external  Range  poten¬ 
tials  with  support  on  one  or  two  planes.  Using  the  propagators  determined 
in  these  special  field  configurations  the  parameter  dependence  of  the  vacuum 
energy  (similar  to  the  Casimir  effect)  is  calculated.  Thereby,  it  turns  out 
that  also  in  the  case  of  massive  fields  nonrelativistic  field  theory  is  unable 
to  appro.ximate  the  results  of  relativistic  field  theory.  .Surprisingly,  a  parallel 
calculation  using  the  zeta  function  method  leads  to  a  wrong  result  if  one  does 
not  investigate  the  nonleading  terms  carefully.  F'irst  loop  calculations  exhibit 
an  unexpected  renormalization  behaviour  which  may  be  typical  for  certain 
singular  background  fields. 


Introduction 

6-fuiictions  are  broadly  used  idealized  elements  of  theoretical  ))hysics.  With  its  help 
it  is  possible  to  formulate  models  which  in  many  cases  can  be  solved  explicitly. 
Ir  quantum  mechanics  quite  a  number  of  such  investigations  extsts  [Ij  whereas  in 
quantum  field  theory  investigations  of  th's  kind  are  just  at  the  beginning.  Here, 
we  consider  the  case  of  ^-functions  with  support  on  (parallel)  planes  so  that  they 
effectively'  depend  on  one  coordinate  only; 

n 

cA  =  0  ,  fAo  =  'Y^a,6(r3-d,)  (1) 

1=1 

With  such  a  procedure  we  in  fact  introduce  a  more  general  type  of  boundary  condi¬ 
tions  in  field  theory  which  genorali'zes  the  mostly  used  Dirichlet  boundary  condition, 
fn  physical  terms,  such  .t  (^-function  may  be  .seen  as  a  model  of  a  penetrable  bound¬ 
ary.  FVom  another  point  of  view,  it  can  be  considered  as  a  gmieralized  potential  pot 
which  contains  at  most  one  bound  .stale  for  each  degree  of  freedom. 
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Quantized  Fields  in  External  Delta  Potentials 
The  most  simple  ease  seems  to  be  the  charged  scalar  field,  described  by  the  Klein- 
Gordon  equation  [((9^  — if +  =  0.  Inserting  (1 )  for  tin  potential  .4,,  there 

a  difficulty  connected  with  the  product  of  two  6-functions  appears.  One  possible 
solution  consists  in  the  choice  of 

n 

[□  =  0  (2) 

■=i 

as  new  field  equation.  The  drawback  of  this  equation  is  that  due  to  the  simple 
coupling  2b'6(.T3  —  d,)6(x)  (resulting  from  the  term  (c,4o)^  )  the  charge  sensitivity 
has  been  lost.  Nevertheless,  we  will  study  this  equation  because  it  is  much  simpler 
than  the  Dirac  equaiion  which  will  be  considered  later.  I’lie  6-potential  leads  to  the 
additional  bounaary  condition  for  the  scalar  field  at  the  position  of  the  (^-function 

The  po.sitive  (negative)  energy  solutions  of  this  field  equation  consist  of  one  bound 
state,  symmetric,  and  antisymmetric  scattering  states.  The  quantum  field  can  be 
coiLstructed  with  the  help  of  a  mode  decomposition  containing  creation  a'*',  h'*'  and 
destruction  operators  a“,  6". 


For  later  calcidations 
follows: 

we  need  the  Feynman  proi)agator. 

It  can  be  written  as 

-  ,v)  +  t>(^-y) 

(D 

fr{r-y)  = 

L  1  1  ip(x  -  y)  +  iT|r3  - 

2  7  (2rr)^r 

Gil 

D{x.y)  = 

b  r  (Pp  1  1  ip{x  _  y)  -E  (] 

2  7  (277)'’ F- (6  F 

(  !-''3|  + 

fthe  unusual  notations  are  p  =  (po-pi^Pz)-  t  =  (j-or-fi- ■L2)  A'ld 

F  =  \//V^  -  m-  -b  (fi. 

where  is  *^he  standard  propagator  of  free  field  theoiy  and  D(.r.  y)  an  addi 

tional  term  containing  the  correction  due  to  the  6-function  potential.  I  his  unusual 
repre.sentation  is  quite  appropriate  for  all  furtlier  calculations.  The  second  part  of 
the  propagator  explicitly  contains  the  bound  slate  F  =  ib  for  6  >  0  as  pole  in  the 
physical  sheet  Irn  F  >  0.  For  b  — ►  — oo  the  propagator  satisfies  the  Dirichlet  bound¬ 
ary  condition. 

Generalizations 

If  we  want  to  discuss  Casimir  like  configurations  with  two  planes  represented  by 
6-functions  then  we  have  to  rei)eat  tiie  same  construction  like  above  for  the  field 
equation  with  ,  =  1,2  and /q  =  bi-  ller<‘,  the  field  mocles  are  much  more  complicated. 
Again,  they  contain  bound  states,  .symmetric,  and  anti.symmetric  scattering  states. 
Without  going  into  detail  [2], [3]  we  <|uote  the  result  for  the  propagator  only 

^ _ 

'  2  7  (27r)''  F  (F  -  *6)2  + 


•  {(F  -  ,6)f  'i'(k3-<i,l+lv3-rf.l)  ^  ,5g.r(k.-d.|+k,-<<.|+rf)  ^  d2)}  .  (7) 

Not*'  that  also  Ix-io  the  iJiscrete  eigenstates  (bound  states)  appear  as  zeros  of  the 
denominator.  In  addition,  there  zeros  of  the  denominator  exist  which  do  not  lie  on 
tlie  real  axis  in  the  po  plane  (so  that  they  do  not  belong  to  the  spectrtim)  and  which 
could  be  interpreted  as  resonance  states. 

Let  us  now  turn  to  the  more  interesting  case  of  the  Dirac  equation  which  looks 
for  the  special  potential  as  follows 

+  7‘’«'^{'r3  -  d,)]V’(j)  =  0  .  (8) 


The  substitution  of  the  6-function  by  a  boundary  condition  for  the  Dirac  spitior 
is  also  nontrivial.  We  have  to  take  into  account  that  the  field  itself  cannot  be 
continuous  at  the  position  of  the  6-function.  So,  the  following  boundary  condition 
can  be  derived  [2], [.'!]: 


=./,-<  .  /?  =  exp  ,  sinO 


(I 


(9) 


Again,  the  energy  eigf'iistates  are  found.  In  opposition  to  the  approximated  Klein- 
CJordon  equation  the  charge  sensitivity  is  preserved.  As  it  should  be,  there  are  either 
bound  states  for  the  particle  or  for  the  antiparticle.  For  simplicity,  we  write  down 
the  propagator  ’  '''  {.r,  //)  =  j  —  y)  +  S(T,y)  corresponding  to  one  6-function  only 
where 


=  j/(m5 


d*/)  -  y)  +  +  L'/.il) 


I’2 


(p5  +  m  -  c(j-3)-;'T') 


(o"!' -  (m/2)(;)y  -  m)^ ^  3,,, 

- 7—r - 7—r. - (m  +  m  +  f(l/:,)7  1  )  ■ 

A_|  —  lajr 


(10) 


1’he  energy  eigenfunctions  as  well  as  the  propagators  for  one  or  two  delta  functions 
ran  be  found  in  [2],[li]. 


Vacupm  KNKRGY 

As  the  simplest  quantity  of  physical  interest  we  calculate  the  vacuum  energy  per  unit 
area  corresponding  to  two  6-potentials  separated  by  the  distance  d.  This  is  a  slight 
generalization  of  the  classical  Casirnir  problem  where  the  plates  are  now  idealized 
by  6-funrtions.  W<-  illustrate  the  procedure  for  the  scalar  field.  The  vacuum  energy 
per  unit  area  is  given  by 

+  'X» 

/>’„ar  =  y  di-3  <  OIToulO  >,  '/(x)  =  /'(C^x.  J-)<j>(,l/)|x-v  ('•) 


where  is  the  energy  momentum  tensor  for  the  scalar  field  written  here  in  a  .sym¬ 
bolic  notation  containing  a  point  splitting  procedure  (u.seful  for  the  regularization 


process)  and  the  diFerentiation  operator  P.  So,  by  formally  taking  the  vacuum 
expectation  value  we  arrive  at  an  expression  containing  the  Feynman  propagator  as 
an  essential  element. 


The  aim  of  our  calculation  is  to  determine  the  distance  dependent  part  of  the  vac¬ 
uum  energy,  therefore  all  other  distance  independent  contributions  will  be  omitted. 
Obviously,  this  concerns  the  contribution  from  the  free  field  propagator  as  well 
as  further  parameter  independent  contributions.  After  some  algebra  we  obtain  an 
expression  which  for  large  distances  leads  to 


—6^  V 

8(rri  -  6)2  wj 


e  ^  m  ^  0,  b  <  m 


’  """  ■ 


The  spinor  case  which  corresponds  to  the  field  equation 

-  m  +  j°a(S(x3  -  d,)  +  S(x3  -  d2)}]i’(x)  =  0 


can  be  treated  in  the  same  manner  but  the  algebra  is  much  more  involved.  The 
result  is 


£vac  = 


[  2md  ,  ^  . 


_L^ 

6r^(P  ’ 


m  =  0 


The  conclusions  following  from  these  calculations  are;  for  large  distances  (which  is 
the  physically  interesting  limit  in  any  case)  the  contributions  of  massive  fields  to  the 
Casimir  effect  (electrons  contained  in  metallic  plates  etc.)  are  exponentially  sup¬ 
pressed.  For  massless  scalar  fields,  the  well-known  Casimir  result  is  recovered.  In 
the  spinor  case,  opposite  to  the  .scalar  theory  the  resulting  Casimir  force  is  repulsive. 
One  further  interesting  point  concerns  a  corresponding  nonrelativistic  calculation. 
Usually  one  believes  that  the  essential  impact  of  metallic  plates  is  to  change  the 
low  energy  spectrum  of  the  fluctuations  of  the  electromagnetic  field,  therefore  the 
Casimir  effect  is  considered  as  an  infrared  effect.  If  this  would  be  true  for  the  case 
of  massive  fields  in  the  presence  of  delta  functions  then  a  nonrelativistic  calculation 
should  be  possible.  An  explicit  nonrelativistic  calculation  [3]  shows  that  this  is  not 
the  case,  the  distance  dependent  part  of  the  vacuum  energy  (at  least  for  a  <  0) 
vanishes.  This  means  that  the  deformation  of  the  energy  spectrum  caused  by  a 
nonrelativistic  approximation  is  so  serious  that  it  leads  to  a  wrong  approximation 
for  the  Casimir  energy. 
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Zeta  Function  Method 

The  (.‘-function  method  is  a  very  powerful  method  for  calculating  effective  actions 
and  vacuum  energies.  The  mathematical  background  is  as  follows:  Let  K  be  a  self- 
adjoint  operator  with  a  discrete  spectrum  I\<l>n  =  A„<^„  and  nonzero  eigenvalues  A„ 
corresponding  to  the  normalized  eigenfunctions  J dx  ^n{x)<^m(x)  =  ^nm-  Then,  we 
define  the  (.‘-function  of  the  operator  K  as 

r  °° 

Ca(s)  =  Tr{K]  ’  =  dxdy  S(x  -  y)^  \^’^„ix)(i>„[y)  (16) 

n=l 

oo 

=  ^  A”’  <  oo  for  Re  s  >  Sc,  ■  (17) 

Tl=l 

In  physics,  however,  discrete  eigenvalues  of  operators  are  not  the  rule.  As  an  exam¬ 
ple,  we  study  a  complex  scalar  field  under  the  influence  of  two  6-potentials.  First 

we  have  to  turn  to  Euclidean  field  theory.  The  operator  is  K  =  -(di  -(-  A)  -f 

—  26(6(z3  —  di)  -f  6{x3  —  dj))  where  with  the  help  of  the  generalized  boundary 
conditions  the  6-functions  determine  a  self-adjoint  operator.  If  we  choose  6  <  0 
then  this  operator  possesses  a  continuous  spectrum  with  no  discrete  eigenvalue. 
So,  we  cannot  expect  to  obtain  a  physically  meaningful  result  using  the  (-function 
method.  To  have  discrete  eigenvalues  we  introduce  one  further  boundary  condition 
in  i3-direction  namely  we  are  considering  a  finite  interval  of  lenght  L  with  Dirichlet 
boundary  conditions  at  its  ends.  It  turns  out  that  this  is  sufficient  for  a  successful 
application  of  the  (-function  method  in  the  present  case.  In  [4]  we  obtained  the 
following  result  for  the  (-function; 


(k(5)  = 


i/j£r(3/2)r(s-i/2)/i 


27r'^ 

26^ 


r(-' 


[-Jd.(. 


■2  + 

-2dK 


2L  - 


(62  +  «2) 


m  ' 


(a  -  6)2  -  62e-2'i'< 

The  vacuum  energy  can  be  extracted  using  the  formula 


(18) 


V2TE  Ec. 


Trig  A-  =  --(^-(s)U. 


(19) 


where  the  infinite  quantities  Vj  (volume  of  a  two-dimensional  Euclidean  space)  and 
Te  (volume  of  a  one-dimensional  Euclidean  space,  imaginary  time)  reflecting  the 
symmetries  of  the  problem  will  drop  out  for  the  vacuum  energy  per  unit  area  by 
definition.  However,  the  first  term  in  the  curly  bracket  which  contains  one  further 
infinite  contribution  (2L  — »  00)  is  unexpected.  This  is  an  untypical  contribution 
for  (-function  calculations  and  it  can  be  omitted  by  hand  because  it  is  parameter 
independent.  This  first  term  would  be  the  result  of  a  naive  calculation  without 
imposing  additional  boundary  conditions.  The  second  term  describes  the  depen¬ 
dence  of  the  vacuum  energy  on  the  coupling  constant  and  the  third  term  leads  to 
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the  distaiKT  dependent  contribution  to  the  vacuum  energy  already  calculated  earlier. 
Interacting  QED 

Here  we  discuss  quantum  electrodynamics  at  the  one  loop  level  containing  a  d- 
function  as  an  external  potential  (aj  =  a)  [5].  In  perturbation  theory  the  standard 
Feynman  rules  are  valid  with  the  one  exception  that  we  have  to  use  the  more  com¬ 
plicated  spinor  propagator  ’5'^.  Let  us  calculate  the  mass  operator  for  this  configu¬ 
ration.  Because  ’5'^  is  a  summed  up  propagator  we  expect  that  besides  the  standard 
divergences  of  free  field  theory  the  self-energy  diagram  also  contains  contributions 
from  the  triangle  diagram  (with  one  external  field  insertion)  which  exhibit  infinities. 
.\ccording  to  conventional  wisdom  that  the  inclusion  of  electromagnetic  background 
fields  docs  not  change  the  divergences  of  QED  we  would  expect  no  further  diver¬ 
gences.  This  however  is  not  the  case  here.  A  direct  calculation  of  the  divergent  part 
of  the  mass  operator  (using  Feynman  gauge  and  a  UV  cut-off  A)  yields  the  result 
that  the  self-energy  part  containing  the  second  part  5  of  the  spinor  propagator  leads 
to  the  expected  structure  of  the  divergency  however  with  an  unexpected  complicated 
coefficient  function  of  the  dimensionless  coupling  constant  a 

S(r,i/)U.  =  (20) 


Such  a  function  can  appear  only  if  each  insertion  of  the  6-function  in  this  diagram 
produces  an  additional  divergent  term.  Loosely  speaking,  the  rea.son  is  that  the 
6'function  fixes  external  lines  (corresponding  to  the  external  field)  onto  the  same 
point  Xs  =  0.  However,  the  theory  remains  renormalizable  but  one  has  to  use  some 
complicated  nonlinear  parameter  renormalization. 
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General  evolution  equation  for  the  distribution 
amplitude  of  exclusive  virtual  Compton 
scattering 

B.Geyer,  D. Muller  and  D.Robaschik 
Sektion  Physik  der  Universitat  Leipzig,  Germany 


1  Introduction 

So  far  the  theoretical  description  of  hadronic  scattering  processes  within  the  frame¬ 
work  of  QCD  is  by  no  means  complete  since  the  phenomenon  of  confinement  is 
not  understood  up  to  now.  However,  for  processes  at  large  momentum  transfer 
<j(<7^  =  —Q^  <  0)  the  scattering  amplitude  may  be  split  into  a  perturbatively  calcu¬ 
lable  hard  scattering  (short  distance)  part  and  a  phenomenological  determined  soft 
(long  range)  part. 

In  the  light-cone  dominated  cases  of  deep  inelastic  lepton-hadron  scattering  and 
(virtual)  photoproduction  of  a  meson  the  corresponding  soft  parts  are  the  "parton 
distribution  functions"  and  the  (meson)  "wave  functions",  respectively.  Both  func¬ 
tions,  however,  fulfil  well  known  evolution  equations  with  respect  to  Q^.  namely  the 
Altarelli-Parisi  (.AP)  and  the  Brodsky-Lepage  (BL)  equation,  whose  kernels  are  also 
perturbatively  calculable.  Furthermore,  these  kernels  are  shown  to  be  related  to  the 
anomalous  dimensions  of  some  nonlocal  light-ray  operators  [1]. 

Here,  we  consider  another  light-cone  dominated  process,  the  virtual  exclusive 
Compton  scattering,  which  -  as  could  be  presumed  -  shows  the  same  general  be¬ 
haviour,  but  -  what  is  unexpected  -  whose  corresponding  evolution  kernel  ]\(T.T') 
contains  the  AP-  and  BL-kernels  tis  limiting  cases.  Thereby,  it  is  interesting  to  note 
that  this  new  kernel  may  be  obtained  from  the  BL-kernel  by  an  analytic  continuation 
procedure;  therefore,  it  may  be  denoted  as  "extended  BL-kernel"  [2]. 

2  Distribution  amplitudes  for  exclusive  virtual 
Compton  scattering 

The  exclusive  virtual  Compton  scattering  will  be  considered  in  the  generalized  Bjorken 
region:  =  —q‘'  — *  oo  with  ^  =  —q'^fPq  and  q  =  ^qjPq  fix  (Here,  the  following 


variables  have  been  used:  9  =  (91  +  92)/2<  P  =  P\  +  Pi-  A  =  P2  —  Pi  where  91  or  92 
and  Pi  or  P2  are  the  in-  or  outgoing  photon  and  hadron  momenta,  respectively,  with 
the  restrictions  9?  <  0,95  >  0  ).  It  may  be  shown  that  in  this  region  the  helicity 
amplitudes  T(X',  A)  =  £2(A')7’^„cj'{A)  asymptotically  are  given  by  (l/2)c2(-^')i=i(^)'7’^ 
for  the  transverse  helicities,  and  vanish  otherwise.  Therefore,  only  the  trace  of  the 
scattering  amplitude 

T,,(PXq]  =  i  J  <  P2\RT(J^(^-)J.(^)S\Pi  > 

has  to  be  considered;  here  J^(x)  =  (1/2)  :  t;’(x)y„(A^  —  A®/\/3)f(j)  :  is  the  elec¬ 
tromagnetic  current  of  the  hadrons  (for  flavour  SU('i)),  R  the  usual  renormalization 
procedure,  and  5  the  renormalized  5-matrix. 

.^s  usual,  the  product  of  the  composite  current  operators  will  be  expanded  near  the 
light-cone  (r^  =  0)  with  respect  to  an  appropriate  operator  basis.  For  the  following 
consideration  it  is  essential  to  use  the  nonlocal  light-cone  expansion  due  to  Anikin 
and  Zavialov  [3].  In  our  special  case  it  reads  (in  leading  order): 


R(Tr{M 


(/?7'0'’(x.  «)5),„2, 


with  the  light-ray  operators 


0'‘(x.k)  =:  ll'{KlX)(,.r‘])l’(KlX.K2X)l-{K2X)  : 


where  /a 

1'{kix,k2x)  =  Vexpy-ig  j  dri*'  Au{Tx)j 

is  the  path  ordered  phase  factor  due  to  the  gluon  field  A„(  j)  projected  onto  a  light-ray 
which  is  determined  by  some  .f,  =  0,  related  to  x.  Here.  R  is  a  new  well-defined 

renormalization  procedure.  The  singular  coefficient  functions  Fa  may  be  determined 
perturbatively;  in  the  Born  approximation  they  are  given  by 

F,(x^^)  «  (2r^(j'  -  iffy'  6(a  +  )(^(K-  -  1/2)  -  6(s--  +  1/2)) 

with  =  (k2  ±  «i)/2  and  =  (2/9)6„o  +  (l/6)^a3  +  (1/6^3)608- 

Putting  all  terms  together  we  finally  obtain  after  some  integrations  and  change  of 
variables: 

r;(P,A,9)«2y  = 


where  the  distribution  amplitudes 


f  d{K-X 

J  27rxl 


<  P2\RTO^x-k.)S\Pi  >1 
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contain  the  long  range  behaviour  of  the  process  (which  is  related  to  the  hadron  states 

It  is  quite  remarkable  that,  contrary  to  the  well  known  distributions  for  the  hadron 
wave  functions  and  the  deep  inelastic  scattering,  the  above  amplitudes  depend  on  two 
independent  parameters,  t  and  r,  the  latter  being  related  to  the  hadron  momenta  P\ 
and  Pq.  In  fact,  taking  the  limits  r  — *  0  (i,e.  P\  =  P2)  and  r  — >  — 1  (i.e.  Pi  =  0)  we 
(formally)  obtain  the  usual  meson  wave  function  d(j-  =  =  limr^_i  9“(<.  t.  Q^) 

and  also  the  quark  distribution  function  =  limr— r,  (J^),  respectively. 

3  Evolution  kernel  of  the  distribution  amplitude 
and  its  relation  to  the  AP-  and  the  BL-kernel 

The  generalized  distribution  amplitudes  ^“{1,  T,fP)  contain  some  perturbative  aspects 
which  are  determined  by  the  renormalization  group  equation  of  the  corresponding 
light-raj'  operators, 

where  the  anomalous  dimension  ■){'<..!<')  is  determined  perturbatively.  Using  the  o- 
representation  for  the  Fevnman  diagrams  the  following  behaviour  has  been  obtained 
[1]: 

'>(«•«')  =  (1/a-1)->(«-’+  =  (k'+  -  K+)/a--.u--  =  «'_/«-). 
with  the  support  of  the  (new)  function  *, ( .  ic_ )  restricted  with  respect  to  the  new 
parameters  according  to 


|a'±|<l.  |ttv±tr-l<l. 


This  gives  rise  to  a  corresponding  renormalization  group  equation  for  the  distri¬ 
bution  amplitudes  which,  if  the  renormalization  point  is  choosen  as  =  Q^.  can  be 
expressed  as  an  evolution  equation. 


with  the  evolution  kernel  (t/r  =  T) 


K(T,T')  =  J  f/ie_')(ii’+  =  w-T'  —  T.u'-). 

This  kernel  is  nothing  else  but  the  (partly  integrated)  anomalous  dimension  of  the 
light-ray  operators,  and  therefore  does  not  depend  on  the  hadron  states  |P,  >  explic¬ 
itly.  (For  physical  st.ates  \P,  >  the  support  of  the  amplitudes  9“(/,  t\ Q^)  is  restricted 
to  |r)  <  1  and  |t|  <  1). 
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So  far,  evolution  equations  of  the  above  form  have  not  been  considered  in  the 
literature.  However,  the  AP-  and  the  BL-equations  may  be  obtained  as  limiting 
cases.  The  corresponding  kernels  are 


and 

respectively.  It  is  necessary  to  remark  that,  contrary  to  the  limiting  preocedure  for 
the  distribution  functions  itself,  the  limits  for  the  evolution  kernel  A' (T,  T')  are  well 
defined;  for  V{x,y)  this  is  quite  trivial. 

As  it  is  evident  from  the  last  equation,  the  BL-kernel  coincides  with  A'(t.t')  in 
the  restricted  region  —1  <t,t'<  1  of  the  (<,/')-plane.  Therefore,  the  question  arises 
if  it  contains  enough  information  to  extend  it  into  the  whole  (t,  t')-plane.  In  fact, 
using  again  the  a~representation  we  have  shown  that,  in  every  order  of  perturbation 
theory,  this  can  be  done  by  analytic  continuation.  From  this  it  is  obvious,  that  it  is  also 
possible  to  determine  the  AP-kernel  via  the  "extended  BL-kernel”  A'(<,/')  from  the 
usual  BL-kernel.  This  result  is  new  and  somewhat  surprising  since  both  kernels  are 
related  to  kinematical  quite  different  physical  processes:  on  the  other  hand,  this  show's 
the  virtues  of  the  nonlocal  light-cone  expansions.  In  addition,  using  this  nontrivial 
relation  we  were  able  to  show  that  the  already  computed  2-loop  approximations  of 
the  AP-  and  the  BL-kernels  are  consistent  w'ith  each  other. 

A  more  detailed  version  of  these  results,  indicating  also  the  proofs,  will  be  given 
elsewhere  [4], 
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THE  PERSISTENCE  OF  INTERACTIONS  IN  QUANTUM  FIELD  THEORIES 

Philip  3.  Burt 
Clemson  University 

The  separation  of  observer  and  observations  is  one  of 
the  most  perplexing  problems  to  confront  the  Copenhagen 
interpretation  of  quantum  mechanics.  As  is  well  known, 
several  paradoxes  arise  from  this  question  including  that 
of  the  famous  friend  of  Professor  Wigner.  Ultimately,  the 
pursuit  of  these  paradoxes  leads  to  a  discussion  of  the 
applicability  of  quantum  mechanics  to  living  organisms ( 1 ) . 

In  a  more  immediate  sense  this  putative  dichotomy  is 
encountered  in  the  supposition  that  interactions  can  arise 
from  the  dynamics  of  a  theory.  By  "arise"  is  meant  here 
that  there  is  a  period  when  a  system  doesn't  interact  with 
a  second  system,  then  a  period  when  interactions  occur, 
then  subsequently  a  period  when  no  interactions  are 
present.  The  second  period  is,  somehow,  supposed  to 
develop  or  evolve  through  the  field  equations.  For  a  very 
important  class  of  field  theories  including  quantum 
electrodynamics  of  spin  1/2  systems  this  supposition  is 
false.  In  particular,  the  fine  structure  constant 
appearing  in  the  field  equations  must  also  enter  the 
boundary  conditions.  This  fact  can  be  established  quite 
generally  without  recourse  to  specific  assumptions  about 
methods  of  solution  of  the  field  equations.  Similar 
behavior  is  also  exhibited  in  exact  solutions  of  self 
interacting  systems ( 2 , 3) . 


The  basic  field  equations  of  quantum  electrodynamics 
of  spin  1/2  particles  are; 


)<li  -eA^Yjj'l'  *0 


Cl) 


3^3  A  =  eijrc 


(2) 
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The  commutation  relations  of  the  electromagnetic  vector 
potential  are: 

3|.A^(x,t)A^(y,t)  -  A^(y,t)3|.A^(x,t)  =  P^^(x,  t)Q  (x-y)  (3) 


The  anti-commutation  relations  of  the  spinor  field  and  its 
hermitian  adjoint  are: 


+  ii/g(y,t)i()^(x,t)=  6(x-y)6^g 


P^^(x,t)  is  chosen  to  be  consistent  with  the  gauge  conditions  on  A^^ 


Mutiply  equations  (1)  and  (2)  on  both  sides  by  e.  The 
results  are: 

(iy^S^  -  m  )eijj  -  eA^y^e']^  =  0 

=  eipr^eip  (6) 


Rename  the  quantities  eA*^  =  and  sip  =  \  .  These 

new  named  fields  satisfy  equations  which  do  not  contain 


Therefore,  either  (I)  the  fields  B*" 


and  X  ate 


independent  of  e  or  (II)  e  must  enter  the  boundary 
conditions.  In  either  case,  as  asserted,  the  interaction 
in  the  original  fields  A*^  and  ip  will  be  persistent 
since  in  case  (I)  they  will  have  the  form: 


with  ^  ana  independent  of  e  and  in  case  (II),  if  e 
enters  the  boundary  conditions  the  field  interactions  are, 
by  definition,  persistent. 
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next,  case  (I)  is  inconsistent  with  the  cancnicai 

commutation  relations.  To  see  this  multiply  equations  (3) 

2 

and  (4)  on  both  sides  by  e  to  get 


(x,c)eA\j(y,t)  -  eA^(y,t)3^e.\  (x,c)  =  e  ?  (x,  t)5(x-y)  (9) 


eil)^(x,t)ei|jg(y,c)  +  e'Jjg(y,t)e(p^(x,t)  =6(x-y;.6^ge 


UV' 

2 


(10) 


On  the  left  side  of  equations  (  9)  and  one  has  the  new 

named  fields  and  X  which,  as  has  been  shown  in 

equations  (5  )  and  (6),  ate  independent  of  e,  while  on  the 
right  side  one  has  factors  e  .  The  result  is 
inconsistent,  therefore  case  (I)  is  eliminated  by  the 
canonical  commutation  relations.  The  conclusion  is  that 
only  case  (II)  is  acceptable  on  the  basis  or  the  field 
equations  and  the  canonical  commutation  relations.  The 
charge  e  must  enter  the  boundary  conditions. 

This  is  not  an  empty  conclusion.  The  dynamics 
as  defined  by  the  field  equations  and  the  commutation  and 
anti  commutation  relations  does  not  determine  the  coupling 
constant .This  proof  is  complete  and  self-contained.  It 
can  be  generalized  to  other  theories  including  guage 
theories.  The  arguments  depend  only  upon  the  field 
equations  and  the  canonical  commutation  relations(4) .  A 
more  complete  discussion  will  be  given  elsewhere. 
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Relativistic  Quantum  Mechanics  on  Fock  Space 
\V.  H.  Klink 

Department  of  Physics  and  Astronomy  and  Department  of  Mathenratics 
The  University  of  Iowa.  Iowa  City.  Iowa  52242.  US.\ 

Quantum  field  theory  does  not  offer  the  only  framework  for  describing  hadronic 
interactions  (including  production  reactions)  in  terms  of  underlying  constituents.  It  is 
also  possible  to  describe  hadronic  processes  using  a  relativistic  quantum  mechanics  in 
which  the  mass  operator  acts  on  a  Fock  space  of  underlying  constituents.  Using  the 
Lie  algebra  of  the  Poincare  group,  Dirac  [1]  .showed  that  a  relativistic  dynamics  could 
be  formulated  in  terms  of  the  so-csdled  instant,  front,  or  point  forms.  Although  the 
instant  and  front  forms  have  received  considerable  attention  because  of  their  relation  to 
quantum  field  theory  [2].  the  goal  of  this  note  is  to  show  that  the  point  form  lends  itself 
rather  naturally  to  a  Fock  space  formulation,  making  it  possible  to  deal  with  phenomena 
such  as  production  reactions  in  a  relatively  straightforward  way. 

We  begin  by  quickly  reviewing  some  relativi.stic  kinematics,  first  for  one  and  then 
n-particles.  Let  \pj<j)  be  a  relativistic  .state  of  four-momentum  p.  spin  j.  and  spin 
projection  <t.  Under  Lorentz  transformations  .\  6  SO(  1.3)  and  four-translations  a. 
such  states  transform  as 

+j 

9'  =  -) 

^'a\pj<^)  =  ■  iLl 

where  p  -  n  :=  p^ga.  p  =  (E.^,  g  =  cliag{\,  —1.  -1.  -1)  and  1?,,  is  the  IMgiier  rotation. 

i?„.  =  R-‘(Ac)Ai?(r)  .  (2) 

with  B[v)  a  canonical  boost  [3]  (coset  representative)  satisfying  p  =  B( c )/)( .-/ ).  p(.st)  = 
(rn.O).  p  ■  p  =  (n)  is  the  mass  of  the  constituent  particle)  and  r  =  p/m  the  four 

velocity. 

The  four-momentum  operator  and  Lorentz  generators  .7'’*^  which  result  from 
infinitesimal  transformations  of  Eq.  (1)  give  rise  to  the  following  operators: 

A/q  :=  Pq  ■  Pg  (/ret  tn«.s.s  optruior) 

V*‘  ;=  PgMg^  (four-velocity  operator) 

:=  ~  e^i/ajJ^^P’'  (Pauli-Luban.ski  operator) 

(1  2  (modified  Pauli-Lubanski  operator)  .  (3) 

Acting  on  the  states  in  Eq.  (1).  Mg  gives  the  mass  m  of  the  constituent.  U''  the  four 
velocity,  W  •  VU  the  spin  j,  and  ti  ■  lU  the  spin  projection  (n  a  c-number  four  vector)  [3], 


r 
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All  of  this  is  readily  generalized  to  n-particle  states,  which  are  n-fold  tensor  prod¬ 
ucts  of  one-particle  states.  To  prepare  for  the  point  form  of  relativistic  dynamics,  define 
(n-particle)  velocity  states  as 

ItT'ip,)  •—  C  ■  ^njnt^n) 

n 

|piji<Ti  . .  .p„j„a„)D>J^^^{k,.B{v))  (4) 

1=1  Ot 

with  A-,  =  {E,,h,).  Tt,  =  0,  f,  =  +  k,k,  and  p,  =  Blv)k,.  Then 

n 

1=1  ft[ 

.  io) 

where  m„  =  T,E,  =  y 't*?  +  k,  ■  k,  is  the  ti-particle  invariant  mass  and  {k,.Blv/)  is 
a  Wigner  rotation.  What  is  striking  about  Ecp  (5)  is  that  under  Lorentz  transforma¬ 
tions  the  internal  variables  (k,.p,)  transform  exactly  as  nonn'lativistic  variables,  with 
Wigner  rotations  replacing  ordinary  rotations.  This  means  that  orbital  and  spin  angu¬ 
lar  momentum  can  be  cotipled  to  give  the  total  angular  mom>  n‘um.  exactly  as  is  done 
in  nonrelativistic  cjuantum  mechanics,  et'enjthough  the  total  angular  momentum  is  an 
eigenvalue  of  the  relativistic  invariant  IV  ■  IT. 

In  the  point  form  of  dynamics,  the  free  mass  operator  Mo  is  modified  to  become 
the  interacting  mass  operator  M.  so  that  the  four-momentum  operator  becomes 

P>‘:=VM:  t6) 

unlike  the  other  forms  of  dynamics  the  Lorentz  generators  remain  unchanged.  P'‘  and 
will  satisfy  the  Poincaie  group  commutation  relations  provided 

[.I/,!'"]  =  0  .  [A/.IM  =  0  (or  \M..J°^]  =  0)  ;  (7) 

a  simple  way  of  satisfying  Eq.  (7)  is  to  require  that  the  kernel  of  M  acting  on  velocity 
states,  Eq.  (4),  be  rotationally  invariant  and  independent  of  the  four  velocity.  Fi>  .1 
Eq.  (6)  i'  follows  that  the  Hamiltonian  is  A/l  ®  and  the  generator  of  spatial  translations 
is  MV .  Further,  the  Lorentz  covariance  of  P''  follows  from  th'  covariance  of  the  velocity 
operator  V>‘. 

A  Fock  space  of  constituent  particles  can  now  be  introduced  as  the  direct  sum  of 
(antisymmetrized)  ri-particle  spaces,  which,  w'hen  written  as  velocity  states  gives  the 
follosving  correspondence  (suppressing  the  spin  and  mass  variables  j.  in)\ 


586 


vacuum 

10) 

1  particle 

\pa) 

l''Po)_ 

(degenerate)  vacuum 

2  particle 

\p\0\P2a-i)  -* 

Ic/JoAipi) 

1  particle 

n  +  1  particle 

Ipicr,  .  .  .p„  +  |f7„  +  ,) 

||■//oAl//l  ,  ,  .  A'nPn) 

f)- particle 

(8) 

Thus,  by  extracting  the  overall  velocity  and  spin  component  /U).  an  ordinary  (n  +  1) 
particle  state  becomes  an  n-particle  velocity  .-^late.  Creation  operators  are  defined  on 
these  velocity  states  by  writing 


Ic/iof/i)  :=  oH^IJ)\rtiu)  :  (9) 

since  a\ki.i)  acts  only  on  internal  variables,  it  is  sufficient  to  re<iuire  that  transform 
as 

=5]; /?eso(3).  (10) 

and,  with  the  commutation  relation  {</(/■/(). oM C/i' )}  =  Et'^{k  -  it  is  possible 

to  build  up  the  entire  '■internal  "  Fock  space  (from  which  the  overall  velocity  has  been 
extracted). 

Since  A/  must  commute  with  I'''  and  J“^,  a  general  mass  operator  can  be  written 
in  terms  of  creation  and  annihilation  operators.  A  simple  example  is 

=^M{kf4.Pfx')aHkij)a{k' fi')  .  (11) 

where  the  kernel  A/(A'p,  A''p')  must  be  rotationally  invariant.  .\n  algebra  of  mass  oper¬ 
ators  can  be  formed  by  requiring  that  the  kernels  satisfy  the  commutation  relations  of 
SL{2.R)-.  the  resulting  relativistic  harmonic  oscillator  eigenfunctions  are  then  specified 
purely  algebraically  on  the  Fock  .space  [4j.  It  is  clear  that  more  general  mass  operators, 
involving  products  like  a*a^c.a*a*ncf.. . .  can  also  be  given  and  these  in  turn  can  be 
used  to  generate  interactions  such  as  relativistic  spin  orbit  or  tensor  forces  [5].  Because 
of  the  fermionic  nature  of  the  creation  and  annihilation  operators,  it  is  also  possible 
to  generate  supej  algebras  of  ma.ss  operators.  Finally,  for  some  separable  potentials,  it 
is  possible  to  solve  exactly  the  relativistic  Lippmann-Schwinger  equations  for  particle 
production  proces.se.s  [GJ. 

Though  internal  symmetries  such  as  flavor  S['(3)  have  not  been  discussed,  it  is 
worthwhile  noting  that  the  generators  of  internal  symmetries  -  since  they  commute  with 
V  and  7“'*  —can  also  be  thought  of  as  mass  operators,  s'^  that  it  is  straightforward  to 
construct  mass  operators  that  give  the  Gell-Mann.  Okubo  mass  formula  [5].  .\nd  since 
the  velocity  "vacuum"  state  transforms  under  rotations  (see  Eq.  (8)).  introducing  an 
5t  (3)  internal  symmetry  label  makes  it  possible  to  enlarge  the  spin-internal  symmetry 
transformations  to  St’(6)  and  thus  build  a  fully  relativistic  Sf  (6)  structure  on  the 
(internal)  Fock  space  [5). 

Finally,  it  is  possible  to  give  a  point  form  formulation  of  hadronic  current  operators, 
in  which  the  current  operator  transforms  as  an  irreducible  tensor  operator  under  the 
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interacting  Poincare  group,  depending  on  whether  the  photon  momentum  transfer  i.s 
time-like,  light-like,  or  space-like.  Write 

J^ix)  =  XI  / (12) 

where 

h=  1.2.3  (?^>0 

=  1.2  Q-  =  (i 

=  0.1.2  (?-<0 

and  D''j|(.\)  =  .V’bgbb-  with  B{Q)  a  boost  Then  if  Ji,(Q)  transforms  as 

6' 

lP“.Jb{Q)]  =  Q'‘Jb{Q)  (13) 

the  hadronic  current  operator  will  automatically  satisfy  current  conservation  and  trans¬ 
form  as 


L-aJ‘‘(.T)V-'  =  J'‘u-  +  a]  .  (14) 

Moreover,  it  is  possible — using  the  operator  Ji,(Q) — to  formulate  a  relativistic  impulse 
approximation,  wherein  the  form  factors  of  the  constituents  fix  the  form  factors  of  the 
bound  states  of  the  mass  operator  [5]. 

We  have  sketched  the  framework  of  a  relativistic  quantum  mechanics  of  constituent 
particles  on  Fock  space,  using  Dirac's  point  form  of  relativistic  dynamics.  \  number 
of  issues  remain  to  be  investigated,  such  as  under  what  circumstances  a  given  mass 
operator  M  has  the  correct  cluster  properties  on  the  Fock  space,  but  the  approach 
seems  to  be  a  promising  alternative  to  quantum  field  theoretic  approaches. 
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Abstract 


The  connection  between  the  interned  dynaniics  of  the  Majorana’s  (and  Dirac’s) 
infinite  component  wave  equation,  and  the  new  exact  tightly  bound  solutions  of  the 
two-body  problem  of  electrodynamics  due  to  magnetic  interactions  is  established. 


I.  Introduction 

In  1932  Majorana*  established  a  wave  equation  based  on  a  unitary  infinite-dimension¬ 
al  representation  of  the  Lorentz  group  in  contrast  to  the  Dirac  equation  which  was  based 
on  the  4-dimensional  non-unitary  representation  of  the  Lorentz  group.  As  a  result,  Ma- 
jorana  equation  does  not  have  negative  energy  solutions,  but  albeit  infinitely  many 
excited  states.  Dirac,*  in  1971,  gave  another  wave  equation  without  negative  energy 
solutions.  It  turned  out  that  Dirac’s  new  equation  is  a  projection  to  the  ground  state  of 
the  Majorana  equation.*  Both  equations  describe  a  composite  system  which  in  its  rest 
frame  is  a  two-dimensional  oscillator,  or  a  two-dimensional  Kepler  motion,  depending 
on  the  choice  of  the  internal  coordinates.*’^  The  wave  equation  boosts  this  oscillator 
and  makes  a  covariant  description  of  the  moving  composite  system  possible.  Later  on 
more  general  infinite-component  covariant  wave  equations  with  three-dimensional  in¬ 
ternal  dynamics  have  been  developed*  and  applied  to  account  for  many  properties  of 
hadrons  as  composite  systems.* 


II.  Infinite  Component  Wave  Equations 


The  infinite  component  wave  equations  we  are  considering  are  of  the  form 

=  0  (1) 

where  r**  is  a  vector  operator  in  a  unitary  representation  of  the  Lorentz  group  (or  a 
more  general  dynamical  group  G  containing  the  Lorentz  group),  and  A  is  a  constant  or 
a  scalar  operator  in  that  unitary  representation.  Dirac’s  new  equation  is  obtained  by 
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adding  to  (1)  consistently  the  subsidiary  condition  EfiuXgS''^ =  0.  Now  in  the  rest 
frame  of  the  particle,  eq.(l)  becomes 

(r“A/ -  A’)V>  =0  (2) 

The  operator  F®  can  be  written  as  a  differential  operator  in  a  two-dimensional  space 
and  has  two  simple  realizations  in  terms  of  the  coordinates  related  to  each  other  by 
a  conformed  transformation.  Equation  (2)  can  then  be  written  in  two  different  ways’ 
{K  =  const)  : 

or 

,3.) 

where  q  ~  (91,92))  and  r  =  y/ are  two-dimensional  coordinates.  Thus  although 
eq.(l)  is  covariant,  the  rest  frame  equations  look  like  nonrelativistic  two-body  equations, 
due  to  the  choice  of  the  internal  coordinates. 

The  next  problem  naturally  is  to  find  the  physical  meaning  and  realization  of  the 
internal  dynamics  of  the  Majorana  “particle”.  Because  infinite  component  wave  equa¬ 
tions  account  in  a  simple  way  many  characteristic  properties  of  hadrons  (e.g.  dipole 
form  factors,  mass  spectra,  decay  rates  of  excited  states,  structure  functions,  polariz¬ 
abilities  and  scattering  amplitudes),  it  is  important  to  connect  the  interna!  dynamics  of 
these  equations  with  constitutive  models  of  hadrons. 


III.  Internal  Dynamics 

We  show  here  that  the  two-dimensional  internal  dynamics  of  the  Majorana  equa¬ 
tion,  eq.(3),  can  be  connected  precisely  to  a  relativistic  two-body  problem  of  electrody¬ 
namics.  The  system  is  described  by  the  relativistic  Lagrangian  of  Clausius^  (c  =  1) 

L  =  -TTii  yj a  -  v\  -  m2yj I  —  v\ - (C  -  Dv\  ■  v^)  (4) 

where  C]  =  D  =  1  but  we  introduce  these  parameters  to  see  the  effect  of  the  Coulomb 
(C)  and  magnetic  {D)  terms  separately.  Equation  (4)  can  be  derived  as  an  exact 
equation  of  classical  electrodynamics  from  an  action  principle,  if  an  invariant  center  of 
mass  time  t  is  properly  chosen  (rather  than  proper  times  of  individual  particles).® 

A  remarkable  special  exact  solution  of  the  equations  of  motion  resulting  from  (4) 
have  been  found  recently.”  This  is  obtained  by  putting  the  constraints 

■  -(-  D~  =  0  and  —  4.  £)—  =  0,  (5) 

whence  the  center  of  mass  momentum  P  =  pi  +  P2  is  automatically  zero.  The  equations 
of  motion  of  the  relative  coordinates  are  then 

p  =  -E~  +  a~2(C  -  D),  r=-^rp 
r®  aD 


(6) 
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where  E  is  the  conserved  energy.  These  equations  can  be  solved  exactly  in  two  ways®, 
directly,  or  by  going  over  to  a  new  time  T  with  dT/dr  =  r,  in  which  case  we  get  an 
equivalent  2-dimension:J  Coulomb  motion  (because  angular  momentum  conservation) 

"  =  P=-E^,+2(D-C)a^^  (7) 

The  orbits  are  ellipses.  The  system  can  now  be  quantized  leading  again  to  an  effective 
Schrddinger  equation  of  the  form  (3),  although  the  theory  is  fully  relativistic. 


IV.  The  Mass  Spectrum 


The  mass  spectrum  in  the  attractive  case,  is 

(m?  + 


M  = 


|o|D 


71,.  + 1/2+  [P  +  2Dq®(1 


1/2' 


where  and  I  are  the  angular  and  radial  quantum  numbers. 

The  important  feature  of  this  solution  is  that  it  is  nonperturbative  (o  is  in  the 
denominator)  and  non-analytic  in  D,  i.e.  in  the  magnetic  term  in  the  Lagrangian  (1). 
There  is  no  Coulomb  or  nonrelativistic  limit;  it  exists  even  if  C  =  0.  For  C  =  D  =  \ 
(physical  case)  we  have  the  simpler  form 


M  = 


{m\  + 


(n  +  f  +  1  /2). 


The  linearly  rising  mass  spectrum  is  also  a  property  of  a  generalization  of  Majorana 
equation  (1)  when  K  is  a  scalar  operator.® 

The  existence  of  this  surprising  new  solution  is  due  to  both  relativity  and  to  mag¬ 
netic  interactions.  Although  the  Coulomb  force  has  been  studied  for  centuries  the 
magnetic  force  t>i  ■  V2/r  has  been  somehow  neglected. 

The  magnetic  term  is  even  very  important  at  macroscopic  electrodynamics,  and 
determines  magnetic  units  in  terms  of  the  electric  ones.  In  atomic  physics  it  gives  rise 
to  small  spin-orbit  contributions.  But  now  we  see  that  at  much  shorter  distances  it 
dominates  and  gives  rise  to  new  states  of  matter.  That  the  magnetic  interactions  can 
lead  at  short  distances  to  new  tightly  bound  states  has  been  suggested  earlier*®’"’’® 
and  studied  in  a  number  of  explicit  models.”  It  is  significant  therefore  that  an  exact 
solution  exists  in  a  fully  relativistic  realistic  two-body  system.  The  more  so,  if  we  look 
at  the  numerical  values  of  the  size  and  energies  of  the  system  after  quantization.  When 
applied  to  the  electron-positron  system,  mj  =  m2  =  m,,  we  get  the  mass  spectrum 


M  =  y^^(n  +  e+l/2) 
a 

compared  with  the  mass  of  7r°  of  which  has  the  quantum  numbers  of  (e'*‘e“). 
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The  magnetic  system  has  a  number  of  other,  one  could  say,  revolutionary,  features. 
It  shows  a  new  phase  of  electrodynamics  from  the  Coulomb  (electric)  dominated  long¬ 
distance  phase,  to  the  magnetic  dominated  short  distance  phase.*’  It  also  shows  how 
to  obtain  large  hadronic  masses  from  almost  massless  leptonic  constituents  (the  mass 
geneialion  mechanism*^).  In  the  usual  potential  models  the  mass  of  the  bound  states 
is  always  less  than  the  sum  of  the  masses  of  the  constituents.  Here  we  have  to  have 
a  new  intuition  about  velocity  dependent  forces.  The  mass  created  comes  from  the 
tremendous  kinetic  energies  of  the  constituents.  It  would  be  interesting  to  generalize 
the  preceeding  theory  to  spinning  particles. 
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Particles  with  Fractional  Spin 
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Abstract 

Starting  from  unitary  irreducible  representations  of  the  (2-H)- Poincare 
group  we  construct  a  covariant  wave  equation  for  fractional  spin  particle  with 
finite  mass.  The  amplitude  is  shown  to  be  of  infinite-component  with  the 
frequency  of  definite  sign.  The  second  quantization  is  carried  out  by  using 
the  relation  of  the  covariant  ampUtude  to  the  original  one  that  belongs  to  an 
irreducible  representation  of  the  Poincare  group.  It  is  shown  that  no  consistent 
set  of  commutation  relations  exists  to  describe  free  fractional  spin  particles  in 
the  framework  of  (2-l-l)-relativistic  quantum  field  theory. 

I 

Let  be  one-particle  amplitudes  belonging  to  those  unitciry  irreducible 

representations  (UIRs)  of  the  (2-1-1)- Poincare  group  *  which  are  characterized  by 
k^k'‘  =  and  sgn(it°)  =  ±  .  Then  following  Wigner[l]  we  see  that  under  the 
(2-l-l)-Poincare  group  the  amplitudes  <f>^*^\k)  submit  to  transformations  such  that 

=  exp  i(ak  T  for  translation  o'*,  (11) 

0'**1(A:)  =  fc)^**l(A'''A:)  for  (2-1-1)- Lorentz  transformation  A,  (1.2) 

where  a;*  =  \J\  k  P  and  the  factor  Q**1(A,  k)  (called  Wigner  rotation)  is  given 

by  representing  the  transformation  ^  in  terms  of  a  UIR  of  the  little 

group  [1]  50(2),  which  in  the  present  case  is  the  set  of  Lorentz  transformations  leav¬ 
ing  the  3-vector  =  (±m,  0,  0)  invariant.  Here  are  the  boost  transformations 
defined  by  k^  =  /****'. 

To  obtain  an  explicit  form  of  Q^'^\A,k)  we  shall  use  an  infinitesimal  Lorentz 
transformation 

(1.3) 

where  uj'“'{=  are  infinitesimal  parameters.  Then  it  can  be  shown 

that  the  transformation  (a**^)~'Aa^*^,;^  is  just  a  rotation  through  the  infinitesimal 

'Throughout  this  paper  we  use  the  Ijorentz  metric  1)'“'  (m.  v  =  0, 1,2)  defined  by  =:  = 
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angle  6  =  d^{T^ —  T^k^)/{uji,  +  m).  Here  we  have  used  the  notations  r’  =  = 

ui^  and  9  =  Then  the  Wigner  rotation  is  found  to  be  of  the  form 

Q'*)(A,  k)=l  +  i(6T  -  -  -  -S)  (1.4) 

ail, -h  m 

with  aji  arbitrary  real  constant  5,  which  uniquely  specifies  a  UIR  of  the  little  group. 
Thus  on  account  of  (1.2)  we  are  led  to  the  Lorentz  transformation  of  the  following 
form; 

4,'<'^'>(k)  =  (1  -  ir'A'i  -  ir^K^  +  iej)<f>^*Hk),  (1.5) 

where  are  of  single  component  and  the  generators  are  given  by 


k^ 


=  *"(-4  -  7-^S) 


9fc2  (loj,  +  rn) 


and 


(1.6) 


j  =  i(  it*  _ k^^—)  +  S 


with  k^  =  ituik-  Defining  G'“'{=  —(?'''')  by  G'°  =  and  =  J,  we  see 

that  they  form  the  Lie  algebra  of  the  (2-f  l)-Poincare  group  together  with  k‘‘.  We 
may  call  the  constant  S  the  spin  angular  momentum  in  (2+l)-dimension. 

The  Casimir  operators  of  the  (2+l)-Poincare  group  are  seen  to  be  and 
il‘2-i,iwxk^G‘'^ ,  the  latter  of  which  may  be  called  the  Pauli-Lubansky  scalar  by 
analogy  with  the  (3-|-l)-dimensional  case.  By  virtue  of  (1.6),  in  the  UIR  under 
consideration  they  are  written  as 


=  W  =  ^(^„x2k>‘G^^  =  sgn{k°)mS.  (1.7) 


II 

We  shall  now  rewrite  the  formalism  given  in  the  preceding  section  into  a  covariant 
form,  in  which  we  shall  denote  the  amplitude  by  ip{k)  and  the  generators  acting  on 
it  by 

G'“'  =  i{k'‘dldk„  -  k'-fdk^)  +  (2.1) 

where  £'“'(=  — E"'*)  are  numerical  matrices  satisfying  the  Lie  algebra  of  SO(l,2). 
The  Pauli-Lubansky  scalar  in  this  case  is  written  as  W  =  l/2-e^„xA:''G*’  =  s^k'‘ 
with  Sy  =  l/2-e^„AL;‘'^  which  obey  the  algebra 

[si,S2]  = -*So,  [so.Si]  =  »S2.  [so.sz]  = -isi-  (2.2) 

Since  the  covariant  amplitude  ^(Ic)  linearly  depends  on  the  original  amplitudes 
4>^*\k),  it  must  submit  to  the  relation  Wrp{k)  =  Wtp{k),  that  is, 

s^k'^rp{k)  =  sgn(k°)mSrp{k),  together  with  ki^k'‘‘4i(k)  =  m^ip{k). 


(2.3) 


594 


The  set  of  these  equations  for  ip(k)  provide  us  with  conditions  for  the  particle  under 
consideration  to  have  the  squared  mass  and  the  spin  angular  momentum  S. 
Eq.(2.3)  shows  P  and  T  violations  for  mS  ^  0. 

In  the  rest  system  the  first  equation  of  (2.3)  reduces  to  SQip  =  Srp,  so  that 
the  spin  S  must  be  an  eigenvalue  of  the  matrix  sq-  For  massive  particles  with 
I  5  1=  n/2  (n;  nonnegative  integer)  we  can  obtain  a  covariant  description  in  x- 
space  in  a  similar  manner  to  that  in  {3+l)-dimension  [2],  and  through  the  second 
quantization  procedure  we  can  arrive  at  the  ordinary  spin-statistics  relation  [3], 

In  the  following,  however,  we  shall  concentrate  our  arguments  upon  the  fractioncJ 
spin  case.  Since  S  is  an  eigenvalue  of  Sq,  no  finite  dimensional  representation  is 
applicable  to  s^.  Furthermore  it  can  be  shown  that  for  a  fractional  S  the  set  of 
covariant  equations  Sf^k'^ip(k)  =  Xip{k)  and  =  w?rp(k)  with  a  suitable 

constant  A  has  only  solutions  with  fc®  of  definite  sign.  Thus,  as  for  such  we 
employ,  corresponding  to  5  <  0,  the  hermitian  generators  of  the  UIRs  D**^(=FS) 
of  50(1,2),  in  which  the  j-f  element  of  Sq  is  given  by  (so)„'  =  {S  ±  ]  ^ 

(ii  J*  =  Ij  2, ...,  oo),  and  examine  the  case  of  A:®  >  0  starting  with  (j>^'^\k). 

Now  let  us  introduce  an  amplitude  x(^)  "''fh  infinite  components,  in  which  the 
j-th  component  is  defined  by 

X,(<:)  =  (j  =  l,2,...,oo).  (2.4) 

On  account  of  the  above  definition  of  so,  Eq.(2.4)  is  seen  to  be  equivalent  to  the  set 
of  equations  [3] 

SoX(^)  =  sgn(^‘’)  Sx(k)  and  k^k'‘x(k)  =  m^xW-  (2.5) 

It  is  obvious  that  transformations  of  x(^)  are 

x'  {k)  =  expi(ak  —  a®w*)  •  x(^)  for  translation, 

X*(^)  =  (1  —  ItK  +  i9S)x{k)  for  Lorentz  transformation,  (2.6) 

where  the  generators  K^,  and  J  are  given  by  (1.6)  with  A:®  =  w*  and  with  the 
replacement  of  5  by  s®.  Thus  we  are  able  to  use  this  x(fc)  in  place  of  the  original 
amplitude  4>^'*'^k}.  With  these  preparations  we  define  the  covariant  amplitude  ip^k) 
by  the  relation 

tp{k)  =  U{k)x(k),  (2.7) 

where  U{k)  stands  for  a  unitary  operator  such  that 

U(k)  =  exp[itanh“'([k|  /A:®)  •  (siA:^  —  S2A:')/  lk|].  (2.8) 


Then  after  some  lengthy  calculations  we  obtain,  from  (2.5)  and  (2.6),  the  following 
equations  for  V'(^)[3]: 


(Sf,k'‘  —  mS)T(){k)  =  0,  (k^k"  —  m^)ip{k)  =  0, 

ij'{k)  =  (1  -I-  iw^„E'“')V'(A-‘A:)  =  0 


(2.9) 

(2.10) 


for  Lorentz  transformation. 
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where  E'"'  =  Hence  we  are  led  to 

{s^d‘‘  +  hnS)ii(x)  =  0, 


{d^d^  +  tn^)ij(x)  =  0, 


with 


(2.11) 

(2.12) 

(2.13) 


Thus  we  have  arrived  at  a  covariant  description  of  fractional  spin  particles.' 

Now  we  shall  regard  tpix)  in  the  above  as  a  field  operator.  Since  +  (fc)  s 
are  seen  to  describe  a  system  consisting  of  independent  harmonic  oscillators,  we 
may  assume  the  commutation  relations  (^')]:f  =  (k  -  k )  and 

fl!i'+>(/b')]:f  =  0  among  them  [2],  where  the  indices  -  and  +  attached  to 
the  conimutators  correspond  to  Bose  and  Fermi  statistics,  respectively.  Then  us¬ 
ing  (2.4),  (2.7)  and  (2.13)  we  can  derive  the  following  commutation  relations  in 

x-space[3]:  .  . 

[tpj{x),  4>f'Hy)h  -  ~  “  2/)i 

[^j(l),  t/'y(y)]T  =  0,  (2.14) 

where  F(z)  stands  for  a  function  such  that  F(0)  =  1  and  F{n)  =  0  for  non- vanishing 
integer  n,  and  positive  frequency  part  of  the  A-function  in  (2-1-1)- 

dimension:  , 

/  .  V  If  UK 

Here  it  is  noted  that  the  right  hand  side  of  the  first  line  of  (2.14)  does  not  vanish 
for  space-like  since  we  can  actually  show  the  relation 


—  I  ^ 


(2.15) 


f;  F^its^d'^lm  -  S)A<+>(2^)  Uo=o,x^o  /  0.  (2.16) 

;=i 

Thus  it  is  concluded  that  the  commutation  relations  for  the  fractional  spin  fields 
lead  to  the  violation  of  microcausality  in  any  case  of  Bose  and  Fermi  statistics.  It 
is  shown  that  the  situation  is  unchanged  for  parastatistics. 

Details  of  this  article  will  be  published  elsewhere  together  with  related  topics  [3]. 
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'Incidentally,  for  it®  <  0  we  have  (4^9"  -  \mS)ii{x)  =  0  and  (d„d>^  +  m^)it(i)  =  0  with  the 
same  s,,  as  those  in  (2.11). 
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Abstract 

Algebras  of  quantum  field  oscillators  recently  proposed  to  describe  possible 
small  violations  of  Pauli  exclusion  principle  exhibit  a  connection  between  charge 
conjugation,  unitarity  and  statistics;  the  connection  can  be  seen  in  the  correspond¬ 
ing  quantum  field  theory  through  the  appearance  of  ill-defined  norm  states  and, 
at  the  level  of  current  algebra,  is  suggested  by  the  value  of  the  Schwinger  term  in 
some  related  representations  of  Kac- Moody  and  Virasoro  algebras. 

New  attempts  have  recently  been  made  to  formulate  a  quantum  field  theory 
in  which  small  violations  of  Pauli  exclusion  principle  are  possible''^.  The  usual 
theory  of  parafermions^  describes  possible  violations  of  the  principle  but  runs  into 
difficulties^'®'®  that  are  circunvented  in  the  recently  proposed  theories  which,  after 
Grenberg  and  Mohapatra*,  we  call  paronic.  However,  these  paronic  theories  are 
also  plagued  by  difficulties^”*®  and  we  here  report  some  investigations  confirming 
the  rigidity  of  Pauli  principle  against  any  kind  of  violation*"*®.  These  investiga¬ 
tions  point  to  an  interesting  connection  between  charge  conjugation,  unitarity  and 
statistics  in  quantum  field  theory. 


In  quantum  field  theory  we  must  have  a  unitary  space  cyclicly  generated  from 
a  unique  -vacuum  state  ( 0)  which  obeys  the  so  called  zero-particle  and  one-particle 
conditions  given,  respectively,  by 

a,  |0)  =  0,  a;c]  |0)  =  |0),  (1) 

where  a,  represents  an  annihilation  operator,  a*  a  creation  operator,  each  index 
is  used  to  represent  particle  variables,  such  as  momentum,  spin  and  flavor  (the 
delta  stands  accordingly  for  products  of  deltas  of  Dirac  and  Kroenecker)  and  p  is  a 
number  which  is  characteristic  of  the  theory.  The  unitary  structure  of  the  theory 
is  given  by  the  products  of  breis  and  kets  and  its  statistical  signature  is  determined 
by  algebraic  relations  among  anihilation  and  creation  operators. 

Here  we  consider  a  paronic  theory  with  trilinear  relations*,  based  on  a  model 
due  to  Ignat ’ev  and  Kuz'min**,  and  another  one  with  some  bilinear  relations^ 
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recently  studied  in  the  literature  in  conection  with  quantum  groups*^  (for  a  review 
on  quantum  groups  see  reference  13).  The  paronic  trilinear  relations  are  given  by* ; 

+  C2a>oJ.ax]  =  af  =  0,  (2) 

where  ci  =  (2fS^  -  +  1).  cj  =  (d^  -  2)/(J*  -  d^  +  1)  and  d  is  a  real 

parameter  that  fixes  the  point  of  interpolation  of  the  paronic  statistics  between 
the  parafermionic  statistics  of  order  one  and  two,  these  two  limiting  cases  being 
realized  by  the  \'alues  zero  and  one  of  the  parameter,  respectively:  a  small  3 
accounts  for  the  smallness  of  the  possible  violation  of  Pauli  principle.  The  value 
p  =  1  in  the  one-particle  condition  in  ( 1 )  is  determined,  from  the  fundamental 
relations  (2),  by  following  a  method  devised  by  Greenberg  and  Messiah^.  For 
d  different  of  zero  and  one.  as  pointed  out  by  Greenberg  and  Mohapatra^,  a 
theorem  due  to  Govorkov*"*  implies  that  this  paronic  theory  is  plagued  bj’  states 
of  negative  squared  norms,  the  simplest  of  them  being  a  four-particle  state  of  the 
form  |  0)  (i  ^  j)).  Govorkov's  theorem  does  not  rule  out  a  theory  which 

has  no  maximal  occupancy  number,  as  the  occupancy  number  two  given  by  the 
second  trilinear  relation  in  (2),  and  an  example  of  such  a  theory  was  proposed  by 
Mohapatra^;  it  is  a  paronic  theory  based  on  the  bilinear  relation: 

a,a]  +  (I  -  3^)a^jai  =  6,j.  (3) 

For  d  =  0  it  ob\’iously  reduces  to  a  fermionic  relation  and  a  small  d  is  again 
supposed  to  describe  small  violations  of  Pauli  principle. 

Now  we  want  to  consider  the  relativistic  version  of  those  paronic  theories  by 
imposing  their  fundamental  relations  (2)  or  (3)  to  a  relativistic  half-spin  field’**. 
From  the  relation  obeyed  by  the  field  it  is  easy  to  derive,  by  using  the  orthogonality 
of  the  Dirac  spinors,  the  corresponding  relations  for  the  particle  and  antiparticle 
oscillators.  From  the  paronic  theory  with  trilinear  relations  (2)  we  obtain: 

[ci6j6j  +C2bjbl,bk]  =  -d,kbj,  +cj3jd]>dk]  =  +b,kdj.  (4) 

where  we  are  using  the  notation  of  Bjorken  and  Drell*^.  As  a  consequence  of  the 
paronic  statistics  these  relations  are  manifestly  not  invariant  under  charge  conjuga¬ 
tion.  It  is  easy  to  calculate  in  this  relativistic  theory  the  following  squared  norms:  || 

b]b]b]  1  0)  11'=  '  2d'(l  -  d'). 

II  d\d]d\  I  0)  ||'=  2d'(d'  -  1)  (i  ^  j)-  Obviously,  they  cannot  be  both  non¬ 
negative,  except  at  the  trivial  limits  3  =  0  and  d  =  1  in  which  the  usual  statistics 
and  the  charge  symmetry  are  restored.  If  we  consider  the  paronic  theory  with 
bilinear  relations  (3),  which  is  not  ruled  out  by  Govorkov’s  theorem,  a  similar 
analysis  starting  with  relations  (3)  leads  to  the  squared  norms:  ||  6^6*  |0)  ||'=  d', 
(d'  -  1)“*  II  dj'd]  I  0)  ||'=  -d'  {i  ^  j).  For  d  small  but  not  zero  the  negative 
squared  norm  of  the  three  antiparticle  state  leads  again  to  the  connection  between 
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charge  conjugation,  unitarity  2ind  statistics.  Going  back  to  the  relativistic  version 
of  the  paronic  theory  with  trilinear  relations  (2),  we  can  construct*  ®  from  them 
(and  some  other  relations)  a  module  with  cyclic  vector  |0).  It  is  them  possible  to 
construct®  representations  of  Kac- Moody  and  Virasoro  algebr2is*®  on  a  1  +  1  dimen¬ 
sional  version  of  this  module.  Since  the  theory  of  Kac-Moody  algebras  provides 
an  unitary  structure  for  integrable  representations  with  positive  integer  level*®  our 
construction  can  teach  us  something  about  the  paronic  theory  itself.  The  result  is 
that  the  central  charge  in  the  representations  is  the  positive  integer  ci  3^  —  C2  =  2, 
but  since  it  is  independent  of  0  the  possibility  of  gaining  a  unitary  structure  (at 
the  level  of  current  algebra)  leads  to  the  absence  of  paronic  features,  a  fact  also 
pointing  to  the  relation  between  charge  conjugation,  unitcirity  and  statistics. 
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Abstract;  It  is  shown  that  Weinberg’s  equations  for  arbitrary  spin  contain  not 
only  2{2j  -r  1)  physical  solutions,  but  also  kinematically  acausal  solutions.  Despite 
the  existence  of  these  physically  unacceptable  solutions  we  are  able  to  construct  a 
fully  relativistic  and  causal  Feynman  propagator  for  arbitrary  spin. 

Despite  the  fact  that  there  remain  fundamental  difficulties'  with  quantum  field 
theories  of  high-spin  particles,  an  internally  consistent  relativistic  phenomenology 
of  these  particles  is  urgently  needed.  This  is  due  to  the  advent  of  higher  energy 
nuclear  facilities  which  will  make  possible  the  study  of  the  mutual  interactions 
of  hadrons  with  high  spin.  Following  Wigner**,  Weinberg^  and  Ryder’*  we  have 
recently  proposed^  such  a  relativistic  framework. 

While  the  dynamical  acausality'  in  relativist'c  equations  for  spin  j  _  1  are 
well  known,  there  is  a  general  belief  that  high-spin  relativistic  wave  equations  are 
free  from  difficulties  at  the  free  particle  level.  In  this  contribution  to  the  “Second 
International  Wigner  Symposium’’  vve  report  that  the  Weinberg  equations  satisfied 
by  the  (j,0)  ©  (0,j)  covariant  spinors  suffer  from  kinematical  acausality. 

Weinberg’s  equations^'^  for  arbitrary  spin  can  be  conveniently  written  in  the 
following  general  form 


)  tip)  =  0  ,  (1) 

where  {p}  is  a  set  of  2j  Lorentz  indices  and  pi''^  is  a  product  of  2y  contravariant 
energy-momentum  vectors,  i.e.  for  j  =  1/2,  pf''!  =  TyP*';  for  j  --  1  p^'"-  = 

Tji^p'^p*',  and  so  on.  For  one  time  and  three  space  dimensional  spacetime,  there  are 
[4(4  -t- 1)  ■  •  ■  (4  +  2j  —  l)J/(2j)!  gamma  matrices  (of  dimension  2(2_;  -  1 )  x  2(2j  —  1)) 
which  are  symmetric  in  the  Lorentz  indices.  To  be  be  more  specific  we  present  as 
an  example  the  case  j  =  3/2.  For  this  case  Eq.  (1)  becomes 

(Tm.-^  P^P^p'  -  Hi''’  ^ '(P  )  =  0  -  (2) 


This  work  relates  to  Department  of  Navy  Grant  N00014-91-J-1679  issued  by  tne  Office  of 
Naval  Research.  The  United  States  Government  has  a  royalty-free  license  throughout  the 
world  in  all  copyrightable  material  contained  herein. 


with  the  8x8  chiral  representation  ~)^v\  given  by 

/  0  p‘'{p°  ^2J  ■  p)*  \ 

\{{2J-pf-p^){2J-p-2p°}] 

p''  p'  =  •  (3j 

[';;..p"pV-2/.p)- 

W{(2-^  P)^  -  P ’}{2/  p- 3p°}]  0  / 

Eq.  (1)  is  a  set  of  homogenous  coupled  equations. 

In  order  for  a  solution  to  e.xist  a  necessary  condition  is 

Determinant  -  m~-' I  ^  =  0  .  (4) 

For  a  given  j  this  equation  is  a  2j[2(2j  -r  l)]th  order  equation  in  E.  Solving  this 
gives  the  dispersion  relations  E(p,m)  for  the  2j{2{2j  ~  1)}  solutions.  Of  these 
solutions  there  are  .Vc’(j)  =  2{2j  +  1)  solutions  which  satisfy  E  --  *  y  ^  m~. 
There  remain,  however,  NaU)  =  2y{2(2j  -t-  1)}  -  2(2y  ^  1)  =  2(2y  -  r)(2j  -  1) 
solutions  which  do  not  satisfy  the  correct  dispersion  relation  for  E{p'.iu).  In  our 
example  case  of  j  =  3/2,  these  results  are  given  explicitly  in  Table  I.  Explicit 
results  for  the  wave  equations  satisfied  by  the  (1,0)  0  (0.1)  and  (2.0)  0  (0,2) 
covariant  spinors  can  be  found  in  Ref.  [5]. 

Table  I  Dispersion  relations  E  =  E(p,m)  associated  with  Eq.  (2).  .V,-  (?;)  =  8, 
and  (|)  =  16.  Here  p"  =  p-p. 


(Multiplicity)  Dispersion  Relation 

Interpretation 

(4)  E  =  +  Y^p^  + 

Causal,  "particle" 

»±l(p).  '',',(p'l 

(4)  E  =  -  v^P^  + 

Causal,  "antiparticle" 

i'±i(p).  'M  (p) 

(4)  E  = 

1/2 

1 

Kinematically  \causal 

(1)  E  ~  ^2p'‘  rlV3m^-m^ 

|l/2 

Kinematically  Acaiisal 

(4)  E  = 

1/2 

1 

Kinematically  Acaiisal 

(4)E= 

)■" 

Kinematically  .Acausal 
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The  solutions  termed  "‘kinematically  acausal”  do  not  satisfy  the  correct  dis¬ 
persion  relation  E~  —  +  m} .  A  similar  study  of  the  Weinberg’s  equations 

satisfied  by  the  (1,0)  ©(0, 1)  and  (2,0)©(0,2)  covariant  spinors  reveals  existence 
of  “tachyonic”  solutions  with  E  =  E\/p~  — 

As  a  consequence  of  this  kinematical  acausality  the  Green  function 

(  -  x')  =  S\x  -  x')  ,  (5) 

associated  with  the  Weinberg’s  equations,  propagates  not  only  the  physically  ac¬ 
ceptable  causal  solutions  but  also  the  physically  undesirable  (at  least  in  the  context 
of  our  present  understanding)  a  causal /tachyonic  solutions. 

How-ever,  the  object  which  most  naturally  enters  the  calculations  of  the  scat¬ 
tering  amplitudes,  via  canonical  perturbation  theory,  is 

;xi5^iy)  =  (  !r['i'<-''‘^*®*“"-''(x)  ^■'’°'®‘“""(i/)i  ■  )■  (6) 

with  the  matter  field  operator  defined  by 

. 

where  fl  is  a  normalization  factor  which  can  be  chosen  for  convenience.  In  addition 
'l'(x)  =  'l''(x) "’ith  the  canonical  representation  too  -  o  as  a  diagonal  matrix 
with  (2/  ^  1)  X  (2j  ^  1)  identity  matrix  I  in  the  upper  left  corner,  and  -I  in  the 
lower  right  corner. 

The  2{2j  1)  particle-antiparticle  covariant  spinors  U(,(p)  and  v.y{p),  a  = 

_/,y  -  1,  •  •  •  —  j,  associated  with  the  kinematically  causal  solutions  of  the  Weinberg’s 
equations  can  be  obtained  via  the  action  of  the  2(2y  ©  1)  x  2(2;  —  1)  boost  matrix 
(in  “canonical  representation,”  defined  in  Ref.  |,5j) 

(cosh(y->p)  sinh(y-‘,J)\ 

(8) 

sinh(J-<p)  cosh(y-<p)/ 

on  the  2(2j  i-  1)  rest  spinors  in  the  form  of  the  2(2j  l)-dimension.al  column 
vectors  u+j(0)  =  (,V(y),0,0,  ,0),  •••,  i’_^(6)  =  (0, 0,  •  •  ■ ,  0,  .V(y )).  Based  on 

certain  considerations  ^  of  the  m  —  0  limit  of  the  covariant  spinors,  the  simplest 
choice  for  the  normalization  factor  is:  N{j)  =  mE  In  equation  (8)  J  are  the 
{2j  1)  X  (2j  +  1)  angular  momentum  matrices  with  Ji  diagonal.  The  parameter 
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‘P  is  given  by 


cosh((^  )  =  7 


^  \  Ipi  -  P 

— ,  sinh(i^  I  =  i’7  =  — .  p  ~  rzr- 
m  m  ;p 


(9) 


A  straight  forward  calculation  yields  the  following  simple  expression  for  the 
configuration-space  causal  Feynman  propagator 


(•r! 


d^p 


2<xi^ 


<T=-J 

X  0{x'‘  -  y°)  -T  rfVa{p)va{p) 

where  y  =  -i-1  for  bosons  and  -1  for  fermions. 
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CLASSICAL  EIGENSPINOkS  AND  THE  DIRAC  EQUATION 
W.E.  Baylis 

Department  of  Physics,  University  of  Windsor 
Windsor,  Ontario,  Canada  N9B  3P4 

Many  authorsl^’^l  have  sought  new  insights  into  the  Dirac  equation  and  its  classical 
limit.  Here,  an  approach  based  on  the  covariant  Pauli  algebraPI  T  demonstrates  close 
relationships  between  classical  and  quantum  theories  of  “elementary"  fermions. 

The  observed  4-velocity  and  orientation  of  a  particle  is  given  by  the  Lorentz  trans¬ 
formation  A  which  transforms  properties  of  the  particle  from  its  rest  frame  Ko  to  the 
observer’s  "lab"  frame  K.  Only  "elementary"  particles  are  considered  here.  A  particle  is 
said  to  be  elementary  if  and  only  if  its  motion  in  K  at  any  point  .x  (  x )  on  its  world  line  can 
be  described  by  a  single  Lorentz  transformation  .\(t).  Such  a  particle  can  not  contain 
independent  structures  (such  as  several  elementary  particles)  since  it  would  then  require 
different  transformations  .\  for  each  component.  A  particle  containing  separate  parts 
which  move  rigidly  together  could  be  "elementary"  but  would  suffer  a  well-known  conflict 
with  causality  when  accelerated.  Therefore  an  "elementary"  particle  may  be  characterized 
as  structureless,  although  the  existence  of  an  intrinsic  orientation,  for  example  spin,  is  not 
precluded.  Only  positive-energy  particles  are  considered  here,  even  though  negative- 
energy  ones,  representing  antiparticles,  can  be  consistently  included  in  the  classical  theory. 

The  transformation  A  can  be  written  as  the  product  of  a  rotation  and  a  boost  S : 
A  =  ‘B'Z  ■  In  'P ,  A  may  be  any  unimodular  element  ( A  A  =  1  );  if  unitary,  it  is  a  rotation 
( A  -»  p  =  p ' );  if  hermitean,  it  is  a  boost  ( ,\  ->  S  =  ® ' ) .  The  4-velocity  of  the  particle  is 
found  by  applying  A  to  the  rest  4-velocity  u  =  I  (in  units  with  c  =  1); 

u  =  =  AA*  =  •B^  (’) 

Note  that  ii  is  independent  of  the  rotation  'if .  If  the  particle  is  observed  in  a  different  frame 
K’,  A  must  be  replaced  by  the  transformed 

A  ^  A'  =  /,A.  (2) 

where  /.  c  S I ,  ( ?. ,  C )  transforms  quantities  from  K  to  K’.  This  transformation  behavior  is 
one  way  to  define  spinors,  and  /A  may  be  called  the  eigenspinor  of  the  particle. 

The  motion  of  an  elementary  particle  is  determined  from  its  initial  position  and 
velocity  if  the  evolution  A  (  r )  =  /,  ( t  .  Xg )  A  (  i  „ )  of  its  eigenspinor  is  known.  This  is  a 
.spinor  transformation  (2)  where  /(x.Tq)  is  a  Lorentz  transformation  obeying 
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To)  =  1 . 2nd  l(r,ro)^  l(r.r,)l(r,.ro).  Both  y\(T) and  /  (t  ,  Tq)  obey  the 
same  equation  of  motion,  which  takes  the  form  of  an  identity  (a  dot  indicates  a  derivative 
with  respect  to  the  proper  time  t  ) 

A  =  CA.  C-AA.  (3) 

Since  A  is  unimodular  A  A  =  1 ,  the  scalar  part  of  G  vanishes:  1  •  C  =  A  •  A  =  0 .  and  A  is 
4-orthogonal  to  A  .  From  (2)  and  (3), G  transforms  as  a  6-vector:  C  ^  LCl.  In  particular, 
if  G  ,est  is  G  as  seen  in  the  rest  frame  of  the  particle,  then 

G=AG,.,,A  (4) 

and  the  time  evolution  (3)  of  the  eigenspinor  is  also  given  by  A  =  A  G  • 

With  the  help  of  A  ,  any  physical  quantity  can  be  transformed  from  Kq  to  K.  Thus 
the  set  {e„}  of  four  constant  basis  4-vectors  of  the  rest  frame,  where  pq  =  I  is  the  unit 
4-vector  along  the  rest-frame  time  axis  and  p*  =  -Pj  are  the  spatial  unit  vectors,  are  seen 
in  the  lab  frame  to  be  the  tetrad  of  4-vectors  known  as  Frenet  vectony^'^^ 

(t„  =  Ap^A*  (5) 

where  the  subscript  here  labels  distinct  4-vectors,  not  components.  In  particular,  the  Frenet 
vector  uo  is  the  4-velocity  of  the  particle  in  the  lab  frame.  The  time  dependence  of  is 
found  directly  from  (3)  and  its  hermitean  conjugate: 

u„  =  Ae„A'  + Ae„A'  =  Gu„  +  ((„G'.  (6) 

With  a  particular  defined  orientation  of  the  rest  frame  axes,  this  is  exactly  the  Frenet-Serret 
equations!  ^’41,  and  G  may  be  identified  with  the  Darboux  vector. 

For  example,  the  velocity  of  a  charge  g  of  mass  m  in  an  external  electromagnetic 
field  F  =  E  +  I B ,  is  governed  by  (6)  with  p  =  0  and 

p  (7) 

G  =  — F(T)-2mS. 

2  m 

where  S  is  an  arbitrary  6-vector  constrained  to  obey  Su  +  ijS*  =  0.  This  gives  the  u.sual 
Lorentz  force.I^l  The  only  effect  of  S  is  to  add  a  rest-frame  spin  rate  of  1  m  s  „ .  where  o 
is  the  hermitean  rest-frame  value  of  the  6-vector  - « S . 

The  "classical  Dirac  equation"  is  simply  the  spinor  form  of  the  equation  relating  the 
4-momentum  and  the  4-velocity:  p  =  mti,  and  its  spatial  reverse  p  =  mn .  From  (1)  and 
the  unimodularity  of  the  eigenspinor  A  ,  these  relations  can  be  written 

p  A  =  m  A  .  p  ,A  =  m  A  ' . 


(8) 
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Classically  p=  p'  and  the  two  equations  (8)  are  equivalent.  Any  spinor  A  which  satisfies 
(8)  must,  within  an  arbitrary  initial  rotation  and  a  real  scalar  multiplying  factor,  be  the 
eigenspinor  of  the  particle.  In  a  (2  x  2)  matrix  representation  of  (8),  the  two  columns,  say 
r)  and  %  of  the  eigenspinor  A  =  (ti.^)  are  acted  upon  independently.  The  spinor 
transformation  (2)  also  holds  independently  for  q  and  they  are  2-spinors.  Since 
A  .q  )  where  q*  = -iPzq*  and  similarly  for  ^ ,  each  of  the  equations  (8)  is 

equivalent  to  the  pair 


pq*  =  m^.  p^  =  mq’. 

When  the  two  2-spinors  are  combined  into  the  column  "bispinor" 


the  classical  equations  (9)  take  the  usual  quantum  form 


(9) 

(10) 


where  y„  are  the  usual  Dirac  matrices  in  the  Weyl  representation.  The  choice  (10)  is  not 

unique;  since  the  axes  chosen  to  specify  the  initial  orientation  of  the  rest  frame  are  arbitrary, 
the  various  representations  related  by  an  initial  rotation  are  physically  equivalent. 

If  the  Frenet  vectors  (5)  are  expressed  in  terms  of  the  2-spinors,  some  are  seen  to  be 
bilinear  covariants  of  ip .  Thus  components  of  the  4-velocity 

u  =  A«„s,  A  *  =  A  A  '  =  qq*  +  (12) 

are  the  bilinear  covariants  associated  with  the  quantum  current  density: 

=  (13) 


where  ip  =  'P*Y'’  =  (?*.q)  and  the  scalar  identity  qq*  =  q*  q  has  been  used.  Similarly,  the 

Frenet  vector  o  3  is  -  2times  the  spin  dual  s .  and  has  components  ip  y  “  Y  'P  •  The  six  bilinear 
covariants  which  are  components  of  the  antisymmetric  spin  tensor  correspond  to  the 
6-vector  S  =  is  a,  whereas  the  scalar  and  pseudoscalar  bilinear  covariants  are  determined 
by  the  unimodularity  condition  AA-i  tobe\pip  =  2  and  ip  y"'  >P  “  0  •  respectively.  This 
accounts  for  all  16  bilinear  covariants;  none  are  left  to  express  the  Frenet  vectors  11 , .  k  2 . 
Indeed,0|  andioz  are  the  hermitean  and  antihermitean  parts  of  2q^‘  which  can  not  be 
expressed  as  a  bilinear  covariant  of  the  form  <p[...)rp.  The  Dirac  theory  is  evidently 
incapable  of  describing  elementary  particles  with  more  than  one  preferred  direction  (the 
spin  direction). 
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Since  the  spin  is  proportional  to  the  Frenet  vector  u  3 .  its  classical  time  dependence 
is  given  by  (6).  With  G  as  in  (7),  and  with  S  =  i  A  So  A  where  s  0  is  constant,  (6)  is  equivalent 
to  the  BMT  equationl^]  for  a  spin  with  g-factorg  =  2  in  an  electromagnetic  field  F .  The 
value  g  =  2  is  a  consequence  of  assuming  a ///lear  time  development  for  A  .  A  more  general, 
nonlinear  equation  can  accommodate  an  arbitrary  g-factor,  but  this  is  unsatisfactory  for  an 
elementary  particle  which  is  not  an  isolated  point. 

Expressions  for  the  symmetry  transformations  P,  T,  and  C  can  also  be  identified  for 
the  forms  ip  and  A  .  The  ip  forms  are  identical  to  the  usual  quantum  ones,  but  the  corre¬ 
sponding  forms  for  A  are  simpler  and  have  transparent  geometrical  interpretations.  The 
parity  transformation?:  i;;  YoV  corresponds  to  spatial  inversion  A  ^  A  .whereas  charge 
conjugation  C  corresponds  to  the  reflection  A  -» .A  e , .  the  FT  transformatioii  rotates  the 
initial  rest  frame  by  n  about  -  c  1  and  CPT  multiplies  A  by  i . 

The  classical  Dirac  equation  for  a  free  particle  is  just  the  momentum  representation 
of  the  quantum  Dirac  equation.  It  can  be  used  to  derive  the  momentum-space  free-fermion 
propagators  used  in  standard  QED  treatments.  If  the  free  particle  solutions  are  known, 
the  full  quantum  perturbation  formalism  results  from  the  superposition  of  eigenspinors. 
In  terms  of  A  the  quantum  plane-wave  solutions  ^(.v)  =  ii;(0)p\  p(-ip  ■  .v/ft )  are 
A  =  A (0)e\p((e3p ■  .v/f!)=  .\(0)oKp(,iQjmx/ fi)  which  describe  a  rest-frame  spin 
about  -Coat  the  Zitterbewegung frequency  2m / T\ .  In  the  presence  of  a  potential  energy 
I  the  spin  frequency  should  probably  be  modified  to2(m  I  ). 

For  adiabatically  changing  potential  energies  of  purely  electromagnetic  origin,  this 
is  sufficient  to  establish  the  operator  relation 

iavp(.v)  =  (p  *  t>/l)i;;(.v)  (14) 

and  hence  all  of  standard  quantum  Dirac  theory.  A  phase  shift  in  the  bispinor  is  equivalent 
to  a  rotation  about  the  spin  axis,  and  local  gauge  invariance  results  as  usual. 
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Smooth  massless  limit  of  spin- 2  theories 


W.  F.  Heidenreich 

Institut  fiir  Theoretische  Physik  A,  TU  Clausthal 


Abstract 

VVe  find  a  set  of  auxiliary  ghost  fields  for  the  massive  spin-1  and  spin-2 
fields,  such  that  the  Lagrangian,  the  propagators,  and  the  number  of  physical 
fields  have  a  smooth  massless  limit. 


1  Introduction 

We  know  from  Wigner's  classification,  that  massive  particles  with  spin  s  have  2s  4- 1 
helicities  (being  defined  as  angular  momentum  in  the  direction  of  the  momentum 
of  the  particle),  while  for  massless  particles  of  spin  s  there  are  two  representations 
with  helicities  ±s.  So  while  for  spin-0  particles  we  have  one  component  in  both 
cases,  for  spin-1  we  have  two  components  for  photons,  but  3  for  Z-bosons.  and  a 
mssive  spin-2  particle  wot''  '  have  5  components,  to  be  compared  with  th.  two  of 
gravitons.  For  higher  spin,  a  smooth  massless  limit  seems  to  require  more  and  more 
auxiliary  physical  fields.  On  the  other  side  Gupta-Bieuler  electrodynamics  has  four 
field  components  (two  physical  and  two  ghost),  so  we  expect  auxiliary  ghost  fields 
for  the  massive  theory. 

Such  a  smooth  massless  limit  is  necessary  for — to  say  the  least — the  infrared 
problem.  When  we  introduce  a  small  mass  in  the  massless  propagators,  we  should 
obtain  a  massive  propagator  of  the  same  spin.  There  are  many  possible  auxiliary 
fields  to  achieve  this;  here  we  want  to  concentrate  on  two.  which  we  think  are  of 
special  interest.  One  scheme  uses  a  minimal  set,  the  other  one  has  only  massless 
auxiliary  fields. 


2  Spin-1:  Minimal  scheme 

The  propagator  of  the  massive  spin-1  Proca-field, 


(A,A,)  -  — 


(1) 


diverges  in  the  massless  limit.  To  rectify  this,  we  make  a  “gauge  tranformation” 

A,  =  A,- 


(2) 


If  the  scalar  field  B  commutes  with  the  Proca  field,  and  has  the  propagator  of  a 
ghost, 

(A,fi)  =  0,  =  (3) 

then  we  obtain  for  the  new  vector  field 


(A^A,)  =  - 


In  the  ma.ssless  limit,  we  get  the  propagator  of  the  electromagnetic  field  in  Feynman 
gauge,  and  the  Nakanishi-Lautrup  field  B. 

The  corresponding  Lagrangian  in  the  old  and  new  fields  is 

L  =  -kF^  +  !i^A^  +  ^(BDB  +  m^B^) 

=  -\F^  +  i-A^  +  B{dA)+lB^-  (5) 


expressed  in  the  new  field  it  has  a  smooth  massless  limit.  This  formulation  is 
discussed  e.g.  by  Nakanishi  [1]. 

We  begin  with  a  massive  vector  field  which  carries  a  massive  spin-1  represen¬ 
tation  of  the  Poincare  group,  and  a  scalar  ghost  of  equal  mass,  and  end  up  with 
a  Gupta-Bleuler  triplet.  If  we  denote  physical  helicity  components  by  bold  type, 
negative  norm  ghosts  by  italic  and  norm  0  ghosts  by  usual  type  we  have  the  helicity 
components: 


The  number  of  physical  fields  is  not  constant.  The  helicity-0  component  of  the 
Proca-field  and  the  ghost  combine  to  the  scalar  and  gauge  modes  of  the  Gupta- 
Bleuler  triplet.  The  gauge  freedom  of  the  electromagnetic  field  appears  only  in  the 
limit.  This  situation  can  be  improved  by  adding  further  auxiliary  fields. 


(9) 
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This  can  be  obtained  from  a  dipole  ghost  4>o,  which  has  with  0i  =  0(j>Q 

{4>0'i>o)  =  (<^o^i)  =  p-  (^0) 

The  field 

4>  =  <i>o+ ^^4>i 

satisfies  Eq.  (9).  From  the  dipole  we  can  form  an  additional  scalar  field 

^  =  mtpo  +  ^<t>i  (12) 

which  in  the  massless  limit  becomes  a  particle 

=  <‘3> 

The  corresponding  Lagraiigian  in  the  old  and  new  fields  is 

=  -\F^+^A^  +  l4>i~m^(dA)-\4>0$.  (14) 

In  the  limit  we  get  electrodynamics  with  gauge  fixing  and  a  scalar  field  In  the 
Abelian  Higgs  model  it  is  the  Goldstone  mode  [2]. 

If  we  denote  the  helicity  components  of  the  dipole  ghost  by  (0)  — »  (0)  we  have 

massive  massless  ,.g. 

(±1.0) e  1(0)  (0)]  [(0)  ^  (±1)  (0)] e  (o)  '  ^ 

So  the  number  of  physical  fields  remains  constant.  The  gauge  freedom  of  the  dipole 
ghost,  <i>o  00  +  A,  with  DA  =  0  becomes  in  the  limit  the  gauge  freedom  of  the 
electromagnetic  field. 


4  Spin- 2;  Minimal  scheme 

To  simplify  the  notation  we  multiply  the  propagator  of  (he  mcissive  spin-2  Fierz- 
Pauli  field  with  currents  (energy  momentum  tensors)  and  write  the  Born-amplitude 
(seee.g.  [3]) 

where  t-i  =  and  i'  =  A  new  field 

-f  -1-  k^B^)  -f  ^(2k^k^  -f  (17) 

with  2a^  =  6b^  =  1  and  the  propagators 

=  iDD)  =  -^^  (18) 
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gives 

H  ■ 

In  the  massless  limit  this  is  the  propagator  of  linearized  gravity.  It  propagates 
helicity  ±2  modes  only;  one  role  of  the  ghost  D  is  to  produce  the  nonvanishing  trace 
of  the  massless  field  h.  The  two-point  function  {Dh^^)  still  has  a  singular  limit, 
which  can  be  dealt  with  by  introducing  G  = 

carries  a  massive  spin-2  representation,  a  spin-1  ghost  and  spin-0  repre¬ 
sentation  of  positiv'e  norm,  and  D  a  spin-0  ghost,  all  of  equal  mass.  We  have  the 
following  helicity  components: 


massive 

massless 

(±2.±l,O)T<(±I,O)0(O)e(O) 

(0)_{±1)-.  (±2,0) -*(±1)^(0) 
0(0) 

(20) 

The  Lagrangian  for  this  formulation,  including  further  auxiliary  ghosts  which 
give  a  constant  number  of  physical  fields  and  a  gauge  freedom  of  the  massive  aux¬ 
iliary  fields  can  be  found  in  [4],  where  it  is  used  for  the  infrared  regularization  of 
quantum  gravity. 

As  in  section  3  we  can  also  find  massless  auxiliary  fields.  Expanding  the  propa¬ 
gator  (16)  we  find  that  a  spin-1  dipole  and  aspin-0  tripole  are  sufficient  to  regularize 
the  massless  limit.  As  the  central  representation  of  the  tripole  has  negative  norm, 
a  physical  application  of  the  minimal  scheme  seems  to  be  more  straightforward. 
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On  the  metaplectic  representation  in  quantum  field  theory 

Jose  M.  Gracia-Bondi'a 
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Departamento  de  Fisica  Teorica,  Universidad  de  Zaragoza,  Zaragoza  50009,  Spain 

We  give  an  account  of  the  infinite  dimensional  metaplectic  representation  in  the  Segal- 
Bargmann  framework:  fully  explicit  formulae  for  the  integral  kernels  of  the  representation  are 
presented.  Quantization  of  bosons  interacting  with  external  fields  tnay  be  formulated  with 
the  help  of  the  metaplectic  representatiott.  with  a  suitable  recipe  for  the  selection  of  com¬ 
plex  structures:  closed  expressions  for  the  vacuum  persistance  amplitude,  S-matrix  .  .  .  are 
obtained.  Occurrence  of  Schwinger  terms,  for  instance  the  central  charge  of  the  Virasoro 
algebra,  is  directly  littked  to  the  non-split  central  circle  extension  of  the  symplectic  group. 

The  classical  manifold  underlying  bosons  fields  is  just  a  symplectic  vector  space, 
i.e..  a  real  vector  space  V  with  a  symplectic  form  5.  Pick  a  complex  structure  J,  i.e., 
a  real-linear  operator  on  V  satisfying  —  —I.  which  leaves  S  invariant  and  such  that 
S(v.  Jv)  >  0.  for  ('  0.  To  fix  ideas,  one  can  think  of  V  as  the  space  of  real  solutions  for 

a  Klein  -Gordon  equation  with  external  interaction.  S  as  the  usual  symplectic  form  on  V^. 
and  J  is  chosen  as  the  unique  complex  structure  commuting  with  the  time  evolution 
generator  for  the  free  Klein-Gordon  equation: 

0  -(-A -h 

(— 0 

Then  V  can  be  regarded  as  a  complex  vector  space  with  the  obvious  rule  (a  -I-  i3)v  :  = 
Qc  -h  3Jv  for  a.  J  real,  and  the  hermitian  form 

(ii  I  e)  :=  S(u.  Jv)  +  iS{  ii.v)  =  dj[ti.v)  -I-  idj(Ju.  r)  (1) 

is  a  positive  definite  inner  product  on  1'.  We  shall  henceforth  assume  that  V’  is  complete 
for  the  inner  product  (1)  and  separable. 

Let  6(1)  denote  the  space  of  antiholomorphic  functions  on  1  such  that  :  = 

sup^'/  Jy,  |/(i(  du.  where  1'  ranges  over  the  finite  dimensional  complex  sub¬ 

spaces  of  V  [1].  Denote  £,.(u)  :=  exp(  j(u  |  v) ).  Then  Ex-  €  B{V )  and  for  any  4*  €  B(\  ). 
we  have  {E,..^)b  =  'l'(f)-  This  is  a  well-known  property  of  the  system  of  coherent 
states  in  Bargmann  space,  that  genertilizes  to  the  infinite  dimensional  case,  ^\e  write 
|0)  =  Eg  to  denote  the  vacuum  (i.e..  the  constant  function  1). 

Consider  the  group  Sp  of  invertible  cotjtinuous  real-linear  transformations  leaving 
S  invariant.  One  has  g  £  Spiff  gJ  =  Jg~'  ■  were  the  superscript  'f  means  transposition 
with  respect  to  dj.  and  :=  We  may  decompose  any  real-linear  operator  g 

on  V  into  linear  and  antilinear  parts  by  pg  :=  j(q  —  JgJ).qg  :=  jlg  -f  JgJ)-  Then 
3  €  Sp  iff  Pj  =  \(g  -h  g~').  qg  =  \(g  -  g~').  If  g  €  Sp.  then  pg  is  invertible:  we  define 
Tg  :=  qjpj'.  We  can  parametrize  g  G  Sp  by  the  pair  (pg.Tg)\  for  g  can  be  written  in 
a  unique  way  as  p  =  (I  +  Tg)pg.  tvhere  Tg  is  antilinear  and  symmetric  and  I  —  Tg  is 
positive  definite.  Pg  is  linear  and  satisfies  Pg(l  —  Tg)pg  =  I. 
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Now.  let  J  denote  an  irreducible  Weyl  system: 

=  d(i-  +  f')exp[- j5(r,  f')].  (2) 

and  consider  the  new  Weyl  system  :=  3(gv).  This  is  unitarily  equivalent  to  3  iff 

Tg  is  a  real  Hilbert-Schmidt  operator.  This  is  Shale's  theorem  [2].  which  can  be  easily 
proved  using  Bargmann  space  techniques.  Write  Sp'(V')  for  the  subgroup  of  elements 
of  Sp(V)  that  verify  Shale's  criterium.  By  definition,  the  metaplectic  representation  of 
Sp'{V)  intertwines  3  and  3g: 

i'{g)3{i')u{g)'''  =  3{gv).  (3) 

This  defines  1/(3)  up  to  multiplication  by  a  complex  number  of  absolute  value  1.  It  is 
easily  proved  [3]  that  all  operators  on  B(V)  whose  domains  contain  the  principal  vectors 
El.,  have  integral  kernels:  Af{u)  =  {A'4(u,  •)./}b.  In  particular: 

A'„(j)(a,t>)  =  Cjexpi{(u  I  Tgu)  +  :>{pj'u  \  v)  -f-  (Tj-.f  |  c)},  (4) 

when  the  Weyl  system  has  the  standard  form: 

3(v)F(u)  :=  exp(l(2i(  -  v  \  v))F(u  -  c).  (5) 

The  constant  Cg  satisfies  |cj|  =  det*^'‘(/  -  Tg). 

It  is  straightforward,  albeit  tedious,  to  compute  the  kernel  of  u{g)u{h).  for  g.h  G 
Sp'(r).  using  Gaussian  integral  formulas.  One  arrives  at  i/{g)v{h)  =  c[g.h)u{gh).  where 
the  scalar  c(g.  h)  must  be  a  phase  factor,  in  order  each  iy(g)  be  unitary.  It  is  found: 

c{g.h)  =  exp(iargdet“'^^(/  -  Ti,Tg->  ))■ 

The  group  cocycle  represented  by  c(g.  h)  is  not  trivial,  i.e..  it  cannot  be  redefined  away 
by  changing  the  phase  of  the  vacuum  persistance  amplitude  Cg. 

The  space  B(I')  is  just  a  disguised  form  of  the  boson  Fock  space.  To  make  the 
translation,  consider  the  correspondence; 

(ue.2-''/^(«|c,)...(»|r„))  ^  V..-Vr„6r''"  (6) 

between  antiholomorphic  polynomials  and  elements  of  the  symmetric  algebra  S(V)  of  V'. 
This  extends  to  an  isometry  between  B(V')  and  boson  Fock  space  5(1’). 

Introduce  now  the  boson  field  o  :=  —i  d3.  The  annihilation  and  creation  operators 
for  the  boson  field  P  are  the  real-linear  operators  on  B{V): 

a(t')  := -^Mf) -I- tbi  Ji')].  a’(f)  :=  ^[b(!')  -  tb(Ti’)].  (7) 

The  coherent  states  are  generated  from  the  vacuum  by  £„  =  exp^;^o^(  cl)  |0>.  The 
effect  of  the  metaplectic  representation  on  the  creation  and  annihilation  operators  is 
readily  determined.  Let  us  write 


aj(i')  :=  ;^[o(t')  -  (8) 


613 


in  accordance  with  (7).  for  any  g  €  Sp'(l').  Since  gJr  =  (Pg  +  qgjJf  =  J^Pg  — 
we  obtain  the  Bogoliubov  transformation  Ogigr)  =  a(pgi')  +  o^iqgi- ).  (ig(gr)  =  a(qgv)  + 
a^(PgV).  We  have  immediately:  i/(g)a(v)  =  ag(gi-)u{g).v{g]nUv)  =  a^^(gr)i'{g),  so  that 
each  Ogigv)  annihilates  the  '’out-vacunm"  |0out)  ~  i'(</)|0)  =;  Cj/r, • 

The  classical  scattering  operator  Sd  belongs  to  Sp-  If.  moreover.  Ts^^  is  of  the 
Hilbert- Schmidt  class,  then  its  quantum  counterpart  i'(Sci)  is  the  S-matrix.  wtmt 
now  to  factorize  i/(g)  as  ul g)  =  CgSiS^S^.  where  the  S,  are  operators  on  B(V).  to  be 
chosen  so  that 

S3E,=exp\{{fgv\c))E,.  SiE,  =  E^-,^,.  SiE,..  =  fr.E,..  (9) 

Since  the  a^(e)  act  as  multiplication  operators.  Si  need  only  satisfy  Si  |0)  =  /r,  if  it  is 
made  up  of  creation  operators  only.  We  have  o*(  C]  )a^(e2  )|0)(  u  /  =  —  j(a  1  t'i)(a  1 1)2).  so 
we  take  Si  :=  exp(- with 

a^Tga*  I  Tgeg)a*(ej).  (10) 

j.k 

where  {cj}.  {/it}  are  orthonormal  bases  for  1';  this  series  converges  (to  an  operator 
whose  domain  includes  all  £,.)  iff  Tg  is  Hilbert -Schmidt;  and  the  sum  is  independent  of 
the  orthononnal  bases  used.  Similarly,  one  checks  that  with  the  definition: 

nBa  \  fk)a{fk).  (ID 

J.k 

it  is  obtained  S3  =  cxpi  —  ^aTg-ia).  and  with  the  definition: 

:exp(a*C<t):  =  ^  )■••<’*(/*»  K/*,  ICtq)  •  {.fk„  \  C  f  i„)a(u,)  ■  ■  ■  a(fi„  ). 

n=0  ' 

1,-1. 

we  check  that  Sj  :=  :exp(a^{pj'  —  I)a):  is  what  we  need.  We  have  arrived  this  way  to 
a  explicit  expression  for  the  S-matrix  in  terms  of  the  (pg.Tg)  parametrization  of  the 
element  g  =  Sd  of  the  symplectic  group  on  V. 

Let  us  write  C\  :=  \(X  -  JXJ).A,\  j(A'  -h.JXJ)  to  denote,  respectively,  the 
linear  and  antilinear  parts  of  an  element  A'  of  the  Lie  algebra  .sp'(l  )  of  Sp'(V').  Then 
C.v  is  skewsymmetric  and  .4.v  is  symmetric.  The  derived  representation  of  1/  may  be 
defined,  for  A'  €  sp'(V'),  by:  i>(A')  :=  ^ ''’i'(exp tA).  where  the  phase  factor 
is  chosen  so  that  t  1— ►  (/(expf.Y)  is  an  homomorphism.  We  define  the  anomaly 
of  the  derived  metaplectic  representation  as  the  bilinear  form  o  on  sp'(V)  determined 
by  o(A, }')  :=  [i>(A  l.hlV)]  -  i>([A'.  i']).  This  is  in  fact  the  infinitesimal  counterpart  of 
the  cocycle  cig.h]  of  the  metaplectic  representation  u.  .\fter  computation: 

o{AM')=  ^Tr-([.4,v..4vl).  (13) 

Here  we  defined,  for  A  €  EndR(V’).  Trc[-4]  :=  Tr[F+.4F+]  where  :=  j(7  —  iJ] 
projects  on  the  canonical  polarization  of  the  complexified  of  I’. 
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Let  us  see  how  the  anomaly  which  we  have  derived  from  the  metaplectic  representa¬ 
tion  allows  us  to  compute  the  well-known  V’irasoro  anomalous  term.  In  this  context  V'  is 
the  vector  space  Map(S^.  R)/R  of  smooth  real- valued  maps  on  the  circle  S’,  modulo  the 
constant  maps.  The  symplectic  form  S  is  given  hy  S{f.  h)  ~  f'{6)h(6)d6,  which 

is  nondegenerate  on  V'  (in  the  weak  sense).  The  operator  J  €  EndjlV')  determined 
by  J(shik-$)  :=  c*  cos(I'S ),  J(cos  A-S)  ;=  — frsin(A'^).  with  f*  =  -1-1  or  -1  according  as 
A-  is  positive  or  negative,  is  the  only  positive  compatible  complex  structure  on  V  com¬ 
muting  with  the  rotations.  Now  f  €  V  can  be  expanded  as  a  Fourier  series  without 
constant  term;  f{6)  =  Oi-f with  «-*■  =  The  complex  amplification  of  J  on 

I  c  =  Map(S’.C)/C  satisfies  .4fter  completing  V’  in  the  inner  product 

determined  by  7,  we  obtain  the  Hilbert  space  T^(S’ .  R)/R.  The  polarization  Wo  is  just 
the  Hardy  space  H^(D)/C  of  holomorphic  functions  on  the  unit  disk  which  extend  to 
square-integrable  functions  on  the  boundarv  S’  and  vanish  at  the  origin. 

The  V  irasoro  group  Diff'*'(S’ )  of  orientation-preserving  diffeomorphisms  of  the  cir¬ 
cle  acts  on  I'  by  (gof)(6)  ;=  f(0~'(B))  tor  o  €  Diff’'’(S’ ).  It  is  seen  that  €  5p(V’)  for 
each  o.  In  fact,  the  go  belong  to  Sp'(V").  as  has  been  shown  by  G.  Segal  [4j.  The  meta¬ 
plectic  representation  of  Sp'{\')  thus  gives  rise  to  a  projective  unitary  representation  of 
the  Virasoro  group,  and  at  the  infinitesimal  level  the  derived  metaplectic  representation 
will  carry  the  Virasoro  Lie  algebra  into  operators  on  Z^(S’ .  R)/R.  In  effect,  the  Virasoro 
Lie  algebra  consists  of  vector  fields  on  the  circle  S’  for  which  ^{B)  is  smooth. 

A  basis  for  the  (complexified)  Lie  algebra  is  given  by  the  vector  fields  .Y*  := 

It  is  clear  that  they  verify  the  Lie  algebra  relations;  [.Y*..Yn,]  =  (m  —  A-)A’*+m-  Write 
-dt-  ;=  +  JXyJ]  to  denote  the  antilinear  part  of  .Y*.  Then  from  the  previous 

equations  we  get  at  once; 

Ak(i"‘^)=  in(-l -l-<„«„-*)e"’'-‘’^  (14) 

(Notice  that  .4*  is  of  finite  rank.)  Weseethat  (.4m.  .dtl(<  "'*)  is  a  multiple  of 
and  so  Trci[.4m.  .4tj)  =  0  uuless  m  =  —A'.  Moreover. 

[-4-);.  ,4(rl(i  '  *  )  =  4t7{2A'  -I-  tt  +  L)  —  ~  Z))}  (15) 

The  anomaly  is  now  easy  to  compute.  We  note  that  Tr;([.4_*. .4*])  is  just  the  sum  of 
the  diagonal  coefficients  in  (15)  for  n  >  0:  and  these  oefficients  vanisii  for  n  >  |A'|. 
Thus,  if  A-  >  0. 

a(.Y_i .  AT  )  -  ^  ^(2nA'  -  n(n  -|-  A-)  -  n(n  -  A))  =  — ^ 

n=:  1  “ 
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1.  Purpose  -  In  the  framework  of  Ihi'  collective-coordinate  quantization  of 

lh('  Sl(2)  nonlinear  n-model  ,  two  of  the  present  aut  hors(  A .  P.  K.  and  S.M.C.)  ' 
has  considered  a  soliton  solution  under  a  special  Ansatz  coneernini;  the  static 
conf  igturat  ion,  and  shown  the  possible  existence  of  a  pion-l  iko  (iiiani  urn 
soliton.  Here  the  word  quantum  means  that  such  a  soliton  disappears  when  R 
tends  to  zero;  thus  the  quant itm-mechanicaJ  structure  of  this  model  plays  an 
important  role.  Our  aims  are  i)  to  investigate  quantum  mechanical  aspects  of 
this  model  in  connection  with  various  procedures  of  canonical  quattt  i  zat  i  on . 
especially  by  noting  a  specific  property  of  this  model,  i.e.  the  hidden  local 
symmetry,  and  i i )  to  examine  properties  of  the  soliton. 

2.  Ansatz  -  The  model  Uagrangian  is  that  of  the  SU(2)  o-model  given  by 

1,  =  -f  f/Jd-\  Tr(U,«U,g).  (2.11 

where  U|j^(x,t)  =  (  3U I  x  .  t  )/3x^)U(x  .  t ) :  U(x.l|  is  written  as  Ulx.l)  =  A(tl- 
o^(x)A(t)*  with  A  r  SU(2).  Ansatz  for  is  to  take 

o^(x)  =  exp|i  n^*'  e(r)|,  r  =  |x|.  (2.2) 

where  (n^^l  is  a  fixed  unit  vector  in  the  isospin  spare;  we  take  it  as 
(n^*^)  =  (0,0,1).  We  have  U'(x,t)  =  expli  i^n*^(t)  ll(t)|  with  n^(l)  =D(A)p^n^*' 
and  A  TpA*  =  *^*^*p*'^p  '  classical  form  of  1.(2.  I  )  is  expressed  as 
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l.pl-f  =  -^liel  -VlBl.  |n|  =  l.  (2.;M 

whore  I|H|  =  sin^n(r)  and  V|n|  =  ^  Uin/drl^  (2.4) 

Although  this  model  Is  very  simple,  it  has  a  notieoable  aspeet.  hidden 
local  syBBctry;  l(x,t)  is  invariant  under  the  local  right  transformation 
A(l)  -»  A(t)’=  A(t)  expl-ici((t)T,^/2| .  (2.5) 

The  present  model,  therefore,  a  quantum-mechanical  example  of  the  remarlt 

2 

bv  Cromnier  and  and  Julia. 


3.  Canonical  quantization 


(a)lntrinsic  formulation:  A ( t )rsL ( 2 )/l ( 1 )  is 


specified  by  a  si't  of  *wo  real  parameters  (q  ;b  =  1,2).  Define 

ANaA/3q'-l  h(q)„.  (3.1) 

From  the  outset,  all  calculations  are  performed  quantum-raeehanical ly  on  the 
basis  of  the  hypothesis 

I  q*".  I  =  iR  g(q)^'‘:  (3.2) 

is  an  unknown  function  of  q*^’s,  which  is  to  be  determined  after  imposing 
the  quantization  conditions.  Procedures  are  similar  to  the  Sl'(:))/l(ll  case.'* 
(•'rom  l.agrangian  (2.1),  one  obtains  Pj^  ’  (gj^^j,q'*}/2  with  g|^^j=  116) 
*'b"'*d^'  canonical  quantization  conditions  for  q*’  and  p^  lend  to  s'** 

=  from  which  g***^  is  determined.  Then  i.agrangian  (2.1)  is  shown  to  have 

the  same  form  as  l,|  j;p(2,.1)  quantum-mechanical  ly.  where 

4Sm"<'>'''>n‘'C-  '**■**' 

Defining  l.p  =  1|6I  n*'  li^,  we  obtain 

(  l.p.  i.p  I  =  iR  tpp^  I.,.  (3.4) 

p 

l.p's  are  interpreted  as  the  isospin  operators,  and  the  eigenvalues  of  I  pi. 
are  R"*  9(8  *  1),  9  =  0.1. — .  Our  l.agrangian  is  expressed  as 

=  (2  I|6|)'’(.pl,‘’-  (AVlel  •  V(fl|).  (.'l.R) 

where  AV'|I)|  =  -  ri^/12  1)1)1)  =  R**  R/4;  R  is  the  scalar  curvature.  The 


first  term  in  R.II.S.  of  (3.5)  is  equal  to  tlie  covariant  kini'tic  energy  K: 
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so  wo  take  Hamiltonian  to  be 

H  =  K  t  AV181  ♦  V[B1 .  (3.6) 

(b)  Eabcddin?  foraulatlon:  We  are  to  consider  the  problem  of  a  particle 
motion  with  a  mass  H61  and  coordinates  (n^)  in  R^,  subject  to  the  constraint 
f(n)  =  n^n^  -1=0.  The  formulation  on  the  basis  of  Dirac  method  has  been 
described  in  our  previous  papers^ (as  to  a  more  general  case  Rp,  see  ref. 
5).  After  determining  the  fundamental  Dirac  brackets,  we  go  to  quantum 
mechanics  and  perform  quantum-mechanical  calculations  from  the  outset;  then  we 
obtain  the  same  algebraic  relations  and  Hamiltonian  as  in  (a). 

(c)  Quantization  In  case  of  hidden  local  synctry:  We  write  A{t;SlJ(2))  as 


A  =  a”*  +  i  Epfj  Tpa*^  with  A*A  =  1  =  a^a^.  (3.7) 

Define  w**,  p  =  1,2,3:  A*A  =  ^  w**  (in  the  classical  level).  (3.8) 

Wo  obtain  from  (2.1) 

i  KOI  (4  ag  a**  -  w  w)  -  V10|,  (  w  =  w^  ) .  (3.9) 

Under  the  infinitesimal  transformation  of  (2. 5). we  have 

w’  =  w  -  ot,  (3. 10a) 

la'®|  =  11  *  ia  Tglla®!  with  Tq  =  i  [  ^2  ],  (3.10b) 

[Dj^al’=  11  t  ia  TgllD^^al  with  D^  =  d/dt  ♦  iw  Tg.  (3.10e) 

Thus,  Lagrangian  incorporating  the  hidden  local  symmetry  is 

Lg.j  =  2  Iieiin^al^lD^alg  -  V|0|  ♦  A(1  -  a^a®).  (3.11) 

Kollowing  Dirac  method,  we  obtain  five  constraints; 


"l  =  '’x'  =  9'hid/3  "  '  “  ^2  =  '’w'  =  w  )  =  0 

‘*’3  "  '  '•'.T  'b**  ’’d  "  ‘’’4  "  °  '*’5  '  '■''^'’b  " 

the  first  three  and  the  last  two  are  belonging  to  the  first  and  the  second 


classes.  Imposing  three  gauge-fixing  conditions,  we  obtain  the  fundamental 

B  n 

Dirac  brackets  among  (a  .Hg);  then  the  same  algebraic  relations  among  n’ 's  and 

n^’s  as  brfore.  Going  back  to  the  starting  Lagrangian,  we  obtain 


through  quantuni-nK'rhanical  catcu  lal  ions  the  same  Hamiltonian  as  (3.6). 

4.  Quantum  soliton  and  final  remarks  -  The  soliton  of  our  model  has.  if 

exists,  the  following  propertie.s:  I  IThe  baryon  number  =  0;  2)the  spin  J 
=  0;  3)the  isospin  i  =  5(non-negat  ive  integerl^The  eigenvalue  of  IK.'i.G)  is 
Kg  =  R^{9(9  *  1)  -U/(2  Hill)  •  Vim  ♦  V^im.  (4.1) 

Here  Is  the  pion-raass  contribution:  its  concrete  form  is  V^IBI 

=  m  "1161/2  when  we  take^  I.  =  m  ^  f  ^Trlx  U  L‘*  -3)/16.  The  necessary 

n  I!  II  n  )i 

conditions  (Derrick)  for  a  stable  soliton  to  exist,  obtained  for  Kg(P)  = 
Kg(0(  r ) -»6(  r/P)  ) ,  and  the  condition  for  the  soliton  .solution  of  the 

inlegrodi fforenlial  equation  6Kg( P- I )/66( r )  =  n  to  exist  are  shown  to  he 
inconsistent  with  each  other.*’ 

One  of  possible  ways  to  get  a  quantum  soliton  is  to  take  account  of  the 
breathing  mode,  on  which  we  have  examined  in  ref.1  on  the  basis  of  the 
scale  symmetry.^  Details  of  the  present  report  are  developed  in  ref. 6..  and 
detaiied  considerations  of  the  above  remark  will  bo  appeared  elsewhere. 
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SELF-DUALITY  CONDITION  IN  CHERN-SIMONS  HIGGS 


Prem  P.  Srivastava 
and 

K.  Tanaka 

Department  of  Physic.*.  The  Ohio  State  University.  Columbus.  Ohio  4S210 


1.  In  (2+1)  dimensional  spacetime  the  possibility  of  including  in  abelian  Higgs 
model  the  Chern-Simons  (CS)  term^  has  generated  a  great  deal  of  interest.  It  was 
noted^  that  in  the  Chern-Simons-Higgs  (CSH)  system,  the  energy  functional  obeys 
a  Bogomornyi-type®  lower  bound  for  a  special  choice  of  the  Higgs  potential.  The 
bound  is  achieved  if  the  Higg's  scalar  field  a  satisfies  the  following  first  order  self-duality 
condition^. 


PjO  =  -iVzO.  or  V,a  =  -ie'^VjO.  (1) 

where  Dm  =  dm  +  icvm-  m  =  0. 1.2  are  the  spacetime  indices  while  i  =  1.2.  Our  metric 
is  rjmn  =  d)aj(  — 1.1,1)  with  =  1.  We  set  o  =  €''■*■  pi  and  substitute  in  (T). 

The  spatial  part  of  is  then  found  to  be  c;  =  — —  ^e'WjInp.  The  electromagnetic 
field  is  then  given  with  the  aid  of  t'm  as 

B  =  fi2  =  Inp 

£•  =  -c)'t“+c)“r*. 

The  critical  form  of  the  potential  can  also  be  obtained  by  directly  solving^  ®  the 
eqs.  of  motion  with  the  aid  of  the  self-duality  condition.  This  procedure  can  also  be 
extended  to  the  scalar  superfield,  a  supersymmetric  self-duality  condition^  postulated, 
and  the  eqs.  of  motion  solved  for  the  supersymmetric  potential  (Sec.  2). 

The  Lagrangian  for  the  Bosonic  Chern-Simons  Higgs  system  i.s 

C  =  -(V‘a‘)(VlO)  -  r(|fl|^)  -  ^  e'-""  Vlfmr,  -  \f,mf'’”.  (2) 

4  4 

where  =  5m  —  The  equations  of  motion  are  found  to  be 

Z?'P,a  =  l"(|oh„  and  -  '  +  ^  f'™ Vm„  = /•  (3) 

Here  I''( |a|^ )  =  dVld\a\^  and  j'  —  oli*o*)istheXoethercurrent.5(j'((')  =  0. 

For  static  configurations  and  on  using  the  self-duality  condition  (1).  eq.(3)  leads  to 


^1^1 1'o  +  s'/iz  =  2f^i’o  |a|^  • 


+  f/l2  =  I"(|«|^). 


(4) 


We  also  obtain 


ji  =  eft|a|^,  j2  =  — and  /12  + /ft’o  —  e(  —  C*),  (5) 

where  C  is  a  constant.  From  (4)  and  (5)  we  derive  the  general  result 

F'dnp)  =  +  ^(2£2|a|^  -  5?)ro  (6) 

where  vo  is  given  by 


[i(2£^|a|^-^)  +  l]t.o  =  ^(|a|^-C^). 

Consider  first  k  — *  0  (no  Chern-Simons  term).  From  eqs.  (4)and  (5)  we  are  led  to 
(2e^|ap  —  5i*)i'o  =  0,  V''(lap)  =  £*(|<ip  —  C^)  +  e^v^.  For  the  choice  i>o  =  0  we  obtain 
then 


V  =  (ty2)(lal^-C^f. 

In  the  limit  e  — *  00,  k  — >  00  such  that  )  — ►  finite,  the  terms  originating  from 

the  Maxwell  term  in  the  eqs.  of  motion  drop  out.  We  find  from  eqs.  (4)  and  (6)  e/12  = 
2(eV«)(et’o)|ap,  ei’o  =  (e^/K)(|a|*  -  c*)  and  V'(|a|2)  =  (eV'fl^dal^  -  C’^)(3|o|^  - 
)  leading  to 


V'(k|^)  =  (eV^)*(H='-C*)^|a^  (7) 

which  is  seen  to  saturate  the  lower  bound  of  the  energy  functional.  Setting  p  =  exp(  \  /2 ) 
we  find  that  \  satisfies  the  Liouville  equation^. 

It  may  be  worth  remarking  that  in  the  general  case  if  we  impose  in  addition  to  the 
self-duality  condition  the  ansatz  {2e*|<i|^  -  df)vo  =  0  then  from  eqs.  (4)  and  (5)  we 
are  led  to  ecg  ==  («^/s‘)dop  —  C*).  /12  =  0  and 

(8) 

which,  however,  does  not  saturate  the  lower  bound.  A  different  and  more  complicated 
potential  is  obtained  if  we  impose,  say,  the  ansatz  d^i’o  =  0. 

2.  Consider  next  the  Supersymmetric  Chern-Simons- Higgs  system.  The  gauge 
vector  potential  in  the  case  of  2-1-1  spacetime  dimensions  is  contained  in  a  Majorana 
spinor  connection  superfield  (for  notation  see  ref.  5) 

r“{j-.«?)  =  \“(j)-(-M^f''“‘’(->-)  +  7fV(x))  +  (W(x).  (9) 

where  r)°  =  A“(x)  —  ^('i'di\{.r))‘* .  Here  the  Majorana  2-spinor  field  A(x)  is  the  super¬ 
partner  of  the  gauge  field  r/(x)  while  the  spinor  \(x)  and  scaltir  v{x)  are  auxiliary  fields. 
The  covariant  spinorial  derivative  is  D”  =  {d/d9o)  and  Da  —  ta$D^ ■  They 

satisfy  {.DcZ?**}  =  — The  field  strength  superfield  is  defined  by 


I 
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=  A“(j)  +  +  ^ee{^‘di\)° .  (10) 

where  /;„  =  {du'm  -  d„vi). 

The  matter  superfield  is  a  complex  scalar  superfield 

$(  j,0)  =  a(  j)  +  iffil'(T)  +  idBfix).  (11 ) 

where  a(  j)  is  a  complex  scalar,  its  complex  superpartner  and  /(r)  an  auxiliary 

complex  scalar.  The  gauge  covariant  spinorial  derivatives  may  be  defined  to  be 

=  (D" +  =  (D“ -er“)$*.  (12) 

The  closure  relation.  {Vq,  =  — 2i'y*‘^oVi  where  V|  =  (di  +  eFi)  and  Fi  =  ^D'lT 
is  easily  established. 

From  the  total  action 

1=  f  d^xcP6{  +  +  -^rw}  (13) 

j  4  o  o 

.where  V  is  the  superpotential,  we  obtain  the  following  eqs.  of  motion 

=  (V'(|«>|^)4>.  (14) 

-  Kir<‘  =  -  $r“$*)  do) 

and  the  conservation  of  Noether's  current  requires  Do($*  -  $V“$* )  =  0. 

We  adopt  the  supersymmetric  gauge  DF  =  0  and  consider  static  configurations. 
The  self-duality  constraint  on  the  matter  superfield  now  takes  the  form^ 

V'*^  =  ((7®V)“$,  V“<^*  = -((l®^)"^'.  (16). 

We  derive  from  eq.(14) 

F“  =  -V'(l<^h,  (17) 

t 


where  F*  =  ^D~i^T  with  /  =  0,1,2  and  the  supersymmetric  gauge  corresponds  to 
5(F*  =  0.  The  Noether  current  is  also  conserved. 

In  the  absence  of  the  (super)  Maxwell  term  we  derive  from  cq.{15) 

=  (18) 

kFo  =  t£(|$|'-C'').  (19) 

where  Fjj  =  (SiFj  —  djF i ).  Comparing  the  two  expressions  for  Fq  we  derive  immedi¬ 
ately  the  specific  superpotential 
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(20) 

For  the  case  of  vanishing  k  the  superpotential  corresponding  to  the  self-dual  solutions 
is  found  by  following  a  similar  procedure.  In  both  cases  the  supersymmetric  actions 
contain  the  results  of  the  purely  bosonic  theory  as  is  easily  shown  by  integrating  the 
superfield  action  over  6  and  eliminating  the  auxiliary  fields  by  using  their  eqs.  of  motion. 
The  same  is  true  of  the  supersymmetric  self-duality  condition  when  analysed  in  terms 
of  the  component  fields.  We  obtain  the.se  results  without  the  arguments  for  invoking  an 
explicit  N=2  supersymmetry  of  the  action^. 
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Exact  Results  in  Two  Particle  Scattering 
IN  2+1  Dimensional  Gravity 


M.  K.  Falbo-Kenkel  and  F.  Mansouri^ 

Physics  Department,  University  of  Cincinnati.Cincinnati,  Ohio  45221-0011,USA 


ABSTRACT 


By  a  judicious  choice  of  dymanical  variables,  we  couple  sources  to  Chern- 
Simons-Witten  gravity  in  2+1  dimensions.  We  find  that  t  Hoofl’s  scattering 
amplitude  is  obtained  exactly  if  the  invariant  associated  with  the  momentum 
p"  =  p|*-  Pj*  is  an  integer  in  units  of  4a/G,  where  G  is  the  gravitational 
constant.  The  general  case  is  also  given. 


The  description  of  two  particle  scattering  in  gravity  in  2+1  dimensions  has  so  far  been  acheived  by 
coupling  the  dymanical  variables  associated  with  the  particles  to  the  gravity  field.*  *  A  more  satisfactory 
scheme  would  be  to  represent  the  particles  with  fields  also.  But  it  is  not  yet  known  how  to  do  this.  In 
Witten's  approach,*  ®  one  begins  with  the  Chem-Simons  action  for  the  Poincare  group,  which  for  a 
manifold  M,  with  topologj-  R  x  I,  where  R  represents  the  time,  can  be  written  as* 

Ics  =i  dt  I cV  i  -TlabW“o  *^1  ( 1  > 

I 

ij:=l,2  ;  a.b  =  0,1,2 

Here  and  (0%  are  components  of  the  connection 

Ay  =  e%P,  +  (0*^.  (2) 

where  P"  and  J*  are,  respectively,  the  momentum  and  the  angular  momentum  generators  of  the  Poincare 
group.  Also, 

F“lA|  =  e*'F*ijIAl 

where  F"y[Al  are  the  spatial  components  of  the  field  strength  tensor  for  the  connection  A,  and  is  the 


(3) 
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antisymmetric  tensor  in  two  space  dimensions.  Here,  we  largely  follow  the  notation  of  reference  (6|.  To 
couple  a  point-like  source  characterized  by  phase  space  coordinates  (p^.q**)  to  the  Poincare  gravity, one  can 
supplement  the  action  (1)  by  the  source  action^ 

I  =:  j  dt  T\ab  p“  l^i  q**  )l  +X(  p'^+  m  ^  )  i4j 

c 

dx^ 

svhere  the  path  C  is  the  particle  trajectory,  X  is  a  Lagrange  multiplier,  and  t^=  is  tangent  to  the  path  C. 

To  couple  two  or  more  sources  to  the  Chern-Simons  theory  one  can  add  a  term  of  the  form  U)  for 
each  of  the  point  sources  involved.  This  method  is  not  unique,  however,  to  the  extent  that  the  choice  of 
canonical  variables  in  a  phase  space  corresponding  to  more  than  one  particle  is  not  unique.  We  take 
advantage  of  this  non-uniqueness  to  write  down  an  action^  which  leads  to  t  Hooft's  version  of  the  two- 
particle  scattering  amplitude  for  certain  quantized  values  of  one  of  the  Wilson  loop  observable.'}.  Let 
(p‘*i,q*j)  and  (p^^,q“2)  he  the  phase  space  variables  of  the  two  particles.  We  shall  loosely  refer  to  (q'‘j  and  (p‘^1 
as  coordinates  and  momenta  of  the  particles,  although,  as  explained  in  detail  in  references  16).  these 
quantities  are  related  to  space-time  coordinates  and  momenta  by  a  multivalued  gauge  transformation. 
Consider  the  combinations 

*  a  a  a  a 

,  P=Pl  ;  (O) 

and  let  Q**  and  q**  be  the  corresponding  canonically  conjugate  variables.  Then,  consider  the  following 
action  for  the  two  particle  (source)  system  coupled  to  gravity; 

(s  =  ^  dt  n,b  P"  I'*!  Q"  )l 

I  dt  l.b  p“  Idt  q"  +t'*(e''^+  )  I 

+  Xj  11^  P  +  p)P  +  tn”)+  P  -  p)|'^  +  m^l  1 6) 

This  action  is  invariant  under  the  Poincare'  gauge  transformations 

5e“n  =  “d^p*  -  ' 

Sw"*  -  e*  bc^**!*^*^  '  ' 

5q‘  =  p"  -  f“h,t‘’q'  ;  8Q“  =  p"  -  iVV  '9' 

«P*=-fVtV  ;5P‘=:-rVtV  ,1U. 

It  is  important  to  note  that  in  (6>  the  paths  Cp  and  correspond  not  to  the  individual  particle  trajectories 
but  to  the  trajectories  speciried  by  the  conjugate  canonical  variables,  Q"  and  q*.  respectively  As  discussed 
in  reference  I6|  for  the  standard  case,  these  coordinates  belong  to  a  manifold  Mq  the  spacial  part  of  which 
is  the  plane  puntured  by  the  two  sources.  At.so  the  topology  R  x  I  allows  us  to  identify  Q“  and  q"  w  ith  the 
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time,  t.  The  variation  of  the  combined  actions  l^s  given  by  (1)  and  Ig  given  by  i6)  leads  to  the  field 
equations 

F*|(ai  =  P“  6^(x,X(j)  +  p*  5^(x,x^,)  (II) 

F'lel  =  L  '  6^(x,*y)  +  L  ‘  5^(x,x,)  ( !  2j 

where  L(j  =  P*”  and  =  p*” , 

To  gain  more  insight  into  the  dynamics  of  two-particle  scattering,  consider  the  Wilson  loop 
enclosing  both  sources.  Let 

ssP»P  =  (p,+p2>^  •  p'^  =  P  •  P  =  (p,-p2  ‘13) 

Then,  we  can  use  a  method  which  is  technically  similar  to  that  used  by  Carlip  151  to  obtain  the  angle 
addition  formula  when  the  sources  are  associated  with  individual  particles.  In  our  case,  where  the 
sources  carry  tlie  charges  P^  and  p“,  respectively,  the  angle  addition  formula  takes  the  form 

cos  (^^2)  = P/2)  -  sin(^V2)sin  (P/2  )[  ^*P/pVs]  'If' 

Thus,  in  general,  the  Hamiltonian  describing  the  two-particle  system  is  fairly  complicated.  But  this 
expression  simplifies  dramatically  when  the  observable  p  takes  on  quantized  values  according  to 

P  =  4ot>/G  ;  n  =  1,2,. ...  (15) 

where  we  have  reinserted  the  gravitational  constant ,  G,  which  up  until  now  had  ben  set  equal  to  unity.  Kor 
these  values  of  p,  we  then  have 

H=  \'s  ,  mod2jt  (16; 

The  ambiguity  can  be  removed  by  requiring  H  to  vanish  when  s  vanishes.  In  a  frame  in  which  the 
conjugate  coordinate  is  «it  rest  at  the  origin,  we  get,  from  the  definition  of  s, 

H  =  E,  +  E2  <17' 

We  emphasize  that  for  quantized  values  of  p  given  by  ( 15)  this  is  an  exact  expression. 

Let  H'(Q,q)  be  the  wave  function  describing  the  two-body  problem.  Viewed  from  the  frame  in  which 
0  at  the  origin,  =  'P(q),  effectively,  and  is  determined  by  the  Hamiltonian  (17).  To  be  able  to  give  a 
space-time  interpretation,  we  recall  that  q*  belongs  to  the  manifold  the  spacial  pan  of  which  is  the 
plane  punctured  by  two  sources.  By  requiring  that  Q*  remain  at  rest  at  the  origin,  we  have  fixed  four  of  the 
six  Poincare  gauge  transformation  at  our  disposal.  We  are  still  free  to  make  spacial  rotations  and  time 
translations.  So,  consider  the  gauge  transformation 

q'(Kt).<Kt))  -  lexp  I  q(r(t),<>(t))  1I81 

It  corresponds  to  a  spacial  rotation  t*^given  by 

t”  =(1-  )E, +  EJ/2x)0>  (19; 

This  transformation  which  is  clearly  not  2n  periodic  leaves  s,  and  hence  H,  invariant.  But  it  is  easy  to 
.see  that  the  transformed  coordinates  q*  acquire  a  phase  under  the  rotation  0  0  +  2tc: 
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This  transformation  which  is  clearly  not  2n  periodic  leaves  s,  and  hence  H,  invariant.  But  it  is  easy 
to  see  that  the  transformed  coordinates  acquire  a  phase  under  the  rotation  0  0  +  2n: 

q'(r,0+  2jt)  =  lexp  2n  -  (  +  Ej^)j  q(r,0)  (20; 

That  is,  they  satisfy  the  matching  conditions  for  coordinates  on  a  cone  characterized  by  the 
deficit  angle  p  =  +  E.^ . 

We  therefore  conclude  that  by  fixing  the  gauge  in  the  manner  that  we  have,  the  two  particle 
scattering  problem  for  the  quantized  relative  momenta  given  by  (15)  is  equivalent  to  the  motion  of  the 
relative  coordinate  q*  on  a  cone  with  deficit  angle  determined  by  the  free  Hamiltonian  (17).  It  is 
important  to  note  that  the  cone  describing  the  reduced  two-body  problem,  which  we  are  discussing  here 
need  not  be  a  solution  of  the  equations  of  motion  (11).  AH  of  these  conclusions  are  in  agreement  with 
those  of  t  Hoofl,  except  that  in  our  case  the  free  Hamiltionian  (17)  is  valid  only  when  the  quantization 
condition  (]'>  holds. 

When  the  quantization  condition  (15)  does  not  hold,  the  two  particle  scattering  problem  can 
again  be  reduced  to  an  equivalent  one  body  problem  in  which  the  relative  coordinate  q  moves  on  a 
cone.  This  is  because  none  of  the  above  arguments  depended  on  the  value  of  the  deficit  angle  being  E, 

+  E.^  .  For  the  general  case,  in  the  frame  Q*  =0  the  expression  (14)  reduces  to 

cos  =  cos[*^i'’'  ^^2^/2  Icos  P/2  -  sin**'-','*  sin(  P/2)  •  i"  V’/p  (  E^  +  )  i2r 

Clearly,  H  is  a  complicated  function  of  the  energies  and  momenta,  and  there  will  be  corrections  to  the 
siinplv:  expression  H  =  E^  +  E^ .  But,  in  all  cases  the  parameter  of  the  gauge 

transformation  (18  )  is  given  by  =  (1  -  *^/2n>0,  and  the  transformed  coordinates  q'  will  satisfy  the 

matching  conditions  expected  of  the  coordinates  on  a  cone  with  a  deficit  angle  given  by  H. 

In  closing,  we  note  that  a  number  of  our  arguments,  in  particlular  the  last  one.  also  applies  to 
the  case  where  the  two  sources  carry  individual  particle  charges,  but  our  choice  of  dynamical  variables 
is  more  natural  for  the  description  of  scattering.  Moreover,  the  extension  of  these  results  to  describe  the 
scattering  of  particles  with  spin  is  straight-forward  and  will  be  given  elsewhere. 

This  work  was  supported  in  part  by  the  Department  of  Energ>'  under  contract  number  DOE- 
F(^2-84ER40153. 
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On  Gauge  Dependence  of  Pertubative 
Predictions  in  QCD^ 

H.D.  Doebner  and  R.  R^czka'^ 


Abstract 

We  review  the  gauge  dependence  of  pertubative  computations  in  non- 
abelian  gauge  field  theory  in  particular  in  QCD.  Perturbative  results  for  the 
running  coupling  constant  o,  for  various  physical  quantities  R  and  for  the 
QCD  scale  parameter  A  are  in  general  renormalization  scheme  and  gauge 
dependent.  In  abelian  gauge  field  theory  models  -  due  to  the  existence  of 
renormali;  itioii  scheme  and  gauge  invariant  effective  coupling  constant  -  such 
a  dependence  may  be  avoided,  in  nonabelian  case  it  is  generic.  We  discuss 
computational  and  principle  difficulties  connected  with  this  fact  and  show  in 
addition  that  known  QCD  representations  for  mesons  and  baryons  are  also 
gauge  dependent. 


1  Introduction 

Pertubative  approximations  in  nonabelian  gauge  field  theory  (GFT).  especially  in 
QCD.  depenil  generically  on  the  gauge  and  on  the  choosen  renormalization  scheme 
(RS).  in  contrast  to  abelian  group  gauge  field  theory,  like  QED.  This  difference  is 
connected  with  the  fact  that  in  abelian  GFT  a  itnique  renortnalization  ^rher.ie  (RS) 
and  a  gauge  invariant  effective  cotipling  constant  exists  [1].  whereas  in  a  nonabelian 
GFT  many  RS-invariant  effective  couplitig  constants  are  possible  which  are  all  gauge 
dependent  [2];  hence  pertubative  expansion  are  also  R.S  and/or  gauge  depetident. 
This  is  a  computational  and  may  be  also  conceptual  difficulty  of  nonabelian  GFT 
and  of  QCD  since  there  is  no  known  itibuild  mechanism  which  tells  us  the  Tneaning 
of  a  perturbative  calculation  for  a  physical  quantity  in  connection  with  a  given  RS 
and  a  fixed  gauge. 

We  analyse  in  Sec.  2  the  gattge  dependence  of  the  running  coupling  constant 
(rcc)  a  =  in  QCD.  The  momentum  .subtraction  RS  is  from  the  physical  poitit 

of  view  a  distinguished  one  but  in  this  schemes  and  all  the  others  the  rcc  is  gauge 
dependent,  which  yields  qualitative  effects,  e.g.  a  rcc  q(/i)  finite  for  all  p. 

In  Sec.  3  we  discuss  the  gauge  dependence  of  some  pertubative  predictions  of 
QCD  and  demonstrate  that  the  gauge  can  significantly  change  this  predictions. 

'This  work  was  partially  supported  by  (Jernian- Polish  contract  X-81..5  and  grant  of  Committee 
for  Scientific  Research  PB  70-5/91. 
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^address:  Soltan  In-stitute  for  .N'uclear  Studies.  00-681  Warsaw,  Roza  69,  Poland. 


L. 


628 


In  Sec.  4  we  consider  the  gauge  and  RS  dependence  of  the  QCD  scale  parameter 
A  and  show  that  its  values  in  two  different  RS  can  differ  e.g.  by  a  factor  of  2. 

We  analyse  in  Sec.  5  the  gauge  dependence  of  hadron  representations  in  QCD  [.5]. 
We  show  e.xplicitly  that  representations  for  proton,  ;r-meson,  K-meson  or  p-meson 
in  terms  of  quarks  and  gluons  used  in  [-5]  depend  on  the  gauge. 

Sec.  6  deals  with  the  gauge  dependence  of  effective  coupling  constant  (cc). 

We  complete  our  work  with  a  discussion  of  the  obtained  results  and  mention 
an  alternative  model  for  electro- weak  and  strong  interactions  based  on  a  nonabtlian 
gauge  field  theory  model  which  is  spontaneously  broken  to  the  abelian  f '  ( 1 )  subgroup 
[6],  [7];  one  should  expect  that  in  this  model  the  gauge  dependence  problem  of 
pertubative  predictions  will  not  appear. 

2  Gauge  dependence  of  QCD  coupling  constant 

The  QCD  rcc  of/O  is  discussed  mostly  in  the  modified  minimal  subtraction  (MS) 
renormalization  scheme  [8],  which  scheme  is  distinguished  from  other  RS  by  the 
fact  that  the  n-loop  calculations  of  various  physical  quantities  are  relatively  simple 
and  more  specifically  the  renormalization  group  functions  like  J  and  7  are  gauge 
independent.  One  should  stress  however  that  MS  scheme  has  difficulties.  In  fact 

(a)  The  mass  parameter  p  in  the  MS  scheme  has  no  physical  meaning:  p  is  intro¬ 
duced  to  have  the  action  integral  in  4  —  e  dimensional  space-time  dimensionless  : 
the  coupling  constant  p  (which  in  4  —  c  space  has  a  dimension)  is  replaced  by 

(see  e.g.  [9]).  Consequently  p  is  not  directly  connected  with  a  physical  scale  and  its 
interpretation  as  energy  or  momentum  transfer  scale  parameter  [8]  in  QCD  calcula¬ 
tions  is  not  evident. 

(b)  In  the  MS  scheme  a(p)  in  the  low  energy  region  blows  up  when  p  — »  A.  where 
A  is  the  QCD  scale  parameter  [8].  For  instance  in  the  simplest  case  of  one-loop 
approximation  one  has  (c  is  a  constant) 

o(ft)  =  .  (1) 

In  p 

Some  authors  interpret  this  as  a  hint  that  perturbation  theory  breaks  down  in  the 
low  energy  region,  whereas  others  connect  this  phenomenon  with  QCD  confinement 
properties  [8].  However  since  p  has  no  connection  to  the  energy  scale  both  interpre¬ 
tations  are  doubtful.  In  fact  we  show  below  that  in  some  momentum  substraction 
(MOM)  renormalization  schemes  (1)  does  not  hold  even  in  low  energy  region. 

In  order  to  overcome  the  mentioned  computational  difficulties  of  the  MS  scheme 
several  authors  advocated  another  scheme,  the  MOM  scheme,  as  the  physically 
motivated  one  (3).  In  the  MOM  scheme  particle  propagators  ^lssume  their  free  value 
at  P  >  0;  for  instance  the  ghost  propagator  satisfies  [3] 


(2) 
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Thus  here  the  concept  of  a  scale  given  hy  /(  is  justified  [3].  The  renormalization 
group  equation  lor  the  rcc  in  the  MOM  scheme,  based  on  quark-gluon  vertex, 

has  the  form  (I  =  InQ^/p^) 


dt 


To  -I- 


(3) 


The  J-function  coefficients  depend  on  the  quark  mass  m.  ft  and  the  gauge  parameter 
a  and  have  a  rather  complex  form  (see  |10].  F.q.(18));  e.g  the  asymptotic  form  of  3o 
for  A  =  m/ft^  — >  3c  and  injni  ^0  is  [10] 


3/13  luA/r>  10  I  ,/lnA\ 


M) 


i.e.  Jo  is  second  order  polynomial  of  gauge  parameter  a.  Furthermore,  the  rcc 
given  by  a  solution  of  (3)  is.  in  the  MOM  scheme,  gauge  dependent.  One 
can  consider  this  as  a  difficulty  of  the  MOM  scheme  [9]  or  as  an  indication  that  the 
-MOM  scheme  is  more  physical  than  otlu'r  KS  since'  exploiting  the  gauge  dependence 
of  q(Q^)  one  can  get  a  rcc  which  is  finite  for  all  [10].  In  order  to  illustrate  this 
we  present  in  Fig.  2.1.  the  gauge  dependence  of  c\((])^) 


fig  2  i.  f  hr  gauge  Oeprnrirurr  of  for  tn  r:  ni.^  Mu'  iua.>s  of  Ilie  charm  quark  Ah*'  AotleA 

iiijt’  (■orr»‘spoiwJs  fo  ma.sslrss  ra.sv’  rn,  =  0  uhirh  j.s  o.sually 

For  a  roinpU*'**  analysis  of  ^  [10]. 

We  stress  that  there  are  others  .MOM-type  HS  in  whir  li  the  rcc  ii(/^  j  is  gauge 
depemh'iit .  for  instaucr'  in  so  called  asymmetric  momentum  siibt  ra<  t  ion  (.\MO.M) 
RS  we  have  [I  I]  a 

Jo  =  -3.-3.  .3,  =  -3,2.-)  -(-  1.10(i3rt  -  0.37.')o^  -  0.2813,/  ' 


(A) 
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In  this  scheme  3o  is  a  constant  and  iSi  is  a  third  order  polynomial  in  a.  The  compari¬ 
son  of  MOM  and  AMOM  scheme  shows  that  there  are  no  similarities  in  the  behaviour 
of  jix  as  function  of  a.  In  Fig  2.2  the  evolution  of  the  rcc  a(/)  at  t  j  In  ^  variable 
[11]  a  is  shown. 


Fig.  2,2  The  rcc  a(t)  for  different  gauges  a  =  I.O.  — 1.— 2.— 3  and  a(0)  0.06. 

For  a  >  0  (say  for  the  Landau  gauge  a  =  0  or  the  Feynman  gauge  a  =  1)  a(f)  — ►  0 
as  <  00.  For  a  <  0  we  obtain  a  different  qualitative  behaviour:  the  rcc  decreases 

(as  for  a  >  0)  but  for  larger  t  >  #<,  (the  value  of  fa  depends  on  a)  it  sharply  increases 
until  it  reaches  the  fixed-point  value  q’.  Therefore  the  evolution  of  the  rcc  in  the 
two-loop  approximation  in  the  AMOM  scheme  is  different  from  the  MS  scheme. 
Notice  that  even  «isymptotic  freedom  is  lost  in  .A.MOM  scheme  for  some  values  of 
the  gauge  parameter  e.g.  for  a  =  —  1,— 2  or  —3.  We  refer  our  original  work  [11] 
where  these  problems  are  discussed  in  some  detail. 


3  Gauge  dependence  of  QCD  pertubative  pre¬ 
dictions  for  physical  quantities 


It  is  generally  accepted  that  the  perturbation  series  for  a  jjhysical  quantity  R 


R=  lim 

.V— X- 


(fi) 


is  gauge  independent.  However  if  we  work  in  the  MOM  scheme  the  cc  q(/0  is  gauge 
dependent  and  consequently  the  Feynman  expansion  coefficients  r/t.  Therefore  the 
gauge  independence  of  R  in  (6)  is  achieved  by  a  subtle  cancellation  of  the  gauge 
dependence  between  many  terms  of  pertubative  expansion.  Hence  the  truncated 
pertubation  series  of  i?**''*  (which  is  the  only  numerical  value  available  in  applications 
of  QCD)  for  a  physical  quantitj'  R  is  in  general  gauge  dependent.  In  order  to 
illustrate  this  fact  we  consider  the  pure  QCD  contribution  to  the  physical  quantity 


R 


R  = 


<Tr(e'*'e  — *  hadrons) 

(r(c+f-  /<+/<-) 


==3^Q^(l  +  ft) 

/ 


(8) 


where  R  -  in  the  three-loop  approximation  -  is  given  by 

fl=^(l+r,(«)J  +  r2(a)0  )  . 

In  general  r,,  o  depend  on  the  gauge  parameter  a:  they  are  calculated 

for  the  AMOM  and  MS  renormalization  scheme  in  our  work  [11]  b.  We  give  in  Fig. 

3.1  and  Fig.  3.2  the  energy  and  a  dependence  for  various  values  of  a  and  the  energy 
respectively.  The  RS  and  the  gauge  dependence  is  obvious,  e.g.  R  for  a  =  3  both 
scheme  differ  by  a  factor  of  2  in  the  region  around  i/s  —  30  GeV. 

Note  that  changing  the  gauge  parameter  moderately  from  a  =  0  (Landau  gat^e) 
to  a  =  3  (Yennie  gauge)  one  changes  the  R  value  at  y/s  —  2o  GeV  by  .30  %.  ig. 

3.2  shows  that  for  a  >  3  the  dependence  of  R  on  a  is  strong  and  taking  the  gauge 
slightly  larger  than  Yennie  gauge  one  can  change  R  by  100  %  or  more. 


Vs  t(j«V) 


Fig.  3.1  The  energy  dependence  of  for  <i  =  0.2  and  3  in  AMO.M  scheme.  The  dashed  line 
represents  R  in  MS  scheme. 

Fig.  3.2  The  gauge  dependence  of  ft  in  the  AMOM  scheme  for  y/s  =  25.  50  and  100  GeV 


Fig.  3.3  The  ft  gauge  dependence  in  AMOM  scheme  for  y/s  =  25  GeV ;  two  loop  appro.ximation 
(lower  curve)  and  three  loop  approximation  (upper  curve). 
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One  could  expect  that  including  higher  order  corrections  would  soften  the  gauge 
depedence  in  general.  To  check  this,  we  present  in  Fig  3. -3  the  gauge  dependence  of 
R  in  two  and  three  loop  approximation  in  the  AMOM  scheme. 

Passing  from  two  to  three  loop  approximation  a  qualtitatively  different  behaviour 
of  /f  as  a  function  of  gauge  parameter  a  is  obtained.  This  is  partly  because  in  the 
three  loop  approximation  the  three  loop  .3-function  coefficient  is  the  fourth  order 
polynomial  in  the  gauge  parameter  [11]  b. 


4  Gauge  dependence  of  the  QCD  scale  parame¬ 
ter  A 

The  QCD  scale  parameter  A  is  considered  as  a  fundamental  quantity  in  QCD.  It 
was  introduced  as  renormalization  groiq)  invariant  through 


.\  =  /(exp 


(0) 


Celmaster  and  Gonsalves  observed,  that  passing  from  a  cc  o  v  in  .V  RS  to  a  cc  q> 
in  Y  RS  bv 

one  has  in  all  perturbative  orders 

.V  - 

In  MOM  RS  Qi  is  gauge  dependent  [11].  e.g.  in  the  .AMOM  RS 
_  ,  ^  1  /•233  ,  3  10  \ 

whereas  in  RS  based  on  the  gluon-quark  vertex 

^  ,  1  /89  2o  3  .  /  8.5  2.)  1  A  10  \ 

^  4  V  A  6  4  V  36  9  \  )  9  V 

holds,  with  ij/  as  number  of  quark  flavours  and  C  =  2.344  . . .. 

We  present  in  h'ig.  4.1  the  gauge  dependence  of  QCD  scale  parameter  in  various 
RSs. 
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Fig.  -4.1  The  gauge  dependence  of  QCD  scale  parameter  A  for  the  RSs  in  which  cc  a  is  defined  by 
means  of  gluon-ghost  vertex  rx^,(0,  — (continous  line),  the  three-gluon  vertex 
F/taal— P^,  — P^,  — P^)  (dashed  line),  and  the  gluon-quark  vertex  (dotted  line). 

We  see  a  rather  strong  gauge  dependence  of  QCD  scale  parameter.  It  seems 
therefore  that  the  frequently  quoted  value  of  QCD  scale  A  300  MeV  determined 
in  various  experiments  using  MS  scheme  is  of  little  principle  interest  since  in  other 
schemes  A  may  be  2  or  more  times  bigger  or  smaller. 


5  Gauge  dependence  of  hadron  representations 
in  QCD 

Hadrons  are  represented  in  QCD  in  terms  of  quarks  and  gluons.  It  is  interesting  to 
aisk  whether  this  representations  for  proton.  )r-meson,  p-me.son  etc.  utilized  in  QCD 
calculations  are  gauge  dependent. 

Consider  a  proton  state-vector  |P.\t’)  with  the  momentum  P  and  helicity  .\  in 
the  Fock  space  of  quarks  and  gluons.  The  state-vector  lP.\t’)  is  defined  in  the  form 

[5] 


|PAr)  =  ^  I  . Qa)  ,  ^ 

A,;/,:.-.,  /=1 

1P1  •^l/lC»|)|P'i  A2/202}|P3As/3<>3) 

Here  the  first  sum  runs  over  helicities  A,,  flavours  /,  and  colours  of  a  quark 
with  momentum  p,.  (lp{p\]  is  the  invariant  measure  over  the  quark  momentum, 
lPiA,/iQ,)  is  the  ket  in  1-particle  quark  subspace  and  t’pA(Pi . 03)  is  the  projec¬ 

tion  of  proton  vector-state  on  the  Fock  subspace  generated  by  three  quarks. 


t'’P,\(Pi  •  •  •  (As) 


J3{p.A,/.a,| 


PAc  > 


(11) 


One  could  add  in  principle  to  r.h.s.  of  (10)  contributions  from  higher  particle  Fock 
subspaces  e.g.  3  quark  +  quark  -  antiquark  subspace,  three  quarks  +  n  gluons 
subspace  etc.  . . . ;  however  following  [5]  we  limit  ourself  to  the  representation  (10). 

The  expansion  (10)  is  gauge  invariant,  because  all  product  vector-states  of  the 
different  quark  states  transform  as  the  tensor  product  of  the  fundamental  vector  rep¬ 
resentation  of  the  gauge  group  SU{3)  whereas  the  corresponding  coefficient  function 
(11)  transforms  as  the  tensor  product  of  adjoint  fundamental  representation.  How¬ 
ever  the  analytic  form  of  ^/>PA-function  is  up  to  now  unknown.  Hence  in  order  to 
do  numerical  QCD  calculations  of  hadron  interactions  one  has  to  assume  some  con¬ 
crete  expres^on  for  K’pa-  In  all  expressions  known  to  us  the  following  factorization 
is  assumed  [5] 

4’Pa(Pu  -  ■  ■  ,03)  =  li'Px{P\ . /3)£q,02<J3  (12) 

ti'PA(Pii  •  •  •  1 /s)  is  choosen  often  of  gaussian  type  (see  e.g.  [.5]  iii,  Eq.(1.8)). 

We  show  now  that  the  factorization  (12)  implies  a  gauge  dependence  of  proton 
vector-state  \P\il’).  To  see  this  one  has  to  find  transformation  properties  of  the 
1-quark  state  IpXfa)  in  p-space  under  the  gauge  group  5f'(3)  which  acts  in  the 
j-space,  i.e.  on  the  quark  field  as 

=  l'cdrW\}d-r)  (13) 

where  U{x)  is  3  x  3  unitary  unimodular  matrix  with  j-dependent  entries  Uij(x)- 
The  1-quark  state  |xA/q)  in  x-space  is 

|xA/q)  =  (/•t/„(x)|0)  (14) 

where  creation  operator  with  heiicity  A.  flavour  /  and  colour  q  and 

|0}  the  Fock  vacuum.  Under  gauge  transformations  (14)  transforms  with  (13)  as 

|xA/q)' =  U,,3(x)|xA/.i)  (15) 

The  corresponding  transformation  of  the  states  in  p-space  is  obtained  through  a 
Fourier  transform  of  (15) 

IpA/o)'  =  {Uad°}  *  I  o  A/,i))(p)  =  j  d*pl'adP  -  p)\p>'fa)  (16) 

where 

L'odp)  •  (1 ') 

For  product  states,  we  have  e.g. 

(IPiXi/iQi)|P2A2/2Q2))'  = 

j  dp[dpdd,0APl  -  p'\  WoidiiPi  -  I^2)\Pl^iflAl)\P2^2f2;h)  ■ 

A  local  gauge  transformation  in  .r-space  implies  a  nonlocal  gauge  transformation 
in  p-space. 
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Now  the  representation  (10)  of  the  proton  with  <i’pA  given  by  ( 12)  would  be  gauge 
invariant  if 


(  J][  IpAi/iOi)  =5:  n  Ip.A./.Oi).  (18) 

a,  \i=l  /  O’,  1=1 

(18)  implies  with  (16) 

3  3 

n  -  9.) = n  -  <?.)  ( 19) 

t=i  1=1 

Using  the  well  known  parametrization  of  f<^(j-)-matrices  in  terms  of  the  VVigner 
i/{jr),'y(x))-mAtnces  [13]  one  easily  verifies  that  (19)  cannot  be  satisfied. 
Consequently  iPAvi)  with  the  coefficient  function  (12)  is  gauge  dependent. 

The  same  arguments  apply  in  case  of  the  quark  representation  of  other  hadrons 


e.g.  TT.  A' or /9  mesons.  In  this  case  e.g.  for  the  A’-meson.  the  function  i;'a  (Pi . Oj) 

is  usually  taken  in  the  following  factorized  form  [.5] 

t'K(Pl . Oj)  =  t7v(pi . /2)<5s,oj  (20) 


Again  the  obtained  representation  for  A'  meson  is  gauge  dependent. 

Because  of  the  gauge  dependence  of  the  state- vectors  it  would  be  interest ijig  to 
analyse  the  possible  gauge  depende'.  es  of  the  e.xpectation  values  of  a  given  physical 
observable  in  the  given  representations. 


6  Gauge  dependence  of  abelian  and  nonabelian 
QFT  in  comparison 

We  mention  chat  the  question  why  the  problem  of  gauge  dependence  in  nonabelian 
GFT  does  not  show  up  for  abelian  GFT  like  QED.  One  of  the  reasons  is  that  here 
a  RS  exists  and  also  a  gauge  invariant  effective  charge  which  can  serve  as 

expansion  parameters.  An  expansion  for  a  physical  quantity  R 


R  = 


oc-  , 

/  \  X  ■'  /  ^mv  \ 


(21) 


is  term  by  term  RS  and  gauge  invariant,  and  thus  also  the  truncated  series.  Con¬ 
sequently  the  numerical  values  of  pertubalive  predictions  for  are  meaningful. 
The  RS  and  gauge  invariant  effective  rcc  is  given  by 


/  2>  "B 

Qin.(q  )  -  j  ^ 


1  -1-  n^(q^) 


(22) 
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where  as  and  the  photon  self-energy  Hb  are  bare  quantities  and  and  are 
quantities  considered  in  a  RS  denoted  by  .V[l].  In  addition,  the  Thompson  limit 
— >  0  is 

a  =  lim  =  7^  (23) 

Since  a,„„  depends  on  bare  quantities  only  its  numerical  value  for  a  given  is  the 
same  in  all  RS.  used  as  the  expansion  parameter  gives  a  truncated  series  for  R 
which  is  RS  and  gauge  invariant. 

In  nonabelian  GFT  models  this  construction  for  a  RS  and  a  gauge  invariant 
coupling  constant  Q.m,  is  not  possible.  In  QCD  there  are  four  (general  classes)  RS 
invariant  coupling  constants  based  on  the  quark-gluon  vertex,  the  triple  gluon  vertex, 
the  quartic  gluon  vertex  and  the  ghost -gluon  vertex  [2],  but  all  are  gauge  dependent 
and  hence  is  no  perturbative  expansion  (6)  which  would  be  term  by  term  RS  and 
gauge  invariant.  Consequently  all  physical  or  other  quantities  represented  by 
truncated  perturbation  series  are  in  general  RS  and/or  gauge  dependent. 


7  Discussion 

Non-abelian  gauge  (local)  field  theories  as  a  de.scription  of  physical  systems  should 
allow  on  one  side  mathematical  methods  to  understand  their  structure  and  on  the 
other  side  computational  methods  and  results,  which  can  be  compared  with  exper¬ 
iments.  The  mathematical  framework  of  such  theories  is  geometrically  convincing, 
the  concept  of  gauge  invariance  is  somehow  understood  and  one  has  learned  to  solve 
the  difficulty  that  the  (quantized)  theory  has  to  be  rendered  at  least  by  a  choice  of  a 
renormalization  scheme  RS.  The  observable  quantities  should  be  gauge  independent 
and  if  they  will  depend  on  the  RS  a  physically  prefered  or  at  least  a  consistent  RS 
should  exist. 

To  get  results  one  needs  approximation  methods.  Perturbation  theory  uses  the 
effective  coupling  constant  as  gauge  independent  expansion  parameter.  In  the  special 
case  of  an  abelian  gauge  theory,  like  QED.  there  exists  a  gauge  invariant  effective 
coupling  constant  which  can  serve  as  such  an  parameter  and  a  unique  RS  is  at  hand. 
For  the  non-.ibelian  case  this  is  not  so.  Different  authors  refer  to  different  RS  with 
different  physical  justifications,  there  is  no  generally  accepted  consistent  RS  which 
covers  many  and  various  types  of  experiments.  Any  RS  invariant  coupling  constant 
of  QCD  is  gauge  dependent,  one  can  only  speculate  that  there  is  a  prefered  gauge 
for  each  RS,  such  that  truncated  pertubation  expansion  has  "good  convergent" 
properties. 

Concerning  the  RS  dependence  we  find  considerable  changes  from  one  RS  to  the 
other;  this  is  expected,  but  seldom  demonstrated.  Furthermore  there  is  in  general  a 
gauge  dependence  if  one  calculates  physical  quantities  with  truncated  perturbation 
expansions;  this  is  certainly  also  trivial  but  it  is  in  some  sense  surprising  that  it  is 
really  strong.  The  effective  coupling  constant  is  gauge  dependent. 

Alternative  computational  methods  e.g.  non-pertubative  approaches  are  needed. 
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which  give  gauge  independent  results  for  observable  quantities,  even  approximatly. 
We  mentioned  one  further  possibility.  It  seems  that  a  spontaneously  broken  non- 
abelian  gauge  theory  which  reduces  the  non-abelian  gauge  group  to  it’s  abelian  sub¬ 
group  would  be  a  suitable  choice  in  connection  with  computability.  Such  a  model 
bcised  on  spontaniously  broken  SU(6)  gauge  invariance  was  proposed  for  strong  in¬ 
teractions  and  extended  to  strong  and  electro- weak  interactions  in  [6,  7].  Here  com¬ 
putational  difficulties  and  the  problems  of  RS  and  gauge  dependence  of  pertubative 
predictions  are  similar  in  QED. 
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On  Symmetries  Inside 
Color  Superalgebras 


N.  Debergh  and  J.  Beckers 

Theoretical  and  Mathematical  Physics 
Institute  of  Physics,  B.5,  University  of  Liege 
B-4000  Liege  1  (Belgium) 

Parasupersymmetric  quantum  mechanics,  initially  proposed  by  Rubakov  and  Spiri¬ 
donov  [0],  has  recently  been  reformulated  [0]  in  order  to  support  standard  [0]  as  well 
as  spin-orbit  coupling  [0]  procedures  of  super-symmetrization  as  it  is  the  case  in  su¬ 
persymmetric  quantum  mechanics  [0].  These  two  possible  superpositions  of  bosonic 
and  parafermionic  [0]  degrees  of  freedom  can  be  studied  in  the  simplest  1-  and  2- 
dimensional  space  contexts  respectively  for  oscillatorlike  systems  and  can  be  general¬ 
ized  to  arbitrary  n-dimensions  [0]. 

For  the  general  case  we  are  dealing  with  two  parasupercharges  defined  by 

~  ^2  ~  '  (U 

where  summations  on  repeated  indices  are  understood.  Here  j  =  1.2 . n  and 

the  even  bosonic  variables  a_.j  =  aj{a+  j  =  a| )  coincide  with  the  corresponding 
annihilation  (creation)  operators  while  the  and  r]±,j  are  the  odd  parafermionic 
variables  characterizing  each  of  the  abovementioned  supersymmetrization  procedures 
[0],  We  then  simply  get  the  commutation  relations 

[(?-.  [£?+,  Q.]]  =  2Q.H,  [(?+.  [(?-  ^+]]  =  2Q^H, 

[//.Q_1  =  0,  [//,g+]  =  o 

(2) 

and  the  idempotence  relations 
=  0 

leading  to  a  new  (Lie)  structure  that  we  call  (for  evident  reasons  in  connection  with 
Witten's  work  [0]  in  susersymmetric  quantum  mechanics)  the  parasuperalgebra  Psqm 
(2).  This  new  mathematical  object  is  characterized  as  a  Z2-graded  stiuicture  which 
in  terms  of  even  (E  and  odd  O  operators  contains  the  following  products 

[E,  [E,  E]],  [E.  [E.  O]],  [E,  [0,0]].  [O.  [O,  O]].  (3) 

It  can  be  shown,  in  particular,  that  the  relations  (2)  are  also  equivalent  to  double 
commutation  relations  [0]. 
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The  general  Lie  parasuperalgebras  appear  at  this  stage  as  unknown  Lie  structures 
but  which  can  be  related,  in  some  specific  cases,  to  ternary  algebras  [0]  and  to  color 
superalgebras  [0,  0]  including  Lie  superalgebrcis  in  particular.  In  fact,  we  propose 
to  include  the  Green-Cusson  [0]  Ansatze  inside  our  parastatistical  characteristics  in 
order  to  identify  some  of  our  parasuperalgebras  with  color  superalgebras  belonging 
to  the  so-called  C(‘2, 5)-family  [0]  by  refering  to  two-dimensional  grading  vectors. 
Here  we  can  identify  Rittenberg-Wyler  classes  of  generators  with  our  even  and  odd 
ones,  so  that  their  Z2-graduation  (for  further  details,  see  [0]).  We  thus  recover  color 
superalgebras  as  particular  parasuperalgebrtis  and  the  general  study  of  the  latter  is 
now  going  on. 
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N  =  I  Supergravity  as  a  Non-Linear  ct-Model 


J.  Niederle 

Institute  of  Physics 

Czechoslovak  Academy  of  Sciences.  CS-ISO  40  Prague  8 

Abstract 

This  talk  is  based  on  the  papers  by  E.A.  Ivanov  and  the  author  [1.  2] 
according  to  which  the  A’  =  1  supergravity  in  superspace  is  found  to  be  a  non¬ 
linear  cT-model.  More  precisely  ,V  =  1  super-  gravity  (resp.  the  minimal  Einstein 
version  of  it)  is  consistently  reformulated  as  a  theory  of  simultaneous  non-linear 
realizations  of  two  complex  finite-dimensional  supergroups  generating  via  their 
closure  the  whole  infinite-dimensional  supergroup  G  of  .V  =  1  supergravity.  The 
only  independent  Goldstone  superfield  accompanying  a  spontaneous  breaking 
of  the  infinite-dimensional  supersymmetry  G  down  to  the  rigid  .V  =  1  super- 
symetry  appears  to  be  an  axial  vector  superfield  identified  with 

the  .V  =  1  supergravity  prepotential.  .All  the  other  Goldstone  superfields  are 
expressed  in  terms  of  and  its  derivatives  by  imposing  appropriate  covariant 
constraints  on  the  corresponding  Cartan  superforms  (the  inverse  Higgs  effect). 
Possible  implications  of  the  proposed  formulation  of  .V  =  1  supergravity  are 
discussed.  In  particular  the  intriguing  analogy  between  .V  =  1  supergravity 
and  the  (super)  p-branes  theories  is  pointed  out. 


1  Introduction 

It  is  well  known  that  Einsteins's  theory  of  gravity  not  only  exhibits  a  beautiful  struc¬ 
ture  but  also  predicts  with  a  great  succes  all  known  gravitation  experimental  results. 
Notwithstanding  there  are  many  attempts  to  reformulate  it.  They  are  stimulated  by 
problems  of  gravity  theory  itself  and,  in  particular,  by  a  recent  develoisment  in  parti¬ 
cle  physics  in  which  most  of  the  theories  of  current  interest  are  viewed  as  generalized 
cT-models.  These  models  as  all  theories  possessing  spontaneously  broken  symmetry, 
can  be  universaly  constructed  in  terms  of  corresponding  non-linear  realizations.  I’he 
main  ideas  of  such  approaches  ran  be  illistrated  on  gravitation  theory  itself  and  sum¬ 
marized  as  follows: 

1.  Gravitational  interaction  like  all  other  interactions  has  a  dynamical  symetry 
group  G. 

2.  The  group  G  is  obtained  from  a  symmetry  group  H  t  ielding  the  physical  con¬ 
servation  laws  of  the  theory  and  forming  a  sub-  group  of  G. 

3.  The  corresponding  Lagrangian  is  constructed  by  means  of  the  dynamical  grou|) 

G. 
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In  other  words  the  non-linear  realizations  of  G  consist  of  identification  of  Gold- 
stone  fields  with  those  parameters  of  G  which  are  not  connected  with  generators 
yielding  the  physical  conservation  laws,  i.  e.,  with  the  parameters  of  the  factor  space 
G/H.  From  geometrical  structure  of  G/H  the  gravitational  Lagrangians  (as  well 
as  conserved  currents)  are  explicitely  constructed  in  terms  of  group  invariants  by 
methods  of  differential  geometry. 

In  the  Borisov- Ogievetsky  theory  of  gravitation  [3]  the  dynamical  group  G  is  the 
group  DiffR^'^  and  the  symmetry  group  H  generating  the  physical  conservation  lavs 
of  the  theory  -  the  Poincar  group  P.  Then  the  gravity  theory  itself  appears  to  be  a 
non-l;near  realization  of  DiffR^-‘  and  the  gravitational  field  nothing  else  than  the 
Goldstone  field  identifeid  with  parameters  of  Dif  fR^'^jP. 

Non-linear  realization  technique  was  first  developed  for  finite-dimensional  Lie 
groups  [4]  and  then  for  some  infinite-dimensional  ones  [5].  In  the  case  of  non-linear 
realizations  of  infinite-dimensional  group  DiffR^'^  the  situation  is  greatly  simplified 
due  to  the  Ogievetsky  theorem  [6]  according  to  which  the  algebra  of  DiffR^'^  can 
be  regarded  as  a  closure  of  two  finite-dimensional  algebras:  the  20-dimensiona!  affine 
algebra  /1(4)  and  the  15-dimensional  conformal  algebra  C.  Thus  non-linear  realiza¬ 
tions  of  DiffFp-^ ,  Di f  f  R^'^  J P  can  be  constructed  by  taking  simultaneous  non-linear 
realizations  of  ^4(4)  and  C.  namely  A(4)/P  and  C/P.  The  non-linear  realizations  on 
give  rise  to  a  10-component  Goldstone  field  h^^{.T)  and  that  on  C/P  yield 
the  scalar  Goldstone  field  .^(.r)  as  well  as  its  gradient  y,,(.r).  The  requirement  that 
both  non-linear  relazations  should  be  realized  simultaneously  leads  to  the  following 
identifications  of  the  Goldstone  fields:  .p{x)  =  Thus  the  resulting  theory 

has  only  the  10-components  gravitation  field  Since  its  Lagrangian  gives  rise 

to  the  same  equations  of  motion  as  appear  in  the  Einstein  theory  of  gravitation,  the 
resulting  theory  is  equivalent  to  that  of  Einstein  (for  details  see  [.3]). 

In  the  paper  we  shall  briefly  discuss  A’  =  1  minimal  Einstein  supergravity  in  the 
same  spirit  [1.  2].  First,  in  Section  2,  we  shall  recall  its  geometrical  formulation  7] 
and,  using  the  results  of  [1].  a  theorem  according  to  which  the  inifnite-dimensional 
gauge  superalgebra  A  of  ,V  =  1  supergravity  gauge  supergrovip  G  van  be  regarded  as 
a  closure  of  two  finite-  dimensional  superalgebras  .4/  and  .4;/  corresponding  to  su¬ 
pergroups  Gi  and  Gii  respectively.  Then  in  Section  3  and  4,  non-linear  re  dizations 
of  Gi  and  G'//  are  described  and  redundant  Goldstouf  fields  are  eliminated  by  the 
inverse  Higgs  effect.  Thus  singling  out  the  invariants  with  respect  to  G'/;  which  are 
simultaneously  al.so  covariants  with  respect  to  G;  we.  in  the  end  get  one  essential 
Goldstone  superfield  //‘‘‘‘(.r.  0. 6).  In  Section  5  we  show  that  .V  =  1  minimal  Einstein 
supergravity  described  in  detail  in  [7]  is  equivalent  to  the  above  mentioned  theory 
of  sumultaneous  non-linear  realizations  on  G';/P  and  G';;/P  with  gravitational  axial 
superfield  playing  the  role  of  the  Goldstone  sujjerfield  and  with  the  La¬ 

grangian  being  the  simplest  invariant  with  respect  to  G’/  and  G';/.  Finally,  in  Section 
6,  we  discuss  analogies  of  the  non-linear  treatment  of  .V  —  1  supeigravity  with  the 
p-brane  ty'pe  theories  and  indicate  .some  of  the  further  developments. 


t 
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2  Gauge  Supergroup  of  N  —  I  Minimal  Einstein 
Supergravity  and  its  Structure 

The  Ogievetsky-Sokatchev  formulation  [7]  of  .V  =  1  minimal  Einstein  supergravity  is 
baser!  on  the  (44-2)-dimensional  complex  superspace 

=  (1) 

with  and  being  its  left  and  rigth-handed 

parametrizations.  In  superspace  the  infinite-parameter  complex  gauge  super¬ 
group  G  acts  which  is  infinitesmally  defined  by 

601  = 

Here,A'’'’  andA"  are  arbitrary  superfunction-parameters  satisfying  the  condition 


d.rf 


(3) 


which  expresses  infinitesimally  the  preservation  of  the  supervolume  on  corre¬ 
sponding  to  the  minimal  version  of  th  .V  =  1  supergravity  (for  details  see  [7.  8.  9.  1]). 
Using  the  results  of  our  previous  paper  [1]  the  following  theorem  is  true: 
Theorem:  The  infinite-parameter  gauge  superalgebra  corresponding  to  trans¬ 
formations  (2)  restricted  by  (3)  can  be  obtained  by  taking  the  closure  of  two  finite- 
dimensional  subalgebras: 


and 


■4//  =  |<3,:  /T,-  =  -/ 

If  =  n  =  +  2^7),)  |. 

The  structure  relations  of  superalgebras  Ai  and  --1;/  are  specified 


(4) 


15) 


The 


meaning  of  .4/  and  An  is  rather  simple.  ,4;  is  the  superalgebra  of  all  Grassmann  vector 
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fields  (i.e,  eacl;  eloir.ent  of  A]  ran  be  obtained  by  gauging  oidinai\  1-t lanslat ions  in 
purely  Grassrnann  directions)  and  An  is  the  special  linear  superalgeljra  in  ( 
Remarks: 

1-  The  riieorein  can  i)e  proved  by  taking  i:  to  account  the  following  facts:  1-  irst .  all 
the  generators  of  sipreralgebras  .1;  and  An  belong  to  the  five  types  of  generators 
listed  in  /!/  which  yield  transformations  (3.3)  satisfying  (3,3).  Second,  all  the 
lowest  dimensional  generators  of  the  siiperalgebra  .4  can  l)e  obtained  from  the 
generators  of  Ai  and  An  by  using  their  structure  relations  and  relations  of  the 
type  [A/.  .4;;].  Finally,  the  higher  <limensional  generators  of  .\  can  be  derived 
step  by  step  from  the  previous  ones  by  succesively  commuting  the  latter  with 
each  other  and  using  the  induction  techin<pie. 

3.  In  [IJ  the  suireralgebra  A  was  obtained  by  taking  the  closure  of  two  superalge- 
bras  t  hat  differ  from  .4;  and  .4;;.  The  choice  of  .4;  and  .4//  has  t  he  advantage  for 
constructing  non-linear  realizations  in  the  ne.xt  sections  since  .4//  (in  contradis¬ 
tinction  to  the  superalgebras  used  in  [1]  involves  the  generators  li'  '.  and 
which  will  be  shown  to  have  as  their  as.sociate  (lodlstont*  superfields  those  in¬ 
cluding  as  the  lowest  coniporients  gauge  fields  of  graviton  and  gravitino, 

3,  The  superalgeliras  .4/;  contains  th<-  I.oretiz  generators  .]/,  i  and  .1/;,  gi\'en  by 

4A(.)  =  -^1,1  — 

where 

~  ^(.>  U  -  “■'■''/.I:.''  ,|f.- 

~  ■  ’I  +  e.  -/(,  ,  • 

1  hese  Lorenz  geneialors  form  a  semi-ilirect  sum  with  supiualgi'bia  .4;.  1  hus. 
without  losing  generality,  they  can  be  ad>h'd  to  .4;. 

■1.  I  he  generators  (1 ).  {•'))  are  (’s.senliallly  <  <>mple.\  and  m.)  the  corre'pondiiig  group 
elements  will  in  general  be  defiiusl  on  the  complex  |)arameter  manifold,  fac¬ 
torization  ewer  one  or  another  real  subgroup  (i.i'.  passing  t<'  a  cusel  i  will  then 
amount  to  h'aving  only  imaginary  parts  in  the  < orresponding  group  i)arameters. 

3  Non-Linear  Realization  of  G'/ 

Let  (if  denote  the  complex  suitergroup  the  supi-ralgebi a  of  which  is  .1;  delined  in 
(  1).  F.ach  elemetil  (ij  of  supergroup  f/;  can  be  paramet n/<’<l  iu  the  following  way 
coiivenient  for  constructing  the  non-littear  realization  of  t'// 


(II  -  .Vl.'/j.'/s. 


(71 
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where 

<J\  =  Px  p  /  ( 6‘'  Q,,  +  J-‘r  P/,-  > ) . 

=  exp/lf^"),  (S) 

ga  =  exp((o'’'’A„p). 

Transformation  properties  of  tlie  group  parameters  0° .  .rj^',  and  a'”’  follow 
from  the  group  multiplication  law 

ff^9l  =  ffn  9l  ^  fixed  element  of  G/  19) 

Assuming  g'j  of  the  form 

«  /  +  t  (GQ.-.  +  +  .i-v:,  +  ■■  A )  (10) 

we  obtain  the  infitiitesimal  transformation  laws  of  supergroup  parameters 
^0°  = 

+  ,0“.9;;‘^  +  I  j  j  I 

=  ■if -210,,':“^. 

GP"  =  Y'’- 

Now.  following  the  general  routine  [J.  5]  we  indwluce  I-  ■  ■••'lant  C'artan  1- 
forms  uj'l .  ■j.'  f.  and  k'f  via 

gfdg,  =  +  (1^) 

By  a  direct  computation  we  oittain 


w'i*  =  (10"  (131 

=  (Ix  f  ic'f  (10"  (l-l) 

=  (k-f +  2i(i‘’‘',IO,  (IN) 

k-f  =  (h'-'  Ilf)) 


We  shall  use  these  l^ft -invariant  Cartan  1-forius  to  eliminate  sOTue  (ioldstone 
superfields  which  are  associated  with  the  group  parameters.  More  precisely,  we  shall 
icientlfv  the  group  paramet«Ts  associated  with  P""  =  Pf  +  Pf  =  /'/*“  "f  "i'lt  the 
bosonic  coordinates  r""  of  the  real  supersp,-ic<-.  whih’  that  for  =  i[Pl'“  -  Pnl'fi  I 
with  the  fioldstone  superfield  fl""{x.0.0).  I'lie  group  parameters  ff'  =  0"  .0“  ^  11^  = 
(6^)1  are  interpreted  as  grassmamiian  coordinates  of  the  real  superspace  IP'*.  1  he 
com|)lex  (  l-f2)-dimensional  superspace  I  can  be  regarded  as  an  (S+1)  tlimensioual 

real  superspace  I  { ■>'  i'.  Pli  ■  0‘l  ■  0‘li)\  ■  In  this  supers|)ace  a  real  physical  superspace 
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|(j.pp  imbedded  as  a  {4+4)-dimensiona!  hypersurface  determined  by  four 

equations  —  .I'p  =  '2i [7].  The  remaining  group  parameters  c"  and 
will  be  identified  with  the  corresponding  Goldstone  superfields  given  on  which 
will  be  expressed  in  terms  of  by  exploiting  the  inverse  Higgs  effect  and 

thus  eliminated  from  the  theory. 

Namely  expanding  the  appropriate  Cartan  1-forms  (1.3)-(16)  in  the  covariant  dif¬ 
ferentials  V.r''“,  d0‘‘  and  d6‘‘  we  can  define  covariant  derivatives  and  spinor  covariant 
derivatives  of  and  c”'’  (for  detail  see  [2]).  Equating  these  covarinat  derivatives 
to  zero  we  obtaiti 

=  t-r  = 

and  (17) 

=  -^(V'-V,,  )//*■>«. 

Thus  the  non  linear  realization  of  Gj  can  be  entirely  formulated  in  terms  of  the 
superfield  6)  and  the  basic  building  blocks  of  the  Ogievetsky-Sokatchev  for¬ 

mulation  of  minimal  V  =  1  supergravity  ( H“‘‘(x.eJ).'v .V naturally 
emerge  already  at  the  rigid  supersymmetry  level.  The  problem  now  is  to  .select  those 
of  the  G/-covariants  which  are  simulteneously  covariant  with  respect  to  the  super¬ 
group  G'//. 

4  Non-Linear  Realization  of  G// 

.Analogously  to  the  previous  case  G'/;  denotes  a  complex  super-  group  the  superal¬ 
gebra  of  which  is  A/!  defined  in  {~y).  Each  element  G’//  of  supergroup  Gii  can  be 
parametrized  as 

yu  =  g'ul-  (18) 

where  gn  denotes  the  element  of  the  coset  space  GnjL  with  L  being  the  Lorentz 
group 

L  =  exp(ir'^U„,i)  exp(tr  ^\/.,,).  F  =  (IP) 

Here  Maj  and  are  defined  in  (6)  and  /  is  an  element  of  the  Lorentz  group. 

The  element  gn  of  the  coset  spare  G'////-  can  b<  parametrized  in  the  following 
way 


9u  =  yxgiyygyy^  (20) 

where  y,  and  g^  are  defined  in  (8)  and 

.9.1  = 

9*  =  '■xp(t7r_;’;'/f;j), 

gr,  =  exp(  (>/>). 


(■21) 
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The  Cartan  1-forms  are  defined  once  again  according  to  the  general  rules  [4.  5]  by 

gu-^dg),  =  +-•?;;  QL  +  V:  + 

(22) 

By  comparing  both  sides  of  (22)  we  obtain 


.o 

=  {M- 

,od 

'^LII 

=  dx"^  +  iv'‘J>de^‘ )  BT’  e  = 

,PP  DCiQ 
^LI^PP  ' 

,Pfi 

wb  r  ; 

lip 

PP 

>)^”e-'. 

Ipp 

^'Roo 

=  -A>-f(B-'):ipf + 

oi3 

uJd 

where  S  is  a  function  of  the  Goldstone  superfields  associated  with  and  defined 
by 

=  (24) 

All  these  1-forms,  except  those  associated  with  which  are  hidden  in  .^ft 

and  sjJt  ,  undergo  the  induced  Lorentz  trans-  formation  with  respect  to  their  spinor 
indices  when  6'//  acts  on  gfi  by  left  shifts 

giigii  =  gti  i-  ■  '-’i 


where 

and  g^i  is  a  fixed  element  of  Gji- 

Applying  the  general  formula  (2'j)  the  transformation  properties  of  the  coset  pa¬ 
rameters  9‘‘.  .  I'y'’.  AT.  /i'’".  and  B""  uikIci  6'//  ean  be  obtained  (for  detail 

see  [2]). 

Now  we  siiall  eliminate  extra  Cloldstone  supeifields  and  single  out  the  covariants 
of  G(l  which  are  simultaneously  covariant  w.r.l,  G/. 

Looking  at  eps.  (23)  and  (24)  we  see  that  is  covariant  also  w.r.t.  (r;  since  R 
aiid  D  ran  be  added  to  Gf  as  extra  automorphism  generators  and  thus  Gi  does  not 
transform  the  superfields  B  and  -p  at  all. 

.Next  we  shall  decomijose  wt.')";,  into  the  covariant  dilfereiit ials  of  .r  '  "  and  //  ’ ’  once 
again  and  then  extract  covariant  derivativ«*s  of  H'"'  .  It  turns  out  that  conditions 
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for  elimination  of  in  the  non-linear  realization  of  6'/  (i.e.  =  0) 

are  simultaneously  covariant  w.r.t.  O'//  so  that  t'°‘'  given  by  (17)  possesses  correct 
transformation  properties  with  respect  to  both.  O'/  and  O'//  (for  the  proof  see  [2]). 

Eliminating  by  (17)  the  covariant  differentials  of  and  //““  acquire 

the  forms 


Ax"  =  Vx““(6"  -l-5oa//"V4)  (26) 

AW"  =  -Vx^"(c" (27) 

with 

Their  structure  is  completely  specified  by  expressing  the  remaining  Goldstone  super¬ 
fields  A,  X  (or  B)  and  ^  in  terms  of  W"". 

We  begin  with  By  inspecting  the  structure  of  the  Cartan  forms  23  we 

conclude  that  can  be  eliminated  by  imposing  appropriate  constaint  on  one  of 
the  spinor  covariant  derivatives  of  the  Goldstone  field  I'"*'.  These  are  defined  as  the 
coefficients  in  front  of  u/f/.  ZT/T’  in  the  6'//-covariant  Cartan  form 


w"  =  Ax-^'A 


at'-"+u.-?,A.r"-w7r 


..op 


where 


(28) 


Aaf"  = 


3v 


It  turns  out  that  only  Aat'"  can  be  used  for  implementing  the  sought  covariant 
constraint  since  it  is  covariant  w.r.t.  G/  and  G//  (and  hence  w.r.t.  the  whole  infinite- 
dimensional  .V  =  1  supergravity  group).  It  is  meaningless  to  equate  Aif"  to  zero 
because  it  would  contradict  to  the  flat-superspace  limit 


vs  =  0.  A^=0,  =  v^' =  2V^//"  = 

Thus  one  should  equate  Aati’^"  to  a  proper  Lorentz-covariant  constant  matrix  con¬ 
sistent  with  th  flat  limit  namely 


AaC"  =  -6'/)' 

H  C*  it' 


(29) 


From  here  by  taking  into  account  that  detW  =  1  we  can  express  superfields 
and  1^,  9  in  terms  of//"*'. 
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Let  us  explain  now  how  to  eliminate  the  Golclstone  superfield  X‘‘  ■  .  The  cor- 
responding  constraints  arise  from  the  requirement  that  in  the  d^-projections  of  the 
Cartan  forms  standing  in  front  of  the  generators  R.  D  and  T  only  the  inhomogenously 
transformed  components  associated  with  the  Lorentz  generators  A/aj,  A/^j  survive. 
These  constraints  are  again  manifestly  6’/;-  and  Cf/-  covariant  and  give  in  terms 
of  //*““  (for  detail  see  [2]).  Hence  we  are  eventually  left  with  a  single  Goldstone  su¬ 
perfield  which  alone  supplies  non-linear  realizations  of  G/  and  G’//.  This 

confirms  from  another  point  of  view  than  in  [7]  its  role  as  the  fundamental  geometric 
object  of  the  minimal  N  —  1  supergraviU'. 

It  remains  to  show  how  the  minimal  A’  =  1  supergravity  action  reappears  within 
the  present  framework. 

5  The  Invariant  Action 

After  employing  the  inverse  Higgs  effect  constraints,  the  remaining  simultaneous  Gr¬ 
and  G//-covariants  are  reduced  to  the  covariant  differentials  of  the  .V  =  1  superspace 
coordinates,  the  covariants  differential  of  and  to  the  covariant  derivative 

of  the  Goldstone  field  A^^  (the  projection  of  the  Cartan  form  onto  the  covariant 
differential  AO*'),  Since  the  last  covariant  rise  to  a  higher  derivative  invariant  and 
the  covariant  differential  A//*''  identically  vanishes  we  are  left  with  the  covariant 
differentials  Aj'**^,  AO",  AO**.  An  obvious  simplest  invariant  is  the  supervolume 
of  A'  =  1  superspace  (.r"",  O",^**)  constructed  as  an  integral  of  the  Berenzinean  of 
the  corresponding  vielbeins  over  As  shown  in  j2]  it  coincides  up  to  a 

renormalization  factor  with  the  minimal  Einstein  .V  =  1  supergravity  superspace 
action  in  the  from  given  in  [8], 

6  Concluding  Remarks 

i)  The  presented  non-linear  realization  approach  allows  an  algorithmic  construction  of 
A  =  1  supergravity  based  on  the  universal  method  of  Cartan  forms  augmented  with 
the  inverse  Higgs  phenomenon.  The  .V  =  1  supergravity  prepotential  H“"(x.6.6) 
appears  from  the  beginning  as  a  Goldstone  superfield  describing  the  simultaneous 
spontaneous  breaking  of  Gi  and  Gii  supersymmetries.  .Many  objects  and  relations 
introduced  "by  hand”  or  postulated  in  the  Ogietvetsky-Sokatchev  approach  acquire 
a  clear  group-theoretical  meaning.  Lor  instance  objects  F  and  F  playing  the  cruical 
role  in  [7,  8]  turn  out  to  be  rlated  to  the  Goldstone  superfield  associated  with  the 
spontaneously  broken  generator  Du  form  G/i-  The  relations  (1.2.5)  in  [8]  prove  to  be 
a  particular  case  of  the  inverse  Lliggs  effect. 

ii)  It  is  worth  mentioning  that  the  inverse  Higgs  effect  constraints  are  purely 
algebraic,  in  contradistinction  to  the  standard  .V  =  1  supergravity  constraints  which 
are  reduced  to  certain  differential  equations  (vanishing  of  some  components  of  the 
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torsion),  the  prepotential  being  a  solution  of  the  latter.  In  the  present  formulation 
these  latter  constraints  are  secondary,  they  can  be  shown  to  be  a  consequence  of  the 
Maurer-Cartan  structure  equations  for  Gj  and  G'/;. 

iii)  It  is  interesting  to  see  how  the  complex  geometry  of  jV  =  1  supergravity  [7] 
(the  preservation  of  chirality)  reappears  in  the  manifests  of  the  non-linear  realization 
description.  Before  all,  it  manifests  itself  in  that  one  deals  with  the  complex  su¬ 
pergroups  G/  and  Gii  in  a  holomorphic  parametrization.  The  C'^^^-coordinates 

9^  naturally  come  out  as  the  parameters  of  the  relevant  complex  coset  spaces.  The 
constraints  of  the  inverse  Higgs  effect  in  the  present  ca.se  can  also  be  interpreted  as  a 
kind  of  the  covariant  chirality  conditions  stating  the  absence  of  the  c/0-projections  in 
the  corresponding  Cartan  forms. 

iv)  Let  us  stress  the  defining  role  of  the  non-linear  realization  of  the  linear  su¬ 

pergroup  G//.  The  structure  of  the  basic  building  blocks  of  N  =  1  supergravity,  the 
covariant  differentials  is  completel}'  specified  by  this  non-linear  realization 

(together  with  the  inverse  Higgs  effect).  The  role  of  G;  is  in  a  sense  subsidiary  -  it 
provides  very  simple  criterias  in  which  cases  the  G//-covariant  quantities  and  relations 
are  covariant  under  the  whole  A  =  I  supergravity  group. 

v)  The  construction  of  N  —  1  supergravity  as  a  non-linear  realization  of  the 
complex  supergroup  G//  in  the  coset  supermanifold  Gu/ L.  with  .V  =  1  superspace 
( j*"', 0'', 0“ )  as  a  real  subspace  and  the  A'  =  1  supergravity  action  as  a  G/;-invariant 
supervolume  of  this  subspace  suggests  an  interesting  analogy  of  A'  =  1  supergravity 
with  the  (super)p-branes  (strings,  membranes.  ...)  in  the  treatment  of  [10].  .\ctually. 
the  minimal  A’  =  1  supergravity  is  recognized  as  a  kind  of  “spinning"  super  p-brane 
of  dimension  (4/4)  moving  in  the  complex  coset  G;//L  as  the  target  space,  the 
Goldstone  superfields  eliminated  by  the  inverse  Higgs  effect  are  direct  analogs  of  the 
Goldstone  fields  which  parametrize  in  ordinary  p-branes  the  cosets  of  the  relevant 
Lorentz  groups  and  are  expressed  there  in  terms  of  the  translation  Golstone  fields  by 
the  same  procedure  [10].  This  similarity  raises  some  questions,  in  particular,  whether 
A'  =  1  supergravity  can  be  reproduced  as  an  effective  "low-energy"  limit  of  some 
higher-dimensional  superfield  supersymmetric  theories,  by  analogy  with  condensation 
of  (super )p-branes  in  a  field  theory  [11]. 

vi)  Closely  related  to  the  latter  remark  is  the  problem  of  existence  of  theories  with 
a  "linearly  realized"  .V  =  1  supergravity  group.  Such  theories  could  be  related  to 
the  non-linear  realization  formulation  of  ;V  =  1  supergravity  much  like  linear  sigma 
models  with  associated  internal  .symmetries  are  related  to  the  corresponding  non¬ 
linear  sigma  models,  via  appearance  of  non-zero  vacuum  expectation  values  of  some 
fields.  Our  construction  gives  a  hint  that  these  linear  realizations  should  operate  with 
linear  representations  of  the  supergroup  G;/.  .An  analogous  problem  for  the  Einstein 
gravitation  theory  has  been  settled  in  [3].  As  suggested  by  Witten  [12],  the  linear 
sigma  model  of  this  kind  describes  the  phases  with  unbroken  local  .symmetrie.s  in 
gauge  theories  and  can  be  presumably  understood  as  topological  field  theories. 
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vii)  Finally  we  note  that  the  non-Hnear  realization  treatment  of  the  non-minimal 
jV  =  1  supergravity  theories  can  seemingly  be  constructed  in  an  analogous  way. 
However,  it  is  a  much  more  ambitious  problem  to  find  a  general  principle  allowing  us  to 
construct  higher  N  supergravities  by  the  non-linear  realization  techniques.  One  might 
hope  to  obtain  in  this  way  the  geometric  prepotential  formulations  of  supergravities 
with  N  >  3  which  are  unknown  at  present. 
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1.  Introduction 

In  the  supersymmetric  quantum  field  theory,  a  unitary  representation  of  a  Lie  super¬ 
group  or  a  Lie  superalgebra  plays  an  important  role.  If  we  are  content  with  a  representation 
of  a  Lie  superalgebra.  Hilbert  superspaces  are  not  necessary.  Hut  if  we  want  to  consider  a 
representation  of  a  Lie  supergroup,  especially  the  induced  representation' ,  one  of  the  most 
powerful  tool  to  construct  a  unitary  representation,  the  theory  of  Hilbert  superspaces^  i.s 
indispensable. 

'2.  .Algeabra  .\  of  supernumbers 

Let  .\  =  .\q  -r  .Lj  =  C  -r  .V  be  a  Grassmann  algebra  over  C  with  countable  number  of 
generators  v,.  where  .V;  set  of  nilpotent  elements  (soul).  Define  the  projecton  b  :  \  —  C 

(body  map)  and  the  subalgebra  .V*”*  of  .\  generated  by  iq . r„.  Then  is  a  Banach 

algebra  with  the  norm 

Pll  =  51  ' ''• 

,U  .M 

where  c,\/  =  tq,  ■  •  •  v,^.  c\/  €  C.  Let  I„  be  the  ideal  of  generated  by  r,,.  then  we 
have  -y  /„  and  every  element  of  .L  is  uniquely  written  as 

A  =  ^  A,.  A„  €  In-  (/o  =  A"'’  =  C)  (1) 

n>0 

Let  be  an  arbitrary  increasing  sequence  of  positive  integers  and  define  a  norm 

p..,(A)  on  A  by 

/C(A)  =  53  -XllA,)). 

n 

where  A  is  expressed  as  ( 1).  Then  p^,  gives  the  inductive  limit  topology  of  .A*"'.  Moreover, 
each  norm  satisfies 

/C(Ap)  <  p..(  A)p^(/() 

for  A.  fi  g  and  .\  is  a  topological  algebra.  The  algebra  .\  has  the  following  fundamental 
properties '. 

(1)  is  a  complete  and  nuclear  space. 

(2)  .Any  bounded  set  of  .A  is  contained  in  .A*'  !  for  some  n. 

(3)  The  soul  of  any  elememt  of  .\  is  nilpotent. 

3.  Hilbert  superspace 
■A.  Definitions 

.Assume  that  .A  has  a  continuous  grade-preserving  involution  ♦  satisfying  p..(A")  - 
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Definition  1.  A  Zz-graded  A-niodule  H  =  Tio^bHi  is  called  a  inner  product  niptapace 
if  it  has  a  ^j-graded  inner  product  (-.  ■)•  Wo  x  H.j  —  Ss-a  (<1^  £  ^2)  satisfying  the 

following  conditions:  For  /,  g,  ft  €  W  and  A  €  A, 

(^)  ig- f)  =  (symmetric), 

{i)if-g  +  h)  =  (f.g)  +  {f.h)  (biadditive). 

(3)  if.gX)  -  (f.g)X  (sesquilinear). 

(3)  h((/. /))  >  0  (positive  definite). 

The  locally  convex  topology  on  H  called  the  a-iopology  is  defined  by  the  following 
system  of  open  neighbourhoods  of  0: 

=  h  6  nipJih.f))  <  f. 


where  c  >  0  and  /  £  H. 

Definition  2.  A  ^l^-graded  subspace  H  of  W  over  C  is  a  Ixise  Hilbert  space  of  H  if  the 
following  conditions  are  satisfied. 

( 1 )  H  is  &  Hilbert  space  with  the  inner  product  ( •.  ■)  of  H.  this  means  that  (/, ^)  6  C  for 
all  f,g  Q  H  and  H  is  complete. 

(2)  The  norm  topology  of  the  Hilbert  space  //  is  stronger  than  the  induced  topology  from 
the  CT-topology  of  H. 

( 3 )  (H.h)  =  0  implies  h  =  0  for  h  €  W. 

Definition  3.  A  inner  product  superspare  W  is  called  a  Hilbert  superspace  if  it  has  a 
base  Hilbert  space  H. 


B.  Structure 

Let  h  e  W,  then  (/t.  )  is  a  continuous  C-linear  mapping  form  H  to  A. 

Since  (/!./)!/€  W-ll/H  <  1  is  a  bounded  set  in  A.  {h.f)\f  €  //  is  contained  in  a  finite 

k 

dimensional  subspace  A’"*  of  A.  Then  we  have  by  the  Riesz  theorem  (/>.  )=  ^  A,(h,.  ■). 

1=1 


k 

where  A,  6  A*"^  C  A.  Thus  we  have  h  =  ^  h,X‘. 

1=1 

Theorem  4.  Let  W  be  a  Hilbert  superspare  with  base  Hilbert  space  H.  Then  the 
Z2-graded  tensor  product  H  (■',  A  jI  H  and  A  over  C  is  isomorphic  to  H.  Conversely,  let 
W  be  a  .Z2-graded  Hilbert  s)''’.e  over  C,  then  H  \  is  a  Hilbert  superspace  with  base 
Hilbert  space  H 


C.  Topologies 

The  system  of  the  norms  /C  defined  by 


Pjb)  =  snppj{f.h))\f  e  //.  ll/ll  <  1. 

defines  a  topology  called  the  t-topol<Hjy.  and  the  ~-toi>oloyy  is  defined  by  the  system  Q^,  of 
the  norms 

k 

QAh)  =  \nfY^\\h,\\pAX'). 

1=1 

k 

for  h  =  ^  /),A‘  €  W. 

1=1 


I 

L 
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Since  A  it.  a  nuclear  space  c-  and  F-fopologies  coincide'*.  The  inequality 

<  Qjg)PJh) 

follows  from  the  inequalities 

k  k 

i=l  1=1 

A- 

for  g  —  ^  g,X,  6  H.  with  g,  e  H  and  A,  €  \- 

1=1 

D.  Stability  of  the  c-topology 

Theorem  .5.  The  c-topology  does  not  depend  on  the  ba.se  Hilbert  .spare. 

Proof.  Let  //,  be  a  base  Hilbert  space  with  the  norm  j|  •  ii,  and  f”  a  system  o 
norms  of  H  corresponding  to  H,  for  (  =  1.  'd.  Since  //]  and  H>  are  Frechet  spares  am 
(■•■)  :  Hi  X  H2  —  \  is  separately  rontimiou.s  (from  the  definition  of  base  Hilbert  spare) 
(■.•)  is  continuous,  i.e..  we  have 

PMh.fi))  I  'i/dij 

for  f,  €  H,  (i  -  I,  2).  Thus  ive  'lave 

f’lih)  <  /^l/it  <  ''’-li/1.,1 

and 

pA{f<-f])  <  Pl{h)Ql{f)  <  c\Pl{h)PUf)  < 

for  h  Z  "H  and  /  €  /fi-  Consequeetly.  we  have 

Piih)  <([P\{h).  Plih)  <  C"P:ih) 

for  h  €  H. 

4.  .V-liiiear  operators  of  Hilbert  siiperspaces 

Definition  6.  Let  Hi  and  Hz  be  two  Hilbert  siiperspaces.  Then  a  continuous  mapping 
7  from  Hi  to  H2  is  called  a  ronliniioiis  .\-linear  operator  if  it  satisfies  the  following 
conditions: 

'/'(.r  4-  y)  =  Is  -p  Ty.  T(xX]  =  (7.rlA 

for  X.  y  (l  Hi  and  A  6  Moreover.  T  is  railed  gradf-prt  .'t  n  ing  U  T  H,^  C  H,^  for  o  €  Z;. 

Definition  7.  A  rontinnons  .\-linear  operator  I  from  H\  to  H2  is  called  anttary  if  it 
satisfies  ((' x.V y)2  —  (/.  11)1  for  every  .r.  g  t  77)  and  the  range  of  I  is  the  whole  spare  7f  j. 

Theorem  8.  Let  II  be  a  base  Hilbert  space  of  a  Hilbert  superspace  H  and  (  be  a 
grade- preserving  continuous  unitary  operator  of '77  (from  77  to  77).  Then  (  ( 7/ )  is  also 
a  base  Hilbert  spare.  Conversely,  if  7/ 1  ami  Hi  are  two  base  Hilbert  spaces  of  a  Hilbert 
superspare  '77  then  there  exists  a  grade  preserving  rontiniioiis  unitary  operator  7'  of  77 
such  that  7'(  Hi )  =  Hi. 

■a.  Orthogonal  romplenients  of  Hilbert  siibsiiperspaces 

Definition  9.  A  ^i-graded  subniodiile  K  of  77  is  called  a  Hilbert  subsuperspare  of  77. 
if  the  following  conditions  are  satisfied. 
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fi)  A.  is  a  Hilbert  superspare  with  the  iujier  product  (•.  •)  of  H. 

(ii)  The  topology  of  A  coincides  with  the  induced  topology  from  H. 

Theorem  10.  Let  be  a  Hilbert  siiperspace  and  let  A'  be  a  Hilbert  subsuperspace  oVH. 
Ihen  the  orthogonal  complement  A'  =  h  €  W]  ( A .  A )  =  0  of  A  is  a  Hilbert  subsuperspace 
of  H  and  we  have 

H  =  K' -r  (orfhogoiialsutn  L 

6.  I  nitary  induced  representation  of  Lie  supergroup 

Let  G  be  a  Lie  supergroup  with  even  generators  A,  (1  <  '  <  p)  and  odd  generators  Vj 
(f  ^  J  S  9).  Let  Go  be  the  group  generated  by  the  elements  of  the  form  exp(^f_j  x,X,) 
with  r,  6  Aq  and  &  =  g  e  O  j  g  =  exp(^''_,  (jYj).  (j  €  then  every  element  g  €  G  is 
uniquely  expressed  as  g  =  gQ0  for  £  Go  and  9  £  0''.  Thus  the  homogeneous  superspare 
A'  =  Go\G  is  homeomorphic  to  0  =  (.Vilt, 

Let  {Go.L,'H)  be  a  unitary  representation  of  Gq.  For  exp^  6  0  and  g  £  G.  define 
functions  goig,^)  €  Gq  and  £  0  by  (exp^jg  =  Define  by 

9  -  f^(9)o(0  = 

for  tallied  function  0(0-  Then  {G.l  ;■:  .\(^))  is  a  unitary  representation  induced  by 
(Gq.  L.H)  if  we  define  the  inner  product  by  (o.  y)  =  J (o(().  for  o.  v  6  /fo  .Vffj. 

where  (o(^).  (.•(O)  '«  the  inner  product  of  H. 
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1  Introduction 

The  role  played  by  phonons  in  condensed  matter  physics  is  well  known. 
Phonons  mediate  various  interactions  between  quasi-particles  and  phonoms 
interact  with  external  fields,  phonons  carry  an  energy  and  a  quasi-mornentinn 
[1,2,31. 

From  the  literature  one  learns  that  phonons  are  collective  or  inacroscopii 
observables,  and  that  their  dynamics  is  induced  by  the  microdynamics  of  the 
system. 

ffere  we  report  about  work  in  which  we  were  able  to  define  phonons  as 
bona  fide  Boson  fields  or  Boson  particles,  and  to  study  their  dynamics. 

2  Phonons 

We  consider  a  n-dimensional  cubic  lattice  Ttf  with  in  each  lattice  point  i  £  It' 
a  matrix  algebra  Ai  =  Mn  of  site  observables. 

Take  any  state  p  whichb  is  lattice  translation  invariant  and  time  invariani . 
Consider  the  fluctuation  of  an  observable  A  £  A/„  in  the  state  p: 

F^AA)  = 

yi^i  'CA 


‘Contribution  to  the  II. International  Wigner-Symposium  1991,  Goslar,  (lormany 
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If  th('  staU'  is  enough  clustering  one  shows  that 

lini  I'aA^)  = 

A—  £ 

exists  in  the  topology  of  convergence  in  the  riislribiitional  sense  even  for 
operators  [1,5], 

Now  we  observe  the  remarkable  fact  that  I‘\,  yields  a  repiesentation  of 
canonical  coinmulation  relations,  i.e.  for  all  local  observables  .4  is  a 

Boson  field.  It  turns  out  that  these  inacroscopi*  nuctnations  coincide  with 
the  phonons  in  solid  state  physics. 


3  Phonon  dynamics 

If  one  has  a  microscopic  Hamiltonian  dynamics  A  At,t  6  IR,  then  ,  at 
least  for  short  range  interactions,  the  fluctuation  Fp(A,)  of  4,  also  exists.  In 
that  case  we  are  able  to  define  a  macroscopic  dynamics  d;  by  the  formula: 

d,/v(.4)  =  Fp(4,) 

4'he  dynamics  d;  is  then  the  phonon  dynamics,  and  the  study  of  phonon 
physics  amounts  to  the  study  of  this  dynamics. 

It  turns  out  that  the  phonon  spectrum  (i.e.  of  d()  is  quite  different  in 
nature  from  the  microscopic  dynamics  of  the  system.  VVe  worked  out  nany 
models  and  observed  that  although  the  microscopic  spectrum  is  absolutely 
continuous,  the  phonon  spectrum  of  the  system  ha.s  many  discrete  points 
This  is  observed  in  the  Schwinger  modi'l  [f)),  the  OverhansrT  model  irj.  and 
a  spin- density  wave  model  [81. 
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The  modular  group  as  physical  symmetry 
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Since  several  years  I  jim  interested  in  explaining  the  appearence  of  symmetries  in 
physics.  It  is  my  opinion  that  only  the  invariance  under  Euclidean  transformations  is 
a  consequence  of  general  principles.  All  other  symmetries  need  an  explanation.  Even 
the  Lorentz-boosts  are  broken  in  charged  superselection  sectors  which  means  that  this 
symmetry  has  to  be  derived  if  present  in  the  vacuum  sector. 

In  this  representation  we  want  to  show  that  in  quantum  field  theory  the  Lorentz- 
boosts  do  appear  as  symmetry  in  the  vacuum  sector  and  have  a  natural  explanation. 
We  show  that  the  modular  group  for  the  algebra  of  the  wedge  domain  can  always  be 
interpreted  as  the  group  of  Lorentz-L'  osts,  provided  the  cyclic  and  separating  vector  is 
the  vacuum- vector.  In  order  to  obtain  this  result  one  must  show  that  the  modular  group 
induces  outer  automorphisms  of  the  translation  group.  To  prove  this  three  properties 
are  ess-ntial.  The  locality  condition,  the  spectrum  condition  for  the  translations,  and 
the  stnicture  of  the  wedge  domain,  which  is  mapped  by  a  semi-group  of  translations 
into  itself.  By  the  same  method  we  show  that  the  CPT-trtinsformation  can  be  identified 
with  the  modular  conjugation.  If  the  wedge  is  fixed  then  one  is  dealing  with  a  two- 
dimensional  problem.  Therefore,  in  all  of  the  investigations  we  shall  only  deal  with  field 
theories  in  two  space-time  dimensions. 

The  C.P.T. -theorem  htis  been  proved  in  relativistic  quantum  field  theory  by  R.Jost 
[Jo]  in  the  frame  of  Wightman-field  theory.  In  this  proof  he  revealed  the  connection 
of  the  C.P.T.-symmetry  with  the  assumptions  of  positivity  of  the  energj’.  Lorentz- 
invariance,  and  the  standard  locality  assumptions.  In  this  proof  the  existence  of  a 
vacuum  state  was  essential.  But  up  to  now  there  is  no  proof  of  the  C.P.T. -theorem  in 
the  theory  of  local  observables  in  the  sense  of  Araki,  Haag,  tmd  Kastler. 

A  different  aspect  of  the  C.P.T. -operator  has  been  realized  in  connection  with 
the  Tomita  [To]  Takesaki  [Ta]  -theory  of  modular  Hilbert -algebras.  Bisognano  and 
Wichmann  [BWlj,  [BW2]  observed  that  the  C.P.T.-operator  and  the  Lorentz-boosts 
are  related  to  the  modular  conjugation  and  to  the  modular  group  of  the  wedge- algebra, 
provided  the  theory  of  local  observables  is  generated  from  a  Wightman-field  which  is 
covariant  under  Lorentz-  transformations.  Here  again  one  is  dealing  with  the  vacuum- 
sector. 

Notation: 

The  symbol  {.V( .  W,  fl,  A.  7}  means  an  algebra  ,V1  acting  on  a  Hilbert  space  7f  stich 
that  n  is  cyclic  and  separating  for  vVf .  The  modular  operator  and  modular  conjugation 
given  by  this  situation  is  denoted  by  and  J. 

In  the  following  we  are  looking  at  endomorphisms  of  M  induced  by  unitary  opera¬ 
tors  which  leave  fl  fixed.  We  are  first  looking  at  one  single  endomorphism.  Next  we  are 
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treating  the  case  of  a  continuous  semi-group  with  positive  generator.  Finally  we  apply 
the  results  to  the  wedge  algebra  in  the  theory  of  local  observables. 

First  Result: 

Let  {M.  A.  J}  be  a  von  Neumann  algebra  and  let  V  be  unitary  with  Uil  =  Q  and 

assume  U  induces  an  endomorphism  of  AA  i.e.  L'M  U'  C  M  then  we  have: 

(1)  With  S  =  JA?  the  relation 

US  =  SV. 


(2)  The  operator-function 


A'TA-" 


has  an  analytic  extension  into  the  strip. 


S(-l.0)=  C  Jm--  <  0}, 

and  it  is  continuous  on  the  boundary,  and  it  fulfills  the  estimate 


llA'=rA-=||  <  1. 

If  U  induces  an  automorphism  then  ['  commutes  as  well  with  A  as  with  J  and  there 
is  no  interplay  between  V  and  the  modular  group.  Next  we  are  turning  to  the  case 
where  we  have  a  semi-group  of  unitaries  with  positive  generator  and  which  induce  a 
semi-group  of  endomorphisms. 

Second  Result: 

Let  {j\4  ,  W.  n.  A,  7}  be  a  von  Neumann  algebra  and  let  ['(o)  be  a  one-parametric  group 
of  unitaries  with  UQ  =  fl  and  assume  l’(a)  induce  for  a  >  0  endomorphisms  o/,Vl  i.e. 
U{a)M  U"{a)  C  .Vf  ,  a  >  0  then  we  have: 

1.  the  expression 

A''r(t«)A-'  =: 

has  an  analytic  extension  into  the  tube  T  and  is  continuous  on  the  closure,  where  T  i.« 
defined  as  follows: 

T  =  {(r.O;(Airi  O  €  B)}. 

where  B  is  the  interior  of  the  quadrangle,  the  corners  of  which  are  given  by  the  points 

{(0,0),(-i.->r),(-i.0).(0.)r)}. 

2.  The  operator  V(z,C,)  is  bounded 


||r(c.oil<i.  for  (--.oer. 

3.  V{t  —  —  it)  has  the  value 

V(f  =  A"jn-(<)JA-". 

U{a]  has  a  positive  generator,  therefore  it  has  an  analytic  cotinuation  into  the  upper 
half-plane.  Since  it  induces  endomorphisms  of  M  for  positive  n.  one  maps  the  upper 
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half- plane  by  a  =  onto  the  strip  (0,  tt).  For  real  ^  we  have  an  analytic  continuation 
into  t  6  S(  — i.O)  and  for  real  t  an  analytic  continuation  into  f  €  5(0.  ff).  This  gives 
analyticity  in  a  tube  with  triangular  base.  Looking  now  at  the  set  3m  1  =  ~  j  one  finds 
that  one  can  analytically  continue  in  the  variable  ^  into  the  strip  5(  — Jr.O).  Altogether 
this  gives  the  second  result. 

In  order  to  find  further  analytic  continuations  one  has  to  make  use  of  the  cyclicity 
of  fl  for  .,V(  and  for  .Vf  '.  To  this  end  one  introduces  two  functions. 

Notation: 

Let  {Ad  ,  ?f.  fl.  A,  T}  be  as  before  and  let  .4  6  ,V1  and  B'  £  M'  then  we  define; 

F+{t.O  =^{ii,B’A‘'U{e^)A-'‘An) 

and 

=  (n.AA"V{-(^)A-‘*B'n). 

As  one  sees  from  the  construction  of  the  two  functions  they  coincide  for  real  values 
of  t  and  of  However  the  third  statement  of  the  second  result  implies  much  more 
analyticity. 

Third  Result: 

The  two  functions  F'^(t,^)  and  F~{t,^).  which  are  holomorpkic  in  the  tubes  T  and  —T 
respectively,  are  different  representations  of  one  holomorphw  function  which  is 

holomorphic  in  the  domain 

{Re  r,  ^  6  R^}  [^{  — tr  <  2n^3m  r  —  3m  (,'  <  tt}.  (» ) 

In  this  domain  H(:,<^)  is  bounded.  One  has 


|//(-.OI  <  max{l|.4ni|l|B'*n|l.|1.4*fi||||B'n||}. 


This  latter  statement  implies  that  is  constant  along  the  direction  given  by  the 

strip  (*)  j.e. 

=  H(:  A—.C,  +  wn)  for  u- €  C. 

Using  now  the  fact  that  M  12  and  .Vf  '12  are  both  dense  in  H  we  obtain: 


Main  Result: 

Let  {Ad  ,  W,  12.  A,  J)  be  as  before.  Let  U{a)  be  a  one -parametric  group  of  unitanes  with 
UQ  =  12  and  assume  U{a)  induces  for  a  >  0  endomorphisms  of  Ad  i.e.  U{,a)M  f  *(o)  C 
Ad,  a  >  0  then  we  have  for  {f ,  a)  6  R.^ 

(a) 

A"r(a)A-'  =  U(e-^"o) 


and  (b) 


JU{a)J  =  U{-a). 


If  we  assume,  instead,  that  U(a)  induces  endomorphisms  for  a  <  0  then  (b)  remains 
unchanged  but  (a)  is  replaced  by 


A''U(a)A-'  =  U{t'‘’'a). 


1 

i 
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Application:  Two-dimensional  Q.F.T. 

Let  {^V(  ,  0.  ilV,  7}  be  as  before.  Now  we  assume  that  we  have  a  continuous 

representation  I  (a), a  G  R*  of  the  vector  group  of  R^.  Furthermore,  we  assume 

(a)  r(a)n  =  « 

(b)  The  spectrum  of  f’(o)  is  contained  in  the  forward  light  cone  V'*'  :=  {a  G  R^:ao  5 

l“i|} 

(c)  Let  H'  be  the  set 

U'  ;=  {  a  €  R^tui  >  |ao|} 

then  we  assume 

U(a).i4  L  'ia)  C  ,V(  for  a  6  W. 

Now  we  introduce  the  lightcone  coordinates 

no  +  Q)  _  Ufl  —  fli  +  _  + 

- ,a  —  — -  or  oo  =  <1  +  a  ,ai  =  a  —  a  . 

Since  U{a)  fulfills  the  spectrum  condition  it  follows  that  and  l'{a~)  both  have 

positive  generators  and,  moreover,  we  have 

l'(a+),Vl  r*(a+)C  >0  and  U(a- )M  V'(a- )  C  M  fora'  <  0. 

Therefore,  we  apply  the  main  result  and  obtain; 

Fourth  Result: 

With  the  assumptions  described  above  and  with 

\(4\ (  cosh2irt  -sinh2)rt\ 

\-sinh2;rt  cosh2jrt  ) 

and 

then  I  [a]}  induce  a  representation  of  the  two-dimensional  Poincare- group  which 

fulfills  the  spectrum  condition  and  which  have  0  as  invariant  vector.  Furthermore,  one 
has 

JU{a)J  =  l'{—a) 

All  th  €f€  transformation.*  act  local  on  the  net  constructed  from  the  algebra  of  the  wedge 
and  its  commiiiant. 
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.Algebras  of  uniiouiicleci  operators  (<9p" -algebras)  arise  tinturaily  ui  the  VVight- 
n'.au  formulation  of  axiomatic  quantum  field  theory,  lomila- Takesaki  theory  plays 
an  important  role  for  a  study  of  structures  of  con  .Neumann  algebras  and  for  a 
study  of  quantuiii  field  theory  [!~3].  and  so  it  is  desirable  to  extend  the  results 
of  Tomita-Takesa.ci  theory  to  Op'-algebras.  Such  a  study  ha.s  been  done  in  [l~7j 
on  the  physical  situations  and  in  [S~ll]  for  the  general  theory.  In  this  report 
we  introduce  standard  systems  and  modular  systems  which  are  able  to  develop  the 
Tomita-Takesaki  theory  in  (Dp'-algebras.  and  ajjply  them  to  the  \\  ightman  quantum 
field  theory. 

1.  Standarii  systems  and  modular  systems  for  general  Op'-algebras 

Let  be  given,  where 

(i)  .Vd  is  an  ()/)"-algebra  on  a  dense  subspace  P  in  a  Hilbert  space  Ti  [12~1J]  ; 

('t)  ^0  ^  P  and  .Lf^o  is  dense  in 

(iii)  .4  is  a  von  .Neumann  algebra  on  H  such  that  A  dense  in  H  and  A  is 
contained  in  the  weak  commutant  ,Vf».  of  M. 

In  general,  the  weak  commutant  of  ,Vd  is  not  necessarily  a  von  .Neumann 
algebra,  but  by  (iii)  there  exists  the  induced  extension  i ^'{M)  of  M  by  A  .  that  is. 
it  is  the  closure  of  an  Op'-algebra  =  (-Vit.V  €  .14}  on  the  linear  span  of  A  P 
defined  by  .Vi(<''4')  =  CX(,  for  X  €  M.  C  €  A’  and  ^  6  P.  [14.1.5].  Since  ) 

is  affiliated  with  .4  for  each  X  &  M  and  .Mfo  b  dense  in  Ti-  it  follows  that  b 

dense  in  ri.  Hence,  both  the  map;  .V^o  — >  A  €  M  and  .l^u  — *  A  €  A 

are  closable  in  'H  and  their  closures  are  denoted  by  respectively, 

l.et  decompositions  of 

and  .SUro-  respectively.  Then  we  see  that  C  an<l  JAioAJAio  — 

=  A  for  all  t  €  R  by  the  Tomita  fundamental  theorem  [2].  But,  we 
don't  know  how  the  unitary  group  acts  on  the  Op’-algebra  ,\4.  and  so 

we  define  a  system  which  has  the  best  conditions. 

Definition  J.!.  ,1  systun  (.Vt.^o-A)  cs  ,sn/d  to  h>  .•ilandard  if  tin  abort 

conditions  (i).(ii),  (iii)  and  the  follou’ing  condition  (iv)  hold: 

(iv)  A-,  P  =  P  and  A-^^.VJA-'  =.  M.  '^t  e  R. 

W’e  have  the  following  results  for  standard  systems. 

Theorem  1,2.  Suppose  that  F  =  (^M.^o-A)  is  n  standard  systim.  Thru. 

and  flu  rector  state  on  M  satisfies  the  f\.\fS-condition  with  respect 


665 


So  (I  oiu  -ixn  finit  If  r  yi'oujj  of  *-nulomorpltisin»  of  .\A  difintd  by  crj(,\  )  = 

^  t  M  and  t  €  R. 

Iniportant  (‘xamplcs  of  staiulard  systems  are  appeared  in  the  Wightman  quan¬ 
tum  field  theory  as  seen  in  Section  d.  The  notion  of  standard  systems  is  useful, 
but  the  relation  (i\ )  in  Definition  1.1  doesn't  hold  in  general,  and  so  by  relaxing 
tliis  lequirenient  we  define  the  notion  of  inodula'.  systems  which  is  able  to  develop 
unhoundefl  roniita-Takesaki  theory  and  is  more  applicable  to  examples. 

Definition  1.3.  .1  sy.-itcni  T  ~  {.\d J[)  if  faid  to  bt  modular  if  the  above 

conditions  (i  ).(ii  ).(iii )  and  Iht  following  condition  (iv)  hold: 

(i\')  llKif  f.nsts  a  siibsimce  S  of  'D[l  jp{.\A))  such  that  (u  €  1?.  C  S 

and  C  E  for  nil  t  €  R. 

Let  L  =  Le  a  modular  system  and  T  the  set  of  all  subspaces  E  of 

V(l satisf.iiig  the  conditions  in  (iv)'.  N\e  put  Vf  —  Then  Pr  is  a 

.subspace  of  containing  Mfo  ai.d  Dr  =  E>r.  and  .so  11(1)  =  {.Y  £ 

£^(Pr);  is  .t  generalized  von  Neumann  algebra  on  Dr  [9]  and  the  0/>'-algebra 

£(r)  on  Vy  generated  by  { [Dp:  1  €  R}  is  an  Op’-subalgebra  of 
U(\  ),  W'e  ha\'e  the  following  result. 

Theorem  l.d.  Suppose  that  L  =  (M  •  io'  A)  if  a  modular  syfltm.  Then 
(£(r).,^o.^)  and(U{Y).^o  .A)  are  standard  fysle  iiis. 

£(r)  is  said  to  be  a  left  Op'-lagebra  of  the  modular  system  I  and  idiV)  is  said  to 
be  a  left  generalised  ran  Seumann  algebra  of  1'.  We  remark  that  if  F  =  (.Vd.io--4) 
is  a  .standard  svstem.  then  Vy  =  ViljfM))  and  £(r)  = 

2.  Standard  systems  in  the  Wiglitman  quantum  field  theory 

We  give  some  examples  of  .standard  systems  in  the  Wightman  quantum  field 
theory,  and  consitler  the  connection  between  standard  systems  obtained  from  wedge 
regions  in  Minkowski  space  and  the  association  of  a  local  net  of  von  .Neumann  al¬ 
gebras  with  a  Wightman  field.  The  almost  results  stated  here  are  obtained  by 
making  u.se  of  the  works  of  Bi.sognano  aiifl  Wichmann  [l.-*)]  and  Diiessler.  .Sum¬ 
mers  and  Wichmann  [7],  Let  p  be  one  scalar,  hermitian  Wightman  field  with  a 
cyclic  vacuum  El.  It  is  regarded  as  a  linear  ntap  of  the  Schwartz  spare  5(R'’) 
into  an  0/)'-algefua  £^(Pi)  such  that  .^(/]^  =  v[/‘l  for  f  €  <5(R'')  adhering  the 
standarfl  a.ssum|)tions  [16.17).  For  any  subset  /?  of  Minkowski  space  M  let  Vo{R) 
be  the  (9p’- algebra  generaterl  by  {p[f]:  f  €  5(R^).suppf  C  R}-  and  .\  — >  f  ’(.\) 
be  a  strongly  continuous  unitary  group  of  the  Poincare  group  P  on  the  Hilbert 
space  7i  obtaineri  by  the  completioti  of  P|.  Bisognano  and  W  ichmann  [1]  deter¬ 
mined  the  modular  group  and  the  modular  involution  for  the  right  wedge  region 
li/t  =  {.c  €  >|.r''|}  and  the  left  wedge  region  Wy  —  {■<'  €  .\/;.r'’  <  —  |j'’|} 

as  follows;  Since  fl  is  a  cyclic  and  .separating  vector  for  Pol  H  r)  and  Po(H'r,). 
.\n  — ►  .\Hl.  \  €  P()(H  r)  (res]>.  DolM  ;  ))  is  closable  and  its  closure  is  denoted 
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('fsp.  iroiU't)!!)-  I-et  *5ro(iift)u  =  •^ro(iiH)«‘^ro(it'R)0 
composition.  I  lit-n  ./roiii  fijn  equals  the  aiilianitarv  iiu'oliition  ./  =  I  (-j.OjOo. 
where  K.i  denotes  tlie  rotation  by  angl<‘  -  about  tlie  3-axis  and  Go  denotes  the 
canonical  T( 'P-o|jeraIor.  and  equals  a  posit ive  self-adjoint  operator  f  (/dr) 

obtained  by  analytic  continuation  of  a  one-paranieter  unitary  grouj)  {V  (/)}(gR  of 
velocity  transformations  in  the  3-direction.  5ro(itt)ii  =  ~  Fur¬ 

thermore.  the  pair  (J.{1  (MlieR)  satisfies  the  relations  ;  JVoi^^  r)J  — 

r(MPo(HVt)r(/)  -'  =  Poflf??)  and  \  (/)Po(lF/.)n/r'  =  ndH/.l  for  all  i  e  R. 

It  is  natural  to  consider  when  there  exists  a  von  Neumann  algebra  A{\\  h)  such 
that  (Po(  II  «)•  IF  11  fll)  is  a  standard  system.  We  have  the  following  result  for 
this  question. 

Theorem  2.1.  (Po(Ii'fi).n..4(irR))  i.<  a  .■itnndard  ^y^tf  m  if  and  only  if  thu't 

f^fs/s  a  von  Xfttniann  aigtbrn  >1(11  «)  on  Ti  such  that  >1(11^1  C  Pii(llw)«  and 

-4(  II  n)  C  Pu(  II  /.)„■■ 

W'e  next  consider  the  connection  between  the  standardness  of  (  Po(  H  w).  H.  >1(  H  n) ) 
and  the  association  of  a  local  net  of  von  .Neumann  algebras  with  a  W'ightmann 
field.  .\  local  net  is  an  assignment  H  — ►  A{R]  of  regions  R  of  the  Minkowski 
space  .1/  with  von  Neumann  algebras  A{R)  satisfying  the  conditions  of  isotnny.  i.e. 
A{R\)  C  «4(/?2)  'f  R]  C  R2-  locality  .  i.e.  [>t(  P|  )• ^ 
spacelike  sejtarated.  and  corariancf .  i.e.  r{.\)A{R)l  {\)~'  =  for  all  .\  €  P 

[1.3]  A  W'ightman  lield  y  is  associaltd  to  a  heal  n>t  A  of  von  \fumann  algtbras 
if  each  field  operator  y[f]  has  an  extension  to  a  closed  operator,  ^[f],  C  r"[/”]'- 
that  i.s  affiliated  witli  A{R)  if  the  support  of  the  test  function  /  is  contained  in  the 
interior  of  R.  W'e  have  the  following  results: 

Theorem  2.i.  L(f  W  6<  lln  sfl  €  P}  and  P  tin  sd  of  all  closed 

double  cones  with  a  non-e  inpty  interior.  Then,  y  is  associated  to  some  local  net 
II  €  kV  — »  MfM  )  of  von  Xeumonn  algebras  iff  there  exists  a  standard  system 
CPolII  y?)-n.>t(VV'n))  such  that 

(a)  r(.\)>l(iyH)f  (.\)-'  =  >l(irw)  for  each  .\  €  P  s.t.  .\II  /?  =  11  r: 

(b)  r(.\)A{WR)r{.\)-'  c  A(\\p)  for  each  .\  €  P  s.t.  AH>  C  IFfl.- 

(c)  r(AM(M'ff)f/(A)-‘  C  AiUf)'  for  each  A  t  P  s.t.  AU'w  C  Wl- 

Furthe  rmore .  ^  is  a.ssociated  to  some  local  net  A  €  A  —>  B{h)  of  ron  Xeumann 
algebras  iff  there  exists  a  standard  syste  m  {Po(  11 /?).  ff,  >l(  11/?) )  sati.ffying  the  above 
conditions  (a),  (b).  (c)  anet  the  condition 

(d) :  (U{P(A)>l(ll/?)f(A)-';Air/?  C  A'})"  C  Voih't  for  each  A'  6  A',  u-here 

A"'  is  the  causal  comple  meat  of  A". 

By  Theorem  ']  2  we  have  the  following  results  under  the  additional  assumptions. 

Corollary  2.3.  .Suppo.se  that  Po(IT/t)i,  ts  a  ron  .\eumann  algebra.  Then. 
(Po(Il'«).n.(Po(V//?)[..)')  is  .standard,  lif  ('Pn( H  /?)’,.)'  =  P(I1'/.)L  .  >ff  r  as.sonated 
to  a  local  net  of  W  6  W  — ►  (  Po(Il  )],)'• 
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Corollary  2.4  .S’up/jo^f  Ihul  Vo(h  )^  n  foil  \iumaiin  algfbrti  for  all  A  t  A.  . 
Thni  th<  fnllowiry  shitaiif  nl.i  an  Kiiiirali  nt.  (I)  (Pol  H  R  (  Po(  H  r)».  )' )  " 

.itandarJ  (J)  ^  is  nssociatid  to  a  local  nil  U’ t  VV  — •  !  Po(ll  )*)  of 

ron  .\fuiiiaini  ahjfhras.  (:lj  ^  is  associattt!  to  somt  local  nit  h  G  K  —>  B(K)  of 
roll  .\iiimaiiii  ulytbras.  m  y:  is  assoriatid  to  a  local  ml  A  €  K  ->  (Pn(  A  )„)  of 
roll  .\  I II  Ilia  11  It  uliiibriis.  (oj  ^  is  ns.'^ocintiil  to  a  local  ml  A  A.'  —  Pu(A'‘')..  of 
roll  .\iiiniaiiii  algibras. 

Borclu-is  and  \  ngvasoti  have  sliowed  lliat  the  condition  (5)  in  Corollary  2.4  i> 
also  equivalent  to  a  certain  positivity  property  of  the  Wightinan  distrihnt ions  in  ([6 
Theorem  .1,1). 

Corollary  2.i.  Siijiiiosi  that  Pol  H  r)  >>  i.^si  iitialhj  sflf-mljoiiit.  Thin  tbi 
folloiriiifi  staliimiits  an  iqiiirah  at.  (I)  1  Pol  H'r  ).  fT  iPul  H  r)^  )' i  is  standard. 

(J)  .p  associated  to  a  local  mt  IT  t  H'  — •  (Po(H  j^)’  of  ron  \iiiiiiaiiii  algibras. 
Id)  is  associntid  to  sonic  local  mt  A’  t  A.  — >  B(l\)  of  ron  .Viuinaaii  algebras. 
14)  tT  Is  nssoriated  to  a  local  ml  A  €  A  — ►  Pu!  A  ),  of  ron  .\i  iiinaiiii  algibras. 

In  this  section  >ve  have  invest igaterl  the  standardness  of  system'  (Pyl  H  ).  Q.  >l(ir  i ) 
for  wedge- regions  IT’.  But.  it  is  difficult  to  gi\e  examples  of  stanilar<l  systems  for 
dotnains  except  wedge- regions.  By  tin*  Hislop  ami  I.ongo  result  (jlsj  riieorem  2)  we 
see  that  for  a  massless  free  field  ( PotC).  fl.  ( P|,(f7)^. )  )  is  a  modular  sysien;  for  each 
open  double  cone  O  in 
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Quantum  latfice.s  ;ire  de.scribed  by  iiie.uis  of  ([uasiloeal  algebras:  Let  7?  be  a  lattice 

and  A  aji  arbiirary  finite  subset  of  points  in  the  laltiee,  i.e..  A  =  {1 . L.  .  .  .  »u}.  At 

each  point  k  tliere  is  an  algebra  IM^"*  of  n  x  n- matrices.  The  tensor  pr«d\irt  = 
'■'ke.\  railed  the  local  algebra  related  to  A.  A  system  of  sets  A  which  is  directed 

by  means  of  the  inclusion  relation  allows  the  construction  of  the  inductive  limit  fl' 
A  -  liiiiv— K  A'‘.  ^  is  a  tpiasilocai  C'-algi  bra  [2j,  [31. 

The  set  >S(  .4)  of  states  is  constructed  in  dual  manner  but  we  are  not  interesteil  in 
the  mo.st  general  states.  Instead  we  start  from  a  state  sjiaci-  S'’  of  states  whi'li  are 
inviiriant  under  permutations  of  lattice  ])oints  and  are  suitisi  for  the  following  5^’  i- 
weakly  closed  and  a  simplex  and  so  is  its  extremal  boundary  O^S'’  whii  h  is  given  by 
states  ^  =  Fr  where  all  are  described  by  the  same  element  ^  ^  S' 

The  central  decomposition  of  each  state  £  S'’  decompo.ses  into  state,  of  0,S'' .  Note 
that  to  each  «,■  there  corresponds  a  centra!  metisure  . 

The  central  clecoinposition  of  a  stJite  carrit's  over  to  the  GN’Srepreseutation  where  it 
indtices  a  spatial  decomposition  which  is  di'scribed  by  a  direct  integr.'d:  (  fl.  ,  hf_..  fl.  i  -- 
f /■  (  n. fQ.  )<//!. I  .r' )  with  £  -  supitl  /!.. )  C  d,S''  ~  £(  INI' 

Let  ,V(.  =  n.lcf )"  (=  weak  closure  of  ri.(cf)l  be  the  von  N'euni.'mn  algebra  which 
corresponds  to  the  GN’S-representation  II...  The  tlecomposition  of  II.  im]ilies  a  decom¬ 
position  ,V(.,  =  At  I  =  -^,-0  ■■  {E .  The  algebra  ,VI.  has  in  general 

<1  non  trivial  center  =  /  €.'<//<-'( r  )•  This  is  in  contrast  to  the  origimil 

(piasilocal  .Algebra  >1.  which  is  simple. 

■Also  the  construction  of  im'an-field  operators  de])<'nds  on  the  state  Let  {cr,}[ 
bi’  a  ba.sis  in  IM'"’  and  rn  'frr,)  =  ^  =  "i,'  (|A|  is  the  size  of  .\ )  be  the  local 

mean  of  rr,.  The  limit  liin,\  !!..( tn'(  u, ))  =  tii{fT,)  <-xisls  in  th('  weak  ojx-rator  topology 
and  belongs  to  the  center  £.■  of  .Vf...  This  abelian  Hlg<  bra  £.  ^  Z,^(  £,(/p.  i  is  verv 
huge  but  siin'C  £  is  compact  it  contains  the  algebra  £(  £)  of  continuous  functions  on  £. 
£  )  is  geiierated  by  the  mean  field  oj>eralors. 

\\ith  C  —  n.(>I)  C(£)  we  hiive  fl.l.^)  C  C’  C  The  gradual  constniction  of 

t he  algebra  of  oj)erators  .VI.,  depending  on  the  state  in  which  the  infinite  system  is,  will 
al.so  reflect  itsidf  in  the  dynamic.s  of  the  system.  The  polynomial  Q'  Q(  or'.  .  .  u/  '  I 
depinds  on  local  ojierators  and  determines  the  local  Hamiltonian  |.\IQ'  (which 

is  an  extensive  (plant ity).  The  locid  dynamics  of  u  £  >1'  is  described  bv  the  one 
jiarameter  group  {a}  =  (’Xpfit//^ ) «  expf -(///^ ).  The  thermodynamical  limit  can 
be  taken  only  if  a  suitable  state  is  chosen  and  the  GN'S  reiiresentation  is  constructed, 
that  is:  r[^(II..(al)  :—  stop— lim,\  n.,(r,^  ('()).  The  mapping  r/'’  does  not  leave  II.i.4l 
invariant.  But  extension  of  to  mean  fields  (in  general  a  non  trivial  constructioni 
leads  to  a  norm  continuous  automorphism  group  contained  in  .Autlt’).  The  algebra 
C(  E]  generaterl  by  the  mean  fields  is  then  mapped  into  itself  [4],  [5],  [G]. 


Finally  if  tho  stat<'  ^  is  invariant  <ni<l<‘r  the  group  thn  GNS-ronstrurtion  implies 
a  iinitary  one-paraiuofer  group  L’^  on  —  fia  0  L^{E.  If  is  the  generator  of 
we  have  the  following  result  [7],  [8). 

Theorem:  There  i.i  a  uniqne.  selfadjoint  operainr  on  the  G!^S  [{ilbert  .ipnre.  . 

D{  H^  )  .inch  that 

Ij  =  f .-I  e-'’"-  :  tern,  Ae  : 

2j  t>^[A)  =  i[//5,  .4]  on  D{  HS)  -4  €  ; 

‘ij  exp(it//5)n_,  -  'it  e  m  i.e.  /f^sL  =  o  .• 

4  i  D  {.411_^.,  .4  6  n^.t^l  •)£’(£')}  C  D(H2)  C  i.’  a  core  of  . 

5}  For  3  .4  =  0-  /.  «  6  n_,(^')  and  f  6  C^(£)  one  han 

H^iAQ^.]  =  =  ([/f^flA."l  •  f)iK  +  ('<  ■  ■ 

whf'Tf 

Ii3\.\  f;-  n.t »-•'(<’,))  . 

1=1  ' ' 

The  second  term  in  this  (jutuitu*'!  luecliauietil  geuertuoi  of  the  time  t  i:in~hitious  in  tin' 
Heiseuherg  piet ure  eotitiiins  a  Poissoti  hraket .  This  st met ur<'  gix's  htiek  to  t  he  t 'I'ltiiii  e.m  ' 
eotnnuitator  iti  IM*"*  a-s  follows;  Choose  an  heriuitian  suh-hasis  {Tilf,  e  <  >i~.  win*  it 
eontains  ;J1  rek'vant  opc'rators  for  //^  and  .■•hieli  eonstituies  in  the  form  the  tia>is 

for  a  Lie  algebra  Cj.  The  eorresj)oiuling  Lie  grouj)  G  C  Sl'i  "  i  nets  via  ♦  automorphism' 
£  G.  in  C.  Choose  u.’  not  only  time  invariant  hut  tdso  a';  iiivariai.t  iwitli  o,*. 
invariant  rentral  support  £),  Every  ^  £  C  0,  S^'  oonstitutes  ati  element  r  in  tlu'  diitil 

iJ'  of  the  Lie  algeitra  $  by  the  [treseription  r(cr,)  ;=  (/:  ne'l  er, ))  ,  whieh  is  indei'i  inleiit 
of  A.  and  this  shows  £  c  S'-  For  /,</  €  C^(£).  the  differentials  me  in 

I  taiij-  £)’  =  Q"  =  Q.  Thus  one  sets  [5].  [9] 

(/•!/}(-^)  :=  -l<lrf-<lT<j]{Jr)  .  I  e  E  C  S' 

We  have  there  the  interesting  situation  that  the  <piantum  time  geix'rator  eonttdns  a  elas 
sieal  time  gi'iierator  {(?.■).  whieh  is  by  roust  met  ion  a  self-tidjoint  opi'rator  in  L"  (  £,  /(^  t. 
Sinei'  aceording  to  the  basic  ]irinriples  of  <immtum  mechanics  the  genertitor  H'j  is  an 
energy  observable,  also  its  part  with  the  Poisson  brtiket  should  havi-  a  physical  meaning. 
It  seems  that  in  the  field  of  macroscopic  (juantum  ])henomena  |10|,  [llj  generators  of 
this  type  are  crucial.  On  the  other  hand  it  contradii-ts  completely  tla'  jihilosojiliy  of  the 
'ptasi  local  algebra  [2J,  even  in  its  extension  to  weak  closures. 

For  a  theoretical  jtistification  for  extending  the  concept  of  a  riuantum  observable 
to  the  Poisson  hraket  operators  we  want  to  employ  the  formalism  of  geonn  tric  ipianti 
zation  [9],  [12].  For  simplicity  let  us  assume  that  £  is  just  one  orbit  of  the  co;idjoint 
representation  of  G  in  S* ■  Then  the  symidectic  form  cr  belonging  to  thi'  Poisson  hraket 
is  non  tlegenerate  and  (E.n)  is  a  syniplectic  manifold.  If  the  cohcunology  class  of  n  in 
H^{  E.£)  fulfills  a  certain  integrality  condition,  then  according  to  [9].  [12]  there  exists  a 
<iuantuin  manifold  F  over  £,  that  is  a  itrincipai  C'(I)  fiber  bundle  over  E  with  contact 
structtire.  Let  us  write  }'  —  Lhetz  Ti,  where  ~  T  h  £(  1 )  is  the  one-dimensiomd 


torus  for  all  jr  ^  E.  The  contact  structure  on  Y  is  constituted  by  a  certain  onc-fonn 
(f,  the  exterior  derivative  of  which  gives  a. 

In  order  to  introduce  quantum  observables  and  quant>im  states  one  considers  the 
group  of  quantomorphisms  Quant(y)  which  consists  of  all  diffeomorphisms  of  }'  which 
respect  a  and  commute  with  the  action  of  the  torus  on  Y.  A  one  parametric  subgroup 
of  Quant(V')  is  by  definition  the  action  of  IR  on  Y  by  quantomorphisms.  One  can 
show  that  it  is  completely  determined  by  a  function  Q  €  C°°{E).  Given  such  a  Q  we 
denote  the  corresponding  finite  time  symplectomorhism  by  ipf  (acting  on  E)  and  the 
quantomorphism  by  iff  (acting  on  V).  The  generator  of  the  latter  (a  C^-ver*or  field 
on  Y)  is  denoted  by  Zq.  One  finds  for  their  Lie  brcdcct 

[Zq,Zq.\  =  , 

(where  we  have  set  ft  =  1  in  the  formalism  of  [O],  [12]). 

Now  one  can  define  a  quantum  state  as  a  mapping  F  :  Quanf(l')  -♦  C  which 
satisfies 

(i)  F(z)  =  z,  where  r  €  T  denotes  here  also  its  action  on 

(ii)  F  is  positive  definite  on  Quant(l'); 

(iii)  F  is  continuous. 

Conditions  (ii)  and  (iii)  give  rise  to  a  unique  probability  measure  //  on  IR  by  the 
Bochner  formula 

F(c'^o)  =  d/i(s)  . 

Thus  n  gives  the  distribution  of  the  ZQ-vahies  in  the  state  F. 

\Vc  claim  now,  that  the  Poisson  braket  part  of  the  generator  of  the  limiting  mean 
field  dynamics  is  a  quantum  observable  in  the  sense  of  Sotinau.  Since  we  have  the 
limiting  dynamics  strictly  speaking  only  for  polynomials  Q  g  C^[E),  we  restrict  the 
following  to  this  ceise.  (There  arc  strong  indications,  that  the  mean  field  dynamics  can 
be  introduced  for  arbitrary  Q  g  C°°(E).  cf.  [13|  for  certain  analytic  functions  for  Q.) 

The  transformed  measure  :=  o  •g/'  is  equivalent  (observe:  is  faithful)  to 

with  Radon-Nikodym  derivative  d(t[j/dn^  =:  D,.  Now  ,set 

:=  ZQ(foy^^,)D;'^^Q^  ,  (,) 

where  /  g  C'^(E),  and  cg  g  T  is  independent  of  t  E  E  Equation  (*)  gives  ri.se 

to  a  continuous  family  of  unitary  operators  on  C°’  "  h  L^(E,fi^].  which  has 

a  Poisson  braket  genet ator.  The  vector  $2,^  is  useu  up  to  now  as  a  state  at  most  for 
the  algebi  the  largest  we  have  mentioned.  Considering  as  a  GNS-  (resp. 

Kolmogorov-)  repre.sentation  of  we  have  the  Souriau  state 

F{^?)  :=  V  f  g  iR,  v(?  g  c’-(  E) . 

Thus,  by  this  ansatz  we  have  a  prescription  how  to  extend  w  to  the  von  Neumann 
algebra  created  by  and  all  U,  .  To  this  the  Poisson  braket  operators  are  affiliated. 
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If  E  is  the  union  of  several  G-orbits,  then  one  has  to  perform  interesting  reduction 
procedures  to  apply  the  above  mentioned  ideas.  There  may  be  some  relationships  to  [14]. 
That  in  general  a  mean  field  dynamics  in  the  previously  described  sense  involves  more 
coordinates  than  is  physically  meaningful  is  illustrated  for  the  BCS-model  in  terms  of 
the  full  CAR-algebra  (instead  of  the  pair  algebra)  in  [15].  Such  a  reduction  of  variables 
seems  to  be  also  essential  for  the  theory  of  macroscopic  quantum  phenomena  [llj. 
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1  Introduction 

An  important  method  in  quantum  statistical  mechanics  is  the  calculation  of  quasi 
averages  for  the  identification  of  condensation  phenomena.  Let  us  report  shortly  the 
main  ideas  (seee.g.  [1]):  modify  a  given  microscopic  Hamiltonian  //  by  a  small  (but 
finite)  perturbation  s/>.  Then  calculate  the  thermodynamical  limit  of  the  equilibrium 
states  at  temperature  T  and  finally  turn  off  the  strength  of  the  perturbation.  The 
resulting  state  is  called  a  average  (Q.A)  in  contrast  to  the  regular  average 

(R.A).  where  the  original  Hamiltonian  is  not  modified.  In  certain  cases,  namely  if 
phtise  transitions  appear.  QAs  and  the  R.As  differ  from  one  another.  In  terms  of 
Bogoliubov.  the  state  shows  degeneracy,  usually  being  connected  with  a  symmetry 
of  the  model. 

We  will  imitate  this  procedure  in  the  rigorous  frame  of  operator  algebraic  quan¬ 
tum  statistical  theory  (see  e.g.  [2]).  This  clarifies  many  aspects  of  the  above  ex¬ 
plained  procedure:  W'hat  is  the  meaning  of  the  Q.A?  W’hat  is  the  degeneracy?  Which 
states  can  be  calculated  as  Q.\?  What  is  the  nature  of  the  microscopic  perturbation? 

2  Mathematical  Frame 

The  G'-algebra  A  :=  "’ith  B  =  A/„(C),  is  used  as  obseri'able  -algebra  of  the 

quantum  lattice  system,  with  state  space  5(A)  :=  {u;  6  A’  |  (>*; :  11)  —  l.w-  positive}. 
Because  only  mean  field  models  will  be  investigated,  consider  especially  the  set  of 
permutation  invariant  or  homogeneous  states 

S'"(A)  :=  {,.•  €  5(A)  I  -■  =  w  o  0„.  V(T  €  P] 

with  the  finite  permutations  P  :=  U„gN5n  and  0,  G.gN  :=  S,eNJ'(r(i)  €  A. 
5^(A)  is  a  Bauer  simplex  with  extremal  boundary  c),5^(A)  {fl^,  |  p  €  5(S)} 

and  (H^. :  T,gN.r,)  :=  H.^n  {p:  .r,).  V  7:,gN  -fi  €  A.  [3].  The  extremal  decomposition 
of  u.’  €  5^(A)  coincides  with  the  e'entral  decomposition  into  factorial  states.  The 
central  measure  gives  the  classical  |)robability  for  the  occurrence  of  a  pure  phase 
n^.  if  a  physical  system  is  prepared  in  the  state  w.  The  states  H.^,  lying  in  the 
support  of  the  central  measure  p.^^  of  a  limiting  Gibbs  state  -.’.j  at  inverse  temper¬ 
ature  d,  are  QAs  in  the  above  described  context.  The  limiting  Gibbs  state  is  an 
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w"  accumulation  point  of  the  sequence  with  (i/nlneN  being  selfadjoint 

elements  in  ;=  G”_i5  C  A  for  each  n  €  N,  [4].  is  the  usual  Gibbs  state 
at  inverse  Temperature  J:  tr(f “'^^"•j/trff with  tr  as  the  usual  trace  on  A„ 
respectively  the  trace  state  on  A. 

As  model  class  we  specify  the  family  of  all  microscopic  Hamiltonians  (Hn)net^  — 
(t*^n)n6N'  w’ith  h  :=  (hn)neN  being  a  (selfadjoint)  approximatfly  symmetric  se¬ 
quence,  abbreviated  by  S'  respectively  Tsa.  [^]-  This  can  be  considered  as  the  largest 
class  of  mean  field  models  on  A. 

The  reason  is  that  these  models  possess  the  important  property,  that  the  mapping 
J  ■  y  C{S(B),C).  h  —i  [j(/!)](s5)  :=  lim„_,^  (H^. ;  h„),  Vvp  €  S(B)  is  well  defined 
and  surjective  (C(S(B),  C)  are  the  continuous  functions  on  5(8)).  By  this,  each 
element  in  C(S(B].C)  can  be  connected  with  a  class  of  approximately  symmetric 
sequences.  Furtheron.  there  is  a  minimal  principle  of  the  free  energy  density  for 
the  limiting  Gibbs  states  of  the  mean  field  model  h:  Erery  limiting  Gibbs  state 
minimises  the  functional  :  S^(A}  — *  R,  this  means  there  is  an  element  of 

the  Bauer -Simplex  5(3.  h)  :=  €  5^(>t)  | /(.i, /(.u.-)  =  f(3.h)'^  with  f(3.h)  := 

m({f(3.h.^^')\^’'eSf‘{A}}.  fl  5], 

3  Symmetries  and  Limiting  States 

To  di.scuss  generalized  Q.\s.  we  define  internal  symmetries  on  the  set  of  approxi¬ 
mately  symmetric  sequences.  In  the  following.  H  is  a  clo.sed  (and  therefore  compact) 
subgroup  of  the  unitary  operators  in  B.  pH  is  the  unique  Haar  measure  on  C(H.  C). 
There  exists  a  canonical  representation  0  of  //  as  automorphisms  on  A: 

0  :  u  — *  0„  is  defined  by  linear  and  continuous  extension  of 

0i;(G.gN'ri)  ■•=  GigNAduX,  =  G.gNHx.u*  V  G,gN  j,  €  .4.  Vn  e //. 

Definition  3.1  A  function  f  £  C(5(8).R)  is  called  invariant  with  respect  to  H .  if 

f  o  (,\du)'  =  /  for  alt  u  £  H. 

The  following  types  of  symmetries  may  occur  in  a  general  mean  field  model: 

(i)  H  is  a  global  internal  symmetrc'  of  the  system  h  £  S',^.  if  j{h)  is  invariant 
with  respect  to  H . 

(ii)  H  is  a  strict  internal  symmetry  of  the  system  h  £  Xa  if  there  exists  an  Hq  £  N, 
such  that  for  all  n  >  uo  holds:  Q^hn  =  h„.  Vn  £  H. 

In  terms  of  these  definitions,  we  can  formulate  the  main  result: 

Theorem  3.2  Choose  an  approximately  symmetric  sequence  h  £  yaa  'i'ith  the  global 
internal  symmetry  H.  Then  for  all  H,,.  €  S(3.h).  there  exists  a  h'  £  uith  H  as 
a  strict  internal  symmetry  and  lim„_^  ||/(„  -  A|,(|  =  0  such  that 

:=  /  0:,n,(/p„(«) 

Jh 
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the  limiting  Gibbs  state  of  the  system  h' .  The  support  of  the  central  measure 
is  concentrated  on  the  orbit  :=  1  u  €  H}. 

Proof: 

We  will  give  a  sketch  of  the  proof,  for  details  see  [5,  6j: 

(i)  For  every  model  h  £  "'ith  global  internal  symmetry,  there  exists  a  model 
h  with  this  symmetry  as  a  strict  one  and  lim„_^||/!„  —  hn\\,  [6],  Note  that 

S(3.h)  =  sC3.h). 

(ii)  Choose  n„-  €  S{3.  h)r]dtS^{A)  =  dcS{3/h).  Such  a  state  exists,  since  S{f3,  'h) 
is  a  Bauer-Simplex  [4].  H  is  an  global  internal  sj'mmetry  and  therefore  it 
follows,  that  Qin^.dpH(i‘)  €  S{3,h)  [4,  Proposition  3.9]. 

(iii)  Finally  take  a  strict  symmetric  perturbation  that  prepares  the  limiting  Gibbs 
state  fffQin^dpffi'J-)  €  <S(J. A).  For  this  use  the  methods  elaborated  by 
Raggio  and  Werner  [.5]  and  the  constructions  in  [6].  The  model  h'  is  constructed 
with  the  help  of  the  principle  of  minimal  free  energy  density  for  the  limiting 
Gibbs  state  and  the  separability  of  5(.4). 

Corollary  3.3  Sole,  that  Theorem  3.3  is  valid  /or  every  group  H ,  which  is  a  global 
internal  symmetry  of  the  model  h  €  especially  for  every  subgroup  of  the  a 

‘maximal  global  internal  symmetry  group'  of  h. 

4  Conclusions 

With  the  presented  results,  it  is  possible  to  calculate  every  pure  phase  state  in  the 
central  decomposition  of  a  limiting  Gibbs  state  (use  Theorem  3.2.  with  H  =  {U}). 
By  the  help  of  resymmetrization.  more  complicated  limiting  Gibbs  states  can  be 
calculated,  namely  all  states,  which  can  be  decomposed  with  the  Haar-measure  of  an 
internal  st  mmetry  into  pure  phases.  Corollary  .3.3.  This  is  relevant  for  models,  with 
<5(,d.  h).  consisting  of  more  than  one  orbit  of  pure  phases  with  minimal  free  energy, 
where  in  general  no  explicit  information  on  the  limiting  Gibbs  state  is  available  [7]. 

In  contrast  to  the  original  way  of  calculating  QAs,  the  two  limiting  procedures 
(thermodynamic  limit  and  then  the  change  to  the  zero  value  of  the  perturbation) 
are  now  combined  to  one  limit  and  the  microscopic  perturbations  differ  from  these 
ones,  used  by  Bogoliubov.  These  are  only  technical  questions.  .A  detailed  analysis 
of  the  proof  in  [6]  shows,  that  the  limiting  procedure  can  be  decomposed  into  the 
two  original  ones.  Furtheron  in  special  models  all  terms  can  be  chosen  explicitly  as 
magnetic  fields  or  particle  sources,  etc. .  The  main  aspects;  Correct  size  and  action  of 
the  perturbation  on  the  original  system  are  fulfilled.  In  view  of  linin—oo  ll^n  ~  ^nll  = 
0.  the  perturbation  h„  —  h’„  can  be  considered  as  a  purely  microscopic  one,  which 
leaves  the  thermodynamical  density  functionals  of  internal  energy  and  free  energy- 
density  unchanged.  An  upper  bound  for  the  strength  of  a  perturbation,  which 
changes  the  Limiting  state  in  a  non  continuous  manner,  is  given. 
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The  new  definition  of  strict  and  global  internal  symmetries  is  an  instrument  to 
classify  a  given  system  with  respect  to  symmetries  appearing  on  different  levels  of 
the  description.  It  is  obvious  that  the  influence  from  the  microscopic  model  up  to 
macroscopic  features  strongly  depends  on  the  strict  symmetry  aspects.  There  ex¬ 
ist  model  discussions  with  both  t3'pes  of  internal  symmetries  and  the  consequences 
on  limiting  Gibbs  states,  [8].  In  this  paper  the  influence  of  a  bounded  coupling 
interaction  between  two  BCS-superconductors  is  analyzed.  In  the  uncoupled  case, 
the  strict  internal  symmetry  consists  of  the  gauge  transformations  in  the  two  su¬ 
perconductors.  In  the  coupled  case,  this  is  only  a  global  internal  symmetry.  As 
consequence  the  decomposition  of  the  limiting  Gibbs  state  becomes  weighted  over 
the  phase  differences  between  the  two  superconductors,  that  allows  to  proof  the 
Josephson-relations  for  the  coupled  model. 

Finally  some  interesting  problems  will  be  noted;  Do  elements  fi  S  Xa  exist,  with 
a  global  but  not  a  strict  internal  s\-mmetry  //  and  a  limiting  Gibbs  state  u;  with 
o  0u  =  w,  Vu  €  H?  This  is  connected  with  the  search  for  elements  h'  6  y,^  with 
arbitrary  u!  €  S{’3.  h)  as  limiting  Gibbs  state  and  iim„_.x.  ll^n  —  ^nll  =  0- 
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GENERALIZED  QUANTUM  MECHANICS 
AND  CLASSICAL  OBSERVABLES 
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Stales  of  a  finite  quantum  system  are  considered  also  in  a  role  of  classical  macroscopic 
field.  Quantum  mechanics  (QM)  is  reformulated  and  generalized  in  terms  of  a  Poisson  sys¬ 
tem.  It  contains  the  nonlinear  QM  (NLQM)  as  well  as  the  dynamics  of  mean-field  theory 
(MFT),  and  also  the  dynamics  on  submanifolds  of  coherent  states  as  well  as  classical  me¬ 
chanics  (CM).  The  double  role  of  traditional  states  in  QM  leads  to  possible  interpretation 
of  the  newly  introduced  nonlinear  quantum  observables;  the  operator  representation  of  a 
given  observable  can  depend  on  classical  macroscopic  background  of  the  microsystem.  Two 
types  of  quantum  mixed  states  are  distinguished  to  describe  correlations  with  macroscopic 
background.  The  mentioned  models  described  in  the  same  simple  framework  differ  mutually 
only  by  subsets  of  observables  used  for  their  description. 

QM  can  be  reformulated  equivalently  [1,  2]  in  terms  of  (infinite  dimensional)  clas¬ 
sical  Hamiltonian  mechanics  on  the  phase  space  P['H)  consisting  of  one-dimensional 
complex  subspaces  x.y. . . .  of  the  complex  Hilbert  space  H.  Linear  operators  A'  =  A  * 
on  ii  then  correspond  to  the  functions  )/x :  x  >->  h,\{x}  :=  Tr(Px-V)  =  (j'|A'|j-)  /  {j|.r) 
on  PCH).  where  P^  =  P,  (0  ^  .r  €  x)  is  the  orthogonal  projection  onto  x.  The  Poisson 
bracket  is  defined  by 

{/).v,/>v}(x)  =  /Tr(Px[A-.i-l>=:;t,(A,vi(x).  (1) 

where  [A'.  I’j  :=  A'>'  —  i'A"  is  the  commutator.  The  Schrodingcr  equation  is  then 
equivalent  to  Hamilton  equations  corresponding  to  ( 1):  If  P  is  the  Hamiltonian  operator 
of  a  QM  system,  then  the  evolution  of  the  “observables'"  /  :=  h\  is  described  by  the 
Heisenberg-Hamilton  (resp.  von  Neumann-Liouville)  equations 

^ /(-efx)  =  {/i,/}(,^?x),  xePCH).  leK  (2) 

where  h  =  hff,  and  is  the  “Hamiltonian"  (resp.  “Poisson")  flow  on  P(7f) 

corresponding  to  the  unitary  evolution  t  i— ►  exp{—itff)x  of  vectors  ,r  €  7f.  i.e.  a  one- 
parameter  group  of  transformations  of  PiTi)  conserving  Poisson  brackets  .vliich  can 
be  determined  from  (2).  This  immediate  rewriting  of  QM  differs  from  an  “ordinary 
Hamiltonian  C.M  "  on  P(7f)  by  a  specific  restriction  of  the  set  PiP{  H)}  of  real-tnlued 
differentiable  functions  used  as  “observables"  and  “generators'":  QM  tises  only  those 
/  €  P'(P('H))  that  have  the  form  /  S  b,\(X  =  A'* ).  Let  us  call  these  h\  affine  functions 
(or  also  “Kahlerian  functions  ".  [1]):  They  can  be  considered  as  affine  functions  defined 
on  all  convex  combinations  p  ^  ^jPj  €  5,  (:=  the  set  of  all  normal  states  on  C('H)) 
of  the  pure  states  Pj  €  PCH)-  Other  /  will  be  called  nonlinear  function)  on  P{H).  The 
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"equation  of  motion"  for  general  f,h  6  ,?'(P(H))  has  the  form  (2).  where  the  Poisson 
bracket  is  the  unique  extension  of  (1)  to  generally  nonlinear  h./  €  T(P(7{))'- 

{hJ}ix):=iTr{i\[d^h.d^f]).  (3) 

The  differential  dx/  Is  defined  here  in  the  Frechet  sense,  cf.  [2]-  The  formal  transition 
from  QM  to  XLQM  consists  (in  our  transcription)  in  the  addition  to  affine  "generators" 
of  QM  of  also  some  nonlinear  ones.  Inclusion  of  any  additional  (nonlinear)  symmetry 
generatoi  Q  into  this  formulation  of  QM  leads  to  a  considerable  extension  of  the  theory. 
The  flow  .^*7  ojj  P(7Y)  floes  not  conserve  the  "transition  probabilities”,  i.e.  there  is  f  £  R 
such  that  for  one  has 


Tr(PxPy)^Tr(P^.xP.-y)-  (4) 

This  is  a  consequence  of  the  Wigner  theorem:  the  conservation  by  .^“7  of  |  (x|i/)  p  for  all 
x.y  6  K  means  that  Q  can  be  chosen  as  an  aflSne  function.  The  inequality  (4)  implies 
that; 

(i)  Affine  functions  f  are  generally  transformed  into  nonlinear  functions  f  f  a 

hence,  the  introduction  of  nonlinear  generators  requires  also  introduction  of 
nonlinear  observables  into  the  theory. 

(ii)  Transformation  (under  of  density  matrices  p  :=  depends  on  their  (dif¬ 

ferent  possible)  decompositions  into  extremal  elements  .  We  conchide  front  this 
that  one  has  to  distinguish  between  probability  measures  p  on  P(7fy  ^i^.prcscnt• 
ing  density  matrices  in  the  traditional  QM).  and  the  states  described  by  density 
matrices  themselves:  The  former  are  called  here  genuine  mixturef,  and  the  later 
are  elementary  mixturef,  the  genuine  mixtures  describe  states  of  physical  systems 
corresponding  to  classical  probability  distributions  of  the  "elementary  quantum 
states"  (=  density  matrices),  and  can  be  interpreted  as  de.scribing  correlations  of 
the  quantal  system  with  a  "macroscopic  background".  [3.  2j. 

(iii)  Distinction  of  the  density  matrices  from  their  convex  decompositions  leads  to  neces¬ 
sity  of  definition  of  evolutions  (=  groups  of  symplectic  transformations)  of  density 
matrices  vi'hich  is  independent  of  the  evolution  of  elements  Xj  =  P{'H).  The  cor¬ 
responding  Poisson  bracket  on  the  set  of  real-\'alued  functions  f.h....  defined  on 
the  set  5.  of  all  density  matrices  p  is 

{hj}{p)  .=  iTT(p\dpb,dpf\).  (5) 

where  dpf  £  CpH)  for  "sufficiently  nice"  /. 

Technical  problems  connected  with  manifold  structure  of  S.  and  a  definition  of 
Poisson  flows  on  5,  corresponding  to  (also  unbounded  and  not  everywhere  defined) 
nonlinear  functions  on  5,  are  partly  solved  in  [2].  Restrictions  (or  "projections")  of 
these  flows  to  submanifolds  of  coherent  states  determined  by  group  representations 
L  (G)  lead  to  standard  approximation  schemes  in  QM,  (4,  2).  e.g.  to  the  time-dependent 
Hartree-Fock  approximation. 

We  propose  an  interpretation  scheme  of  nonlinear  functions  f  :S,  — *  R  occuring 
in  the  role  of  "observables",  which  is  inspired  by  the  specific  formulation  [3]  of  the 
quantum  MFT.  Interpretation  of  /  is  not  specified  uniquely  by  /  itself;  /  can  be  vritten 
in  a  form  f{u)  =  Tr(i/f(F(r')),  where  f  is  a  selfadjoint  operator-v  alued  function  on 
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the  dual  Lie  (G)*  of  the  Lie  algebra  of  a  Lie  group  G,  and  the  affine  mapping  F :  5,(9 
i')  — *  Lie(G)*  is  determined  by  a  continuous  unitary  representation  ["(G)  of  G  in  fi. 
Hence,  the  observable  is  specified  either  by  f,  or  by  the  function  /:  5,  x  'T'lF)  — ♦  R, 
I-*  :=  Tr(pf(F(i/))).  where  IJlF)  C  5.  is  a  dense  domain.  The  first 

\'ariable  p  is  called  the  quantum  variable,  and  the  second  one  u  is  the  classical  variable. 
The  classical  rariable  describes  a  state  of  an  (possibly  fictions)  infinite  ensemble  of 
equal  quantal  systems  (with  the  corresponding  value  F(n)  of  the  classical  selfconsistent 
‘‘mean-field”  generated  by  them),  whereas  the  quantum  variable  corresponds  to  the 
actucd  \^ue  p  of  microscopic  state,  which  can  be  for  a  single  system  different  from  i/, 
[3j.  Hence  the  state  of  a  microsystem  is  described  not  only  by  a  genuine  mixture  p, 
but  also  by  a  function  p  :  5,  — »  5,  describi  ng  what  specific  quantum  state  ^u)  is 
“occupied”  by  the  considered  microsystem,  provided  the  “classical  state"  (representing 
the  infinite  ensemble)  is  i/  €  5,.  A  simultaneous  restriction  of  the  theory  to  an  orbit 
of  U{G),  and  to  a  set  of  scalar-valued  observables  f  glees  CM  on  a  homogeneous  phase 
space  of  G. 

The  expectation  of  /  in  the  state  described  by  a  genuine  mixture  p,  and  the 
“quantum  state  deviation”  p  is  expressed  by 

“•V.pC/)  Sa;^.p(f)  :=  j  f{p(v).v)p(dv).  (6) 

Time  evolution,  and  other  continuous  groups  of  transformations  of  the  observables 
/  (resp.  of  the  states  p)  can  be  canonically  defined.  [2]. 

The  described  scheme  leads  naturally  in  many  cases,  by  a  use  of  the  group  rep¬ 
resentations  [’(G),  to  reduction  of  solution  of  nonlinear  Schrodinger  equations  [5]  to 
solutions  of  classical  finite  dimensional  ordinary  differential  equations.  [2]. 
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In  the  Coulomb  gauge  the  canonical  field  variables  for  the  electro-magnetic  field  Me 
the  vector  potential  A{x)  and  the  transverse  electric  field  n(x)  ;=  — co  They  are 

smeared  by  means  of  complex  test  functions  /  =  /'  -hi  6  T  C  L^(A)®C*,  where  S  is 
a  pre-Hilbert  space  of  complex  3-component  functions  localized  in  the  cavity  A  C  IR*. 
The  field  operator  is  formally 

•/A  ^ 

which  leads  to  the  Weyl  operator  W{f)  =  exp(t$(/)].  The  rigorous  theory  starts 
with  the  canonical  commutation  relations  in  Weyl  form: 

W{fr  =  W(-f),  W(f)W(g)  =  exp[-^lm(f\g)]W{f  +  g),  f,ge£.  (1) 

The  field  algebra  is  the  smallest  (abstract)  (7* -algebra  [1],  which  contains  all  Weyl 
operators,  and  is  denoted  by  VV(£)  (2).  As  C*-algebra  W(£)  is  uniquely  given  by  (1) 
and  £.  It  is  simple,  has  trivial  center,  is  nuclear,  emd  is  anti-liminary  [3],  From  the 
last  property  it  follows  that  W(£)  has  —  beside  the  Fock  representation,  given  by 
the  GNS-triple  (nF,7fF,fiF)  over  the  bare  vacuum  state  up,  which  is  in  the  Fock 
space  represented  by  the  cyclic  vector  ftp  —  over-countably  many  (queisi-)  inequivalent 
(irreducible)  representations. 

The  states  (also  the  non-regular  ones)  are  uniquely  given  by  their  characteristic 
function 

CM)  /€£, 

where  the  r.h.s.  denotes  the  expectation  of  W(/)  in  the  state  Especi2dly  for  the  Fock 
vjicuum  state  wf  holds  Cpif)  (wf;  W(/))  =  exp  [  —  j  ||/||*],  f  €  £■  A  state  p 
is  classical,  if  ~  CpP^,  where  is  positive  definite  over  £  [4]  (and  exhibits  no 
anti-bunching). 

The  starting  point  for  a  squeezing  procedure  (theoretically  and  experimentally) 
is  mostly  a  coherent  laser  state.  Since  to  these  states  there  is  always  attributed  a 
classical  (not  necessarily  sharp)  phase,  we  have  to  deal  with  non-Fock  coherent  states 
[5],  [6].  One  finds  in  fact  [7],  that  in  the  Dicke  laser  model  with  infinitely  many  atoms 
(appropriate  for  a  macroscopic  radiating  material)  the  state  for  the  time  asymptotic 
quantized  radiation  is  coherent  (in  the  sense  of  the  factorization  condition  of  [8])  but 
not  representable  by  a  density  operator  in  Fock-space.  Replacing  the  coherence  function 
of  [8]  (into  which  the  normally  ordered  expectations  factorize)  by  an  arbitrary  linear 
form  I, :  £  — >  C  we  have  the  following  recent  result  [6],  (9); 

1.  Theorem:  A  first  order  coherent  state  is  non-Fock,  iff  its  coherence  function  L  is 
unbounded  (in  the  norm-topology  of  £).  In  this  case  its  characteristic  function  has  the 
general  form 

CJf)  =  Cpif)  J^exp[^(zHf)-i-zL(r))]dM)  (2) 
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with  a  probability  measure  fi  on  C,  showing  o)  to  be  classical  f positive  P -representation). 

A  non-Fock  first  order  coherent  state  ts  second  order  coherent,  iff  it  is  n''*^ -order 
coherent  for  all  n  >  2,  iff  pt  in  fS)  is  concentrated  on  the  unit  circle  in  C. 

Since  a  coherent  state  with  unbounded  linear  form  L  :  £  —*  C  has  divergent  ex¬ 
pectation  values  of  the  (unrenormalized,  Fock-)  particle  number  operator,  it  describes 
physically  a  situation  with  a  macroscopic  number  of  photons. 

2.  Proposition:  Let  ui  be  a  first  order  coherent  state  with  unbounded  L.  Then  its 
GNS-triple  consists  of  the  representation  Hilbert  space  =  'Hf  ®  where  Up 

is  the  Boson  Fock-space  over  £^^  and  pt  is  from  (2);  of  the  cyclic  vector  =  fip  ®  1, 
where  Up  >'>  Ihe  Fock  vacuum  and  1  the  (fi-integrable)  function  on  C  with  constant  value 
I;  and  of  the  *-homomorphism  ;  VV(£)  — »  B{fH,S)  defined  by  n„,(VF(/))  =  Wp^f)  ® 
^^clif),  f  ^  £,  where  WF{f)  is  the  Fock-Weyl  operator  and  Wcl(/)  Ihe  multiplication 
by  the  complex  function  2  €  C  »-*  exp[  •^(2L(/) -1- 2l.(/))  ]  in  L^(C,/i). 

The  associated  von  Neumann  algebra  is  Atu  ;=  n,j(W(£))  =  B{'Hf)®L°°{C,  fi) 

with  center  =  L°°(C,/i).  In  is  the  macroscopic  phase  operator  0,^  given  by  the 
function  z  d{z)  =  Arg(2)  in  L°°{<C,pi).  If  fi  is  quasi-;n'’"rimt  under  phase  rotation, 
the  gauge  transformations  of  the  first  kind  are  unitarily  implemented  in  with  the 
renormalized  particle  number  operator  =  Np®  11+  U®  j§g  as  self-adjoint  generator. 
It  holds 

Cill.  (3) 

Since  a>  in  the  foregoing  Proposition  is  regular  (in  fact  it  is  cinalytic)  we  have 
nw(l^(/))  =  exp  [  :$«(/)  ]  with  the  self-adjoint  field  operators  $w(/),  f  ^  satisfying 

[<&«(/),<&-(<?)]  Ci  Im(/lj)  11.  (4) 

We  obtain  here  from  Proposition  2 

<^w(/)  =  W)®  11+11  ®'J>cl(/), 

where  ^ci(f)  is  the  multiplication  by  2  G  C  •-»  y/2  Re{zL(f)).  The  corresponding 
annihilation  operators  are 

«w(/)=  ^  [$w(/)  +  »<&w(»/)]  =aF(/)  011  +  11  ®acl(/)  -  (5) 

with  Ociif)  the  multiplication  by  2  G  C  zL(f). 

Let  be  J  :  ^  f  an  involution  (which  is  anti-linear  with  J  =  J*  =  J~^)  and  £r  its 
fixed  point-space.  Then  ^w(f)  and  $w(*/)  are  canonically  conjugate  for  /  G  £r^  with 
ll/ll  =  1>  1"  virtue  of  (4),  and  constitute  the  “quadrature  components”  of  a„(/)  by  (5) 
(cf.  [10]  and  references  therein). 

The  field  fluctuations  are 

(njA«t*(/)n^)  =  i||/IP  +  (i|A<f,v/)i) , 

where  the  first  term  of  the  r.h.s.  are  vacuum  fluctuations  for  all  /  G 

In  order  to  squeeze  uj  we  consider  the  general  Bogoliubov  transformation  77’,  based 
on  the  real-linear  symplectic  transformation  T  :  £  -*  £,  i.e.  Im(T/|rp)  =  Im(/|y). 
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for  all  /,  gi  6  S.  By  definition  we  have  7t(^(/))  :=  W(Tf),  f  6  £,  which  extends 
to  a  *“automorphism  of  W(£)  [2].  The  field  fluctuations  of  the  transformed  state 
ui  oyq-  may  be  calculated  in  terms  of  the  old  state  with  the  transformed  field  operators 
7t(^w(/))  ••=  ^w(T/),  /  6  and  are  given  by 

(n«|A<t*(7’/)fi„)  =  i  IIT/IP  -)-(l|A4>*(T/)l)  . 

Observing  the  unique  decomposition  T  =  Ti  +  T2  into  the  (complex)  linear  and  anti- 
lineeir  parts,  Ti  resp.  r2,  we  find  the  following  necessary  and  sufficient  conditions  for  T 
to  be  symplectic 


T,*T2  =  TjTi 

,  T,*r,  -  t*T2  c  11 . 

(6) 

X 

1! 

^UT,/) -h  a^JTif)  . 

(V) 

3.  Proposition:  The  Bogoliubov  iransformed  macroscopic  coherent  state  w  o  ->7-  has 
(at  least)  one  mode  /_  €  £  with  squeezed  vacuum  fluctuations  ^||T/_||^  <  ^||/-||^, 
iff  Ti  /  0  (=>  Ti  0  by  (6)),  and  this  holds  iff  the  transformed  vacuum  uif  o  77-  ts 
non-classical,  that  is,  iff  Pufo-irif)  —  c^PlJdl/IP  ~  positive  definite. 

In  [11]  a  multimode  squeezing  transformation  is  investigated,  where  the  transformed 
vacuum  has  infinitely  many  squeezed  modes  and  is  a  specizd  case  of  the  above  situation. 
In  this  aind  other  works  [12]  the  counting  statistics  of  squeezed  photons  «ire  treated, 
Strictly  speaking  only  those  field  excitations  can  be  counted,  however,  which  behave 
correctly  under  gauge  transformations  of  the  first  kind,  7#(H^(/))  =  W{e‘*f).  /  €  £, 
t?  €  [0,2ff).  Just  if  T2  ^  0,  (7)  does  not  behave  under  7#  like  an  annihilation  operator 
and  we  have 

7T  °  7<>  /  7#  o  7T  • 

We,  therefore,  propose  the  improved  squeezing  transformation 

yrMf)}  :=  MT,/)  +  a'JTif)  ,  (8) 

involving  the  macroscopic  phase  operator  0„.  Only  if  the  phase  has  a  sharp  value  one 
has  the  conventional  case,  in  which,  however,  there  is  no  renormalized  particle  number 
operator  N^,  cf.  (3).  Just  if  Ww  exists  (that  is,  if  the  phase  fluctuates  over  al!  of  [0. 27r)) 
one  has 

7T  °  7#  =  7<  °  7t>  V  d  €  [0, 27r)  . 

and  the  squeezed  photons  have  rearly  a  particle  structure. 

The  transformation  (8)  has  the  analogous  form  as  the  gauge  covarirmt  Bogoliubov 
transformation  in  the  BCS-theory  (cf.  [13]  and  references  therein),  which  was  crucial 
for  charge  conservation  and  the  definition  of  the  tunneling  supercurrent.  The  term  with 
the  doubled  phase  operator  in  the  exponential  corresponds  there  to  the  annihilation 
operator  of  condensed  Cooper  pairs.  From  (5)  and  the  definition  of  0„  we  can  see,  that 
it  is  also  in  our  case  the  main  part  of  the  squared  annihilation  operator  for  the  classical 
(=  phase  correlated)  photons.  The  coherent  two-photon  structure  may  here  possibly  be 
connected  with  the  two-photon  structure  of  squeezed  light. 
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In  My  experimental  realization  of  the  squeezing  transformation  (cf.,  e.g.  [14])  one 
finds  strong  indications  that  the  involved  phase  is  in  fact  macroscopic  in  that  it  cou¬ 
ples  directly  to  macroscopic  devices  (and  does  not  refer  to  the  microscopic  phase  of  a 
one-photon  wave  function).  Applying  the  dual  transformation  to  ur,  the  quantum 
inechMical  part  constitutes  the  gauge  covariantly  squeezed  vacuum.  Since  this  trans¬ 
formed  vacuum  is  non-classical  and  coupled  to  a  macroscopic  phase  one  should  here 
look  for  macroscopic  quantum  phenomena  in  the  realm  of  quantum  optics  [15],  [16], 
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QUANTIZED  RADIATION  FROM 
COLLECTIX'ELY  ORDERED  ATOMS 

Reinhard  Honegger 
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1  Summary 

For  infinite  mean-field  quantum  lattice  system.s  [I].  [2],  [.'ij  coupled  to  the  boson  field 
by  means  of  cocycle  equations  it  is  constructed  a  general  class  of  global  quantum  dy¬ 
namics.  In  physical  applications  such  systems  are  due  to  collectively  ordered  .V-level 
atoms  or  the  Josephson  junction  weakly  interacting  with  the  electromagnetic  field. 
Restricting  to  the  photons  in  the  infinite  time  limit  (/  dc)  for  very  general  initial 
states  we  obtain  macro.scopic  cla.ssical  states  on  the  (’*-\Veyl  algebra  [4]  associated 
with  the  quantized  radiation,  in  which  one  partially  refinds  the  collective  ordering 
of  the  atoms.  In  the  special  case  of  the  Dicke  model  [.a).  [6].  [7].  [8]  these  photon 
states  show  quantum  optical  coherence  of  first  (and  higher)  order  [9].  [10].  [11].  [12]. 

2  The  dynamics 

Let  us  first  consider  the  mean-field  system.  .-Xs  C'-algebra  we  have  the  infinite  tensor 
product  A  =  0  INlm-  IMm  denoting  the  m  x  in-matrices.  In  the  representation 

IN 

n.,  associated  with  the  folitmi  generated  by  the  permutation  invariant  states  on 
A  the  limits  =  s  lim  na(?n;\(.r))  of  the  local  mean-field  operators  (.\  C  IN. 

A  — 7?C 

|.V|  <  x) 

exist  in  the  strong  operator  topology,  and  the  »u(j  ).  j-  t  INlm.  are  elements  of  the 

center  2^  of  the  von  Neumann  algebra  :=  !l,,(x4l”-  1  here  exists  a  ludjeition 

valued  measure  ;  IR™  — »  2,  with  suppfc,, )  =;  K„  being  convex,  such  that 

e- »  d£'a(.r)  defines  a  "‘-isomorphism  from  the  contin\ious  functions  I 

onto  the  C'-subalgebra  A'  of  2^  generated  by  {mi.r)  |  .r  €  IMm}- 

For  each  polynomial  Q  =  Q(nii\}  in  the  local  mean-field  operators  w^(,r).  .r  t 

IMm.  there  exists  a  limiting  dynamics  of(.)  =  lim  p‘'l'|(;("c\)  ^ 

A  —  X 

It  is  af(A  )  =  A"  v"!  S  IR  and  the  restriction  is  given  within  the  isomorpliv 

jV  =  C[Ea)  by  a  classical  flow  on  the  classical  pha.se  space  A„.  For  literal  tire, 
see  [Ij.  [2].  [.3]. 

The  boson  system  is  described  by  the  Weyl  algebra  VV(  E]  [I'lj  over  the  one  bo.smi 
testfunction  space  E.  and  some  quasi-free  dynamics.  (/))  =  ir(e''‘’/)  V/  t  E. 


U  7^  11 

place 


T  €  IMr: 
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(/)i  f  S  E,  denoting  the  VVeyl  operators  and  S  the  one-boson  hamiltonian.  Let  be 
r  a  locally  convex  topology  on  E.  stronger  than  the  scalar  product  such  that  e‘'^  is  r- 
continuous,  and  denote  by  Flf,  the  representation  of  W(E)  associated  with  the  folium 
Eb  of  the  r-continuous  states  on  W(£’),  n6(W(£'))"  =:  .'dt,  n6(lL(/))^ 

By  continuity  VVb{g)  €  Mb  is  also  well-defined  for  g  in  the  r-completion  E  of  E. 
According  to  hamiltonians  of  the  form 

H  =  A,  s  Hi  +  U.  3  Gb  -h  ^Jjfib.(T)dS„(T)  :r:  alM  +  G 

the  dynamics  of  the  interacting  systems,  which  we  study  here,  in  the  representation 
n„  G  Hi  of  ^  G  W(£')  is  given  by 

r“’(Z)  =  Qiv,)  (o?  2  if )(2)  Qiv.r  SZ  €  MaZMb  Vt  e  K 

with  the  spectral  integral  Q{i.'i)  :=  U-i  G  H  3  lii)  €  ZaZMb- 

where 

f,(x)  =  /'  e''^’<i{v>?x)d.\  eT  VteIR  Vx€£a.  (1) 

J\=0 

and  the  coupling  function  o(x)  =  \/2  Y1  (ki^}Ok  Vx  £  E^.  where  if*  €  C(Ea}  and 

t=i 

it>k  €  F .  The  function  (t,x)  i-->  ^.’,(x)  satisfies  the  cocycle  equations 
cv<(x)  =  ti(x)  +  e'’ni(,*?x)  Vx  €  £.  Vs.  /  6  IR  . 
and  ( 1 )  denotes  some  solution. 

In  the  Schrodinger  picture  the  dynamics  is  given  by  affine  bijections  on  the 
folium  3  Eb  of  flc  1;  ITt-normal  states  on  A  W(£)  satisfying 

;  Z)  =  {■^' ;  T,‘  {Z))  €  E^  Eb  VZ  €  ,Vf,  G  Mb  ■ 

3  Time  asymptotic  boson  sta^  s 

If  denotes  the  restriction  of  the  state  ^  from  A  :o  WIE)  to  W’lf),  (wli,:  )  )  :  = 
;  11>  3  Y)  VV  €  W( E),  in  the  present  section  we  investigate  the  existence  of  time 
asymptotic  states  lim  for  some  vV  €  E^  Z  Eb- 

Assume  .S'  to  have  pure  absolutely  continuous  spectrum  and  the  existence  of  the 
limits  lim  ^(v-,(x)  |  /)  =:  l.A!)  uniformly  in  x  €  fa  for  eac  /  6  E.  Clearly 
the  Li  '■  E  —*  V  are  linear  forms,  which  in  general  may  be  unbounded  with  respect 
to  the  norm  on  E.  Assume  -p  ^  Eb  fttlfilling  the  asymptotic  product  property 
hrn  VV(e''^/  -hit))  =  VV(/))(^;  VV(</))  V/.9  €  E.  and  denote  by  EX  the 

smallest  subfoliurnof  Eb  containing  ■p  ((INS-folium  a.s,sociated  with  p\  p  is  a  so-called 
I'^-abelian  slate  [13]). 
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Under  the  previous  circumstances  for  every  ^  exists  time  asymptotic 

states  /?((u-')  -n  yV(E).  t  £  IR. 

H-(/))j^exp{rv^Re(Z,(/))}  d(w ;  o  ^?,(x)  G  ll.)> 

for  all  /  6  £,  in  the  sense  of  weak*'lim(;/j'‘  (>i:)|(,  —  /fRu,-))  =  0  V^-  £  Ta  3  ■  The 

macroscopic  ordering  of  the  mean-field  system,  which  is  expressed  by  the  classical 
phase  space  Ea.  the  flow  .  and  by  the  statistics  of  the  initial  state  uJ  £  Ea2-  . 
one  partially  refinds  in  the  formula  of  /?,(a;),  that  is  in  the  emitted  boson  field 
(radiation),  more  exactly,  by  means  of  their  central  decomposition. 

Obviously,  by  definition  we  have  ;/"  (wj)|j,  £  Tl  Vu;  €  :•  ■  But  the  limiting 

states  Rt{^)  may  leave  the  folium 

Taking  for  -p  £  ft,  the  Fock  state  u.-^.  U’(/))  =  exp{-j  H/H^}  V/  £  E.  all 

the  time  asymptotic  states  Rti-c)  are  classical. 

4  The  Dicke  model 

The  Dicke  model  consists  of  a  system  of  (infinite)  two-level  atoms  interacting  with 
the  radiation  field.  As  ('“-algebra  one  has  A  =  that  is  m  =  2.  where 

IM2  is  the  observable  algebra  of  a  single  two-level  atom.  It  is  assumed  level-splitting 
£■  >  0  for  each  atom.  £„  is  given  by  (.r  £  |  |)x|j  <  j).  the  polynomial  Q  is  linear, 

and  the  flow  pf  is  the  rotation  around  the  X3-axis  with  phase- velocity  £■. 

Regarding  only  one  direction  of  polarization  the  testfunction  space  E  is  choosen 
to  be  a  suitable  dense  subspace  of  L^(IR^).  The  one-photon  hamiltonian  5  :=  v^— A 
with  the  usual  Laplacian  A  on  IR*.  Because  at  time  t  =  0  there  should  be  only  a 
few  photons  we  work  with  the  folium  associated  with  the  Fock  state 

The  time  asymptotic  states  for  u;  £  Ta  C  ‘‘•'e  given  by  integrals  over  the 
complex  plane  <!',  the  projection  of  E„  onto  the  {.I'l. x^j-plane  of  IR*. 

(RRuj):  VU(/))  =  e‘*'l-^"’^exp'[iV2Re(r6'(/))}  dp^o,p?,(c)  V/ €  E  . 

where  G  :  E  —*  <['  is  a  fixed  linear  form  which  in  terms  of  the  Fourier  transformation 
/  t->  /  on  L^(IR*)  is  expressed  by 

Here  0i(/r).  di  €  L^(IH*).  denotes  the  coupling  constant  of  each  two-level  atom 
to  the  mode  k  £  IR*  of  the  radiation  field.  The  first  summand  of  G  represents 
the  resonance  (||F|1  =  ;)  between  the  photon  field  and  the  two  levels  of  each  at(>m 
(remember  the  level-splitting  c).  whereas  the  second  one  picks  up  in  the  surrounding 
of  the  resonant  modes.  The  time  a.symptotic  .states  here  show  macroscopic  quantum 
optical  coherence. 
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Abstract 

We  propose  a  programme  for  quantization  on  the  gauge  orbit  space  and 
apply  it  to  a  nonabelian  Higgs  model  as  well  as  to  an  Sr(3)  -  gauge  model 
with  VVeyl  fermions. 

1  The  gauge  fixing  problem 

In  1977  Gribov  [l]  observed  that  the  Coulomb  gauge  fixing  does  not  make  sense 
globally:  Denote  by  Cthe  affine  space  of  gauge  potentials  (configuration  space),  by 
G  the  group  of  local  gauge  transformations  and  by  .V  =  C/G  the  gauge  orbit  space. 
Consider  the  subspace  S,  defined  by  the  Coulomb  (background)  gauge  condition 

D*  (  a)  (.4  -  A)  =  0  .  (1) 

with  D*  ^.4)  denoting  the  co  -  covariant  derivative  with  respect  to  a  fixed  background 
gauge  potential  A.  It  turns  out  that  the  orbit  of  G  through  .4  intersects  5  in  general 
sev'eral  times  (Gribov  ambiguity)  -  showing  that  .V cannot  be  parametrized  by  gauge 
potentials  fulfilling  (1)  globally.  In  1978  Singer  [2]  showed  that  in  some  ctises  there 
does  not  exist  any  (global)  gauge,  e.g.  for  pure  Sr(n)  -  gauge  models  on  S'*.  This 
is  due  to  the  nontrivial  topological  nature  of  the  fibration  C  — +  .V.  or  -  more 
precisely  ■  of  the  principal  fibre  bundle  C"'’'  — *  C'’^'^/G,G  =  G/cfntfr(G),  with 
C'"  denoting  the  (dense)  subset  of  irreducible  gauge  potentials.  The  gauge  orbit 
space  is  a  complicated  .stratified  set  with  the  generic  stratum  given  by  the  above 
principal  bundle.  For  basic  mathematical  investigations  concerning  these  structures 
we  refer  to  [3]. 


*On  leave  of  absence  from.  Sektion  Physik.  t'niv.  Leipzig,  Augustusplatz  10/11,  7010  Leipzig 
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At  one  hand  Gribov's  observation  stimulated  interesting  mathematical  investiga¬ 
tions,  on  the  other  hand  there  were  attempts  to  circumvent  this  problem,  see  [4]  and 
references  therein.  The  basic  strategy  of  these  papers  was  to  restrict  the  functional 
integration  to  gauge  potentials  lying  within  the  Gribov  horizon  So  C  S, 

=  (a  e  5  : -D*  (a)  D(A)  >  0}  ,  (2) 

(with  — D*  (a^  D(A)  denoting  the  Faddeev  -  Popov  operator).  Unfortunately,  until 
now  all  attempts  to  make  this  idea  rigorous  failed.  Finally,  we  note  that  also  simple 
algebraic  gauges,  like  the  axial  gauge,  do  not  solve  the  problem  [5]. 

We  conclude  that  one  should  define  the  functional  integral  (or  any  other  quanti¬ 
zation  procedure)  on  the  gauge  orbit  space.  This  way  we  were  led  to  formulate  the 
following  programme: 

1.  Parametrization  of  .Vin  terms  of  gauge  invariant  quantities. 

2.  Formulation  of  field  dynamics  in  terms  of  invariants. 

3.  Calculation  of  the  functional  measure  on  .V. 

4.  Regularization  of  the  functional  integral  on  the  lattice. 

(In  a  final  step  one  would  like  to  construct  the  continuum  theory  rigorously  -  an 
extrtiordinarily  difficult  problem,  which  we  have  not  even  touched.) 

Before  passing  to  a  discussion  of  examples  we  must  underline  that  N  has  cone 
-  like  singularities  [6]  -  due  to  the  existence  of  non  -  generic  strata.  Recent  inves¬ 
tigations  on  finite  dimensional  models  simulating  this  situation  [7]  show  that  those 
singularities  might  play  an  important  role  in  the  functional  integral.  Nevertheless, 
for  the  time  being,  we  neglect  them  in  our  considerations. 

2  A  nonabelian  Higgs  model 

We  consider  the  theory  of  an  SU(2)  gauge  field  A  interacting  with  a  matter  field 
$  in  the  adjoint  representation  on  Minkowski  space  M,  described  by  the  following 
classical  Lagrangian 

L  =  -V  (||<I>||^)  +  i  ,  (3) 

with  and  F^^  denoting  the  covariant  derivative  of  $  and  the  curvature  of  \ 

respectively. 

One  can  show  [8]  that  every  equivalence  clciss  [(A,4>)]  of  generic  configurations 
of  this  model  is  in  1-1  correspondence  with  a  set  of  invariants  (R.  r.  v.  [\] ;  A),  where 
R  and  r  are  R+-valued,  v  is  a  R-valued  covector  field,  [\]  is  a  Z2-class  of  SL(2.C)- 
valued  fields  and  h  is  a  magnetic  vortex  current.  The  fields  v.  [\]  and  h  have  to  fulfill 
certain  topological  compatibility  conditions.  For  a  deeper  discussion  of  geometrical 
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and  topological  aspects  we  refer  to  [9]  and  further  references  therein.  We  see  that 
a  hydrodynamical  picture  of  field  matter  emerges;  for  the  abelian  Higgs  model  this 
was  discussed  earlier  [10].  Also  one  can  show  that  the  magnetic  vortex  current  fulfils 

dh  =  k  ,  (4) 

with  k  denoting  the  magnetic  monopole  current,  see  [llj.  We  conclude  that  the 
magnetic  monopoles  contained  in  this  model  are  confined  by  magnetic  vortices  - 
showing  an  interesting  relation  to  ideas  of 't  Hooft  and  Mandelstam  [12]  concerning 
the  solution  of  the  quark  confinement  problem. 

To  formulate  field  dynamics  in  terms  of  the  above  invariants  in  an  elegant  way. 
we  use  the  vector  space  isomorphism  of  the  exterior  algebra  and  the  Clifford  algebra 

i  :  XM^  Cliff  [M^)  .  (.5) 

For  1-  and  2-forms  we  have  i(a„dj'‘)  =  i  A  dj‘')  = 

with  (7")  -  Dirac  matrices.  The  first  term  in  (3)  takes  the  form 

T,  =  -V(f?^)  ,  (6) 

for  the  second  term  we  get 

L2  =  \d,Rd‘‘R-kl9^R^r^Tr{iMiK)]  ,  (7) 

and  for  the  last  term  we  obtain 

l3=iTr(G'??)  +  ^Tr(vrW)  .  (8) 

with 

G  =  G  =  i(d('-|- /)) -1- jtc/r^  {i(\),i(x)|  . 

Dc  =  5  (^M  +  '  ?  <>)[')"-  1  - 

In  the  above  formulae  g  denotes  the  gauge  coupling  constant. 

Concerning  point  3.  of  the  programme  mentioned  in  section  1.  we  start  with  the 
(formal)  measure 

d/c  =  •  (9) 

One  can  show  [8]  that  for  topologically  trivial  configurations  d/i  naturally  decom¬ 
poses  into 

d/c  =  d/i  ■  df»  ,  (10) 

with 

d/i  =  11'’ 
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Here  do  denotes  the  measure  on  the  group  of  local  gauge  transformations  and 
di/  (x )  the  Haar  measure  on  SL(2.C).  Thus,  d//  is  the  (formal)  measure  on  the  gauge 
orbit  space  of  topological!}’  trivial  configurations.  Finally,  one  has  to  incorporate 
topologically  nontrivial  configurations.  For  that  purpose  one  needs  a  measure  dh  on 
the  space  of  magnetic  vortex  currents.  Such  a  measure  was  proposed  in  [1.3]. 

Now  we  can  write  down  the  (formal)  generating  functional  on  the  gauge  orbit 
space 

F  =  j  d(i[R,r,i\\\])dhexpi^^i  J  L(R.r.v.[x]-.h)'^  .  (12) 

One  possibility  to  make  this  expression  rigorous  consists  in  approximating  it  on  a 
lattice.  For  attempts  to  realize  point  4.  of  the  above  programme  we  refer  to  [14] 
and  further  references  therein. 

3  An  SU(3)-model  with  Weyl  fermions 

We  consider  the  theory  of  an  SU(.3)-gauge  potential  A  interacting  with  a  triplet  'I'  of 
Weyl  spinors  in  the  fundamental  representation  of  SU(3).  described  by  the  following 
•‘classical’'  Lagrangian; 

I  =  ~ImTr(<T‘‘(D^'P)  -^f)- jTr(/’„. -f"")  .  (13) 

We  denote  the  natural  Hermitean  metric  on  C®  by  (qab)  -  A.B  =  1. 2, 3,  and  use  the 
two-component  spinor  language,  in  which  'P  =  ('J'*)  •  A'  =  1. 2,  d  =  1, 2, 3 .  The 
following  considerations  are  valid  for  arbitrary  (curved)  space  time  M.  In  that  case 
the  covariant  derivative  is  gl.cr.  by 

+  V.’,  -f  ( .4„  ®  .  (14) 

with  ^  denoting  the  spin  connection  on  M.  The  following  quantities  are  ob¬ 
viously  gauge  invariant: 

.  ilo) 

■  (16) 

with 

B/'-  =  .  (17) 

V'/  =  .  (18) 

We  observe  that  and  describe  matter  of  mesonic  and  Vj,  ‘‘  of  barionic 

type.  We  have 


(19) 
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Moreover,  we  define 

^  (20) 

and  notice  that  ja  ~  Pauli  matrices,  belongs  to  the  forward  light 

cone,  (because  we  deal  with  Weyl  spinors). 

Generically,  we  have  ^  0  and  ^^(x)  /  0  for  all  x  6  M.  Still  there  are 

special  configurations  such  that  both  C^-v'ectors  are  proportional  to  each  other. 
Generically,  this  happens  on  a  set  fl  of  isolated  points.  We  denote  Mo  =  M  \  fl  and 
notice  that  J  >  0  on  A/q. 

Theorem  : 

Every  class  of  gauge  equivalent  generic  configurations  [(/I,'!')]  is  in  1-1  correspon¬ 
dence  with  a  triple  (j,  a.  V). 

Sketch  of  the  proof  : 

First  we  show  that  there  exists  a  continuous  gauge  on  A/n  such  that 

'F^=0.  (21) 

Due  to  the  decomposition  C^\  {0}  =  R+  x  S^.  the  vectors  ^<’4  (x)  and  (x)  define 
two  points  'FJ,  (x)  and  >^4  (x)  on  5'^  =  Sl'(3)/SU(2).  Since  SU(3)  acts  transitively 
on  S®,  we  can  gauge  4'*  in  such  a  way  that  it  coincides  with  the  first  element  of 
the  canonical  basis  (c.4)  in  C*.  The  stabilizer  of  the  new  4*’  is  equal  to  SU(2) 
and  acts  freely  on  the  orbit  5^  through  The  orbit  intersects  with  the  C^- 
subspace  E  spanned  by  ti  and  at  two  points.  There  is,  therefore,  an  SU(2)-gauge 
transformation,  which  does  not  move  4*'  and  sends  4*^  into  E. 

Obviously,  fulfilling  (21)  can  be  represented  by  a  complex  2  x  2-matrix  41, 
with  det4'  5^  0  for  all  x  €  A/q,  and  Sr(3)-gauge  transformations  are  restricted  to 
the  subgroup 

H  = 

The  polar  decomposition  of  GL(2.C)  gives 

^  =  u  ■  p  .  (23) 

with  u  €  U  (2)  and  p  being  positive  Hermitean.  Obviously,  we  can  “gauge  away”  u. 
Finally,  a  simple  calculation  shows  that  there  exists  an  SL(2.C)-(spin)  gauge  such 
that  p  can  be  represented  by 

p=  /7l  .  (24) 

Summarizing,  we  have  shown  that  there  exist  SU(3)-  and  SL(2,C)-gauge  transfor¬ 
mations  such  that  'F  can  be  represented  as  follows; 

=  yj  (1,0,0) 

=  v/7  (0,1,0) 

4-3=0. 


(25) 


In  this  gauge  we  get  (tor  simplicity,  for  the  case  of  flat  space  time): 


= 

v;"' 

=  iJ^  A^  ^  3 

with  Formulae  (25)  and  (26)  show  that  given  {j.a.V),  a 

representative  (,4.  "F)  -  and,  consequentlv,  the  class  ((,4.  ^’)]  -  can  be  reconstructed. 

n 

Next  we  have  to  calculate  the  Lagrangian  in  terms  of  invariants.  L  sing 

.  (27) 

and  a  decomposition  property  of  the  Hermitean  metric. 

2  S.4B  =  \ .4B  +  7.4B  ,  (28) 

with 

\.4B  =  \.4\b  • 

_  ^  ,  Be  |Tft\  iTit. 

\A  =  -^(KLiA  'Vb  '*'c  ' 


lAB  =  ^’^aJkl'^B 

we  obtain  the  following  result: 

^ImTr  (crMD^'I')^'^) 


J“Tr(F„,f‘“') 


W’ii,  =  ^IvK]  -  2  \Jj  +  B[^  ^  ;  vy  V  • 

Using  (19)  this  result  can  be  rewritten  in  terms  of  jj.a.V'). 

It  turns  out  that  invariant  quantities  (15)  -  (18)  can  be  defined  for  the  case, 
when  the  'I'J  are  treated  as  anticommuting  variables.  However,  a  complete  descrip¬ 
tion  of  the  (Berezin)  functional  integral  in  terms  of  those  quantities  is  still  under 
investigation. 
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Constant  Yang-Mills  Potentials 

R.  Schimniiiig  .  E.  Mundt 
Fachrirhtuiig  Matheiiiatik 
Ernst-Moritz-Arndt-Universitat 
O  2200  Gr('ifswald  ,  Gerniaiiy 


Big  classes  of  solutions  ,1,>  =  .'1, >(■'’)  of  Oie  \ang-\tills  equations 

«  7;.,  =  0.  =  d.  .1.,  -  djA,,  +  .-4.,] 

are  distinguished  hj-  conditions  of  selfduality  (itistantons. monopoles. dfons.. . .  ),  ex¬ 
ternal  symntetry  (spherieal.cylindrical.. ..  symmetry)  or  constancy  (constant  or  co- 
variantly  constant  potential  or  field  strength).  Let  us  discuss  \'ang-Mills  potentials 
A  =  Aadx'-''  with  constant  coinpotients  .1.^,  in  some  gauge  and  choice  of  coordinates. 
The  partial  differetitial  equations  /)’/'.>,<  =  0  collapse  to  the  purely  algebraic  equa¬ 
tions 

[.■!•'.  [.4,.  A.,)]  =  0,  (1) 

Here  a.  3....  =  1.2 . n  are  tensor  indicc's  with  respect  to  a  vector  space  E.  th(' 

are  elements  of  some  I,ie  algebra  L.  and  [  .  ]  denotes  the  commutator  in  L. 
The  external  space  or  sitacetime  E  is  ('(piipped  with  a  Luclidian  or  .Minkowskiat) 
scalar  product  rc'spectively.  which  is  described  by  constant  components  </.,  i  of  a 
metric  g.  (ireek  indices  are  lowered  or  raised  by  means  of  the  matrices  (.(/,.j)  or 
;=  (</,!,()  '  respectively.  There  is  an  alternative  represention  in  tertns  of  tensor 

indices  t. /. ...  =  1.2 . V  with  respect  to  the  structure  constants  of  I.  and 

l-forrns  a'  on  E  as  the  components  of  4: 

rfp.7/'=0.  f=c^;yA,i‘.  (2) 

where  A  denotes  the  outer  (a!'-  "'atipg'  pv  duel  anrt  c  the  inner  product  of  dilu  i- 
enlial  forms  on  E  with  respe-ct  to  g.  The  problem  (I).  (2)  looks  sinqile.  but  it  is 
un.soJved  as  yet.  that  mc'ans  a  cliarai  terizat ion  of  its  general  solution  is  not  known. 
All  one  can  do  is  to  rest  rid  to  special  class<-s  of  Lie  algt-bras.  llu'  following  negative 
result  has  been  shown  in  [1]: 

Theorem  1.  .A  constant  A'ang-Mills  jKitential  on  a  Km  lidian  or  Minkowski  space 
with  values  in  a  conqiact  I/ie  algebra  is  flat,  i.  e.  gauge  e-qui valent  to  the  zerv)  po¬ 
tential. 

If.  for  physical  reasons,  only  ciunpact  Lie  algebras  are  accept<'d  kir  ^angMills  the 
ory,  than  we  ari'  done.  But  there  are  mathematical  reasons  [Ij  to  discuss  other 
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ty|>('s  ()l  [,U‘  I'x'  1  li<‘  lollowiiig  [losilivi'  ri'siill  c^sy  lu  >tii)W: 

Theorem  2.  A  iu>ii  Alx-liaii  tiilpotetil  l.ie  aigehra  iioji  flat  roiisla/il  ^ajig 

Mills  potentials. 

Nc.xt  we  note  sotne  struetnral  tlieorems: 

Theorem  3.  la't  I.  —  l-i^l  ii  he  the  direet  sntii  of  I.ie  algelnas  /  ;.  I  n  and  let 
the  /.-potential  1  =  .1/^  l/i  Ix' <orr<‘spondingl\  deeoinposed  into  an  /.;  poli-nlial 
.1/  atid  an  /.//  potential  An  lit*'  ^an^Mills  e<|nation  for  \  i-  eipiiealent  to  the 
separate  ^  ang  .Mills  e<piat  itjiis  lor  1/  anil  1//. 

Theorem  4.  l.et  I.  =  l./Q  l-ll  hi' t  he  seniiilireet  siitn  ol  an  ideal  /./  and  a  Lie  snh 
algebra  I./i  anil  let  .1  =  .4/^.4//  he  i  orri-spondingly  deeoinposed.  1  he  NangMills 
equation  for  .4  ittiplies  that  for  .1/;. 

Theorem  5.  If  a  Lie  suhalgehra  4/  of  /.  admits  a  non  Hat  eoiistant  Nang  .Mills 
|)Otential  then  so  does  /.. 

In  lai't.  theorem  2  deserihes  a  snhease  of  theorem  •”).  heeanse  e\er>  tion  .\helian 
nilpotent  Lie  algebra  lotitaitis  the  4-diinensional  Heisenberg  algebra  //|4)  as  a  snh- 
algehra. 

Owing  to  t he  pieeeding  I heoretns.  low  diinensiotial  Lie  algebras  /.  aie  to  he  disi  iissed 
itlduet  ively  with  ri'speet  to  t  heir  dimensioti  .V.  (L  M.  M  nbai  ak/yatnw  [2i  i  lassified 
all  isomorphe  types  of  ri'al  Lie  algehras  ii|>  to  I  he  ditnension  o,  lollowing  him.  the 
tiotatiott  for  a  Lie  algebra  is  /.yd.  whieh  means  the  /  th  non  deeotnposable  algebia 
of  ditnensioti  .V.  L.ventnal  siiperseripts  /i....stiind  fur  t  he  i  out  itmons  |)at  attiet  les  on 
w’hirlt  the  Lie  algebra  depetids.  Lhe  set  of  .V  dittieiisioiiitl  Lie  algebras  for  .\  d 
decompose.s  into  live  ela.s.se.s  with  res|)eel  to  the  probletn  I  1  I  or  (2): 


1.  Deeottiposable  Lie  alge.iras.  I  heseean  be  let  aside  bei  ae.se  lor  them  the  Natig 
Mills  equal iotis  are  redneed  to  dimensioiis  smaller  than  .\  . 

2.  Nori-deeomposabh'  Lie  algebras  for  whieh  is  e\ery  l  onstanl  Nang-Mills  poten¬ 
tial  is  trivial: 

/,.  /./.  /:,.„  /?;,,.  /i;,,.  /,,...  /.;.,.  /-. ,.  i  '.-  -  i-J,-  /-vn- 

/-vri-  l-iao  =  '))•  Ku.-  /-mr-  /-vre 

3.  .Non  deeotnposable  ml|)oleiil  i.ie  algebras  whieh  admit  non  Hat  Nang-Millspo 
tentials  aeeording  to  lhe(,rem  2: 

^  //(3).  /4.I.  l-.A.  /.S.2.  /-VI-  U.:.-  As... 


I.  Noii-deeomposable  non  iiilfiolenl  Lie  algebras  /.  admitting  a  non  Hal  eonslant 

Nang-Mills  |)otenliaI  with  values  in  a  non  trivial  snbalgebra  .\/  of  /.: 

In-,  /-^.s-  /.^.,.  A/s-  Ay,,„.  /.2|.,(o  /  0).  /.^.>,.  i.^.n.  /.y,,. 

Ar,,2e  A- 2s-  A!'2ii.  As. 27-  Ay  j,,.  A-,  2/,.  A=,:ii-  A Ad  n-  A  ,  A  ,  is.  I.s  r- 

A-,..)i|.  A,s  .|n. 


None  of  I  he  above:  /..(.ni- 
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I  he  St  riict  iii'c  of  /.  |  k,  is  ni\fii  l>\  tin'  s|)fi  iiili/,il  ioii  of  (L’l  to 

/*  —  ti *  A  ^  4  i/“  A  II  *.  /  -  .  11“  A  </ '  4  1/  *  A  (  /  * .  7  *  7 '  —  0. 

Ati  cxainiilc  ol  ati  /. ,  j,,  Viilucd  N  aiii;  Mill--  polrtilial  roails 

d  =  ( I  '  4  ( “ )  (  A  I  t  A  j )  ^  I  ’  A  t  f  I  '  A  , . 

It  is  |)fo|)ci'ly  /.  1,11)  valiicil.  Ix'i  aiiM'  all  non  trivial  snliali^clntis  ol  /,  i m  Ix'lons^  to  tin 
class  '2. 

t'i'W  classical  l.ic  alB;<‘l)ras  sol  .V )  or  .s/(.\,  l{)  to  the  spoci.al  orliiou,onal  .2;roni)  >Y7(  A  i 
or  tin'  s|)<'cial  linear  gronii  >/,!  \./f)  r<‘s|)i'cl i\ rlv  appear  in  onr  li'-t;  l.\  S  sol'Ji. 
A,,,-,  ^  7? 
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Abstract 

A  phase  space  (PS)  structure  in  minisuperspace  cosmological  models  with 
gauge  fields  is  investigated.  It  is  shown  for  the  .SO(  n).  n  >  3,  gauge  group  that 
the  physical  PS  differs  from  an  ordinary  plane.  It  is  argued  that  the  wormhole 
size  quantization  should  change  due  to  a  non-trivia)  phy.sical  PS  structure  of 
gauge  fields.  Some  physical  consequences  of  the  found  phenomenon  are  briefly 
reviewed. 

1.  It  is  well-known  that  the  main  feature  of  gauge  theories  is  the  existence  of 
the  first-class  constraints  [ll,  i.e.  some  relations  between  canonical  coordinates  7' 

and  momenta  p,.  i  =  1,2 . »,  .fa(q.p)  =  0-  which  have  to  be  valid  during  evolution 

and  satisfy  the  following  conditions  =  UU-rc  where  {  .  }  means  the  Poisson 

brackets. 

Let  the  total  phase  space  (PS)  of  a  first-class  constrained  system  be  an  even¬ 
dimensional  Euclidean  s[)ace  R^".  For  constrained  systems,  a  physical  trajt'ctory 
<y‘  =  9'(0-  P<  —  Pi(M  niust  lie  on  a  manifold  in  R^"  dett'rmined  by  the  ecpiations  .p,,  == 
0.  However,  the  surface  of  the  first-class  constraints  does  not  form  a  physical  PS 
because  solutions  of  both  Hamiltonian  ecjuations  of  motion  and  constraints  depend 
on  the  gauge  arbitrariness  [1].  Indeed,  due  to  the  etpialities  =  0.  we  may  add  to 
a  Hamiltonian  H  a  linear  combina'ion  of  <onstraints,  i.e..  change  H  in  HamiPonian 
equations  of  motion  by  the  generili/ed  Hamiltonian  Hf;  =  //  -f  where  are 

arbitrary  functions  of  time  Ij.  I  lier<'foie,  solutions  q'lt).  p,^/)  depend  on  thes<' 
functions.  Variations  of  A„  nii'an  a  gauge  transformation  of  the  solution  because  the 
first-class  constraints  aregeiii-raiors  of  gauge  transformations  [Ij.  p,  — ‘Pi+dp,.  q'  — • 
q‘  +  6q‘.  6q'  =  \  ^„.^.,.q'  ).  analogously  for  Ap,,  where  a-'„  are  infinitesimal  arbitrary 
functions  of  time.  .So.  a  choice  of  a  concrete  form  of  A,,  is  eqmvah'iit  to  ga'ige 
fixing. 

Points  of  the  total  PS  connected  by  a  gauge  transformation  correspond  to  the 
same  physical  state.  By  flefinition  there  should  be  a  one-to-one  correspondence 
between  physical  states  of  a  system  and  points  of  a  physical  P.S.  Thus,  in  order  to 
determine  a  physical  PS  in  a  first-class  constrained  system,  one  should  identify  all 
points  connected  by  gauge  transformations  on  the  surface  of  constraints  ^5,  =  0. 

It  turns  out  that  many  gauge  theories  inclmling  the  Aang-Mills  ones  have  a 
non  trivial  structure  of  tlie  physical  PS.  i.e.  it  is  not  an  even-dimensional  Fuiclidean 
spare  [2]  — [4].  Below  we  demonstrate  this  using  as  an  example  the  so-called  Einstein- 
\ang-Mills  minisuperspace  models  and  briefly  discuss  some  dynamical  consequences 
of  this  phenomenon. 
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2.  Dynamical  variables  in  the  Einstein- Yang-Mills  system  are  gauge  potentials 
.4„(x)  and  a  metric  tensor  5^„(x).  This  system  is  rather  difficult  by  itself.  Foilo.ving, 
however,  Ref.[.5]  one  may  introduce  a  set  of  simplifying  assumptions  and  consider 
closed  cosmologies  with  an  RqS^  topology.  In  this  case  gauge  fields  on  homogeneous 
space  are  described  by  the  50(4)-invariant  ansatz  [6]  — [8],  The  reduced  system 
fthe  minisuperspace  model)  contains  only  a  finite  number  of  degrees  of  freedom 
corresponding  to  gravitational  and  gauge  fields.  Namely,  gauge  fields  with  the  SO{n) 
group,  n  >  3,  are  described  by  a  scalar  x  =  x(t)  €  R,  a  vector  x  =  x(f)  €  R',  I  = 
n  -  3,  and  a  real  antisymmetric  /  x  /  matrix  y  =  y{t),  i.e.  y  =  y^T'',  ya  6  R,  T“ 
are  generators  of  SO{l],  so  that  the  effective  minisuperspace  action  of  the  Einstein- 
Yang-Mills  system  reads  [8), [9] 

where  A  =  A(f)  and  g  =  g(t)  describe  gravitational  degrees  of  freedom;  Dt  =  d,-\-y 
is  the  covariant  derivative,  =  const  (it  goes  from  the  cosmological  term);  V  = 
V  ( \ ,  x^)  is  a  potential  induced  by  self- interact  ion  of  the  Yang-Mills  fields,  its  explicit 
form  is  not  essential  for  what  follows. 

The  action  (1)  is  invariant  under  two  local  groups,  the  reparametrizaton  one 

t  S(t)  ^  S(t')~  (2) 

and  the  SO(l)  gauge  group,  under  which  only  variables  x  and  y  transform  as  follows 
X  Ox,  y  —  n(,n^  +  .  (3) 

where  fl  =:  expuJ(,T“  €  SO[l},  =  1  and  =  '^a{t)  are  arbitrary 

functions  of  time;  other  variables  remain  unchanged. 

V^arying  the  action  5  with  respect  to  the  velocities  ;V,i/o,p. x  and  y,  we  find 
canonical  momenta  PAr,Po,Pj,p  and  p^,  respectively,  and  then  the  canonical  Hamil¬ 
tonian 

^  [— Pj  —  0^  +  A^p'*  -1-  p^  -b  +  2V  —  =  —  [Hwd  ~  (-1) 

ip  p 

where  <7“  =  p7’“x.  Due  to  two  local  symmetries  of  5  (2)  and  (3),  the  system  has 
the  primary  constraints  [1]  p^v  =  Pa  =  0  (5  is  independent  of  N  and  ya)  and  the 
secondary  ones  [1]  which  are  equivalent  to  the  following 

Hwd  =  0.  (5) 

=  0.  (6) 

All  the  constraints  are  the  first-class  ones.  As  a  consequence,  the  Hamiltonian 
vanishes,  which  is  always  the  case  for  systems  with  a  reparametrization  symmetry. 


700 


Eq.(o)  is  the  classical  Wheeler-DeWitt  equation  for  the  minisuperspace  model. 
The  constraints  (6)  generate  the  SO(/)  gauge  transformations  of  the  canonically 
conjugated  variables  x  and  p.  However,  not  all  of  them  are  independent.  The 
number  of  independent  constraints  is  /  —  1  since  any  vector  in  has  a  stationary 
subgroup  SO(l  -  1). 

o.  Consider  now  the  physical  PS  structure  of  gauge  field  degrees  of  freedom. 
Obviously,  the  total  PS  of  these  variables  consists  of  points  (x,  p)  €  R^^  and  (XiPx)  £ 
R^  (  we  ignore  the  pure  unphysical  degrees  of  freedom  {ya,Pa  =  0)).  The  physical 
PS  is  a  subspace  of  the  total  PS  picked  out  by  the  constraints  cTo  =  0  and  an 
identification  of  all  points  connected  by  gauge  transformations  on  the  surface  of  the 
constraints. 

Variables  \  and  are  gauge-invariant  therefore  their  PS  is  a  usual  plane,  R^. 
The  general  solution  of  Eq.(8)  is  p  where  a  function  of  time  I  is  determined  by 
dynamics  (by  the  potential  V).  This  solution  means  that  only  radial  excitations  are 
admissible.  Further,  one  may  always  direct  a  vector  x  along  one  of  the  coordinate 
axes  with  the  help  a  gauge  transformation  (the  unitary  gauge),  for  example,  we  put 
Xi  =  Siix.  As  a  consequence,  pi  =  Sup,  p  —  (x.  However,  this  is  not  the  end.  There 
remain  residual  gauge  transformations  forming  the  Z2  gauge  group  with  the  help  of 
which  one  may  change  the  sign  of  i  :  x  —*  ±x  (the  gauge  rotations  through  the 
angle  tt). 

The  residual  gauge  group  cannot  decrease  a  number  of  physical  degrees  of  free¬ 
dom,  but  it  reduces  their  PS.  Indeed,  the  sign  of  p  should  change  simultaneously 
with  that  of  x  due  to  the  equality  p  =  ^x.  Hence  the  points  {x,p)  and  (-x,  -p)  on 
the  phase  plane  R^  are  gauge  equivalent  and  should  be  identified.  The  phase  plane 
turns  into  a  cone  unfoldable  into  a  half-plane  that  is  just  the  physical  PS  because 
the  gauge  arbitrariness  is  exhausted. 

4.  The  PS  structure  modification  leads  to  some  dynamical  consequences  in 
classical  and  quantum  theories.  In  particular,  periods  of  periodic  motion  depend  on 
the  PS  structure,  which  is  easy  to  see  in  our  model. 

It  was  shown  in  Ref.[9]  that  in  the  unitary  gauge  x,  =  S^x  there  exist  periodic 
solutions  x(ti),  g{rf)  and  \(ti)  with  periods  Tj.,  T,  and  7\,  respectively.  If  we  inter¬ 
pret  the  solution  g(T))  as  a  wormhole  connecting  two  points  in  the  same  space,  the 
gauge  fields  should  be  the  same  at  both  the  sides.  Since  \(-q)  and  x(-q)  are  periodic, 
the  period  Tg  (the  time  between  two  p-maxima)  should  be  an  integer  multiple  of 
their  periods  [6],  i.e.  Tg  =  nT^  —  mTi  where  n  and  m  are  numbers.  The  last  relation 
leads  to  the  exponential  quantization  of  a  wormhole  size  [6]. [9]. 

However,  the  PS  of  x  is  a  cone  unfoldable  into  a  half-plane.  It  means  that  for 
X  =  x(r/)  oscillating  around  x  =  0  [4),  the  physical  period  is  =  Trj'l  because 
points  X  <  0  are  gauge  equivalent  to  points  x  >  0;  is  the  time  during  which  the 
system  returns  to  an  initial  physical  state.  Therefore  the  real  quantization  rule  of 
wormholes  reads 

Tg  =  nr,  =  rrxTf  =  jT,.  (7) 

As  a  consequence,  the  quantization  of  the  wormhole  size  is  also  modified. 
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For  theories  with  an  arbitrary  gauge  group,  periods  of  oscillating  physical  de¬ 
grees  of  freedom  are  defined  by  powers  of  the  independent  Casimir  operators  for 
a  given  representation  because  the  residual  gauge  group  identifying  some  points  in 
a  physical  PS  is  the  Weyl  group  [3], [4],  As  a  consequence,  the  physical  PS  struc¬ 
ture  influences  directly  the  WKB-quantization  method  since  frequencies  of  periodic 
motion  determine  quantum  energy  levels  in  this  case  [3], [4], [10]. 

In  quantum  theory,  the  path  integral  approach  for  an  evolution  operator  kernel 
depends  on  the  PS  structure  [3], [4], [11],  which  leads  to  modifications  of  a  quasiclas- 
sical  approximation  [3], [4], [10].  It  turns  out  that  a  solution  of  the  problem  itself  of 
a  path  integral  construction  for  the  first-class  constrained  systems  with  the  reduced 
physical  PS  gives  automatically  an  approach  for  correct  solving  Gribov’s  problem 
[12], [4],  Further,  quantum  Green  functions  have  unusual  analytical  properties  so 
that  elementary  excitations  of  degrees  of  freedom  with  the  reduced  physical  PS  can¬ 
not  normally  propagate  [13].  For  the  considered  minisuperspace  model,  the  found 
PS  reduction  gives  rise  also  to  a  modification  of  the  path  integral  representation  for 
the  ground-state  wave  function  of  the  Universe  and,  as  a  consequence,  its  quasiclas- 
sical  calculations  should  be  modified  [14].  In  conclusion,  we  would  like  to  note  that 
the  phenomenon  of  the  physical  PS  reduction  may  take  place  for  fermionic  (Grass- 
man)  degrees  of  freedom  too  [4].  However,  there  are  specific  dynamical  features  in 
this  case  [4], [15]. 
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ABSTRACT 

A  dynamical  feed  back  mechanism  between  quantued  matter  and  an  underlying  fiber  bundle  geom¬ 
etry  with  SO(4, 1)  as  structural  group  is  investigated  in  the  presence  of  gravitation.  Spinless  matter,  de¬ 
scribed  in  a  quantum  mechanical  manner,  is  represented  in  terms  of  generalized  wave  functions  (sections), 
defined  on  a  Hilbert  bundle  7f  over  space-time  carrying  a  local  phase  space  representation  of 
50(4, 1)  related  to  the  principal  series  of  UIR  determined  by  p.  Bilinear  currents  in  the  matter  fields 
are  introduced  which  act  as  source  currents  for  the  bundle  geometry  inducing  further  geometric  quanti¬ 
ties  (torsion,  de  Sitter  boost-fields)  which  specify  the  geometry  beyond  the  classical  metric  determined 
through  Einstein’s  equations. 


In  order  to  describe  quantized  matter  in  the  presence  of  gravitational  fields  generated 
by  distant  macroscopic  classical  masses  one  introduces  a  Hilbert  bundle  7i  over  a  curved 
space-time  base  manifold  B.  (See  [1]  and  the  earlier  references  quoted  there.)  For  the 
description  of  leptons  one  would  consider  a  bundle  H  carr>  ing  a  system  of  covariance  of 
the  Poincare  group.  The  typical  fiber  of  H  would  in  this  case  be  a  Hilbert  space  providing 
a  unitary  irreducible  phase  space  representation  of  the  inhomogeneous  Lorentz  group, 
150(3,1),  yielding  a  quantum  mechanical  description  of  (spinless  or  spin  j)  particles 
of  mass  m  in  terms  of  square-integrable  functions  depending  on  the  local  fiber  variables 
(q,p)  with  q  S  Tx{B)  Md  p  €  C  T^iB),  where  is  the  positive  (-f )  or  negative  (— ) 
energy  shell  in  momentum  space,  with  =  m^,  and  Tx{B)  denotes  the  affine  tangent 
space  of  13  at  a:  on  which  the  Poincare  group  acts  as  a  group  of  motions  and  T^(B) 
denotes  the  cotangent  space  at  x  (compare  (2J).  In  a  geometric  framework  intended  for 
the  description  of  hadrons  which  eire  characterized  by  an  intrinsic  length  parameter  R  of 
the  order  of  10~^^  cm  and  a  corresponding  spacial  extension  one  would  have  to  change 
the  phase  space  bundle  E'{B,F'  =  M4  x  —  15'0(3, 1))  used  in  the  Poincare 

case  with  M4  denoting  Minkowski  space  (viewed  as  an  affine  space),  by  “curling  up"  the 
flat  fiber  Mu  isomorphic  to  the  homogeneous  space  ISO(3,l)/SO(3,l),  and  go  over  to 
a  curved  fiber  G/H  isomorphic  to  a  space-time  V4  of  constant  curvature  with  curvature 
radius  R  w  10~^^  cm.  Here  B  =  50(3, 1)  denotes  the  Lorentz  group,  required  to  be 
a  closed  subgroup  of  G,  with  respect  to  which  G  contracts  to  the  Poincare  group  in  a 
formal  limit  R  — ♦  00.  Hence  G  is  one  of  the  ten  parameter  de  Sitter  groups  50(4, 1 )  or 
50(3,2).  Let  us  choose  on  physical  grounds  (spacial  compactness  and  absence  of  closed 
timelike  geodesics)  the  (4,l)-de  Sitter  group  as  the  relevant  group  for  the  description  of 
extended  hadrons  and  introduce  the  de  Sitter  phase  space  bundle  E  =  E{B,F  =  xC^, 
G  =  50(4,1))  over  B,  which  is  a  soldered  bundle  [3]  associated  to  the  de  Sitter  frcime 
bundle  P{B,G  =  50(4,1))  over  B.  Here  the  soldering  is  made  through  the  de  Sitter 
subsp£ice  V4  of  the  local  phase  speice  Fx  isomorphic  to  A/"^  =  x  (compare  [4]) 
with  ^4(1)  and  B  having  first  order  contact  at  each  x  &  B.  denotes  the  cone  in  the 
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embedding  five-dimensional  Lorentzian  space  R41  (in  which  is  a  one-shell  hyperboloid 
of  radius  R)  with  the  fifth  coordinate  normalized  to  1/R,  i.e. 

[C,Cl  =  C“C*Va6  =  0  withC®  =  i 
'4  ■  =  = 

where  =  dia5(l,  — 1,  — 1,  —  1,  — 1)  and  the  summations  run  over  a,6  =  0, 1,2, 3, 5.  The 

superscript  of  stands  for  sign  =  ±  with  the  vector  C  =  (C’l  C®  =  ;r)i  i  =  0, 1 , 2, 3, 

o 

characterizing  a  so-called  horosphere  or  horocycle  through  the  origin  f  =  (0, 0, 0, 0,  — ii) 
of  V4  determining  thereby  a  direction  of  a  whole  wave  field  given  by  an  infinite  set  of 

O 

horospheres  parallel  to  the  one  through  (.  (Compare  [1]  and  [5]  and  the  meaning  of  a 
horosphere  as  a  wave  surface  of  constant  phase  in  a  space  of  constant  curvature.)  Hence 
((■  6  parametrizes  the  space  of  horospheres  and  thus  the  space  of  horospherical  wave 
solutions  of  the  G-invariant  wave  equation  on  V[  used  in  [1]  and  [5].  In  the  Inonu-Wigner 

contraction  limit  50(4,1)  750(3,1)  sign  goes  over  into  sign  labelling  the 

positive  or  negative  mass  shell  in  the  Poinccire  case  [5]. 

Let  us  now  construct  a  phase  space  representation  of  the  de  Sitter  group  for  spinless 
particles,  U(Ag)  =  U^f^Ag),  related  to  the  unitary  irreducible  representation  (UIR) 
of  the  principal  series  of  50(4,1)  characterized  by  the  parameter  p;  0  <  p  <  00, 
with  p  determining  the  mass  of  the  particle  in  question  [see  below].  The  Hilbert  space 
i^(Ej)  of  square- integrable  functions  in  the  variables  (f,  C)  6  C  Af^  with  respect 
to  a  G-invariant  measure,  dE(^,C)  [compare  Eq.  (4)  below],  is  denoted  by  Here 

=  /i  X  C*  is  a  six-dimensional  horospherical  submanifold  [6],  [1],  where  h  denotes  a 
b<-  rosphere  being  a  spacelike  hypersurface  in  V[.  ftlompare  also  [7].)  One  can  construct 

a  coherent  state  beisis  of  in  terms  of  horospherical  waves  from  50(3)-invariant  res¬ 
olution  generators  i)(C0  yielding  a  parametrization  of  the  basis  of  in  terms  of  the 
coset  space  50(4, 1)/5G(3).  In  [1]  it  is  shown  that  is  a  one-particle  resolution  kernel 
Hilbert  space  with  =  W*"  0  7i“,  where  the  superscripts  -I-  and  —  denote  the  sign 

of  with  'HA'  and  HT  denoting  the  one-particle  and  one-antipcirticle  Hilbert  spaces, 
respectively. 

As  a  geometric  arena  for  the  description  of  spinless  quantized  matter  we  now  introduce 
the  soldered  (first  quantized)  Hilbert  bundle  77  =  =  7i^^\u{Ag)},  associated  to 

P{B,SO(4, 1)),  with  standard  fiber  77^^^  carrying  a  system  of  covariance  of  the  (4,l)-de 
Sitter  group.  Denoting  the  generalized  coherent  state  basis  of  the  local  fiber  7i^\x) 
which  is  related  to  a  particular  choice  of  gauge  <7  =  u(i)  on  P  by  with  x  ^  B\ 

(f,C)  G  constituing  a  local  de  Sitter  quantum  fram-.  one  has  the  following  resolution 
of  unity  at  x  €  B  [parameter  p  is  suppressed]: 

J  I  $"W)dE(^,C)(«^“if^  1=  1?-  (1) 
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and  the  expansion  of  a  state  vector  belonging  to  the  principal  series  of  UlR’s  of 

50(4, 1)  with  respect  to  the  local  basis 

=  f  (2) 


Here  is  the  G-invariant  measure  (1) 

dtiu)  =  ;p|^^(l!^.C]l  -  c)jp(0^([C,f])^C  (3) 

obeying  d'£{Ag^,AgQ  =  dE{(,<^)  with  Ag  €  50(4,1).  In  (3)  the  quantity  dfi{^)  = 
{R/\^^\)d^°d^^d^‘^d(^  denotes  the  invariant  measure  on  Vg  and  c  is  a  positive  constant 
determining  a  particular  horosphere  in  V^(x)  parallel  to  the  horosphere  through 

O 

^  characterized  by 

The  coefficient  in  the  expansion  (2)  is  the  scalar  de  Sitter  coordinate  wave 

function,  or  for  short,  the  generalized  matter  wave  function  which  may  be  regarded  as 
a  section  on  the  first  quantized  de  Sitter  bundle  H  over  space-time  with  standard  fiber 

The  variables  (4,  C)  in  the  local  fiber  of  the  bundle  E  play  the  role  of  loccd  stochastic 
variables  on  'H.  (Second  quantized  bundles  with  Fock-space  fibers  constructed  with  tensor 
products  of  one-particle  spaces  and  one-antiparticle  spaces  'H~  were  considered  in 
[1].  For  simplicity  we  shall,  however,  base  the  definition  of  the  bilinear  currents  in  the 

fields  and  their  adjoints  on  the  first  quantized  bundle  H  introduced  above.] 

Eq.  (2)  can  be  reversed  and  yields  using  a  bracket  notation  for  the  integration  over  the 
hypersurface  Sj  with  measure  (3): 


The  transformation  rule  for  'ti^^(^,C)  under  de  Sitter  gauge  transformations  A 


9{z) 


on  Ti 


From  the  construction  of  the  coherent  state  bcisis  described  in  more  detail  in  [1]  it  is 
apparent  that  C)  is,  for  fixed  x  ^  B  and  C  6  C^,  an  eigenfunction  of  the  Laplace- 

Beltrami  operator*)  ,  eigenvalue  k(k  +  3)IR'^  where 

K  =  — I  -I-  ip;  0  <  p  <  oo,  i.e.  [5] 


(5) 


This  yields  the  following  relation  between  the  constant  R,  the  meiss  m  of  the  particle 
and  the  value  of  p  :  ~  +  \.  For  fixed  R  the  parameter  p  is  thus  a  variable 

determining  a  particular  mass  value. 

We,  finally,  quote  the  kernel  for  the  propagation  from  the  point  (?,C)  to  the  point 
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>n  the  local  fiber  over  x  S  B  in  7i: 


(6) 


and  the  reproducing  property  following  from  (1) 


(p),ell 


>// 


dS(^ 


y  ,//> 

is  ; 


(7) 


So  far  we  have  prepared  the  ground  for  a  quantum  kintmatical  description  of  spinless 
matter  described  in  terms  of  generalized  wave  functions  defined  on  the  first  quantized  de 
Sitter  bundle  constructed  over  curved  space-time  in  the  presence  of  gravitation.  Let  us 
now  introduce  a  dynamical  feed  back  between  quantized  matter  present  in  the  geometry 
and  the  imprint  this  leaves  on  the  underlying  bundle  geometry.  To  this  end  we  introduce 

bilinear  source  currents,  constructed  in  terms  of  the  quantum  fields  a-nd  their 

adjoints,  and  use  them  as  material  source  currents  determining  the  bundle  geometry 
beyond  the  metric  part  which  is  determined  by  the  energy-momentum  distribution  of 
classical  matter  as  in  Einstein’s  theory.  This  then  yields  a  quantum  fiber  dynamics  (QFD) 
on  determined  through  covariant  current-curvature  field  equations  [8]  characterizing  the 
short  distance  behaviour  of  quantized  matter  in  the  presence  of  gravitation  in  a  framework 
based  on  the  (4,l)-de  Sitter  group  as  a  gauge  group. 

To  recover  gravitation  in  a  de  Sitter  gauge  invariant  manner  as  the  gauge  theory  of 
the  Lorentz  subgroup  H  one  has  now  first  to  go  over  to  a  nonlinear  realization  of  the 
transformations  of  the  de  Sitter  group  in  terms  of  “Wigner  rotations”  being  in  this  case 

O 

Lorentz  transformations  belonging  to  the  stability  subgroup  H  of  the  point  {  in  the  fiber. 
This  is  done  by  introducing  a  section  a  =  0,1, 2, 3, 5,  on  the  (soldered)  de  Sitter 

bundle  E  =  E{B,  F  =  G/B  V^,SO(4, 1))  and  reducing  the  connection  in  P  with 

O 

the  help  of  the  boost  transformation  4(^(x))  :  (  — »  {(x)  to  a  nonlinearly  transforming 
form.  We  call  this  the  nonlinear  (N.L.)  gauge  on  P  denoted  by 

j  for  a  =  (t,  5);  6  =  0,5).  (8) 


The  r.-h.  side  of  (8)  remains  form-invariant  under  gauge  transformations  on  E  : 
4(x)  — *  (,\x)  =  <4j(j,)4(x)  with  the  Latin  indices  suffering  a  transformation  with  a  matrix 

€  H.  The  one-forms  9^-,  j  =  0, 1,2,3,  in  (8)  are  the  soldering  forms  of  the 
Cartan  connection  in  P  in  the  N.L.  gauge.  The  de  Sitter  frame  bundle  P  introduced  here 
and  the  Lorentz  frame  bundle  appearing  in  a  vierbein  formulation  of  gravitation  may, 
in  the  N.L.  gauge,  be  viewed  as  interlocked  bundles  with  the  Lorentz  part  given 

by  =  Cj{j  -f  r^,  where  is  the  usual  Lorentz  connection  appearing  in  a  purely 

metric  theory  and  rjj  is  the  torsion  addition  resulting  from  the  embedding  of  the  Lorentz 
gauge  symmetry  into  a  bigger  (here  de  Sitter)  gauge  symmetry.  The  additional  geometric 
quantities  characterizing  the  geometry  in  P(S,5u(4, 1))  beyond  the  metric  are  thus  the 
torsion  induced  in  the  base,  turning  B  into  a  Riemann-Cartan  space-time  t/4,  and  the 
coefficients  of  the  soldering  forms  of  the  bundle  connection  representing  de  Sitter  boost 
degrees  of  freedom. 
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In  [8]  a  set  of  covariant  bilinear  hermitean  currents  of  the  type 

4a6(^)  =  0  I  Okal,  I  ,  C)>f:±  (9) 

are  introduced  using  G-invariant  integration  over  the  local  fibers  of  "H,  where  Okab’t  ^  = 
0, 1, 2, 3;  a,  b  =  0,1,2, 3, 5,  are  operators  constructed  with  the  infinitesimal  generators 
of  the  phase  space  representation  L  (Ag)  of  .50(4, 1)  and  the  operators  D^'  for  covaiianl 
differentiation  on  'H-  These  currents  are  now  used  as  material  source  currents  in  a  set  of 
de  Sitter  gauge  covariant  nonlinear  field  equations  for  the  torsion  and  the  de  Sitter  boost 
fields  specifying  the  geometry  beyond  the  metric  determined  from  Einstein’s  equations 
as  in  general  relativity.  In  [8]  the  axial  vector  torsion  case  is  treated  together  with  the 
restriction  that  the  de  Sitter  boost  fields  =  6-^  =  are  antisymmetric 

where  e‘‘  are  the  fundamental  one-forms  on  B.  For  this  particular 
case  the  field  equations  together  with  the  Bianchi  identities  for  the  bundle  curvature  are 
investigated  and  discussed  and  the  consequences  worked  out  in  conjunction  with  Einstein’s 
equations  for  the  metric. 
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Abstract 

Geomecric  properties  of  classical  gauge  theories  of  C  =  Oo(4.2)  are  in¬ 
vestigated  wit!  in  the  framework  of  first  and  second  order  G'-structures.  In 
particular  we  discuss  difficulties  in  conformal  gauge  theories  arising  from  the 
non-reductivity  of  the  isotropy  subgroup  in  C.  in  comparison  with  the  reduc¬ 
tive  PoincarG  and  deSitter/anti-deSitter  case. 


0  Introduction 


Consider  a  relativistic  metric  or  conformal  transitive  spacetime  group  of  at  least  l, 
order,  i.e.  a  group  S  of  automorphisms  of  a  Lorentz-  or  (Lorentz-)  conformal  mani¬ 
fold  Af.  acting  transitively  on  M  (‘homogeneity’)  and  containing  the  Lorentzgroup 
L  :=  Oo(A,  1)  ’  (‘spaee  and  time  isotropy’).  Then  one  knows  that  5  belongs,  up  to 
local  isomorphisms,  to  the  following  list 


metric  case 

conformal  case 

P:=T*(SL  (PoincarG) 

Oo(4, 1)  (deSitter-) 

Oo(3,2)  (anti-deSitter-) 

P"  :=  T*(Z(LO  D)  (Poin  -re-Weyl-) 
C:=Oo(4.2)  (conformal  group) 

(1) 


Taken  as  candidates  for  spacetime  groups,  there  is  a  large  number  of  investi¬ 
gations  for  the  first  four  of  these  groups,  and  a  remarkably  smaller  one  in  the  case  of 
C.  From  the  mathematical  point  of  view,  two  main  structural  differences  between 
C  and  the  remaining  groups  in  ( 1 )  might  be  responsible  for  this  fact  : 


i)  C  is  the  only  'second  order' group  in  (1) 


ii)  C  is  the  only  group  in  (1)  with  non-rediictive  isotropy  subgroup. 


The  first  point  leads  to  2.  order  conformal  G-structures  (see  sect.l),  which,  com¬ 
pared  with  1.  order  conformal  structures  (gauge  group  P"),  might  be  seen  as  un¬ 
necessarily  complicated  tools  to  represent  conformal  geometry;  and  non-reductivity 

‘Oo(n,77))  :=  connected  component  ofC>(n.?n). 
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generates  problems  concerning  the  mathematical  representation  of  gravitative  po¬ 
tentials  via  connection  forms  (see  sect.2). 

On  the  other  hand,  C  has  the  richest  structure  of  the  goups  in  (1)  :  all  of 
them  are  subgroups  of  C .  Hence,  for  a  systematic  investigation  of  spacetime  gauge 
theories,  a  natural  starting  point  seems  to  be  the  choice  of  (?  as  a  gauge  group, 
possibly  with  appropriate  symmetry  breaking  to  one  of  its  subgroups.  We  indicate 
and  motivate  a  geometrical  framework  of  a  gauge  scheme  for  C ,  i)  exploiting  fully 
the  second  order  property  of  C  and  ii)  accepting  the  non-reductivity  in  C  as  a  hint 
for  a  deeper  analj’sis  of  the  nature  of  conformal  gauge  potentials. 

Sects.  1  and  2  sketch  the  role  of  the  group  C  as  a  background  structure  which 
in  an  obvious  way  generates  a  conformal  gauge  bundle  with  Cartan  connections  r 
as  natural  canditates  for  gauge  potentials.  In  sects.3,  4  and  5  a  geometrical  inter¬ 
pretation  of  these  potentials  is  indicated  and  a  symmetry  breaking  from  conformal 
to  Lorentz  structures  is  performed  which  results  in  a  Ritmann-Carian-spacttimt 
(proofs  and  details  of  these  constructions  will  be  given  elsewhere). 

1  Conformal  geometry 

(l.  and  2.  order  structures) 

We  sketch  the  occurrence  of  2.  order  conformal  structures  with  the  help  of  ‘confor¬ 
mal  coordinate  systems'  ; 

Consider  the  group  C  (locally  difFeomorphic  to  T*  x  (L  G  D)  x  /v'*.  with  trans¬ 
lations  T”*,  dilatations  Z?,  and  special  conforma)  transformations  h"*  =  T*)  as  a 
fibre  bundle  with  'extended  Weyl  group'  H'"  :=  {L  G  D)^K*  as  structure  group. 
The  factorization  via  right  multiplication  of  VT"  on  C  gives  the  homogeneous 
space  IM*  ;=  C/W^^.  As  an  intermediate  step  we  get  the  VV’-bundle  C/K*  over 
IM*  (=  (CIK*)IW')  with  W-  :=  L  3  D,  the  ‘Weyl  group', 

C  C/K*  ^  IM''.  (2) 

Ze/f  multiplikation  of  W"  on  C  then  defines  on  IM*  for  each  a  €  11'”  the  'conformal 
coordinate  system ' 


Oo  :  m*  =  T*  -e  aT*  ^  IM*  .  tt,  o  ttj  ,  (3) 

centered  at  Jq  '■=  )r(l)  =  Qa(0)  €  RJ*.  Destinguishing  I.  and  2.  order  contact 
classes,  each  induces  a  ‘conformal  linear  frame  '  ai  Xq-  1-  order  jet  jo{Qa)  of 
cta  (Lorentz  frame  at  xq  up  to  conformal  factor)  and  a  'conformal  2.  order  frame' 
at  xq,  the  2.  order  jet  jg(Qa).  Obviously,  the  collection  of  all  Jo(oa),  a  €  IT”, 
induces  a  conformal  structure  (light  cone  structure)  on  the  tangent  space  Tr„RI*. 
Performing  this  procedure  for  all  a  €  C.  we  get  a  conformal  structure  [t;]  on  all  of 
IM*,  i.e.  a  Lorentz  metric  up  to  positive  functions  on  IM*,  and,  via  C  9  a  >-» 
a  natural  identification  of  the  ll'**-bundle  C  with  the  2.  order  conformal  frame 
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bundle  [6],  [2].  Similarly  to  (3),  one  defines  (local)  ‘conformal  coordinate 

transformations ' 

Q,-'  oaa  -  =  T*  m*  =  T\  a  €  W'\  (4) 

For  a  =  {a')  €  A'**  C  H-’*'.  ^pa  locally  is  given  by  the  usual  special  conformal 
transfomation  j'  i— >  r  =  (j-*  +  a‘j^)/(l  +  otT*  +  a^x^),  hence  with  trivial  1.  order 
action  in  0  €  IR*.  This  implies  a  natural  identification  of  the  14" -bundle  C/K*  with 
the  1.  order  conformal  frame  bundle 

C  =  C  (2.  order  frame  bundle) 

i  i  i  ^^2 

C j K*  =  C  LM*  (linear  frame  bundle)  (5) 

i  1  I 

C/VF"  =  M*  R1‘' 

(A  corresponding  discussion  for  the  Poincare  group  leads  to  the  identification  of  P. 
considered  as  an  i-bundle  over  IR*  =  T'*  PJ L.  with  the  1.  order  bundle  L,,]R*  of 
orthonormal  frames  in  Minkowskispace  Similarlj'  for  the  T.  order  groups’ 

Oo(3,2),  Oo(4,l)  and  P".) 

2  Cartan  connections 

The  application  of  conformal  coordinate  systems  Qo  for  the  interpretation  of  C  as  a 
2.  order  G-structure  extends  if  one  introduces  'geometry'  : 

Consider  first  the  case  of  P  =  Lr,Sf*.  with  ‘orthonormal  coordinate  systems' 
Oa  ■■  Si*  =  T'*  aT*  -*  PjL.  a  e  P,  instead  of  (3).  The  Maurer-Cartan-form 

on  P  then  splits  into  a  translational  and  a  Lorentzian  part.  -f  At  and  the  tan* 

o 

gent  space  in  a  €  P  of  the  submanifold  nP'*  C  P  coincides  with  the  kernel  kcr  Xa 

O 

of  the  1-form  Xa  on  ToP.  Because  of 

T*l  =  IT*  for  /  e  L.  (6) 

O 

this  means  right-i-equivariance  of  the  ‘horizontal  subspaces’  her  A/  :  hence  A  is  a 
connection  form  on  P  =  L^Si*.  In  Lie  algebra  terms  (6)  implies  [Lt^]  C  t^,  i.e.  the 
Lorentz  algebra  1  is  reductive  in  the  Poincare  algebra  p. 

O  O  o  y'l  P 

In  contrast  to  P,  the  ‘isotropy  part'  A  +  6  +  of  the  Maurer-Cartan-form 
T=.$  -i-  X  +  6  +  X  on  C,  with  dilatation  part  S  and  special  conformal  part  x',  is 
not  a  connection  form  on  C  =  because  of  the  non-reductivity  of  w"  in  c 

([w”,  t’*]  =  1  <ii  d  t*).  However,  extending  to  the  'affine' 2.  order  frame 

bundle  ;=  L^^^RI*  xn-n  C  (associated  bundle  with  respect  to  the  VF'’-ieft- 

multiplication  on  C  and,  moreover,  a  principal  G-bundle  over  RI*)  with  natural 
embedding 

k  :  Ll^Ri*  -  Al^RI*.  (7) 
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T  extends  uniquely  to  a  (flat)  connfction  form  t  on  .  s.th.  r  =  k'  t  :  i.e. 

7"  is  a  Carton  connection  [6]  on  invariant  with  respect  to  automorphisms 

of  given  by  left  multiplications  of  a  €  C.  Olrs^'rve  the  nonsingularity  of  the 

O 

t‘'-valued  1-form  0,  which  coincides  with  the  pull  back  via  ttj  of  the  canonical  1-form 
(soldering  form)  on  C  LJM*. 

3  The  2.  order  gauge  bundle 

The  structures  mentioned  above,  !M*  =  C/U  [rj],  r.  . 

T  ,  all  are  extracted  solely  from  the  Lie  group  structure  of  C :  in  this  sence  they 
are  given  canonically.  In  particular,  the  existence  of  the  natural  connection  form 
T  on  the  C-bundle  A^^-^IM*  might  suggest  to  use  as  a  ‘gauge  bundle  for 

C  with  background  structures  [q]  and  r  .  and  to  introduce  ‘gauge  potentials'  via 
the  generalization  of  r  to  arbitrary  connections  f.  Since  there  is  no  natural  non¬ 
singular  4-form  on  '  A  0-^  A  A  0'  is  nonsingular  on  but 

not  on  for  the  construction  of  Langrangians  on  without  introduc¬ 
ing  further  objects,  one  is  forced  to  pass  to  the  ‘equivalent'  structures  r. 

Gauging  C  then  is  realized  via  the  interpretation  of  arbitrary  Carton  connections 
T  =  d-t-A-l-^-t-Kon  as  gauge  potentials.  This  is  in  complete  accordance  with 

the  (1.  order)  case  of  Poincare  gauge  theory  [3],  where  the  F-bundle  A,,]R*  of  affine 
7-orthonormal  frames  is  reduced  to  L^]R^  =  P  C  A„IR^.  and  Cartan  connections 
r  =  ^  -^  A  on  Lnfft  are  split  into  tetrad  fields  0  (cf.  sect. 4)  and  connections  A. 

The  critical  point  in  the  conformal  case  is  the  fact,  that  in  the  corresponding 
splitting  of  r  into  ‘tetrad  field’  and  A  -t-  <5  -t-  a,  the  latter  fails  to  be  a  connection  form. 
with  consequences  e.g.  concerning  the  possibilities  to  define  covariant  derivatives  on 
and  to  construct  invariant  Lagrangians. 

Our  aim  here  is  to  ignore  this  fact  and  to  proceed  to  indicate  a  gauge  formalism 
on  consequently  applying  the  notion  of  Cartan  connections  in  formal  analogy 

with  the  case  of  the  Poincare  group  (and  the  remaining  1.  order  groups  in  (1)). 

4  Geometrical  interpretation  of  r 

The  typical  distinction  between  internal  and  (1.  order)  spacetime  gauge  theories 

O 

is  the  occurrence  of  the  canonical  l-form  0  on  the  bundle  of  linear  frames.  This 
is  intimately  related  to  the  interpretation  of  0  in  r  =  ^  4-  A  as  the  tetrad  field  in 
Poincare  gauge  theories,  i.e,  as  a  geometric  object  defining  the  spacetime  metric. 
In  bundle  terms,  this  interpretation  is  simply  stated  by 
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Proposition  1  Given  a  Carton  connection  t  =  6  +  \  on  L,^1R* .  Then  $  fixes 
uniquely  an  embedding 

I  :  L„!R^  -»  LR*  (8) 

s.th.  i'(0)  =  0. 

The  i-bundle  i(L,^R^)  C  LR^  thus  gives  a  Lorentz  metric  g  on  R*,  s.th. 
i(LnR^)  =  LgR*.  the  bundle  of  ^-orthonormal  frames.  As  a  result,  each  Cartan 
connection  r  on  L^R*  determines  a  Riemann-Cartan-spacetime  {R , g,  i.\).  i.e.  a 
Loientzmanifold  [R.g)  with  </-compatible  nonsymmetric  connection  i,X. 

An  analogous  2.  order  mechanism  in  the  conformal  case  requires  some  further 
investigations  ; 

We  first  define  the  ‘Cartan  derivative  '  V  corresponding  to  the  Cartan  connection 
r  =  ^  +  A  +  on  via  pull  back  ot  the  covai  iant  derivative  V  corresponding 

to  the  connection  r  on  ‘associated'  with  r  : 

Vv’ ;=  df’ +  r"  A  r.-'if'  (9) 

for  fields  u'  —  (i,’’)  transforming  under  C  (with  Lie  algebra  representation  r  of 
o(4, 2)),  and 

SJt  ;=  dr  +  ^[r.  rj. 

Calling 

=d<»'  +  A'r.  aZ  +  ^A^'  (10) 

the  torsion  of  r  (or  of  0  +  A  +  ^).  one  proves 

Proposition  2  Let  r  =  d  +  A  +  <*>  +  A-6r  torsionfree  {^0  —  0).  Then  there  is  a 
unique  embedding 

j  :  -  z.'/\/c  (11) 

s.th.  j’{0  =  C  -r  +  6  (with  canonical  l-form  0  on  L^IM^  [6]). 

Moreoier.  there  is  a  urtque  conformal  structure  [3]  on  Z1/^.  s.th.  = 

(conformal  2.  order  structure  corresponding  to  [y]). 


To  generalize  for  arbitrarily  given  t  =  0  +  \  +  b  +  n  on  one  shows: 

There  is  exactly  one  Lorentz- valued  1-form  A",  s.th.  0  -I-  A'  -t-  is  torsionfree  and 
extendible  to  a  Cartan  connection.  Writing^  -t-  A  +  <^  for  the  canonical  1-form 

on  C  1.^ Til*  {=  Maiirer-Cartan-form  if  [p]  =  [//))  we  eventually  conclude  : 

Eacli  Cartan  connection  r  =  ^'fA-)-^-PA  on  ('  =  uniruiely  determines  a 

conformal  structure  [gr]  on  AT' and  a  bundle  isomorphism  j  :  f-p,jAT'  -*  Z.yA/'.s.th. 
0  0  0 

j'(0  +  A  -f  i)  =  0  -(■  A*  -f  Correspoiulingly.  the  final  geometrical  interpretaticui  of 
r  is  that  of  a  potential  which  fixes  [g]  together  with  a  Cartan  connection 


7*f  ~0  +g.A-l-  b  Aj-K 


on  where  0  and  b  are  canonical. 


(12) 
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5  Symmetry  breaking  L 

Symmetry  breaking  ’conformal  structure  —*  Lorentzstructure’  usually  is  performed 
on  1.  order  level,  i.e.  as  a  reduction  W’  =  L  Qi  D  L,  using  equivariant  functions 
ip  :  —*  IR,  ip  >  0,  with  nontrivial  weight.  We  indicate  a  ‘prolongation’  of 

this  mechanism  to  2.  order  to  be  able  to  link  up  with  the  result  of  sect.4  ; 

(2) 

Define  the  ‘prolongation’  P'.  —*  JR®  of  p  (where  p  transforms  as 

p  {deta)~^p  for  3  e  i-+  ea,  a  6  H’^)  by  p:=  {d’‘<t>dfi(t>/2(j>,—d^4>,4>)^, 

(2) 

with  pull  back  4>  of  p  to  and  proper  interpretation  of  S'*  in  P .  Take  the 

W**-invariant  Lagrangian  L  =  {^  P  k'Vi  p)4i~‘*i.  e  :=  A  0^  A  A  with 

standard  generators  k'  of  A’'*  C  C  in  the  JR®-basis  ^  =  (j/®  +  2/*)/ \/2,  - ,y*,  4> 

(y°  —  y^)/\/2  (metric  signature  on  JR®  :  — , - +).  Then  variation  with  respect 

to  V'  •■=  1/<I>  yields  the  eqn. 

D'D,p  +  j.s\  d'  =  0.  (13) 

which  is  valid  on  each  ‘prolonged’  I-biindle  in  i.e.  on  each  subbundle 

of  the  form  C  g  €  [g],  and  where  D  is  the  covariant  derivative 

corresponding  to  the  Lorentz  connection  j.X  on  L^M*  in  each  case.  Eqn.  (13) 

includes  the  special  case  D' Di>l'  +  {R/6)V’  =  0  for  J.t  =0  +  A  +  ^  (cf.  [5]),  R 
beeing  the  scalar  curvature  of  g.  resp.. 

The  isotropy  subbundle  (r’)~'(0.0, <5  =  1)  now  turns  out  to  be  a  prolonged 
/.-bundle,  i.e.  equals  for  a  unique  g'  €  [5].  Hence,  having  exploited  the 

full  structure  of  the  conformal  group,  we  end  up  with  a  Riemann-Cartan-spacetimt 
(E/\g'.(7r,oj).A). 


6  Generalizations 

i.  The  formalism  indicated  in  sects.l _ _  5  can  be  generalized  for  arbitrary  base 

manifolds  M  admitting  Lorentzstructures  (or,  equivalently,  conformal  structures). 
Moreover,  the  (naturally  ‘soldered’)  gauge  bundle  may  be  replaced  by  an 

abstract  W'’"-(gauge)-bundle  B  over  A/,  thus  stressing  the  formal  analogy  with  ‘in¬ 
ternal’  gauge  theories.  Given  A/,  then  B  is  fixed  up  to  strong  bundle  isomorphisms, 
due  to  the  following  observation  : 

For  any  two  (orientated  and  time  orientated)  Lorentz  metrics  g.  g'  on  M  there  ex¬ 
ists  a  strong  automorphism  of  LM,  s.th.  LgM  — »  Lg'M  [4];  correspondingly  for 
conformal  1.  and  2.  order  structures. 

ii.  Using  an  invariant  4-form  on  B  similar  to  in  sect. 5,  and  Cartan  deriva¬ 
tives  on  B  to  construct  W'*' -invariant  Lagrangians,  it  is  straightforward  to  get 
the  general  field  equations  for  matter  fields  and  Cartan  connections  r  on  B. 
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The  geometrical  interpretation  of  r  then  is  given  via  an  induced  embedding 
j  :  B  —*  L^M  replacing  j  in  (II). 

iii.  There  is  a  clear  meaning  of  first  and  second  order  conformal  spin  structures. 

iv.  As  an  example  for  an  invariant  matter  Lagrangian  on  B  without  use  of  the  extra 
field  4>  in  ii.,  we  mention 

L  —  +  nSi'th)  —  +  htrm.conj. 

12 

with  4-spinor  if  =;  generators  k'  of  K*  in  the  standard  5(7(2, 2)-representa- 

tion  and  ‘degree  of  homogeneity'  n  =  —2  of  This  yields  an  Vf'' ’-invariant  equation 

1 

of  Weyl  type  (cf.  [1])  for  the  2-spinor  ip  on  B  with  torsion  term 
A  e‘  ;=  D0\ 

<^'(A  +  ^g\.)0=O, 

2 

and  the  gauge  freedom  to  choose  ?/•  arbitrarih*. 
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DIFFERENTIAL  GEOMETRY  OF  SPACETIME  TANGEtTT  BUNDLE 
HOWARD  E.  BRANDT 

Harry  Diamond  Laboratories,  Adelphi,  Maryland  20783,  USA 


Both  string  theory  and  the  quantum  mechanics  of  the  vacuum  polariza¬ 
tion  in  accelerated  frames  determine  a  universal  upper  limit  on  allowable 
proper  acceleration  relative  to  the  vacuum. If  the  limiting  accelera¬ 
tion  is  universal,  then  it  must  apply  invariantly  for  all  observers.  The 
latter  requirement  defines  maximal-acceleration  invariant  phase  space  as 
a  fiber  bundle  in  which  spacetime  is  the  base  manifold  and  four-velocity 
space  is  the  fiber  manifold.^  In  a  coordinate  basis,  the  implied  struc¬ 
ture  of  the  bundle  metric,  Gfflij,  is  that  of  the  diagonal  lift'  of  the 
spacetime  metric,  gjjy,  namely, 

{  g  +  g  qA**  A^  A  ] 

®uv  u  V  nil 


where  A^^  =  pov  is  the  gauge  potential,  and  is  the  spacetime 

affine  connection.  A  point  in  the  bundle  manifold  has  coordinates 
{xM;  M=0,l,...7)  =  {xU,x'n;  m=0,1,2,3:  ra=4,5,6,7}  i  {xU.PovU;  1J=0,1,2,3}, 
where  xl^  and  vU  are  the  spacetime  and  four-velocity  coordinates,  respec¬ 
tively.  Greek  indices  referring  to  spacetime  range  from  0  to  3,  lower 
case  Latin  indices  referring  to  four-velocity  space  range  from  4  to  7, 
and  upper  case  Latin  indices  referring  to  a  point  in  the  bundle  range 
from  0  to  7.  Any  lower  case  Latin  index,  n,  appearing  in  a  canonical 
spacetime  tensor  or  connection  is  defined  to  be  n  -  4  implicitly.  The 
length  ^0  is  of  the  order  of  the  Planck  length,  namely,  Po  =  c^/ao  = 
(fiG/c^) 3/2to  ,  where  ao  is  the  maximal  proper  acceleration  relative  to 
the  vacuum,  c  is  the  velocity  of  light  in  vacuum,  h  is  Planck's  constant 
divided  by  27T,  G  is  the  universal  gravitational  constant,  and  a  is  a  di¬ 
mensionless  number  of  order  unity. 

In  an  anholonomic  basis  adapted  to  the  affine  connection ^  the 
bundle  metric  has  a  simple  block  diagonal  form  with  the  spacetime  metric 
in  both  the  base  and  the  fiber,  and  the  Levi-Civita  connection  coeffi¬ 
cients,  of  the  bundle  manifold  are  given  by^ 

f8)pU  ,  U  1  1  In  't  f  \ 

^  aS  "  '  aS'  “  ^^aX,6  ®BX,a  SaB.x)  • 

(8)j.u  ^  =  i(F.  +  n^.  +  n  .‘^)  ,  (3) 

ab  ba  ba  ba  ab  ’ 

=  -i(T  \  +  T  ^  )  ,  (4) 

ab  a  b  b  a 

_  i/p'"  -  n  -  n  ) 

‘  aB  '  o6  a  6  6  ' 


(5) 
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=  {"b,,}  +  i(T  J  -  T™,,,)  .  (7) 

=  iPo^g'^O/avX,  .  3/3v\^^  -  3/3v"8^^)  .  (8) 

Here  snd  ^^a6  Christoffel  symbols  in  spacetime  and  four- 

velocity^space,  respectively,  and  in  the  anholonomic  basis,  the  following 
notation  is  implicit:  ,y  =  3/3x^  -  Po^A®y9/3v6.  Also  f^nv  ~ 
the  gauge  curvature  field,  where  R^^gv  spacetime  Kiemann  curvature 

tensor.  The  field  T^jj^  is  given  by 

}  -  p;^3/3vV  .  (9) 

uv  uu  u 


In  general,  the  spacetime  base  manifold  of  the  maximal-acceleration 
invariant  fiber  bundle  is  non-Riemannian.  Recently,  as  a  very  special 
cas'’  a  Riemannian  spacetime  manifold  was  considered  for  the  base  mani¬ 
fold,  and  it  was  shown  that  in  this  case  the  bundle  manifold  is  the  asso¬ 
ciated  tangent  bundle,  and  relationships  were  investigated  between  the 
natural  lift  of  spacetime  geodesics  and  geodesics  in  the  spacetime  tan¬ 
gent  bundle.  Also,  a  Riemannian  Schwarzschild-like  spacetime  was  con¬ 
sidered  which  is  a  solution  following  from  an  appropriate  action  defined 
on  the  spacetime  tangent  bundle.^*”  Possible  modi^cations  were  calculated 
to  the  canonical  red  shift  formula  for  a  Schwarzschild  spacetime.  It  is 
of  interest  to  consider  more  general  base  manifolds,  such  as  Finsler 
spacetime. 

If  the  spacetime  manifold  is  a  Finsler  manifold,  then 

g^^(x,v)  =  i32/3v^3vV(x,v)  ,  (10) 

where  L(x,v)  is  the  fundamental  function,  a  scalar  on  the  spacetime  tan¬ 
gent  bundle. The  Finsler  spacetime  metric  is  also  homogeneous  of 
degree  zero,  and  it  follows  that 

v“(n  +  n  )  =  v“(n  +  n  )  =  0  .  di) 

gav  vag  agv  vga  ' 

If  the  spacetime  affine  connection,  r^jjg  ,  is  of  the  Levi-Civita 
form,  and  the  spacetime  manifold  is  Finslerian,  then  Eqs.(2)-(8)  are 
readily  shown  to  be  of  the  same  form  as  the  well-known  Levi-Civita  con¬ 
nection  coefficients  for  a  generic  tangent  bundle  of  a  Finsler  manifold 
(Eqs.3.12a-h  of  Ref. 9).  The  connection  coefficients  are  consistent  with 
Cartan's  theory  of  Finsler  space,  provided  the  gauge  curvature  field, 
F^(jg,  is  vanishing.  Furthermore,  if  the  spacetime  metric  is  independent 
of  the  four-velocity ,  then  the  coefficients  reduce  to  the  form  corre¬ 
sponding  to  a  tangent  bundle  of  a  Riemannian  base  manifold. 7“^ 

To  further  characterize  the  differential  geometry  of  the  spacetime 
tangent  bundle,  it  is  of  interest  to  consider  the  following  exterior 
differential  of  a  one-form  lu: 
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dw  =  d(Pov  dx^)  =  iJ,„dx^Adx® 
U  Ad 


(12) 


If  the  spacetime  connection  has  the  Levi-Civita  form,  and  the  spacetime 
is  Finslerian,  then  using  Eqs.(l)  and  (11),  one  obtains 


-6 


bic 


-A" 


(13) 


and  one  verifies  that 

,0.8  ,  B 

=  -^A 


(14) 


Thus,  the  spacetime  tangent  bundle  of  a  Finsler  spacetime  manifold  is 
almost  complex,  with  almost  complex  structure  given  by  Eq . ( 13) . ^ ^ ^ 

Next,  it  is  of  interest  to  consider  V£j^®,  where  is  the  covariant 
derivative  involving  the  Levi-Civita  bundle  connection,  Using 

Eqs.(2)-(8),  the  components  of  in  the  anholonomic  frame  adapted  to 

the  spacetime  affine  connection,  reduce  to 


V  J  ^  =  i(F 
c  a  a  e 


F®  +  n  ^ 
(xe  a  e 


n®  ) 


£  a  Ea 


V  j  ^  =  -i(F  -  f’’  ^  +  n  -  n*’  ) 

£a  ae  ae  ac  ac 

=  -T  -T®  ) 

e  a  e  a  ea  a  e  ae 

7  J  ‘’  =  ^(F  ^  +  n  -  n**  )  , 

e  a  ea  a  e  ea 

V  j  ^  ®  +  n  ®  -  n®  )  , 

e  a  ea  a  e  ea 

V  J  ^  =  -i(T  *’  -  T  ’’  +  T^  -T^*  ) 

e  a  e  a  ea  a  e  ae 


(15) 

(16) 

(17) 

(18) 

(19) 

(20) 
(21) 
(22) 


For  the  Finsler  spacetime  manifold,  all  possible  contributions  in 
Eqs.  ( 15)-(22)  involving  combinations  of  and  can  be  shown  to  be 

vanishing.  It  follows  that  if  the  spacetime  manifold  is  Finslerian,  and 
the  gauge  curvature  field  F^ag  is  vanishing,  then  Eqs. ( 1 5)-( 22 )  are  also 
vanishing,  and  one  concludes  that^’^ 

Va"  =  0  .  (23) 

Eq.(23)  is  the  condition  that  the  spacetime  tangent  bundle  be  Kahlerian. 
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1.  Introduction,  definitions  and  basic  Notation 

We  “rediscovered”  the  concept  of  vector  field  along  a  map  when  studying  the  converse 
of  Noether’s  Theorem  in  time-independent  Lagrangian  mechanics  as  a  way  of  taking 
into  account  non-point  transformations  [1]  and  it  had  also  been  used  when  looking  for 
a  geometric  interpretation  of  the  time  evolution  A’-operator  relating  Hamiltonian  and 
Lagrangian  constraints  for  singular  systems  (2].  In  a  recent  paper  [3]  it  was  also  proven  to 
be  very  useful  for  an  alternative  introduction  of  basic  objects  in  Classical  Mechanics,  and 
giving  a  geometric  meaning  for  the  “total  time  derivative”  or  to  objects  like  the  Legendre 
transformation,  the  1-form  0^  and  the  Euler  1-form  6L  in  the  Lagrangian  formalism.  It 
allows  to  work  in  a  geometric  way  with  non-point  transformations  and  is  the  appropriate 
tool  for  the  geometric  version  of  the  Second  Noether's  Theorem  [4]  allowing  a  geometric 
definition  of  the  evolution  A'-operator.  It  also  provides  the  generalization  for  dealing 
with  (even  singular)  Lagrangian  containing  higher  order  derivatives  [5]  and  has  also 
application  in  geometry  as  in  the  theory  of  Ehresmann  nonlinear  connections  [6]. 

Let  tr:  E  — *  M  be  a  fibre  bundle  and  4>'  -N  — >  M  a  differentiable  map.  A  section  along 
0  is  a  map  (7 :  A'  — *  E  such  that  Trorr  =  0.  The  set  of  sections  along  O  will  be  noted  E^(7r). 
When  E  is  a  vector  bundle  the  set  E^fir)  is  endowed  with  a  V)-im)dule  structure. 
Of  a  particular  interest  are  the  vector  bundles  t\^:TM  — ►  A/,  ( r*.V/)''P  — >  A/, 

and  S  TM  —>  M,  and  in  these  cases  we  will  denote  these  sets  .T(o)  = 

and  VPl^)  =  respectively.  When  .V  =  M  and 

0  =  id  the  set  Tfid)  coincides  with  X{M)  and  the  set  reduces  to  /\’’{M). 

Interesting  examples  are  the  following:  Let  -y:  K  — *  A/  be  a  curve  in  A/.  The  tangent 
vectors  7  define  a  section  7;R  — ►  TM  of  r.v/  along  7.  The  restriction  of  A  6  X{M)  on 
the  curve  7  is  also  a  vector  field  along  7.  The  generalization  of  these  examples  are:  Let 
0  be  a  map  from  N  to  A'/.  A  vector  field  Y  6  -f(A')  defines  a  vector  field  along  O  i>y 
c(nuposing  it  with  the  tangent  map;  T(poy  6  X[<t>).  Similarly,  when  A'  6  X(M)  the 
restriction  A'  o  0  of  X  on  the  image  by  is  a  vector  field  along  0.  Similar  things  can 
be  told  for  forms.  If  d  is  a  p-form  in  A/,  the  restriction  d  o  (j>  of  J  on  the  image  by  0  is 
a  p-form  along  4>-  Given  o  €  /\''{<l>)^  T''(t>  o  o  is  a  p-form  in  Ah  The  pull-back  by  0  of 
de  A'CM)  is  obtained  by  iteration  of  both  processes  0'(d)  =  T*0  o  0  0. 

When  E  is  a  vector  bundle  and  {<t„)  a  local  basis  of  S(7r).  then  {a,,  o  0}  is  a  local 
basis  of  and  ff  €  Eftr)  can  be  written  as  <7  =  °  0)  with  £  C^(N). 

In  the  above  case,  taking  local  c<x>rdenates  (c'')  in  N  and  (,r')  in  M  w('  have 

A'  G  A(0)  A'  =  .Y'  G  A'(0)  ^  =  o,(d.r'  o  0) 
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where  A  *  and  ck,  are  {unctitkiis  in  N. 

There  exists  a  canoniccd  section  along  %  in  each  vector  bundle  -n.  E  —*  M.  which 
is  given  by  the  identity  map  in  E.  When  choosing  local  coordinates  in  E 

and  a  local  basis  of  sections  for  rr  such  that  y°{f  )  =  <7,d  7r( '  )).  for  c  6  £,  then 

the  local  expression  of  C  is  C  =  o  ^)-  The  most  important  cases  in  Classical 

Mechanics  are  those  of  E  =  TM  or  E  =  T*M.  Then  C  reduces  in  these  cases  to 
the  “total  time  derivative”  T  (in  the  time-independent  formalism)  and  0^ .  the  1-form 
along  TT  corresikonding  to  the  jr-semibasic  Liouville  1-form  0.  Notice  that  when  d  is  a 
skibiiK'rsion,  ('very  (l>-semibasic  /eform  in  N  a  may  be  identified  to  a  p-form  along  6.  . 

The  coordinate  expressions  are 


T  = 


and  0'^  =  p,(dx'  o  tt  v/  )• 


\Actor  fields  along  (fi  act  on  functions  on  XI  giving  rise  to  functickns  on  A  .  If  A’  CE  -T(  d) 
and  !i  €  A’  then  A'(/( )  is  a  tangent  vector  to  M  at  the  point  0(  ri )  which  acts  on  a  function 
h  €  C^{M)  by  (A'/i)(ii)  =  X{ii)h.  The  Leibnitz  nile  for  tangent  vectors  implies  that 
X{hl)  =  (t)*hXl  +  4>’lXh.  A  map  satisfying  this  property  is  called  a  ^‘-derivation  (of 
degree  0).  Pidello  and  Tulczijev  (7]  generalized  the  theory  of  Frdlicher  and  N'ijenhuis 
for  these  new  derivations  (see  also  [6)). 

In  the  time-dependent  formalism  it  is  tisusally  ccjiisidered  7r:£'  =  RxQ— >R  and 
the  L-jet  bundle  is  R  x  The  vector  fields  along  Vk+\.k-  T**’  are  defined  by 

T***  o  °  V(7  6  T(tr).  In  local  coordinates  the  local  expit'ssion  of  T**' 

is:  ~  ~t  °  t  +  H,i=oy(i-n){'i)^  °  ft+i.t)- 

If  Z  €  .T(t7i  o)  for  every  integer  number  A-  there  exists  Z*^*  6  A("ik+i,r)  projc'ctable 

onto  Z^**.  /  =  0. 1 . A  —  1.  namely,  irk.l-  °  2'*'  =  Z**’  o  TTk-t-i.i-n  and  char.icterized  by 

Z“  =  Z  fuid  for  any  contact  1-form  d  6  t’i(^*)- ).  If  Z  =  Zii^-t-Z'^ 


is  tlie  local  expression  of  Z  €  T(R  x  Q),  then  Z'" 


Zn^  +  Z‘ 


i)q' 


'  ”  1 .0  "h  (d'j'(i)) Z* 


Z") 


2.  SVM.Min  itV  I.N  TIML-DEHF.NDKNT  L  \C;RA.N(;1AN  .MKCHA.MCS 

Time  dependent  Lagrangian  Mechanics  is  based  on  l>L  —  i-j-.iD.dQi,  6  /\'(R  x  T'Q). 
with  local  coordinate  expn'ssion 


and  (-)/,  £  A'(®^  ^  TQ)  given  by  (-)f,  =  dL  o  S  +  Ldf  £  A'(IR  x  TQ).  which  in  local 
coordinates  reads  —  r'di)  -|-  Ldf. 

We  recall  that  a  Cartan  symmetry  is  a  vector  field  Z  £  T(R  x  TQ)  skich  that  then' 
exists  a  function  F  £  t’'^(R  x  TQ)  satisfying  C/Tdi.  =  dF.  or  in  an  (  (luivalent  way  if 
i(Z)di)i  —  dG,  where  G  =  F  —  i{Z)Ffi,:  then  G  is  a  constant  of  th('  motion  and  Z  is  a 
dynamical  symmetry  (i.e..  C/S  =  IS).  Cartan  symmetries  which  are  1  j(’t  prolongation 
of  a  vector  field  in  R  x  Q.  i.e.  Z  =  A  ',  are  called  N'oether  symmetries.  We  Jiirn 
to  express  the  symmetry  pioperties  in  terms  of  the  Lagrangian.  So  we  introduce  the 
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following  definition:  A  Tr-vertical  X  6  .^(jri  o)  is  said  to  be  a  generalised  synunetry  of 
the  Lagrangian  L  iff  there  exists  a  function  F  6  x  TQ)  such  that  dx'L  = 

where  A'‘  G  )  is  1-prolougation  of  A'.  Then,  it  is  possible  to  show  [8]: 

Theorem:  If  A’  G  X(tti  o)  ir-vertical  is  a  generalised  symmetry  of  a  regular  La¬ 
grangian  L,  then  the  function  G  =  F  —  0^(  A)  is  a  constant  of  the  motion  of  the  system 
defined  by  L.  And,  conversely,  if  G  is  a  constant  of  the  motion  of  such  a  system,  then 
there  will  exist  a  generalised  symmetry  X  of  L  with  associated  function  F  =  G  +  Q'[{X). 

This  generalised  concept  of  symmetry  leads  in  a  natural  way  to  a  geometric  version 
of  the  Second  Noether’s  Theorem:  let  be  a  family  of  ir-vertical  vector 

fields  along  tT)  o  and  let  also  t  be  an  indeterminate  function  in  R.  Then,  X,,  will  denote 
the  TT-vertical  vector  field  along  jT]  q  X^  =  jrJ(rf^e)  A*,  6  A(iri  y),  where  means 

if  A:  /  0  and  =  £. 

The  7r-vertical  vector  field  zdong  Xi.o,  A^  6  A(jri_o)i  is  said  to  be  a  gauge  symmetry 
of  L  G  C°^(  J^n)  if  A'j  is  a  generalized  symmetry  of  L  no  matter  of  the  choice  of  the 
arbitrary  functions  e,  i.c.  there  exists  a  function  F,  such  that  d^.niT  =  dyinFf.  This 
is  equivalent  to  say  that  6L''{Xc  o  712,1)  =  — dxciGf  with  Gj  G  X  TQ)  given  by 

Gf  =  Fj  —  6'[^(Xc).  It  can  then  be  proved  that: 

The  Second  Noether’s  Theorem:  If  the  above  vector  field  along  tt]  y,  Aj  is  a 
gauge  symmetry  of  a  Lagrangian  £,  then  L  is  singular.  Moreover,  the  identity 

R 

AOt  =  Y.  ^R+2,*+2(-‘^r)*a*  €  =  0. 

lt=0 

holds  if  and  only  if  A^  is  a  gauge  symmetry  and  the  corresponding  function  Fj  can  be 
written  as  a  sum  F,  =  . 


3.  Other  applications 

Given  a  Lagrangian  function  L  G  C^(TM)  we  associate  to  it  a  PoincarFCartan 
1-form  6l  =  5*(dL).  the  Legendre  map  FL  :  TM  — ♦  T'M  and  the  time  evolution 
operator  Ki  :  — *  C*’(TA/).  They  can  also  be  redefined  as  sections  along 

maps:  The  1-form  61^  is  semibasic  and  can  be  seen  as  a  1-form  along  r,  ffi  G  AC’’)- 
61  —  (OL I dv')[dq'  o  r).  It  is  identified  in  this  way  with  the  Legendre  map. 

Let  X  be  the  natural  diffeomorphism  between  T*(TM]  and  T(T'M).  with  coordinate 
expresion  x(r,  u,pj,,p,.)  =  (r.p,,,  ).  Then  K  ~  x  odL  maps  TM  in  T(T’M)  in  such 

a  way  that  rr-  m  o  K  =  FL,  say,  K  is  a  vector  field  along  FL.  In  coordinates,  K  is 
given  by 

K  =  v'  i  -^o  FL  \  +  o  FL 


and  it  is  very  useful  to  relate  constraint  functions  arising  in  the  Hamiltonian  and  La¬ 
grangian  formulations  respectively. 

Finally  we  want  to  point  out  that  vector  fields  along  maps  are  also  relevant  in  the 
study  of  degenerate  systems;  Let  (A',u.  )  be  a  symplectic  manifold  and  <p:  P  —>  N  of 
constant  rank.  Given  a  1-form  o  in  P,  we  look  for  a  the  set  of  points  in  which  a  solution 
of  exists,  where  F  is  a  vector  field  in  P,  i.e.,  we  are  interested  in  the 
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subiiiajiifold  ic'.C  —>  P  tji  P  in  which  such  a  solution  T'  £  ittC)  docs  exist,  namely 
ir‘H(j>o  ic)*u.')  = 

The  above  problem  may  be  split  ted  in  two.  First  we  study  the  conditions  for  the 
existence  of  A'  €  X{(!>)  such  that  /  va.’  =  o,  and  then  we  determine  the  conditions  for  A' 
to  be  image  under  T©  of  a  vector  field  in  P.  This  is  ecpiivalent  to  the  original  problem 
because  of  the  relation  The  second  step  is  but  the  condition  for  the 

solution  to  be  tangent  to  P. 

Using  a  well-known  result  of  Linear  Algebra  we  .see  that  the  erpiation  ;.v^'  = 
ha.s  a  solution  with  .Y  G  -T(©)  in  p  6  P  iff  it  satisfies  {z.a{p))  —  0  for  all  c  £  TpP 
such  that  rp6(z)  ~  0.  Remark  that  if  A’  is  a  solution  and  Z  £  X(<p)  is  such  that 

■^{0(p))(Z{p))  £  KerTj*©.  Vp  £  P  then  A'  -H  Z  is  a  .solution  too.  When  o  is  exact, 

o  dF,  if  for  >1  £  Imag©  C  A  the  submanifold  ©”'(«)  is  connected,  then  the  above 
condition  is  equivalent  to  F  to  be  o-projectable,  namely  there  exists  F  £  C^(-V  )  such 
that  ©*(P)  =  F. 

The  generalization  to  the  ca.se  of  a  presymplectic  manifold  is:  the  equation  /  y-'  =  'i 
admits  a  solution  in  p  €  P  iff  (c.  o(p))  =  0  for  any  z  (z  TpP  such  that  TpO{z}  £  rad(u,-). 
where  rad(u,')  =  je  £  T.\  |  u,'(e.ie)  =  0  Vie  £  TS). 

Once  the  condition  holds  in  P  we  look  for  the  existence  of  a  vector  field  T  in  P 
such  that  To  o  F  =  A’,  which  has  a  solution  iff  the  equation  Tp0{r{p))  =  Xip)  has 

solution  for  any  p  ^  P.  This  is  <•<luivnlent  to  {.V(p).A)  =  0  for  any  A  of  such 

that  Tp<i>(\)  =  0.  or  in  other  words  iff  (ti.  A’)  =  0  for  all  A  £  /\'(o)  such  that  T'ooA  =  0. 
This  gives  rise  to  an  inmersed  submanifold  /  |:  Pi  — >  P  of  P  and  we  repeat  the  preceding 
steps. 

if  tile  image  by  o  is  an  inmersed  submanifold  j:Xi,  X  of  A  .  then  a  similar 
algorithm  is  used  for  finding  a  solution  in  A’o-  If  C  is  a  constraint  function  for  A',  then 
is  a  constraint  function  for  P.  This  is  a  generalization  of  what  happens  with  thi' 
theory  defined  by  a  singular  Lagrangian  when  0  is  the  Legendri'  transformation. 
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1.  Introduction 

Regge  calculus  [1]  has  been  around  for  more  than  30  years,  still  its 
applications  have  been  rather  limited.  We  enlarge  Regge's  original 
description  of  the  metric  field  by  the  addition  of  a  connection,  in  order  to  be 
able  to  set  up  a  first  order  formalism,  where  the  metric  and  the  connection 
are  varied  independently.  This  formalism  would  be  evidently  closer  to 
normal  gauge  theories  of  the  Yang-Mill  type,  although  there  is  of  course  the 
n-bein  field  which  makes  Einstein's  theory  very  different  from  Yang-Mill 
theories.  We  choose  as  the  gauge  group  the  Poincare  group  as  the  most 
prominent  example  among  the  numerous  attempts  to  formulate  Einstein's 
theory  as  a  gauge  theory  [2].  In  this  theory  we  encounter  in  general  torsion,  a 
subject  which  has  so  far  been  neglected  in  Regge  calculus  (see  Ref.  [3]  for 
an  exception).  If  torsion  becomes  important  at  the  subatomic  level,  as  it  is 
sometimes  suggested,  then  it  is  of  course  interesting  to  study  approximate 
solutions  to  the  field  equations  on  a  small  scale  lattice,  and  this  can  be 
conveniently  done  by  using  Regge  calculus. 

2.  Teleoarallel  Theory 

First  we  want  to  show  how  the  pure  translational  gauge  theory  arises 
on  simplexes.  A  translational  gauge  theory  can  be  regarded  as  a  special 
case  of  the  full  Poincare  gauge  theory,  where  one  chooses  the  uorentz 
gauge  connection  to  be  trivial  everywhere  [4].  The  frame  field  e  is  now  no 
longer  locally  determined  only  up  to  local  Lorentz  transformation  but  rather 
fixed  up  to  an  equivalence  class  of  global  Lorentz  transformation,  which 
adds  in  the  4  dimensional  case  six  degrees  of  freedom  to  the  frame.  One 
defines  the  teleparallel  connection  wj  by  requiring  that  the  frame  is  parallel 
transported  along  itself,  De=0.  This  condition  induces  wy  through 


WT  =  e-^de 


(1) 


which  has  no  curvature,  because  from  De=0  follows  that  D2e=0,  hence  wj 
is  integrable.  To  state  if  simpler,  the  components  of  the  vector  relative  to  one 

'permanent  address;  Institut  fur  Theoretische  Physik,  FU  Berlin,  Arnimallee 
14,  W-1000  Berlin  33,  FRG 
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frame  stay  the  same  in  any  frame  and  define  in  such  a  way  an  absolute 
parallelism  [5]. 

For  the  simplicial  manifold  one  has  to  define  an  orthonormal  frame  e  inside 
each  simplex.  The  frame  determines  the  edgelengths  of  each  simplex  by 


l2ij=eaijehijTiab  (2) 

where  we  define 

i 

e^ijtrrjea  . 
i 

The  condition  that  the  edgelengths  on  the  common  boundary  of  two 
simplexes  oi  and  02  agree  can  be  written  as 


l^ij(e(oi))  =  |2ij(e(o2))  for  all  (ij)  in  cri  n  02-012. 

The  knowledge  of  the  10  edgelengths  is  not  sufficient  to  define  the  16 
components  of  the  frame.  In  [6]  we  held  e  constant  on  each  simplex  a,  but 
this  can  be  regarded  as  a  special  case  of  the  more  general  assumption  that 
e  is  allowed  to  vary  linearly  in  a.  This  will  give  rise  to  a  constant  wj 
according  to  (1).  If  we  consider  only  metric  compatible  connections,  then 
frames  on  a  point  of  the  boundary  of  two  adjacent  simplexes  are  related  by  a 
linear,  isometric,  orientation  preserving  mapping.  These  connections  have 
been  investigated  by  us  before  [6].  Let  us  recall  that  two  vectors  v(xai)  and 
v(x02)  are  called  natural  parallel  if  they  can  be  obtained  by  parallel  transport 
from  the  same  vector  in  T(x<ti2),  the  tangent  space  at  x.  The  subscript  x 
refers  here  to  a  common  point  of  the  specified  simplexes,  i.e.  a  point  on  ai2. 
The  parallel  transport  LC  of  the  Levi-Civita  connection  f  can  then  be  defined 
as  a  linear,  isometric,  orientation  preserving  map  from  T(xOi)  to  T(xa2)  that 
respects  natural  parallelism.  The  parallel  transport  w  of  a  general  metric 
connection  MC,  that  in  general  carries  torsion,  is  a  linear,  isometric, 
orientation  preserving  map.  It  is  related  to  an  orthogonal  matrix  O^bin  the 
following  way: 

MC(ea{xOi))  =  Oab(LC(ebUai)))  (3) 

This  somewhat  awkward  expression  results  from  the  fact,  that  while  the 
metrics  in  ai  and  02  agree  on  012,  they  still  can  differ  in  the  normal  direction 
to  012-  In  the  case  when  we  cover  <y\  and  cz  with  a  common  metric,  LC  is 
represented  by  the  identity  map  and  we  can  simply  write 


e®{xcri)  =  C)abe‘'(x02). 


(4) 
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The  matrix  can  at  most  vary  linearly  on  a-ia.  due  fo  the  initial  assumption 
that  e  changes  linearly  on  every  simplex  .  A  constant  matrix  0®b  on  012,  as  in 
reference  [6],  can  be  obtained  by  imposing  either  the  condition  that 
e(a)=constant,  or  requiring  that  vvr(oi)=WT(o2)  on  012-  O^b  represents  the 
integrated  contortion  one-form  K.  Because  MC  has  no  curvature,  the 
Einstein-Hilbert  Lagrangian  Le-h  vanishes  identical  and  is  not  suitable  for  a 
teleparalle!  theory.  Because  schematically  R  =  Rp  -r-  KaK  +  (total 
divergence)=0,  where  Rp  is  the  curvature  of  the  Levi-Civita  connection,  one 
alternative  is  to  use  instead  Rp  =-KaK  m  the  Lagrangian  to  obtain  an 
Einstein-Cartan  analog  of  Le-H- 

3.  Poincare  Gauge  Theory 

The  second  way  to  generate  torsion  is  via  the  connection,  this  time 
regarded  as  independent  rotational  degree  of  freedom  of  the  Lorentz  part  of 
the  Poincare  group.  Inside  each  simplex,  where  we  have  a  differentiable 
manifold,  we  augment  the  Levi-Civita  connection  F  with  a  metric  compatible 
contortion  one-form  K  which  has  therefore  values  in  SO(3,1).  To  preserve 
the  piecewise  linear  structure  we  require  that  K  is  constant  in  each  simplex. 
This  time  we  impose  no  boundary  conditir  because  this  would  be  to 
restrictive.  We  make  use  of  the  simplicial  a.iine  coordinates  of  Sorkin  [7]. 
Given  are  n-t-1  barycentric  basis  vectors  ej,  together  with  a  barycentric  dual 

basis  e^  which  satisfy  ^ej  =  ^e'  =0  ,and  ^ej0e'  =  h.  i=0...n. 
i  i  i 

The  inner  product  is  normalized  according  to 

n  .  . 

1  .  . 

"n-fl 

Sorkin  has  shown  that  the  metric  gy  is  expressible  in  affine  coordinates  as 

g.j  =  -||2mnWj.  (5) 

The  affine  coordinates  define  an  affine  frame  e  as  an  invertible  map  from  the 
affine  space  to  R".  The  inverse  relations  are  e^jelb  =  e'aS^j  =&j ,  with 

a,b  =1,...n,  and  i.j=0,1 . n.  Also,  like  usual,  giphabe^ie^j-  Forthetor^'on  free 

case  r  vanishes  in  each  simplex  0.  The  general  connection  one-form  can  be 
written  as  w  =  F  +  K.  In  each  simplex  we  express  K  in  affine  coordinates  by 


<ej,ei>=8ij  :=i 
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The  contribution  Sk  of  the  contortion  to  the  Regge  action  Sr  takes  therefore 
the  following  form: 

Sk  =  /KafAK^b^eCAe^eabcd  =  X'/oKo)l<i^l<j'beCmedne'imneabcd 
M  ^ 

=XVol(o)[l^ijKn^ng"^  -  fWlKj'ngH  ■  (6) 

o 

One  can  show  that  the  contribution  of  K  on  the  n-1  simplex  boundary  is  a 
complete  divergence,  so  that  we  only  have  to  consider  contributions  from  the 
interior  of  the  simplex.  The  variation  of  Sk  with  respect  to  Kiik  leads  in  the 
source  free  case  to  Kjik  =0,  whereas  8S/5|2jj  (S:=Sr  +Sk)  leads,  after 
insertion  of  K=0,  to  the  standard  Regge  equation  [3],  as  is  expected  from  the 
continuum  result.  The  use  of  the  simplicial  coordinates  simplifies  the 
variation  of  Sk  with  respect  to  Ijj,  which  will  become  important  for  treating 
nontrivial  spin-matter  distributions.  One  should  add,  that  it  is  possible  to  go 
over  to  a  true  first  order  formalism  and  use  the  affine  n-beins  e3i(o)  instead 
of  the  edgelengths  ly^.  This  would  be  closer  to  the  gravitational  continuum 
formalism  of  exterior  forms.  The  inclusion  of  Dirac  fields  as  spin  sources  is 
necessary  in  order  to  study  realistic  effects  of  torsion  on  space-times.  In  this 
respect  it  might  be  also  interesting  to  formulate  the  higher  derivative 
Lagrangians  of  Hehl  [8]  on  the  Regge  lattice  in  order  to  obtain  dynamical 
torsion.  Although  curvature  square  terms  are  difficult  to  formulate  on 
simplexes,  this  is  not  so  tor  terms  which  are  quadratic  in  the  contortion, 
Further  studies  are  under  investigations. 
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E.Binz 


Introduction 

Let  M  and  H  both  be  smooth  orientable  manifolds.  M,  thought  of  a  body  consisting  of  a 
deformable  medium,  is  supposed  to  be  compact.  A'  shall  be  Riemaimian.  K  configuration  of 
the  medium  is  a  smooth  embedding  of  M  into  N.  We  will  show  that  the  equation  of  motion 
of  such  a  medium  moving  and  deforming  in  N  can  be  derived  in  the  realm  of  symplectic 
geometry  on  the  configuration  .space  E(M,N),  as  in  the  Hamiltonian  case.  Moreover  from 
this  equations  naturally  splits  off  a  generalized  wave  term.  Generalized  means  here  that 
the  Laplacian  is  configuration  dependent.  External  force  densities  are  neglected  here. 


1.  Geometric  preliminaries 

Let  Af  be  a  compact,  oriented,  connected,  smooth  manifold  and  .Y  be  a  connected,  smooth 
and  oriented  manifold  with  a  Rieinannian  metric  <  ,  >,  assumed  to  be  fixed.  \  configura¬ 
tion  j  in  the  smooth  Frechet  manifold  E(Af,X)  of  all  smootli  embeddings  of  M  in  N  (cf. 
[Bi,Sn,Fil)  defines  a  Rieniannian  metric  m(j)  on  M  by  setting 

m(j  ){X,  Y)  :=<  TjX.TjV  >,  V.Y,  Y  €  r(TM). 

(More  customary  is  the  notation  j*  <  ,  >  instead  of  m(j).)  We  use  FfE)  to  denote  the 
collection  of  all  smooth  sections  of  any  smooth  vector  bundle  E  over  a  manifold  Q.  Let 
V  be  the  Levi-Civita  connection  of  the  Rieniannian  manifold  ( A  ,  <  ,  >).  The  Levi-Civita 
connection  Vij)  of  ni{j)  on  M  is  obtained  as  follows;  If  Y  £  r(TA/)  then  we  set 

Tj{VU)^Y)  :=  VxiTjY)  -  {Vx{TjX))^ 

for  all  X.  Here  X  means  the  normal  component  with  respect  to  <  .  >.  Instead  of 
('^x(TjX))  we  write  S{j){X.Y)  and  call  S{j)  the  .second  fundamental  tensor  of  j. 

The  metric  <  .  >  on  A’  induces  a  “Rieinannian  structure"  Q  on  the  configuration  space 
E(M.N)  as  follows:  For  j  6  E{M.N).  let  fi{j)  be  the  Rieinannian  volume  defined  on  A/ 
by  the  given  orientation  and  the  metric  We  set 

tKjXli.l?)  :=  j 

M 

for  any  two  tangent  vectors  €  TjE(M,  N)  =  (  /  6  C'^(A/,  T,V)|  tt\  o  1  =  j  }  abbre¬ 
viated  by  CJ^(M,TN).  where  ir^  :  TN  — >  N  is  the  canonical  projection.  It  is  clear  that 
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G(j)  is  a  continuous,  symmetric,  positive-definite  bilinear  form  on  C^(M,TN)  for  each 
j  e  E(M,N). 


2.  A  metric  B  on  E{M,N)  and  its  associated  one-  and  two- forms 

The  dynamics  of  deformable  media  to  be  introduced  later  relies  on  the  metric  B  on  the 
configuration  space  E{M,N),  a  principal  bundle  (cf.  [Bi,Sn,Fi]).  This  metric  will 

be  based  on  a  density  map  p:  E{M,N)  — ►  M)  supposed  to  satisfy  p{j)(p)  >  0 

for  any  j  £  E{M,  N)  and  any  p  6  M  as  well  as  a  continuity  equation 

dp(m)  =  Vj  e  EiM,N)  and  Vt  e  Cf{M,TN) 

with  being  the  trace  formed  with  respect  to  fn[j)  (for  the  existence  of  such  maps 

cf.  [Bi]).  The  symbol  d  denotes  the  differential  of  maps  of  which  the  domain  is  a  Frechet 
manifold  and  which  assume  values  in  a  Frechet  space.  The  metric  B  is  then  defined  by 

J  pU)<hJ2>p{j) 

M 

for  each  j  €  F(M,  TV)  and  for  each  pair  li ,  Ij  6  C^{M^TN).  This  metric  depends  smoothly 
on  all  of  its  variables. 

The  Levi-Civita  connection  and  the  one-  and  two-forms  associated  with  B  are  based  on 

dB{k:uK2){h)  =  B{})((TKi(h)r^‘  ,fi:2)  +  BU){iTK2{h)r^^'  X,) 

holding  for  any  two  A'i,AC2  €  r(TE{M,N))  and  any  h  e  CJ^(A/.rA’);  vert  means  the 
vertical  component  formed  in  T^N.  This  shows  that  the  co\-ariant  derivative 

V  :  r(TE{M,N})  — ^  r{TE(ALN)) 

given  by 

Vt-C(p)  =  (r,£(/t(p))y  V/,  k  e  Tj£( A/.  A’)  .  Vp  6  M  and  Vy  6  E(A/,  A') 

for  rmy  choice  of  £  £  TTE(M,N)  is  the  Levi-Civita  connection  of  B.  Here  TiC  denotes 
the  tangent  map  of  the  vector  field  C  on  E{M,N]  at  1.  The  one  form  Qp  on  TEfA/,  A’)  is 
given  by 


06(O(<.-)  ••=  -B(j)H,Tirf,(k))  =  -B{})(l.Tr^s  o  k). 

Here  TTf  ;  TE{M,  N)  — >  E{M,  N)  is  the  canonical  projection.  The  two  -  form  u/p  associ¬ 
ated  with  B  reads  as 
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:  =  dQB{l){lc,,h)  =  B{j)(k"‘’^\T7r;,  0  ki)  -  B(j){k'r\TwN  o  k^) 
p{nN  o  t)ij^{ki,k2)p(irN  o  1) 


h 


M 

for  any  two  fcj ,  k^  €  Cj^(M,  T^N)  arid  any  i  €  C^(M,  T N).  Here  u;'’  is  the  pullback  of  the 
canonical  two  -  form  on  the  cotangent  bundle  T'N  of  N  by  the  metric  <  ,  >  on  A^. 


3.  One-forms  on  E(M,N)  as  constitutive  laws 

The  sorts  of  constitutive  laws  describing  the  quality  of  a  deformable  medium  we  have  in 
mind,  will  be  special  one-forms  F  on  the  configuration  space  E(M,  N),  in  accordimce  with 
the  definition  as  given  e.g.  in  (E,S)  and  [Bij.  They  are  precisely  those  which  yield  a  well 
defined  force  density  ^  :  E(M,N)  — ►  TE(M,N)  on  M. 

On  the  Frechet  manifold  A^^(M,TN)  of  all  smooth  T-V-valued  one-forms  covering  em¬ 
beddings  we  have  a  natural  metric  <5,  cedled  the  dot  metric  (cf.  [Bi]  and  [Bi,Fi]),  which 
is  nothing  else  but  the  Dirichlet  integral.  The  one-form  F  on  E{M,N)  is  said  to  be  q- 
representable  if  there  exists  a  smooth  section  a  :  E(M,  N)  — ►  A^p{M.TN)  of  the  bundle 
A\'{M,TN),  such  that 

■^(j)(0  =  j  «0)*^w>)  =  <50)(a0)<^0 

M 

for  j  €  E(M,N)  and  I  €  C^(M,TN).  The  q-denaity  o  of  f  is  called  the  airesa  form. 
For  the  definition  of  the  dot  product  in  the  integrand  and  for  the  proof  of  the  following 
theorem  we  refer  to  [Bi],  [Bi,Fi]  and  [Hoj. 


3.1  Theorem: 

F  is  (^-representable  iff  it  admits  a  smooth  vector  field  "H  :  E(M,  N)  — ►  TE[M,  N),  called 
a  conatitution  field,  for  which 

F{j)(l)  =  J  <AU)-HUhl>pU) 

M 

holds  for  all  variables  of  F.  The  map  A(jyH{j)  6  TjE{M,  N)  is  the  (internal)  force 
denaity  at  the  configuration  j  €  E{M.  N).  Vica  versa,  if  :  E(M,N)  — ►  TE{M.  N)  is  a 
smooth  vector  field  satisfying  the  integrability  condition  for  the  problem 


=  ^j€EiM,N) 

then  F  determined  by  H  is  (j-representable  with  stress  form  VH.  If  dim  M  =  dim  iV,  then 
T  given  by  T{X,y)  :=  ,  dj  oY)  for  any  X,Y  €  TTM  is  a  stress  tensor  of 
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which  $(j)  is  the  divergence  for  any  j  €  E{Af,!V).  Thus  W  and  T  describe  the  medium 
equivalently. 

As  an  example  of  a  constitutive  law  we  consider  the  derivative  dA  of 

Aj)  ■=  J Kj)  €  E(M,N). 

M 

called  the  volume  of  M  determined  by  m(  j ).  The  derivative  can  be  represented  as 

<rAj)(l)  =  JtJ  VOKMj)  =  Vj  6  E{M,N).  (3.1) 

M 

A{j)j  is  defined  as  follows:  Let  V*  denote  the  covariant  divergence,  then 


A(j)j  =  -V*(Tj)  (3.2) 

for  some  j  e  CJ°{M,TN)  determined  up  to  a  harmonic  field  along  j  (the  integrability 
condition  of  (3.2)  is  satisfied).  Clearly  A(j)j  is  pointwise  normal  to  Tj(M)  C  TN  as  one 
immediately  deduces  from  the  theorem  of  Gauss,  j  can  be  chosen  such  that  it  depends 
smoothly  on  j.  Since  S(j)(XA  )  ■=  .\{Tj)Y)-^  is  symmetric  in  A'  and  V.  we  find 

djm  A/ 

V*(Tj)  = -tr  S(j)=  -  Y,  SU)(E.,E,)  . 

t=i 

E,,. . . ,  Ed,m  M  being  a  moving  orthonormal  frame  on  A/.  The  vector  field  tr  S(j)  along  j 
is  called  the  mean  curvature  field.  Clearly  Tj  and  Vj  are  identical. 

Let  F  be  any  constitutive  law  with  constitutive  field  Ti.  We  will  si)lit  off  dA  from  F. 
based  on  (3.1):  Recall  that  L^{M,TN)  is  the  space  of  all  vector  fields  I  of  M  along  j  for 

which  /  <  I,  I  >  fiU)  ~  IKIIc  Then  taking  the  component  of  along  j  in 

M 

Lj{M,TN')  for  each  j  yields 

A{j)n{j)  =  a{j)  ■  A(;)J  +  A{j)n,{j)  (3.3) 

for  a  well  defined  a(j)  €  iR  and  some  Hiij)  €  C*(A/. -V)  for  which  'H\(j)  is  orthogonal 
to  A{j)j  in  L^j(M,TN).  By  looking  at  (3.3)  we  have  immediately  the  following: 


3.2  Theorem: 

For  each  constitutive  law  F.  the  constitutive  field  'H  determines  \iniq\iely  a  smooth  map, 
the  capillarity  a  :  E(M,N)  — ►  ]R  given  for  each  j  €  E{M,N)  by 

a(j):=  F(j)(J/||Vj||^) 

and  splits  uniquely  into 
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n{j)  =  aU)j+ndj)  'iieE(M,N). 

Here  7ti  has  vanishing  volume  sensitive  part,  is  L2-orthogonal  to  A(_;  )j  and  varies  smoothly 
with  j. 


4.  The  dynamics  determined  by  a  constitutive  law 

Let  F  :  TE(M,N)  — *  IR  be  constitutive  law  with  a  smooth  constitutive  vector  field 
W  €  T(TE(M,N)).  The  (not  necessarily  exact)  work  form  Wp  ;  T^E{M,N)  — >  R  is 
given  by 


Wf(/){fc)  :=  det,n{l){k)  -  (nlF)(l)(k) 

for  any  /  £  TE(M,N)  and  for  any  k  6  T'^E(M,N)  with  €tinij){l)  ■=  The 

dynamics  determined  by  F  is  defined  by  the  unique  vector  field  A’f  for  which 

ujb{Xf,X)  =  Wr(A')  VA'  £  TT^EiM,  N)  . 

Its  existence  is  established  in  the  following  which  is  easily  verified: 


4.1  Theorem: 

Given  a  constitutive  law  F  on  E(M.N)  with  constitutive  field  H  then 

Xf(1)  =  5  0  1+  .  ■  •  {A{fs  o  l)n{irs  o  /))”"'  W  £  rF(A/,  iV) 

p{lTN  O  •) 

where  vert  denotes  the  pointwise  formed  vertical  lift  on  N  determined  by  V  eind  where  5 
is  the  spray  of  <  ,  >  on  TN. 

The  theorems  below  are  also  immediate,  the  second  one  is  based  on  theorem  3.1. 


4.2  Theorem: 

The  equation  of  a  motion  a  :  (  —  A,  A)  — *  E(M,N)  subjected  to  F  with  constitutive  field 
H  £  V(TE{M,  N))  and  with  any  initial  data  is  given  by 

■"  pW)) 

The  motion  o  is  free  i.e  a  geodesic  iff  F  =  0. 


4.3  Theorem: 

Let  F  be  a  constitutive  law  with  constitutive  field  W.  Any  motion 
a  :  (—A,  A)  — >  E(M,N)  (with  any  initial  condition)  is  subjected  to  F  iff 

^  •  AW')W)  +  ^ A(.(t))W,{.(t))  Vt  e  (-A,  A)  . 
Moreover  the  balance  law 

(I£kin((^{t))(^(,t))  =  a(<T(<))  •  <f>lF((T(<))(T(t)  +  jr^Fi(iT(t))i7(i)  Vt  e  {-A,  A) 

holds  true.  Fi  is  the  constitutive  law  associated  with  'hi,  the  volume  insensitive  part  of  h. 
If  JV  is  Euclidean  then  ?(t)  =  <r(/);  if  in  addition  1  +  dimAf  =  dim  A'  and  .V(<7(t))  is  the 
positively  oriented  unit  normal  field  along  (7(f)  then 

A((T(f))(7(f)  = 

with  If(tT(t))  being  the  non  normalized  mean  curvature  of  (7(f). 
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On  the  role  of  symmetries  in  PDE  —  problems 
E.  Briining 

0.  Introduction:  It  is  fairly  well  understood  that  and  how  by  various  mechanisms  the 
presence  of  a  compact  symmetry  group  in  a  PDE  —  problem  typically  induces  a 
considerable  simplification  .  This  happens  for  instance  in  the  symmetric  Ljusternik  — 
Schnirelman  multiplicity  theory  (reference  [1]  and  references  there),  the  principle  of 
symmetric  critically  [6],  and  the  symmetric  bifurcation  theory  [4], 

In  contrast  to  this  standard  role  it  has  been  discovered  and  partially  understood 
recently  that  and  how  the  presence  of  a  non  compact  symmetry  group  can  add  a  new 
complexity  to  the  problem  leading  to  a  considerable  complication  [2,  5,  3,  1],  This  we  want 
to  explain  here  for  the  following  class  of  eigenvalue  —  problems  for  systems  of  global 
semilinear  elliptic  operators,  i.e.  for  the  problems  to  determine  a  real  number  A  such 
that  the  equation 

-  A  u(x)  =  A  g(x,  u(x)) 

g  :  1r"  «  r''  ^  (r\  n  >  3  ,  N  >  1  ,  g(x,0)  =  0  a.e.  (0.1) 

N 

admits  a  solution  u  =  u_^  :  R  -•  R  . 

We  decide  to  look  for  solutions  in  the  space  E  of  finite  energy  functions 
u  :  r"  -  r”  , 

K(u)  =  ^  ||Du||’  <  0,  (0.2) 

E  is  defined  as  the  completion  of  ^5’“  (R  ;  K'')  with  respect  to  the  energy  norm 

2^  fi  M 

f  —  ||Df||j.  Note  that  E  C  L  (R  ;  R  )  ,  2*  =  ■ 

We  rely  on  a  variational  approach  (constrained  minimization)  and  assume  accordingly 

g(x,  y)  =  Ij  (x,y)  ,  G  =  potential  of  g  ,  G(x,0)  =  0  a.e.  (0.3) 

g,  G  are  Caratheodory  —  functions. 

On  the  domain 

D(V)  =  {u  €  E  I  G(u)  €  I,'(r")}  .  G(u)(x)  =  G(x.  u(x))  (0.4) 

we  define 


V(u)  =  /  G(u)  dx  . 


(0.5) 
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1.  Constrained  minimization:  The  symmetry  group. 

For  a  nonempty  level  surface  V''(c)  =  {u  e  D(V)  |  V(u)  =  c}  denote 
I  =  I<^(K,V)  =  inf{K(u)  1  u  e  V-'(c)}  (1.1) 

M  =  M^(K,V)  =  {u  €  V->(c)  1  K(u)  =  1}  (1.2) 

S  =  S,(K.V)  =  {y  =  (y^)  6  V(c)*  |  lim  K(Vj)  =  1} 

j-*oo 

(1.3) 

The  symmetry  group  ^  =  ^(K,V)  for  (0.1)  is  defined  by 

=  {(|l  :  D(V)  D(V)  I  V((|i  u)  =  V(u)  ,  K((^u)  <  K(u)  V  u  €  D(V)}  (1.4) 

and  it  follows  immediately 

ueM=>  )?u  =  {4u|<|i€J?}cM  (1.5) 

V  =  (vj)  €  S  ,  i  =  (4»j)  €]?":»  i(v)  =  (il)jVj)  6  S  .  (1.6) 

Case  studies  show  that  can  contain  a  compact  subgroup  (e.g.  rotations),  a 
noncompact  subgroup  (e.g.  translations),  and  some  discrete  elements  (e.g.  spherically 
symmetric  rearrangement  of  functions).  In  the  local  version  of  (0.1)  one  shows  by  means  of 
compact  Sobolev  embeddings 

S  =  C,  =  {veS|v  =  w  —  lim  Vj/j-,  e  V’'(c)  for  some  subsequences} 

i-*eo  '  ' 

but  in  our  global  version  because  of  the  action  (1.6)  of  the  symmetry  group  the  following 
subclasses  of  the  space  S  of  minimising  sequences  for  (1.1)  can  occur  : 

Cj  =  {v  €  S  1  V  =  w— limvj|.j>  i  V''(c)  for  every  subsequence} 
i-*®  '  ■' 

C3  =  {V  €  S  t  =  ((^j)  e  f'-.  i(v)  e  CJ 

C4  =  {v  €  S  |i(v)  €  C,V^  £  f). 

The  occurence  of  these  subclasses  03,03,04,  adds  a  new  complexity  to  this 

minimisation  problem.  The  subclass  O3  occurs  whenever  the  symmetry  has  a 

noncompact  subgroup  corresponding  to  unbounded  orbits  in  the  underlying  Euclidean 
space  R"  . 

Recall  that  by  the  Lagrange  multiplier  theorem  every  minimiser  u  £  M  which  is  a 
regular  point  of  V''(c)  is  a  weak  solution  of  (0.1),  i  e.  it  satisfies 

K'(u)  =  >V'(u)  (1.8) 

for  some  A  =  A(u)  £  R,  if  K',V'  denote  the  Frechet  derivatives. 
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2,  The  concentration  functional :  Our  growth  restrictions  for  the  potential  G  are 
that  V  y  e  IR°  ,  almost  all  x  €  r" 

5*/p  2Vq 

|G(x.  y)l  <  A(x)  +  B,(x)|y|  [|y|  <  1]  +  Bj(x)|y|  [|y|  >  1]  (2.1) 

with  1  <  p  <  2*  ,  1  <  q  <  2*  ;  A  6  L'(r'')  ,  B,  6  l‘’”(r'’)  , 

Bj  6  >  “‘I  p  =  1  :  -*0  for  r  -«  oo  where 

B(r)  =  {x  e  r"  I  |lx||  <  r}  and  where  the  prime  denotes  the  Holder  —  conjugate 


exponent.  And  similar  bounds  for  g  but  with  exponents  lowered  by  1  .  It  follows 
D(V)  =  E  and  V  e  «r'(E) 

Lemma  :  F  :  S  -•  R  is  well  defined  by 

Fc(v)  =  lim  (lim  (in f  ||lS  ^  G(i|)  v-^iOH,)) 
r-*o)  i-*oQ  4*^  J?  ^  ^ 

and  satisfies 


(2.2) 


(2.3) 


0  <  F,(y)  <  A(y)  =  supllG(vpi|.  (2.4) 

J 

F,(iy)  =  FJy)  Vy  €  S  (2.5) 

and  one  shows 

Theorem ;  F^(y)  =  0  iff  3^6)?*  such  that  a  =  4(y) 
satisfies  the  concentration  condition  (C) 

Ve  >  0  3r  >  0  :  sup  G  (uj^ipili  <  c  (C) 

Therefore  F^  is  called  the  concentration  functional.  It  follows 
Lemma  :  F<,(y)  =  0  =»  y  e  C, 
and  thus 

Theorem  :  There  are  minimizers  for  the  constrained  minimization  problem  (1.1),  i.c., 

M  ^  (j) .  If  V'‘(c)  contains  only  regular  points  every  u  €  M  is  a  weak  solution  of 
(0.1),  i.e.,  u  satisfies  (1.4). 
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Remarks  :  (a)  It  is  known  how  to  implement  that  V'‘(c)  contains  only  regular  points 
[1,  2].  (b)  By  an  extended  version  of  elliptic  regularity  theory  [1]  one  can  also  obtain 
classical  solutions  of  (0.1).  (c)  In  the  presence  of  a  symmetry  group  of  scale 
transformations  :  E  -•  E  leaving  invariant  and  satisfying  for  all 

(T  >  0  and  all  u  £  D(V) 

V(T^u)  =  V(u)  for  some  s  £  R 
K(T^u)  =  K(u)  for  some  0  <  7  <  1 

one  can  proceed  similarly  to  show  that  every  A  >  0  is  an  eigenvalue  of  (0.1)  even  under 
much  weaker  growth  restrictions  on  G  allowing  D(V)  ^  E  .  Then  in  particular  the 

existence  of  a  solution  of  the  system  of  global  classical  field  equations  (A  =  1  in 
0.1))  follows. 
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Second-Order  Differential  Invariants  for  the 
Poincare,  Galilei  and  Conformal  Algebras  in 
Many-Dimensional  Spaces 

Yegorchenko  Irina 

Institute  of  Mathematics  of  the  ikrainian  Academy  of  Science 
Repin  Street  3.  Kiev  4,  USSR 

We  investigate  differential  invariants  in  the  framework  of  symmeti  v  anah  sis  of  dif¬ 
ferential  equations.  Knowledge  of  differential  invariants  of  a  certain  algebra  or  group 
facilitates  classification  of  equations  invariant  with  respect  to  this  algebra  or  group. 
There  are  also  some  general  methods  for  investigation  of  differential  equation.s  which 
need  the  explicit  form  of  differential  invariants  for  these  equations’  symmetry  group. 
Differential  invariants  were  considered  by  S.  LlE  [.j].  Tre.S.SL'  ['3]  had  proved  the 
theorem  on  the  existence  and  finiteness  of  a  functional  basis  of  differential  invariants 
for  a  Lie  algebra. 

Speaking  about  differential  invariants  we  mean  absolute  ones.  Necessary  defini¬ 
tions  can  be  found  e.g.  in  (.3.  3). 

We  adduce  here  a  basis  of  second-order  ditfereiitial  invaiiants  for  the  invariance 
group  of  the  tree  wave  equation  and  describe  sets  of  invariants  for  the  invariance 
group  of  the  free  Scbrodinger  equation  and  for  .some  of  its  subalgebias.  The  conformal 
algebra  AC(l.ti)  is  defined  by  its  basis  operators 

_  ^  r  - 

P(i  ^  dx  *  Upl' 

D  =  +  UrPu' .  =  -i  r  =  1.2 . 

I\  ^  2Xf^D  x  ^p^. 

Here  i  is  the  imaginary  unit,  p.  u  take  the  rabies  0.  1 ....  n;  the  summation  is  imj)lied 
over  the  repeated  indices,  if  they  are  small  Greek  letters,  in  the  following  way: 

i^x^  =  .r^.r"  =  -  . . .  -  .r^  =  diag(  1 .  - 1 . -  1 ). 

W’e  put  that  .r„  and  r"  are  equivalent  with  respect  to  summation  not  to  mix  up  signs 
of  derivatives  and  numbers  of  functions. 

Statement  1.  Any  absolute  differential  invariant  for  the  Poincare  algebra  .l/’l  1.  n)  = 

{Ptt.J^u)  of  order  <  2  for  a  set  of  m  scalar  functions  n  =  (id.  . ii'")  is  a 

function  of  the  following  expressions: 

id. 
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k  =  I . n  +  l;  y  =  0 . k:  r=l . ni. 

V\^e  designate  as  Sjk  invariants  of  rotational  group  in  Minkowski  space 


‘  f3j~l  ‘  ^  t‘  k  i  ' 

_  du  _  d^ti 

“  d.r„  '“'  dx^x^ 

The  rule  of  summation  for  Greek  indices  is  as  assumed  above. 

Statement  2.  .\  basis  of  second  order  differential  invariants  for  algebra 
and  for  a  scalar  function  u  contains  n  +  1  elements  e.g.  of  the  fortn 

1.  when  A  =  0: 

!<•  5A(«v)(«.-.''a)'^'‘'-  ^- =  1 . n\ 

2.  when  A  yf  0: 

k=\ . n; 


where 


+  (1  -  A)-^ 


9 HU 


II  c<',. 
■Ill  ' 


Qui, 

.i3 )  Ciu  t' )  • 

1  -  It 

^k{^HU  )  =  ^HlH2^P2H3  *  '  '  ^HkPl  ' 

Definition.  Tensors  0^  and  0,f,  of  order  1  and  2  rre  called  covariant  with  r  ,.pect  to 
some  algebra  /  if 


Xj0^  =  p,0^  + 

Xj6^l,  -  +  ffi^Ocb  +  ol022. 

i  =  {-hh-  Xj).  a,b.r  =  1 . It. 


Xj  are  ftrst-order  differential  operators,  pj.  ate  some  lunrtiotts.  p\..  are 
skew-symmetric  tensors. 

It  is  easy  to  show  that  the  expressions  .'s'*.(f7,r).  Hk{0„.0,,b)-  where  0.,.  II, i.  are 
L-covariant  tensors,  are  relative  invariants  of  this  algebra,  further  we  addtice 
tensors  for  which  pj.ffj  =  0  and  .k'*.  Ri,  are  absolute  itirariants. 
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.S\ich  covariant  tensors  for  the  conformal  algebra  ,4C(l.;i)  and  a  set  of  tn  scalar 
functions  u’’  are  of  the  form 

1.  wheti  A  ^  0; 

Ku  =  +  (1  - 

2,  when  A  =  U: 

“'7  =  'bi.il  -  ‘b"' j- 

Here  we  do  ttot  assume  summation  over  r. 

The  Galilei  algebra  Tb.Tl  1-  ”)  "'hich  is  tin*  symmetry  alg('l>ra  of  the  free  Schrodinger 
eciuation  is  defined  by  basis  operators  (3] 

.  <J  , 

Po  =  Pn  =  Jsh  =  ■'■•0".  -  •'■'■/b-  ''-1  =  '/b  -  t.Mb./. 

J  =  D  —  'll  i>t'i  -  -r  ip,,  +  \l  t/  =  ffVi 

.4  =  t'po  -  l.r^p.^  +  A//  H — ~  V  -  (.  t  r./i.  .(•  =  (  I'l . i  „  I 

4r.'(l.n)  =  (/)(,./),,../.  .y,.6. 7.).  .4G'i(l.n)  =  (/>o.  ;>j  ■  .b,),. '/e  />;■ 

To  .simplifv  the  fonri  of  invariants  we  introduce  the  <hange  of  dependent  \arialile: 
l'  =  e.Np<l>,  lm(<J>)  =  tan‘’(Imi.7Uei.). 

for  the  algebras  listerl  below  we  adduce  only  in\ariants  depending  on  <t>.  “hv  4>.r 
and  absolutely  covarianl  tensors: 

1.  .4f;(l.n).  "I  7  0: 

V  +  <l>".  A/i  —  2//tt4’(  +  4/|". 

4/^  =  e  2(;u<J> +  <J> ,<!>>, <1> ,1..  A/J, 


1  - 
•i 

iiii'P^,  + 

fb,. 

4>  .  e  4>  , 

47 Z,  ( t .  II ). 

III  0: 

m: 

m: 

-<!>■)  1 A  s  (i; 

7- 

>T;- 

ifi 

.  <J>  +  4>'  (  \  - 

\/l  l'\p  ~(<P 

-1 

-l/Z 
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3.  AG'2(1s7i).  iTi  ^  0: 

I! 

1 

T? 

AT  A2 

v; 

=  e: 

exp^(4>  +  <t>*) 

'  A\-  .vr 

.vr 

^a6  = 

i^ab  - 

^.v/,).4/r’.  ffib 

where  summation  over  lowercase  Latin  indices  is  as  follows; 


3-afo.  =  r?  +  J-j  +  . , .  +  -rl:  .V,  = 

A,  =  -'l>,aA-.  +  M,. 


Examples  of  various  Poincare  and  Galilei  invaruant  equations  for  scalar  fields  can 
be  found  in  [3].  W  itli  the  described  bases  of  invarants  it  is  possible  to  construct  wide 
classes  of  new  invariant  equations. 
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ON  COMPLEX  NONLINEAR  RELATIONS  FOR  THE  WAVE  MECHANICAL  DESCRIPTION  OF 
THE  DYNAMICS  AND  ENERGETICS  OF  CONSERVATIVE  AND  DISSIPATIVE  SYSTEMS 

Dieter  Schuch 

Institut  fur  Physikal ische  und  Theoretische  Chemie,  J.W.  Goethe-Universitat, 
Niederurseler  Hang,  D-6000  Frankfurt-Main  50,  Federal  Republic  of  Germany 


In  wave  mechanics,  the  information  about  the  state  and  dynamics  of  a  system  is 
contained  in  a  generally  complex  state  vector  or  wave  function  and  can  be  ex¬ 
tracted  by  suitably  chosen  operators.  The  time  evolution,  as  well  as  the  energy 
of  the  system,  are  determined  by  the  Hamiltonian  operator  H  ,  which  can  be  ob¬ 
tained  from  the  classical  Hamiltonian  function  via  so-called  canonical  quanti¬ 
zation.  Thus,  the  differential  equation  governing  the  dynamics  of  the  system 
can  be  written  in  the  form 

i  fi  T  =  H  H-  =  - AH'  +  Vy  ( 1 ) 

which  is  the  well-known  linear  time-dependent  Schrodinger  equation  (SE),  con¬ 
taining  the  conservative  potential  V.  The  energy  of  a  system  described  by  this 
equation  is  a  constant  of  motion  and  the  evolution  is  reversible  in  time. 

Attempts  to  include  dissipative  forces,  such  as  frictional  forces  which  trans¬ 
fer  mechanical  energy  into  other  forms,  like  e.g.  heat,  thus  opening  the  pos¬ 
sibility  of  having  an  irreversible  time  evolution,  face  several  difficulties. 

In  particular,  a  corresponding  wave  equation  cannot  simply  be  obtained  via  ca¬ 
nonical  quantization,  because,  for  dissipative  systems,  a  classical  Hamiltonian 
with  the  same  physical  meaning  as  in  the  reversible  theory  has  not  been  known 
until  recently  (11. 

In  earlier  works  (2-51,  we  have  shown  that  it  is  possible  to  obtain  a  satis¬ 
factory  wave  equation,  starting  from  Newton's  form  of  classical  mechanics  and 
using  three  axioms  taken  from  experimental  experience:  (1)  the  uncertainty  prin¬ 
ciple  or  r  vnplementari ty ,  (2)  the  occurrence  of  interference  phenomena  in  expe¬ 
riments  with  material  systems,  and  (3)  the  correspondence  principle,  specified 
in  the  form  of  Ehrenfest's  theorem.  This  formalism  was  first  proposed  by  Made- 
lung  and  Mrowka  (6,7]  in  order  to  "rederive"  the  SE  for  didactical  reasons.  We 
extended  the  method  by  adding  a  diffusion  term  to  the  differential  equation  for 
a  distribution  function  p(f,t),  thus  changing  the  reversible  continuity  equation 
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p  +  div  j  =  p  +  div  (  pv)  =  0  (2) 

into  the  irreversible  Fokker-Planck-type  equation 

p+  div(j+jD)  =  P  +  div(pv)-DAp=  0. 

This  equation  for  the  wave-intensity-like  quantity  p  can  be  separated  into 
equations  for  the  complex  wave-amplitude-like  quantity  S'  and  its  conjugate 
complex,  using  the  additional  condition 

-D^  =Y(ln  p  -  {in  p))  ,  (4) 

where  <...>  =  f 'i* . .  .'i  dr  denotes  mean  values.  The  resulting  wave  equation 
is  the  nonlinear  Schrbdinger-type  equation  (NLSE) 

i  fi  H*  =  {  -  :^A  +  V  +  Y  y  (Iny  -  (lny))l  y  ,  (:) 

where  the  logarithmic  nonlinearity  is  connected  with  a  linear-velocity-depen¬ 
dent  fricti''nal  force  with  friction  constant  y-  Properties  of  this  equation, 
special  consequences  of  the  additional  nonlinear  tern,  and  exact  solutions 
are  described  in  detail  in  Refs.  [2-5). 

Using  the  most  simple,  but  also  most  important  examples,  namely,  the  rine-ai- 
mensional  free  notion  e.id  tne  one-dimensional  harmonic  oscillator,  it  will  be 
shown  that,  for  the  usual  reversible  as  well  as  for  the  frictional ly  camped 
irreversible  case,  it  is  possible  to  describe  the  dynanical  properties  con¬ 
tained  in  the  time-dependent  (linear  and  nonlinear)  S-s  equally  well  by  a  set 
of  Newtonian  equations  of  notion.  However,  these  equations  are  coupled  in  a 
unique  way,  which  is  connected  with  a  rather  unusual  "conservation  of  angular 
momentum"  in  a  cumpE^^x  plane. 

For  the  potentials  V-0  anu  V-^(,,-x‘  it  is  possible  to  obtain  Gaussian  sha¬ 
ped  wave-packet-type  (WP)  functions  as  solutions  of  the  usual  SE  as  well  as 
of  our  NLSE.  The  piiticCc  aspect  is  expressed  by  the  fact  that  the  •'.uc’iu!’ 
of  the  WP  follows  the  classical  trajectory;  the  iraiv-  aspect  is  contained  in 
the  WP  width.  .  The  equations  of  motion  for  these  two  dynamical  properties  are 
not  independent,  but  uniquely  connected. 

A  Gaussian  WP  solution  of  the  reversible  SE  (1)  can  be  written  in  the  form 

(x,t)  =  M  (t)  exp  {  i  [>(0  X-  +  ^  (P)  X  +  Ku)]  }  .  ;  P ) 

where  x  =  x-  <x>  =  x-n(t),  i.e.  the  maximum  of  the  WP  is  at  the  position  of 
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for  the  WP  width  (wave  aspect). 

In  the  case  of  the  reversible  SE,  the  connections  between  the  dynamics  of  the 
particle  and  wave  aspects  can  be  found  by  linearizing  the  Ricatti  equation  (9) 
with  the  help  of  the  ansatz 

■  <”> 

yielding  the  linear  Newtonian  equation 

X  +  (t}~  X  =  0  (15) 

for  the  complex  quantity  A  =  u  +  i  z  (similar  relations  for  the  NLSE  are  given 
in  Ref.  [8] ) . 

It  can  be  shown  (for  details  see  e.g.  Ref.  [8])  that  the  imaginary  part  of  >. 
is  directly  proportional  to  the  classical  trajectory  and  thus  to  the  position 
of  the  WP  maximum, 

=  =  .  ns, 

Furthermore,  real  and  imaginary  parts  of  X  are  uniquely  connected  via  the  rela- 


A  simple  way  to  show  the  connection  of  z  and  u,  or  with  the  width  of  the  WP 
can  be  given,  if  X  is  written  in  polar  coordinates  in  the  complex  plane, 

>.  =  u  +  i  z  =  a  eif  ,  (18) 

with  (1=  (0^  +z^)’^\  The  logarithmic  time  derivative  of  this  quantity  yields 

X  a  ,  .  ,  , 


Compa  i'^nn  with  Eqs.  (IT),  (10)  and  (7)  shows  that  the  absolute  value  of  X  is 
identical  witli  the  quantity  a  that  is  proportional  to  the  square  root  of  <x‘'> 
and  that 

V  =  --  (20) 

a- 

is  valid.  Thus,  via  ci'  =  u-’  +  Z‘  =  (2m/|i)<x->  knowledge  of  z  (from  the  classi¬ 
cal  trajectory)  and  thus  u  (from  Eq.  (17))  also  yields  <x^>.  On  the  other  hand, 
knowledge  of  ct-  yields  ^  ,  and  thus  via  integration  the  the  phase  g,  of  X.  Se¬ 
paration  of  X  in  real  and  imaginary  parts  yields  z  and  thus  the  classical  path. 
The  important  relation  (20)  can  be  proved  again,  using  the  relation  connecting 
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z  and  G.  Inserting  G  =  acos(p  and  z  =  asini?  in  relation  (17)  yields 


thus  proving  Eg.  (20). 


a-  ip  =  1 


(21) 


A  remarkable  similarity  exists  between  the  motion  of  the  quantity  X  in  a  ccr.~ 
piex.  plane,  where  X  characterizes  the  dynamics  of  a  f'r.£-d.c’>;cn!.cfrLixc  problem 

and  the  motion  of  a  particle  in  a  •ic<zZ  tiCf-dunzmlonal  plane  under  the  influ¬ 
ence  of  a  central  force. 

Relation  (20),  (p  =  l/a^,  corresponds  to  cciiicxvatcc.'  ei  nn.uufnt  mcmcc-tiLm  in 
a  cornfafex  plane,  a  property  v/nich  has  nc  ctaaicai  atucfcguc  .  The  (real)  fiew- 
tonian  equation  (11)  for  cs  corresponds  to  the  radial  equation  of  the  two-dinen- 
sional  motion  in  real  space,  where  the  l/a^  term  corresponds  to  a  centrifugal 
force ! 


Regarding  the  energetics  of  the  discussed  systems,  it  can  be  shown  (for  details 
see  forthcoming  publication)  that  the  difference  between  the  mean  value  of  the 
Hamiltonian  operator  and  the  corresponding  classical  energy,  the  energy  fluctu¬ 
ation 


(g>L  =(H>:-E,.,3S  -i- 


<->t  = 


can  be  considered  as  a  Hamilccnian  function  for  the  fluctuation  of  pcsiticn 
<x^>  or  a,  i.e.  the  width,  respectively. 

The  corresponding  Lagrangian,  expressed  in  terms  of  V  ,  ci  and  6  reacs 


(a.o.a.o)  =  j  (ci-Ta-<pt  -  ej-a-) 

The  canonically  conjugate  .m.cmentum  for  the  radial  part  is  given  by 


P,-,  =  — i- 


da 


r>  . 

=  =1  « 


and  the  Euler-Lagrange  equations  yield  the  radial  equation  (11). 
The  canonically  conjugate  momentum  for  the  angular  part,  civuui  by 


Po 


dip 


is  not  only  a  constant  of  motion,  but  due  to  the  validity  o^'  relation  i20' 
it  has  the  specific  value 


h 

Pp  -  2 


(26) 
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So,  the  angular  momentum  for  the  motion  of  A  in  the  complex  plane  is  not  only 
conserved,  but  it  is  also  a  half-integer  of  )i,  whereas  orbital  angular  momenta 
in  quantum  mechanics  usually  are  multiple  Integers  of  h.  However,  half-integers 
of  H  are  known  from  the  spin,  a  quantity  that  has  no  classical  analogue,  simi¬ 
lar  to  the  angular  momentum  of  the  complex  quantity  A. 

For  our  NLSE,  an  energetic  invariant  similar  to  (22)  exists,  that  allows  to 
set  up  an  equivalent  Lagrange-Harai 1  ton  formalism  for  the  position  and  momen¬ 
tum  fluctuations  including  dissipation. 

The  equations  of  motion  describing  the  wave  aspect  are  rather  similar  for  the 
SE  and  the  NLSE,  however,  one  important  difference  should  be  pointed  out.  Con¬ 
sidering  the  equation  for  o'  ,  it  becomes  obvious  that  due  to  the  coefficient 
(u^-Y^/4)  of  the  term  linear  in  a  for  our  NLSE,  it  is  possible  to  compensate 
the  effect  of  the  external  potential,  if  the  "perturbation",  expressed  by  the 
parameter  y,  fulfills  w-y/2.  In  this  case,  a  and  thus  <x->  and  the  current  in 
the  density  equation  (3)  for  the  damped  oscillating  system  behave  like  the  cor¬ 
responding  quantities  of  a  free  particle  without  any  friction.  So,  the  addition 
of  a  dissipative  term  cannot  only  be  destructive,  but  on  the  contrary  it  can 
also  create  a  new  kind  of  ordered  coherent  phenomenon,  like  a  current  in  the 
density  equation,  that,  given  the  same  external  conditions,  would  not  be  pos¬ 
sible  without  the  perturbation.  Possible  connections  with  macroscopic  quantum 
effects  will  be  discussed  elsewhere. 
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GRADIENT  STRUCTURE  OF  GLOBAL  ATTRACTORS  FOR 
DISSIPATIVE  NONLINEAR  NONAUTONOMOUS 
PARTIAL  DIFFERENTIAL  EQUATIONS 

Tepper  L  QU  and  W.  W.  ISchary 
Gbmpu(ationa)  Science  and  Bigineering  Research  Cbnter 
Howard  University 
Washington, DC  20059  USA 

1 .  Introduction 

In  a  recent  paper  [3],  we  proved  existence  and  finite-dimensionality  of  global 
attractors  for  some  classes  of  dissipative  nonlinear  nonautonomous  partial 
differential  equations  (DNLNAPEE),  While  some  results  are  known  for  attractors 
in  nonautonomous  cases  ,  very  little  is  known  about  the  detailed  structure  of 
global  attractors  in  this  situation  compared  with  the  state  of  knowledge  for 
autonomous  situations  .  In  the  latter  cases,  the  simplest  structure  for  global 
attractors  is  obtained  for  so-called  gradient  systems.  For  these  systems, 
Lyapunov  functionals  exist  and,  under  suitable  conditions,  the  global  attractor  is 
the  union  of  the  unstable  manifolds  of  the  equilibrium  points.  In  the  present 
contribution,  we  discuss  some  aspects  of  a  gradient  structure  for  some  classes  of 
IDNLNAPDEs.  Btamples  illustrating  the  theory  presented  herein  can  be  given  in 
terms  of  the  classes  of  reaction-diffusion  equations  and  nonlinear  wave 
equations  discussed  in  p]. 

2.  Definitions  and  preliminary  results 

Following  the  formulation  in  PI.  let  u  denote  a  solution  of  a  DNliv’APEE  in  a 
real  Banach  space  Bsuch  that  u(t-H;)  represents  a  solution  at  time  t^s  (t  ^  ,  s  e  R ) 

corresponding  togiven  u(s)=il»e  Bat  time  s.  We  con.sider  a  two-parameter  family 
of  maps,  called  processes  12),  V(ts)  with  the  properties  V(0s)<i>=4'. 
V(t-i6,s)‘!’-V(0,s^)V(t,s)<!*  for  s^  R,t,0  S0,4'e  RWe  shall  be  e.specially  interested  in 
distinguished  processes  W  related  to  solutions  of  the  ENLNAPLE  by 
W(t,s)  <(1  =u(t-(s),  u(s)=<))  .  Let  V  be  a  process  on  B  and  let  i  e  R.  We  call  the  x 

translate  of  V  the  proce.ss  Vt{t,s)'t>Ko^TW)(ts)'t*=V(t,t4s)<!>,for  t'=i0,se  R  Dfcnote  by 
Q)(Rdl)  the  Banach  space  of  all  bounded  continuous  functions  from  R  to  B.  A 

process  V  on  Bis  called  a/uio.v/penof//c'  if  the  set  {Vx{ts)'l>,xe  Rps  precompact  in 

Q)(RB)  (as  a  function  of  the  parameter  se  R)  pointwi.se  in  t^O  and  i})6  B.  The 
closure  in  Qi(RB)  of  the  set  of  translates  of  an  almast  periodic  process  V  with  the 
above  sense  of  convergence  is  called  the  hull  ofV,  H(V). 
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In  [3,4|  invariant  sets  were  defined  in  terms  of  a  skew-  product  structure  for 
PEEs  in  an  analogous  fashion  to  earlier  work  on  nonautonomous  ordinary 
differential  equations.  To  define  this  structure,  consider  the  mappings 

K(t^)(<t',VMV(t^)<)),  o(t)V),  Ve  H(W),  ((>e  B,  S€  R,  t>0. 

In  order  to  discuss  nonautonomous  gradient  systems,  we  need  three 
fundamental  concepts:  unstable  sets,  backward  extensions  of  almost  periodic 
processes, and  an  analogue  for  nonautonomous  systems  of  an  equilibrium  point 
of  an  autonomous  system.  The  existence  of  backward  extensions  was  proved  in 
PJ.  It  is  convenient  to  define  nonautonomous  equilibrium  points  (as  we  .shall  call 
them)  in  terms  of  properties  of  Lyapunov  functionals.  We  define  these  in  a 
similar  manner  to  those  of  EhfermosI2]  for  compact  processes,  a  class  of 
processes  closely  related  to  our  almost  periodic  processes. 

DEFINITION!  J  l£t  V  be  an  almost  periodic  process  on  B.  A  map  L:  RxB->R  is 
called  a  Lyapunov  functional  for  V  if; 

(i)  the  one-parameter  family  of  maps  L(s, );  B->R,  se  R,  i 
equicontinuous, 

(ii)  for  fixed  se  R,lj(t-ts,V(t3)(t))  is  a  continuous  nonincreasing  function  of  t 
which  is  bounded  from  below  and  L(t-»s,V(t  3)<l>)  ^  L(s4))  for  all  t  ^0,  ss  R, 

and  <t>  belonging  to  an  appropriate  dense 
subspace  B  of  B, 

(iii)  if  {tnFR^is  a  sequence  such  that  {Vtnlis  convergent  in  the  topology 
defined  on  the  previous  page,  then  the  sequence  {Lft-ts-ttn  it)) )  Ls  also 
convergent  for  aU  se  R  and  all  4'e  B. 

A  limiting  Lyapunov  functional  generated  by  L  \s  a  map  ;  L;  RxBxH(V)->R 
constructed  as  follows;  f(X  seR  ilie  B,  L(Zs4>)=limlj(s-ttn't))  as  n-» 

where  {t)cR^  is  any  sequence  such  that  Vtn— >  Zas  n— >  *«>o  in  the  topology 
defined  at  the  beginning  of  this  section. 

DEFINITION 22. Qvcn  V,Land  Las  defined  abov»,,  .ve  define  the  subset  P  of  B 
to  be  the  set  of  all  extensions  U  of  V  as  the  process  Z  associated  with  the 

extension  U  as  in  the  relation  U(t-i63;^)=5It3^0;LI(0y';^))  for  t  ^  0,  03  ^  R  runs 
over  H(V)  such  that  L(Zo.U(o3P))=0  for  all  oe  R  with  L(Zs4>)=lim  sup  l/t 
[L(Zt-«,Zt3.<t'))  - 

P  is  nonempty(2|and  is  the  analogue  for  nonautonomous  gradient  systems  of 
the  set  of  equilibrium  points  for  autonomous  systems.  We  will  apply  the 
preceding  definitions  to  the  distinguished  process  W.  We  say  that  a  forcing 
function  f  is  admissible  if  H(0  is  compact  in  Cb(RB)-  Bcamples  of  functions  f 
which  satisfy  this  condition  are  given  in  [.1,4].  We  only  note  here  that  this  class 
includes  functions  that  are  almost  periodic  from  R  to  B. 
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Ihe  backward  extensions  U need  not  be  unique.In  [3]  we  obtained  backward 
uniqueness  from  the  injectivity  of  the  maps  S(t;5ji)4'=W(t^4'Ji).h6  utility 

of  these  maps  is  a  consequence  of  the  fact  that,  if  the  solutions  of  the  DNLNAPEE 
are  unique  and  depend  on  the  forcing  function  f  in  a  Lipschitz  continuous 

manner,  then  there  exists  a  one-to-one  correspondence  between  heH[0  and 

Ve  H(W)  such  that  W(t,s>|>ji)  =  V(t,s;(t)/)  for  all  t>0  and  se  R  In  [3],  we  proved 
existence  of  global  attractors  for  Jt(t3)  assuming,  among  other  things,  that  the 
maps  Shave  similar  properties. 

3.  Nonautonomous  gradient  systems 

We  now  indicate  that,  under  appropriate  hypotheses,  the  global  attractor  of  a 
nonautonomous  gradient  system  coincides  with  the  union  of  unstable  sets  of 
elements  of  P.  Qir  results  will  be  seen  to  be  generalizations  of  corresponding 
results  for  autonomous  gradient  systems  [1  ]. 

We  first  consider  the  structure  of  the  mappings  S  in  neighborhoods  of 
nonautonomous  points.  Rtr  the  distinguished  process  W  and  one  of  its  backward 

extensions  U, define  the  unstable  set  of  xf>y  M(X)=l\y€  B;  U(63a/f)  is  defined  for 

6^0  and  HJ(0,s;vJO  -  %!  ->  0  as  6  ->-■»)  and  a  lifted  unstable  set  of  x  by 

M(X)=|(y,U):  v|/€  M(X)). 

DEFINITION  3 .1 .  Let  Xe  P  and  fix  Ye  H(W)  or,  equivalently,  he  H(0.  We  say  that 
S(s,  Ji),  for  fixed  se  R  is  hyperbolic  at  %  >f  the  following  conditions  are  satisfied  for 
each  t  >0: 

1)  in  some  neighborhood  Oof  x,S(s,uji)  has  a  Ffechet 
differential  Sfs^iji)  fcM"  ue  Q  S'(s,u  Ji): 

2)  the  linear  operator  S(sjuJi)  is  locally  Holder  continuous  in  u, 

3)  the  spectrum  of  S(s,xii),o(S(s,x}j)hdoes  not  intersect  the  unit  circle 
with  center  at  the  wigin. 

P  is  called  hyperbolic  if  for  any  t  >0,  se  R  and  he  H(0,  the  mapping  S(ts  Ji)  is 
hyperbolic  at  x  and: 

4)  the  invariant  linear  subspaoes  Bf,  B-  corresponding  to  subsets  of 
c(S(t,sh)(x))  in  the  domains  UIXI<4  ), respectively,  are  independent  of 

t,s,and  h  and  dim  B4-<+oo  . 

THEOREM  3  J  Suppose  that  {7t(t,s),  t^O )  satisfies  the  follow  ing  conditions: 
7c(t,s)fixH(W)  ->  B><H(W)  (t  >0,  se  R)  is  continuous, 

there  exists  a  continuous  Lyapunov  functional  with  the  properties  listed  in 
Definition  22, 
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(3.1 )  for  any  t  :^,Tc(t^)  maps  any  hounded  set  o/BxH(W)  into  a  precompact  set, 
7c(t3)  is  uniformly  bounded  for  0  <t< 
the  set  is  finite  and  each  is  hyperbolic. 

Then  the  set  A=uM(5C)  for  xe  P  >he  global  attractor  of  |n:(t,s)}. 

Tlieorem  3.1  holds  for  a  large  class  of  nonlinear  parabolic  equations, 
ffowever,  it  is  not  valid  for  hyperbolic  equations  as  it  stands  because  (3.1)  is 
generally  not  satisfied  in  that  case.  We  have  formulated  a  modified  version  of 
Theorem  3.1  which  covers  such  equations.  A  proof  of  the  continuity  of  {7c(t.s),t 

-Ojhas  been  given  in  (31. 
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Linearizing  a  Nonlinear  Paradigm: 

Universal  Description  of  KAM-Tori  and  Cantori 

H.J.  Schellnhuber  and  H.  Urbschat,  Fachbereich  Physik  and  ICBM, 
Universitat  Oldenburg,  D-2900  Oldenburg,  FRG 

1  Introduction 

In  1887  Poincare  formulated  the  first  ideas  about  chaos  in  nonlinear  dynamical 
systems.  A  decisive  step  towards  understanding  such  systems  was  achieved  by  Kol¬ 
mogorov,  Arnold  and  Moser  through  their  celebrated  K.AM-Theorem  (1951-19611). 
which  describes  the  completnentary  organization  of  chao.s  and  order.  .Since  that  t ime 
a  lot  of  work  has  enlarged  our  knowle<lge  of  the  subtle  details  of  nonlinear  dynam¬ 
ics.  In  this  article  we  present  a  new  approach  to  infinite  invariant  sets,  which  pavt's 
the  way  to  a  universal  description  of  K.AM-'I'ori  and  their  leaky  counterparts,  the 
so-called  Cantori. 

2  Phase  Transitions  in  Twist  Maps  and  Frenkel- 
Kontorova  Models  (FKM) 

Twist  maps  provide  us  with  some  kind  of  mathematical  laboratory,  which  helps  us 
to  study  KAM-Tori  and  Cantori.  An  area-preserving  twist  map  has  the  form 

fn-H  =  t'n  +  (1) 

0n+  I  =  f^n  +  t'n  +  f  i^n)-  I  -^  ! 

wdiere  k  is  the  nonlinearity  parameter  and  /(fl+  1)  =  f{0).  .\  wellknown  examplt‘ 
is  the  “Standard  Map”  with  f(0)  —  There  the  most  stable  K.‘\.M-Torus 

is  the  “Golden  Torus”  with  rotation  number 

iv  ;=  lim(-^^ - = -(\/5  —  1)  =  id) 

n— *00  Jl  ‘J 

Greene  [1]  calculated  the  critival  value  k,.  =  0.!)716....  where  the  torus  breaks  up  to 
becomi,’  a  Cantorus  vri  a  second-order  phase  transition. 

•A  [)hysical  model  that  is  directly  linked  to  area-[)re.serving  twist  ina|).s  is  the  "Fronkel- 
Korilo  ova  .Model”.  It  consists  of  an  itdinite  chain  of  harmonu  ally  coupled  particles 
in  an  external  periodic  potential.  The  energy  is  given  by 

/•-’({'‘n})  =  Yi  -  "n)^  +  ^■C(n„),  (D 

nf  Z  ** 

wdiere  Vfu  -f  1)  = 

('sing  the  substitutions;  }■.  r„  =  n„  —  n„  .,  and  K'  =  /.  ( 1 )  and  fJ) 


753 


can  be  interpreted  as  the  stationarity  condition  of  the  FKM.  KAM-Tori  and  Cantori 
correspond  to  incommensurate  groundstates  of  this  model,  having  irrational  mean 
lattice  constant 


u)  :  = 


lim  ( 


Un  -  UN' 

N  -  N' 


Here  the  "‘Lock-in  Transition”  [2]  of  the  physical  system  with  increasing  k  corre¬ 
sponds  to  the  torus  break-up  mentioned  above. 

We  recently  extended  the  FKM  by  adding  higher  harmonics  in  the  potential  and 
found  several  novel  phenomena  j3)  like  ‘‘recurrence  of  K.AM-Tcri”.  Furthermore, 
second-order  phase  transitions  between  different  Cantorus  phases  can  be  observed 
and  some  potentials  even  support  quasi-first-order  Cantorus-Cantorus  transitions. 
But  the  technical  problems  in  calculating  and  identifying  groundstates  numerica'ly 
are  almost  forbidding,  since  there  exi;;t  vast  numbers  of  metastable  states.  So  we 
tried  to  construct  an  analytical  method  to  deal  with  groundstates  in  general  zed 
FKM. 


3  Cantorus  Configurations  in  Piecewise  Parabolic 
Models 

The  first  nontrivial  analytically  solvable  FKM  was  discussed  by  .\ubry  [d],  aud 
Percival  [5].  It  is  a  piecewise  parabolic  model,  whose  formal  solution  can  be  found 
using  a  “Lattice  Green’s  Function”.  We  extended  this  moiiel  to  an  ‘‘M-parabolic 
model”  with  potential 

Vxf  =  min{p(/>/;  ij}};  (G) 

m(Z 

K  •>  1  1 

p(m;  u)  = -(w  -  m)‘ + -Am.  (<) 

and  the  periodicity  condition  ~  h„.  In  the  ca,so  M  =  2  [6]  we  have  a  model 

with  one  order  parameter  t/’  (fraction  of  particles  in  odd  wells),  and  the  energy  per 
particle  of  an  u^-Cantorus  configuration  is  given  by 

<■2  ~  t.'’)  -1-  +  const.  (81 

^  is  a  convex,  continuotis,  highly  nondilTcientiable  function,  wtdeh  'urns  out  to  be 
universal  for  all  M-parabolic  models! 

Minimizing  (2  W’itli  respect  to  v',’  directly  yields  the  inconmtensurate  groundstate. 
This  model  allows  analytical  calculation  of  the  se<iuence  of  discontinuous  Canlorus- 
Cantoru.s  transitions,  occiiring  when  /i  (or  k)  is  varli-d  (see  Fig.l), 

Furthermore,  the  existence  of  novel  phenomena  like  incommensurate  defects  and  an 
infinite  number  of  metastable  Cantoru.s  configurations  can  be  provi'd. 

In  the  general  crise,  Af  >  2,  the  corresponding  energy  per  particle  is 

At-t  I 

XI  Vr)  +  const.  (fii 

“■rn^I  j— 1/  —  3 
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where  the  order  parameters  {i/’m}  are  the  fractions  of  particles  in  the  m-th  type 
of  parabola.  Calculation  of  the  Cantorus  groundstate  boils  down  to  searching  the 
unique  minimum  of  a  convex  M-dimcnsional  surface. 


Fig.l:  The  “devil’s  staircase”-dependence 
of  V'  on  /i  in  the  2- parabola 
model  {k  =  0.03). 


O 


4  “Parabolization”  of  Arbitrary  Potentials 


An  arbitrary  periodic  potential  can  be  approximated  with  an  M-parabolic 

potential  P(x)  using  the  nonlinear  “parabolic  contact  transformation”  (see  Fig. 2) 

ax)  =  x-ii/'(x),  (10) 

K 

hU[T))  =  lv(x)-(^)\  (11) 

Here  4(x)  describes  the  parabola  vertex,  h{^)  is  related  to  the  parabola  height  and 
K  \s  a.  free  parameter.  It  is  possible  to  construct  an  arbitrary  close  M-parabolic 
approximation;  thus  we  can  handle  the  groundstate  problem  with  the  method  de¬ 
scribed  in  the  previous  section. 

Remarkably,  the  limit  M  — »  oo  can  be  performed  rigorously  and  leads  to  an  inte¬ 
gral  representation  for  the  energy.  With  — >  A(^),  V’m  */’(0  (particle  density 

function)  and  0(f)  ;=  fg  iJj(rj)dT/  we  get 

e(/c,w;V')  =  ^  /  l»(f)V'(f)df -h  ^  /  f  g{K,w,0{r])  -  0{())di]d^  +  const.  (12) 
Z  Jo  Z  Jo  Jo 

The  first  integral  on  the  right  side  represents  the  linear  potential  term  depending  on 
the  individual  model.  The  second  term  with  the  universal  “devil’s-bowl  functional” 
Q  describes  the  nonlinear  elastic  energy. 

Defining  A(x)  :=  — ^5'(i)  and 

A(f)  ■■=  A(f)  -  A(k,co  J{7})  -  0(f  ))d7?df,  (13) 

we  can  derive  a  preci.se  criterion  for  identifying  Torus  and  Cantorus  groundstates; 


A(0| 


=  0  ,  V-(f )  >  0 
>  0  ,  rPiO  =  0. 


(14) 
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(A({)  =  0)  A  (i/>(^)  =  0)  describes  criticality,  i.e.,  Torus-Cantorus  or  Caiitorus- 
Cantorus  transitions. 


Fig.2;  Parabolic  contact  transformation: 

A  potential  V(x)  and  the  corresponding 
approximating  6-parabola  potential  P(x). 


5  Conclusion 

We  have  shown  that  the  problem  of  determining  the  incommensurate  groundstate 
in  arbitrary  FKM  can  be  solved,  in  principle,  by  “Linearization”,  i.e.,  using  a  sulFi- 
ciently  good  “Parabolization”  (parabolic  contact  transformation)  of  the  given  poten¬ 
tial.  The  resulting  convex  problem  has  to  be  treated  by  an  optimization  algorithm. 
The  inverse  problem  is  directly  solvable,  i.e.,  given  a  Can/Torus  groundstate,  we 
can  immediately  calculate  the  corresponding  M-parabolic  potential. 
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Integrable  Systems 
Related  to  Membranes 


•leus  Hoppe 

Inslitutf  for  Thforetical  Physics.  I  nivirsity  of  harlsruhf 
P.O.Box  69S0.  U  7.500  luirlsruht 

The  dynaniks  of  a  relativist ically  invariant  bosonic  membrane  moving  in  D  di¬ 
mensional  space-time  can  be  described  (in  tbe  "light-cone  gauge  )  by  [0] 

-  .=1 

where  x,  and  p,  are  time  dependent  functions  on  some  two  dimensional  compact 
manifold  M.it  denotes  a  parameterization  on  A/  (for  simplicity,  we  will  restrict 
ourselves  to  .U  =  T^:  so  fl  =  (.^1.  ^2)((0. 2)rj‘).  and 

{xj.j-j}  :=  P’drX,d,Xj  r..s  =  1.2  (2) 

Actually.  (1)  must  be  supplemented  by  the  constraint 

A  :=  ^{.r,.p,}  =  0  (2) 

tsl 

in  order  to  really  coincide  with  the  (Ma.ss)^  of  the  membrane,  but  we  will  forget 
about  (3)  frotn  now  on.  The  ectuat'ions  of  motion  following  from  (1)  are 

,f,  =  A-^{,r_,.{,rj.x,}}.  (4) 

In  4  dimensions  (D  -  2  =  2). 

H  =  y  dn{pl  +  pl  +  k-^{x.yy].  (5) 

If  one  treats  further  one  of  this  fiehls  as  non-dynainical,  one  obtains 

H=^-Jdn{p^  +  k‘{x,^}^).  (6) 

where  is  now  an  external  time  independenl  field,  tlcj.  (fi)  is  a  particular  case  of  a 
class  of  2  +  I  dimensional  field  theories, 

H  =^-Jdn{p^  +  \F^{{x.^})).  (T) 

FF"  =  aF'^  oeR  (f^) 


which  are  natural  generalizations  of  a  cia.ss  of  1  -I-  1  dimensional  integrable  theories 
[0].  and  for  which  one  may  easily  write  down  an  infinite  set  of  Poisson  commuting 
conserved  charges. 


if  I  is  odd 

if  t  =  2A- 


A  =  A(c.  +  1). 


(10) 
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One  siinplv  has  to  note  that  the  erjiiatioiis  of  motion  (correspontling  to  (7)). 


X 

—  A{{.r,  .i.’)  ..x,’)  T  ^{  { J,  a,’}  )(o  +  1 ) 

(11) 

arc  equi 

valeitt  to 

L 

=  tahcdaLdh^^dc-M  a.b.c^  1.2,8 

(12) 

L  =  p{^ir2)  +  f(.^3)F'({-r,>e-}) 

(18) 

Xf  = 

(M) 

r-off"  =  \2  ,  c  =  -/'. 

(15) 

So 

Q, 

(16) 

is  automatically  time  independent.  It  is  also  not  difficult  to  show  that  they  are  in 
involution: 


[Qm-Qn. 


P.B 


=  zz{‘")("'] I - - 


{!  +J  -  l)(tw 

•(n;  -  i)(ni  -  i  -  l)j(j  +  o  -  1)  -  (u  -  j)(ii  -  j  -  \  )i{i  +  t>  -  1  ) 
=  0  (IT) 


Finally,  one  should  note  that  in  fact 

Qkt  - j  dtt  j'j (18) 

is  conserved  for  all  4',  /  G  N 

Acknowledgements: 

I  would  like  to  thank  .\I.  Bordemann  and  S.  Theisen  for  discussions  and  collaboration 
on  related  subjects. 


References 

[Ij  J,  Goldstone,  unpublished:  .1.  HoPPE,  MIT  Ph  D.  Thesis.  1982, 

[2]  M.  Bordemann.  J.  Hoppe,  S.  Theisen,  Phys. Lett.  B  267,871  {1991|. 


A  Complex  Formulation  of  Hamiltonian 
(or  Birkhoffian)  Theory 


E.T.  Abou-El'Dahab 

Mathematics  Dept.,  Military  Technical  College, 
Kobri,  El  Koba,  Cairo,  Egypt. 

J.S.R.  Chisholm  and  J.  McEwan 
Inst,  of  Mathematics  &;  Statistics,  University  of  Kent, 
Canterbury,  Kent  CT2  7NF,  England. 


Abstract 

A  Complex  form  of  Hamiltonian  (Birkhoffian)  Theory  is  introduced  and 
is  based  on  a  dual  pair  of  n  dimensional  unitary  spaces  with  a  corresponding 
dual  pair  of  hermitean  metric  tensors,  hai,  and  such  that  =  St-  A  2n 

dimensional  complex  phase  space  is  defined  with  anti-hermitean  metric  tensor 

The  n  X  n.  block  structure  of  M  and  the  relation  between 

M  and  h  seem  to  be  new,  and  only  the  special  case  of  real  antisymmetric 
M  has  been  used  previously  to  define  a  generalised  phase  space  (or  dynamic 
space),  and  to  define  a  generalised  Poisson  bracket  in  Birkhoffian  theory.  Un¬ 
like  the  most  general  form  of  Birkhoffian  theory,  not  just  one  pair  but  two 
pairs  of  canonically  conjugate  variables  are  defined  in  a  generalised  Hamilto¬ 
nian  (or  Birkhoffian)  sense  for  the  most  general  complex  form  of  Hamiltonian 
(or  Birkhoffian)  theory. 

Some  remarks  and  speculations  are  made  about  the  role  of  h  in  the  de¬ 
scription  of  constrained  dynamics  and  the  curvatures  of  configuration  space 
and  phase  space. 


M  = 


ih  -h 
h  ih 
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1  Introduction 

Linear  dynamical  systems  are  well-known  to  be  simpler  in  complex,  rather  than 
real,  phase  space  [1].  Analytic  extensions  of  Lagrangian  and  Hamiltonian  functions 
of  complex  variables  of  the  forms  (9“  +  (9“  +  iQl")  and  (p“  -i-  tp>“)  have  been 

defined  [2],  but  the  effect  of  complex  variables  of  the  form  (p“  -f  ig“)  in  the  Pois¬ 
son  bracket  formulation  of  Hamilton’s  equations,  does  not  seem  to  be  well-known  [3], 


2  Complex  Phase  Space 

A  complex  form  of  Hamilton’s  equation  for  a  function  F{z)  and  extended  Hamilto¬ 
nian  K{z,  z,  t)  in  complex  phase  space  is 

F{z)  =  2(a.F)i‘*  =  (d.F)4iS‘‘\d:K)  =  [F,  K],  (1) 

where  2;“  =  p“  -t-  ic"  for  a  =  1,2,3, ...  ,n.;  the  Cauchy-Riemann  operator  is 
^  2(3^  +  [  )  ]c  is  a  sesquilinear  product  which  satisfies 

[F,G],  =  -[G7F1c  (2) 


and 

[[f,  G]p,  Lf]p (cyclic  perms  of  F,  G,  H)  =  0.  (3) 

In  (3),  the  Poisson  bracket  can  be  expressed  in  terms  of  the  sesquilinear  product  as 
follows  [F,  GIp  =  i(lF,  G],  -  [G,  Flc)  by  use  of  (2)  and 


(4) 


where  x  =  (p.g)  6  SR’”  (real  phase  space);  =  1.2,3, . . .  ,2n;  and 

/  0  :  -1) 

o/  = 

\  1  :  0  , 

is  the  fundamental  symplectic  tensor;  also  det(w‘”'  -h  i5*’*')  =  0. 

Hence  (2  ,  3)  are  complex  forms  in  the  special  case  =  w'"',  —  8’“'  of  the 

Lie- admissible  algebra  axioms  [2]  as  follows: 


r‘”'(i)  =  T''^{x) 


(5) 
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4  Dynamical  Systems  with  a  Constraint 

For  a  dynamical  system  with  flat  configuration  space  variables  {z“;  a  =  1, 2,  3, .  .  .  ,  n} 
and  a  single  constraint  1^(1)  =  0,  then  [(f>,4i]c  =  4i52a  I  4>a  0  in  general.  A  well- 

known  method[4],  gives  the  singular  tensor 


=  [z“ 


=  4i 


E.  I  4  IV 


=  ([C„  Cl„]c  -  [Cao  <i>\c[4>,  ^Ic)  . 


Hence  h^i,  —  ^([CoVsJc  —  \(a,<l>\c[4>Xb\cl[4’-,4>\c)  is  also  a  singular  tensor.  The 
choice  ^  then  gives  h^h  =  S^b  —  fian^Sn  so  that  a  dimensional  reduction  of  phase 
space  can  be  carried  out  to  define  an  unconstrained  dynamical  system  which  is  non- 
singular  in  the  sense  that 


=  1,2, 3, ...  ,n  —  1. 
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Consider  the  singularly  perturbed  nonlinear  system 

i  =  f(r.y.s), 
iy  =  g{jr.y,c). 

where;  is  r  small  real  parameter,  .r  and  y  are  n  and  m  dimension  vectors  respectively. 
/  and  g  are  n  and  m  dimensional  vector  functions  respectively.  VVe  suppose  that 
(Hl)when  ;  =  0,  the  system 


0  =  g(x,y.O) 

has  a  closed  orbit  To :  j  =  u{t).  y  =  r(/),  where  u(t)  and  i'{i)  are  continuously 
periodic  vector  functions  with  period  T{v;e  say.  they  are  7’-periodic). 

In  this  piiper  we  regard  ;  as  a  bifurcation  parameter  and  discuss  under  what 
conditions  system  (l)f  can  bifurcate  a  limit  cycle  from  closed  orbit  Fq. 

We  denote  /(«(!),  (’(<),  0)  by  /(t).  f(t).  0)  by  /r(/)  and  similar  meanings 

are  attc-ched  to  fy{t).  fc(t),  griO-  **'•1  9r{l)-  Then,  the  variation  system  of  (2) 
with  respect  to  closed  orbit  To  has  the  form 

^  =  .1(0.-.  (31 

where  A(t)  =  fAt)  -  fy{t)g;Ht)gAf)- 
We  also  assume  that 

(H2)vector  functions  /,  g  and  their  .Jacobian  matrices  /j.,  fy,  /,,  g^.  gy,  g^  are 
all  uniformly  continuous  and  of  in  all  arguments. 

(H.3)every  eigenvalue  of  the  matrix  function  gy(i)  has  nonzero  real  part  for  all 

t(0  <  <  <  T). 

(H4)the  inverse  matrix  function  gy'(f)  exists  and  gy^(t)gAf)  has  continuous  and 
bounded  first  derivaties. 


Theorem  1  Suppose  that  (//!)-( //4)  hold.  If  system  (.3)  has  n  —  1  chamcieristic 
exponents  with  negative  real  parts,  then  for  c  sufficiently  small,  system  (1)  has  a 
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stable  limit  cycle  near  the  closed  orbit  I'o  of  system  ('2).  ii'bich  tends  to  I'o  as 

c-  0. 

For  proving  our  theorem,  we  are  going  to  use  a  new  local  coorrlinate  system  near 
closed  orbit  Iq.  We  claim  that 

Lemma  1  Let  f{i))  be  a  continuously  pe  nodic  n-rectoi-  function  and  belong  toC^^L 
For  all  d.  |I/(J)11  >  6  >  0.  Then  there  ,s  a  r -pe  riodic  n  v  (n  —  1)  niatrir  function 
S(d)  such  that  Q{i))  =  (f(d).S{i)))  is  a  regular  mat  rii  function,  and  eiists. 

it  is  also  T -periodic. 

In  fact,  put  f(i>)  =  col. ( f,(i/).  fj(i/) . fr,(d))-  Since  fid)  is  a  rontinitonsly 

periodic  function,  we  can  assutiie  that  ij/(d)||  <  .M .  where  .\I  is  a  positive  constant. 

I'hen  Lenuiia  1  follows. 

If  n  >  3,  since  f  6  the  curve  ,r  =  f{il)  given  bv  parameter  i)  in  s|)ace 

R"  can  not  fill  the  entire  space.  Therefore,  there  is  a  rat  starting  from  the  origin 
which  does  not  intersect  with  the  curve  ,r  =  fid).  So  we  can  suppose  that  this 
ray  coincides  with  -Yj-axis.  and  hetice  we  have  >  ho  >  0.  where  do  is  a 

constant.  Let 


/  ofiid) 

o.fdd)  ... 

1 

0 

0 

5(d)  = 

0 

1 

0 

V  0 

0 

1 

where  t/  >  ^  >  0  is  a  constant.  Then  we  have 

'■0 

ri 

det(5((f)  =  ele\{f{d).Sid))  =  fAd)->'Y,fj(0) 

<  .M  —  nbo  <  0. 

that  is.  Q(d)  is  a  regular  matrix  fuiivtion. 

Because  of  the  construction  of  S{d].  we  know  that  it  is  T-periodic  and 
exists,  it  is  also  T-periodic. 

When  Lemma  1  holds,  we  set  =  P{d)  =  ^ 

are  respectively  1  x  ti  and  (»  —  1)  x  n  matrix  function.  They  are  also  T-periodic, 

Lemma  2  Lnder  the  hypothesfs{H\)-{H\)  the  following  curve  coodinate  trans¬ 
formation 

X  =  t/(tf)  +  .S(d){, 

y  =  -  9y\i‘>]9A0)S{d)^ -i- g 

defines  a  set  of  neiv  coodinates  . (.n-i-9\ . t/m  )  ut  least  in  a  neighberhood 

C  o  of  Tq. 


If. 


take  S{d) 


.fi  ( d ) 
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In  fact,  from  (4)  we  see  that  ^  =  0.  »/  =  U  and  d  =  /  on  closed  orbit  Tq.  By 
Lemma  1.  there  is  a  matrix  fiinctio/i  >(d)  such  that  Q(0}  =  is  regular. 

Theree,  the  Jacobian  of  transformation  (4)  on  closed  orbit  To  satisfies  the  inequality 


'ix 

P*r 

dx 

ihi 

.■4t} 

'i]L 

fh) 

/(«>)  5(t^)  0 
*  * 


I  =  I  det  Q(d)|  >  0. 
I 


By  continuity,  it  follows  that  transformation  (4)  can  be  satisfactorily  performed  at 
least  in  a  neighberhood  L'o  of  Fq. 


Lemma  3  In  f  'o.  transfonnation  (4)  carries  sysUm  (1)  into  the  following  system 

^  _  b(i))f,  +  +  Cijf.y.il.s) 

di)  1  +  F{f.  1],  i).z) 

>)y  +  d.c) 

"dd  1 +  /■'((. r/.d.s) 

where  B(d)  =  P,(d}  (A(d}S(d)  -  £S(0)).  Aid)  =  /.(d)-/,(d)</;'(if)ff.(d),  B,(d)  = 
P2(d)f,{d).  C(d}  =  y,(d).  Fit'l.d.-)  =  0(lil  +  \g\  +  k|).  GU.y.d.s)  =  0(!^r  + 
It/I^  +  kl),  Hi^.y.d.z)  =  0{|i|‘  +  |»/k  +  ki)-  Moreortr.  functions  F.  G  and 
H  are  all  continuously  differentiable  in  all  arguments.  T-ptriodir  in  d.  and  for 
any  z  >  0.  there  are  constants  M\.  M-^  >  0  such  that  ||f  (0.  0.  d.  f  )||  <  .M\S. 

|K7'(0.0.d.=-)||  <  Mr:.  |!B(0.0,  d.;)||  <  Mr  for  atldiO  <d<  T). 

N'ow  accoding  to  the  center  integral  matiifold  theory  (See[0  0])and  the  hypothe¬ 
ses  of  Theorem  1.  we  haxe 

Lemma  4  Under  hypotheses  (//I) -(i/4)  there  ai-e  a  neighberhood  I  \  €  f  ’o  e/ l'o 
and  a  manifold  M  satisfying  that 

(i)M  can  be  repirsentated  in  If  by 

y  =  oiU^.:)  1*^) 


where  O  €  C’^*,  and 


limd>(^.d.c)  =  0  uniformly  in 

e— *0 

{ii)M  is  invariant  with  respect  to  syslemio): 

(iii)all  bounded  solutions  of  systemio)  which  belong  entirely  to  I  i  he  on  M. 

Thus, we  can  substitute  (6)  into  the  first  equation  of  (5)  and  deal  only  with  the 
following  regular  differential  equation 

f!l  =  B(ii)^  +  BAd)o(Ud.£)  -t  H(Ud,iUd.z).d,z) 

dd  1  +  FiU  .'((,d.c-).d.s-)  ■ 


Lemma  5  If  system  (3)  hasn  —  \  charadtristic  exponents  with  negativt  real  parts, 
then  all  characteristic  exponents  of  the  following  sys^'in 

g  =  sm.  (81 

/f  B{ii))  was  given  in  Lemma  S.  have  real  parts  less  then  zero. 

Xow  let  ^  =  ^((,o,i),£)  be  a  solution  of  (7)  satisfying  the  initial  condition 

^o  =  ^(^o.0,c-)  (9) 

and  define  the  Poincare  mapping  '{'((fo.;):  x  IR  as  follow:: 

=  exp  ( 

Jo 

Notice  that  ^^(^o-d,0)  is  a  solution  of  the  variation  equation  system 

i!- 1 ■ 

meanwhile. 

IvifdOl'  =  ^  p(»»^  +  fii(d)0(^.d.O)  +  Gl^.o(^d.O).if.O)\ 

l(;=o  l  +  f(f;.dU.d.O).d.O)  ; 

=  Bid). 

^'I'(^o,;)|(o_=o  =  elO^=exp^j  R[i))e!iij. 

And  combining  with  Lemma  5.  we  have 

Lemma  6  If  the  hypotheses  of  Theorem  I  hotel,  then  for  s  sufficiently  small,  there 
exists  fo  =  fois)  such  that  ^o{0)  =  0  and  ^(^o(i)-  =  )  =  0.  i.e.  the  orbit  of  (7) 

started  from  point  (^o(£)'f)  near  [q  of  (2)  'S  a  closed  orbit. and  r45(t)  tents  to  Iq  eis 
£  -*  0. 

Moreover,  for  e  sufficiently  small,  the  moduli  of  all  eigenvalues  of  the  differential 
operator  at  point  (^o(£).t)  for  Poincare  mapping  are  less  then  1.  and  hence,  the 
closed  orbit  is  a  stable  limit  cycle. 
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We  propose  to  investigate  the  stability  of  real  stars  with  the  catastrophe  theory, 
which  shos  that  the  real  stars  may  have  a  mass  like  the  neutron  star.  The  latter 
depends  on  the  charge  of  a  spin  zero  particle.  A  difference  and  a  role  of  short-range  self 
interaction  and  long-range  Coulomb  interaction  in  the  forming  of  a  star  are  discussed. 

Recently  we  proposed  to  study  the  stability  of  boson  and  neutron  stars[l],  using 
the  method  developed  in  the  theory  of  solitons  by  one  of  authors[2].  This  application  of 
the  nonelementary  catastrophe  theory  based  on  the  cla.ssification  of  singularities  of  the 
smooth  mappings  The  mapping  has  been  created  by  integrals  of  motion  of  Einstein 
equations,  which  are  the  star  mass  and  the  star  charge.  The  procedure  of  the  catastro¬ 
phe  theory,  which  we  are  applying,  is  practically  reduced  to  the  finding  of  bifurcation 
diagram,  which  describes  the  functional  dependence  of  the  conserved  quantities  with 
respect  to  each  other  ['2,1],  For  the  common  case  of  two  values  M  and  A’  the  bifurcation 
diagram  is  represented  b.v  cuspidal  curve.  Each  of  these  cusps  is  associated  with  some 
surface,  so  called  the  Whitney  surface  [2],  The  bifurcation  diagram  corresponds  to  crit¬ 
ical  points  of  some  catastrophe  manifold.  One  of  authors  has  show'n[2j  that  the  critical 
points  of  the  minimum  correspond  to  the  stable  soliton  and  that  the  critical  points  of 
the  maximum  correspond  to  unstable  soliton.  In  [1]  this  ideolog.v  has  been  applied  to 
cases  of  boson,  neutron  stars  and  w'hite  dwarfs.  In  the  early  universe,  scalar  ptirticles 
played  an  important  role.  In  that  time  it  could  be  possible  that  clouds  of  the,se  particles 
created  stars  under  their  gravitation  field,  so-called  bofon  stars  [3],  The  largest  part  of 
suggested  dark  matter  consists  of  boson  stars(3].  The  boson  star  may  consist  of  many 
particles  and  have  very  heavy  mass  like  the  neutron  star.  The  latter  depends  upon 
.self  interaction  between  bosons  (3.1j.  The  boson  star  is  stable  at  small  densities.  The 
instability  will  appear  at  .some  critical  density.  This  result  has  been  obtained  with  the 
aid  of  perturbation  theory  [3],  One  may  show  that  the  point  of  instability  corresponds  to 
a  coalescence  of  maximum  and  minimum  in  some  ma.ss-central  density-charge  surface 
[1]  (catastrophe  manifold). 

Recently,  the  Higgs  jiarticles  interacting  with  gauge  field  have  been  studied  [4], 
The  gauge  field  may  be  considered  as  electromagnetic  field  trapped  by  star.  In  this 
rase  the  bosons  having  a  charge  will  interact  via  electromagnetic  forces.  In  four  dimen¬ 
sional  universe  this  irinraction  may  have  attractive  or  repulsive  character.  Since  the 
star  corresponds  to  stationary  solutions  of  Einstein  eejuations,  the  effective  interaction 
between  bosons  in  the  star  will  be  repulsive  as  for  nonrelativistir  rase.  Because  of  this 
repulsive  interaction  between  bosons  there  exist  a  critical  charge  of  bosons,  which  cor¬ 
responds  to  Coulomb  instability  of  the  star[4].  This  instability  is  simidy  an  expansion 
or  a  dispersion  of  the  star.  The  problem  of  collapse  calls  for  a  special  attention.  The 
studying  of  charged  stars  allows  to  understand  a  nature  and  a  role  of  different  interac¬ 
tions  in  the  forming  of  real  stars.  The  sj)erial  question  is  what  kind  of  forces  (long-range 
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Coulomb  or  short-range  strong  interactions)  is  more  important  in  the  increase  of  the 
star  mass  beyond  the  Chandrasecar  limit.  A  charged  boson  star  is  described  we  by  a 
self-interacting  scal2ir  field  $  coupled  self-consistently  to  their  gravitational  field  and 
to  U(1  )-gauge  fields  having  the  Lagrangian 

^  =  ^\/17Ti?+^vT7T  (o.i) 

where  k  =  SttG  is  the  gravitational  constant  in  natural  imits,  g  the  determinant  of  the 
metric  ii,u  =  (0, 1,2, 3),  i?  the  curvature  scalar,  and  t7(($)*$)  the  self-interaction 
potential.  Because  of  the  coupling  between  the  scalar  field  and  the  C(l)  Maxwell  field 
.4^,  it  is  convenient  to  introduce  the  gauge  and  generally  covariant  derivative  for  the 
Higgs  field  ,  where  g  is  the  coupling  constant.  Further,  we  have 

the  field  strength  tensor  . 

From  the  principle  of  minimal  action,  we  obtain  the  coupled  Einstein-Msixwell- 
Klein-Gordon  equations: 


-  ^3iivR  =  -kT^„($,.4<,)  , 

(0.2) 

(0.3) 

{^/\T\F•“')  -  -!</'“'[( D,*) -  (D,$)*  $] , 

(0.4) 

-4,)  =  {D^mOA)  - 

(0.5) 

is  the  energy-momentum  tensor  and  is  coi’ariant  t’(l)-d’Alembertian. 

The  static,  spherically  symmetrical  metric 

./d’  =  -  r*(de^  +  sin^  0d<i>^).  (0.6) 

in  which  the  functions  u  =  i/{r)  and  A  =  A(r)  depend  on  the  Schwarzschild  type  radied 
coordinate  r.  For  the  boson  field,  we  make  the  stationary  ansatz 

P(r,t)  =  S(r)e‘“"  ,  (0.7), 

which  describes  a  spherically  symmetrical  bound  state  with  frequency  ui.  To  have  only 
electric  charges  for  the  scalar  field,  we  make  the  following  choose  for  the  gauge  field 

A^(r,t)  =  (Co(r),0,0,0).  (0.8) 

Because  we  have  a  coupled  system  of  ordinary  differential  equations. 

Analogous  to  the  uncharged  boson  star,  we  use  the  Tolman  mass 

OO 

M  :=  4r  j [2(w  +  eCoj^S^e""  -f  dr  . 

0 


(0.9) 
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For  the  charged  boson  star,  this  expression  does  involve  derivatives,  in  contrast  to  the 
boson  star  [3,1]. 

A  second  "integral  of  motion’’  arises  from  U{  1 )  symmetry. 


Q  =  eN  =  47re  j  +  eCo)  dr  . 

0 


(0.10) 


The  diagram  (,1/, .V)  is  the  bifurcation  diagram  (see,  Fig.  2  in  Ref.[l]).  This 
diagram  plays  the  decisive  role  in  the  determination  of  the  stabilitj-  of  the  charged 
boson  stars.  In  catastrophe  theory  this  diagram  is  a  skeleton  of  a  catastrophe  manifold 
(a  multidimensional  surface).  The  bifurcation  diagram  shows  critical  points  (minima 
and  maxima)  of  this  surface.  At  the  cusp,  the  minimum  and  the  maximum  coalesce. 
According  to  Whitney  theorem,  we  may  distinguish  three  type  of  objects  on  the  surface: 
1.  Regular  points  2.  Fold  points  3.  Cusp  points.  Every  cusp  is  produced  through  a 
projection  of  a  Whitney  surface  on  some  plane  (M,N).  The  lower  (upper)  branch  of  the 
cusp  represents  the  projection  of  minima  (maxima)  of  the  Whitney  surface.  We  connect 
the  stable  solution  of  the  Einstein  equation  with  the  lower  branch,  which  is  associated 
with  a  minimum.  Intuitively  this  solution  will  be  stable  under  small  perturbation.  On 
the  other  hand  the  solutions,  associated  with  the  upper  branch  will  be  unstable  under 
some  perturbation,  which  grow  exponentially  and  destroy  the  star.  We  may  say  that 
at  the  cusp’s  point  the  one  instability  appears  or  disappetu's.  Therefore,  if  we  found  a 
stable  solution  the  all  instabilities  may  be  classified.  Thus  the  method  allows  to  find 
the  star  stability  without  consideration  complicated  equations  created  by  perturbation 
theory. 

Probably,  the  discovery  of  the  catastrophe  theory  method  [6,5]  allows  to  consider 
the  stability  of  multicomponent  retdistic  stars.  Here  the  complication  of  Einstein  equa¬ 
tions  increases.  The  number  of  motion  integrals  increases.  We  should  also  consider  a 
very  complicated  equation  of  state.  But  the  catastrophe  theory  method  may  solve  this 
problem  and  therefore  it  opens  a  new  era  for  using  the  superpower  of  transcomputers. 

Notice,  there  should  exist  oscillating  charged  boson  stars.  A  variable  electric  field 
in  such  stars  produces  a  magnetic  field  with  creating  a  star  radiation.  Therefore  it  exists 
a  significant  bigger  chance  to  discover  the  oscillating  charged  boson  stars. 

In  [3]  it  was  shown  the  importance  of  boson  stars  which  is  so  massive  as  neutron 
stars  provided  the  self-interaction  between  the  spin-zero  constituents  is  short-range. 
This  fact  follows  fr<3m  an  asymptotic  behavior  of  the  maximal  mass  from  the  self¬ 
interaction  constant  o  [3] 


Mn 


0.22 


1/2 


(0.11) 


For  Q  ~  1  and  m  =  m.v  (  the  boson  mass  equals  the  mass  of  a  neutron)  we  have  an 
upper  limit  Mmai  ~  Mchandrastkhar  =  The  same  dependence  was  found  for 

the  charged  boson  star  but  for  the  particle  charge  e 
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Cent  depends  from  the  additional  self-interacting  strength.  Hence,  for  e  =  Ccrii  — 
(m/Mpi)^  and  m  =  m,\-  we  get  Mmaz  =  o^Ichandraatkhar  with  the  same  answer  like  in 
the  case  of  the  uncharged  boson  star.  Hence  for  a  ~  1  the  mass  of  charged  boson  stars 
equals  the  mass  of  neutron  stars.  There  may  exist  so  gigantic  stars  as  they  are  found  in 
[3]  if  we  choose  e  =  e^rit  -  (rn/Mpi)*.  We  conclude  that  the  choice  of  the  electric  charge 
produces  the  same  effect  like  the  self-interaction  written  through  q.  Table  1  shows  the 
analogies. 


Electric  field 

self-interaction 

e  =  0 

a  =  0 

^  ~  ^crit 

Q  =  OC 

e  e  -  (mlMpif,  -  (mlMpi)*[ 

a  ~  1 

e  e  [ecr.i  -  (mIMp,)*,  e„,(  -{m/Mptf  [ 

Q  ~  1 
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Abstract  The  operational  approach  in  terms  of  POV  measures  and  instru¬ 
ments  is  applied  to  the  statistical  description  of  classical  dynamical  systems. 

^rgodic  systems.  Coarse  graining  of  dynamical  systems  is  defined  by 
means  of  a  class  of  POV'  measures  which  induce  stochastic  mappings  (linear 
state  transformations).  Some  different  models  of  coarse  graining  for  dynamical 
systems  are  introduced  and  the  possibility  of  characterizing  the  instabilities  of 
mixing  dynamical  systems  is  analyzed. 


This  paper  is  a  summary  of  [1].  Starting-point  of  our  discussion  is  Ruch's  funda¬ 
mental  work  [2],  which  develops  basic  concepts  for  the  description  of  irreversibility. 

1.  Notion  of  Observable,  Instrument  and  Coarse  graining 

Let(n,  n.  be  a  measure  space  with  phase  space  Q.  cr-algebra  S  and  measure 
H-  States  are  represented  by  positive  norm-1  functions  in  /.'(Q. S. /<).  that  is  the 
space  of  absolute  integrable  functions  on  Q.  ^i)  denotes  the  space  of  all 

/i-essentially  bounded  functions  on  fl. 

An  observable  e  on  some  measurable  space  (P. D)  is  a  normalized  positive- 
operator-valued  (POV)  measure  on  E,  that  is,  an  observable  is  a  mapping  f  ;  E  — > 
I*(n,S./i)Jj  with  the  properties: 

-  e(0)  =0,  £(0)  =  vn 

-  {A.l.g;,  A.  n  A,  =  0  for  ;  /  j  :  e  ((J_^,A.)  = 

The  u-algebra  E  is  the  set  of  all  possible  outcomes  of  e-measurement.  A  state j>  S 
Z,*(ft,  E,  and  an  observable  e  define  a  probability  measure  p'  ;  S  — >  [0, 1],  A  >— * 
Pp('A)  =  Jjjpe(A)dp,  (e  absolutely  continous  w.r.t.  pe)-  Pp(A)  is  the  probability  for 
the  outcome  A,  if  the  system  is  in  state  p. 

Ordinary  observables  in  classical  mechanics  are  represented  by  measurable  func¬ 
tions  on  phase  space  fl.  Every  measurable  function  /  :  f?  — >  R  defines  uniquely 
a  projection-operator- valued  (PV)  measure,  that  is  a  special  POV  measure,  pf  : 

=  {all  characteristic  functions  in  i'*^(n,E.p)}.  A  POV  measure  /  is 
a  PV  measure  if  and  only  if  £(A)^  =  £(A)  for  all  A  €  E. 

Coarse  graining  interpreted  as  a  restriction  of  the  measurement  of  phase  space 
volumes,  i.e.,  not  all  phase  space  cells  can  be  mea.sured  accurately,  is  defined  by 
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means  of  a  class  of  POV  measures  e  :  E  -+  £, (e  abs.  cont.  w.r.t.  //). 

e(A)  represents  the  smeared  phase  space  cell  A,  resp.  \a  €  H.  In  this  case  the 
probability  measure  p'  :  S  — >  [0,1],  A  i-->  p'(A)  =  /jjpe(A)dp  =  J^pdfi  induces  a 
positive,  linear,  trace  preserving  (in  short  stochastic)  mapping  ;  L^{fl.E,p)  — » 
Z,'(fl, H, p), p  $fp  =  p. 

On  the  other  hand  the  dual  4>’  of  a  stochastic  mapping  $  defines  a  POV'  measure 
e*.  :  S/S^  -  1^(0,  S,p)^,  with  :=  {A  €  5:ip(A)  =  0}. 

An  instrument  is  an  operation-valued  measure  I  :  S  — »  £(L'(f2,S,p))<,  on 
some  measurable  space  (0,  S)  defined  such  that 

—  J(0)  =  0,  J(fl)  =  $r,  is  a  stochastic  mapping 

—  {A,},g/,  A.  n  Aj  =  0  for  i  j  :  I  =  ^^^^J(A.). 

Two  simple  examples  of  instruments  are  given  by  (i)  J(A)  :  J(A)p  = 
and  (ii)  Z(A)  :  I(A)p  =  $jp  \^.  In  the  case  (i)  one  observes  the  POV’  measure  £*• 
and  the  initial  state  p  is  not  changed  ($j  =  id),  in  the  case  (ii)  is  observed  and 
the  state  p  is  changed  into  $jp,  i.e.,  the  system  is  open. 

In  the  special  case  of  measurable  space  (ft,  II)  the  measurement  performed  by 
an  instrument  I  can  be  interpreted  as  coarse  graining. 

Consider  now  two  concrete  POV  measures  which  are  important  in  further 
discussions: 


a)  Let  {A,},€/  be  a  partition;  A*  O  Aj  =0  for  i  ^  j,  U,;A.=ft.  MA.)<oc: 


<ei 


■\A. 


b)  Let  (ft,0(ft),p//)  be  a  measure  space,  where  ft  d«‘notes  a  locally  compact 
abelian  group,  S(ft)  the  Borel  algebra  and  p/y  the  Haar  measure: 


$}:  E^  L^(ft,e(ft),p„)^,,  X^-1>}(xa), 


Jq 

2.  Instability  Measures  for  Mixing  Dynamical  Systems 

Given  a  dynamical  group  {?(}(€R  i>i  is  an  isomorphism),  ?#p‘  =  p'  for  a  fixed 
state  p*. 

{'(}ieR  is  p*-mixing,  if 

Vp€  /:'(ft,E.p)+  V^e  L"'(ft,I.p)  :  lini{„p,p)  =  (p-,p). 

t— ‘OC 
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A  family  {$q}o6/  of  stochastic  mappings  is  called  statistically  complete,  if  the 
span  of  the  joined  ranges  of  the  POV  measures  is  cr-weakly  dense  in  ^.p)- 

A  single  $  is  statistically  complete  iff  is  injective. 

Theorem  Let  {$a}og/  he  a  statistically  complete  family.  ^aP'  =  P’  awd 
a  dynamical  group.  Define  the  family  by  :=  o  i,.  Then: 

Vq  a  I  Vp  e  E,p)'t  :  lim  H  ^fp  -  p*  H  =0  {i<}ieR  is  p’ -mixing. 

f—oo 

Any  measurable  mapping  A'  ;  fl  x  ft  — »  R'*',  Jq  I\(x.y)dp{x)  =  1,  defines  a  sto- 
cheistic  kernel  and  thereby  a  stochastic  mapping  $  by  $p(jr)  =  A{:r.y)p{y)dp{y) 
for  p  €  L^{ri,T,.  p).  Furthermore,  if  the  functions  gx(y)  •=  A(-r-J/)  for  fixed  x  £  Q 
are  bounded  (a.e.j,  one  can  prove  the  converse: 

Theorem  Let  {AjtgR  be  a  p'-mixing  dynamical  system.  4>  a  stochastic  mapping 
defined  by  a  bounded  stochastic  kernel.  $p'  =  p".  and  {4>,  }t>o  given  by  :=  ^oi,. 
Then 

'dpe  L'({l,-£.p)t  :  lim  II  $,p  -  p*  II  =  0. 

I— ‘X' 

By  the  first  theorem  every  injective  stochastic  mapping  $p"  =  p*,  can  be 
interpreted  as  an  instability  measure  for  mixing  dynamical  systems  {((jreR-  Fur¬ 
thermore  such  a  $  establishes  a  semigroup 

{f^},>o,  W',  :=  $  0  i,  o  4>-\  W,  :  4>(i’(ft.i:.p)) -*  ^(/.’(ft.Ii.p)). 

{VFj(>o  represents  the  macro  dynamics  on  the  coarse  grained  state  space  Mt.  := 
$(L'(ft,Ii,p)).  The  semigroup  property  ensures  the  monotonic  derease  of  the  func¬ 
tion  II  R'tp  —  p*  II ,  p  €  Mtt'l' .  which  therefore  is  a  H  function,  as  any  other  convex 
function  of  pt  ~  Wtp.  too. 

Examples: 

(i)  Let  be  a  partition:  Af  O  A“  =  0  for  i  ^  }.  Af  =  ft,  p(A“)  <  oc. 

Thus  one  defines  :  Z,'(ft,S,p)  L^(il.'£.p).  ^a(p)  =  YL,ei 

with  stochastic  kernel  l\°{x.y)  =  Then  the  family 

{$a}ag/.  where  q  runs  over  all  partitions,  is  statistically  complete. 

(ii)  Let  Ph]  be  a  measure  space  with  locally  compact  abelian  group  SL 

Define  $/  :  p  •-»  $^p,  ($yp)(x)  =  p(y)f(y  -  ■r)dp(y)  with 

K(T.y):=  f{y-x)  for  f  £  L'{n.B{fl).pH)j. 

becomes  injective  for  such  /  €  L*(ft, 0(ft), for  which  the  “Fourier 
transform  /  does  not  vanish  on  the  character  group  of  ft.  f  is  exactly  the  Fourier 
transform  in  the  case  of  measure  spaces  (R",  5(R’'),pl)  and  (XILJO,  1],  B.pi).  The 
Gaussian  distribution  for  infinite-  and  f(x)  =  for  finite  measure  spaces  are 

examples  for  such  functions.  For  finite  measure  spaces  any  injective  defines  an 
instability  measure.  The  inverse  is  not  positive,  i.e.,  an  “unphysical'  mapping. 
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3.  Relation  to  other  Entropy  Functions 

In  the  following  let  (f?  be  a  finite  measure  space  with  //(fl)  =  1.  Let 

r)  :  R+  — ♦  R  be  a  strictly  convex  function,  satisfying  ??(!)  =  0,  lim(_^  77(0  =  ^ 
and  T>„  :=  {/  e  I  <  ^}-  Define  S„  :  P„  R,  p 

Sv(p)  —  /n  v{p)dp-  Then  one  can  define  for  a  fixed  stochastic  mapping  $  the  coarse 
grained  entropy  Sr,,<t.  :  p  i-+  5,,,<t(/>)  =  /(j  i)(^p)dp. 

Theorem  Let  {$(}(>o  be  a  family  of  bistochastic  mappings.  7  a  strictly  convex 
function  satisfying  the  assumptions  introduced  above.  Then: 

'ip  ^'Dr,:  f  lim  (j  —  1  [j  =  0  lim  /  r;(4>(/>)d//  =  0 

\t~OC  t~SC 


This  establishes: 

Corollary  Let  $  be  a  injective  stochastic  mapping,  $1  =  1.  {blfeR  ^  dynamical 
group  and  ij  any  fixed  entropy  function.  Then: 

ipeVr,:  lim  =  0  =4-  {b}/6R  uniform  mixing. 


In  that  case  every  coarse  grained  entropy  function  5,,.<j>  can  be  interpreted  an 
instability  measure  for  mixing  dynamical  systems. 

4.  Generalized  H-theorems 

In  general  the  semigroup  propertv-  fails  in  case  of  °  U-  Hence 

one  is  interested  to  introduce  a  sufficient  criterion  which  ensures  the  monotonic 
decrease  of  entropy  functions.  Monotonic  decrease  of  mixing  distance  furnishes  in  a 
natural  way  a  sufficient  criterion: 

A  given  family  ^tp'  =  p" •  of  stochastic  mappings  is  monotone  for  a 

fixed 

Vq.  €  R+  Vt'  >  t  II  -  .ip‘  II  >  II  -  dp"  || 

<=»  e  ST(L')  :  (^pc  =  =  Vp(f'-T)Pt  =  .t)o<^,p  k  c-,(t'.t]p-  =  p‘ 

The  equivalence  follows  from  [3].  The  existence  of  the  stochastic  mapping  Cplt'.t) 
guarantees  in  the  case  of  finite  measure  spaces  that  every  convex  function  induces 
a  H  function.  An  example  is  given  in  the  following  theorem: 

Theorem  (fl,  5(0), ////),  pnCfl)  =  1,  where  Q  is  a  locally  compact  abelian  group. 
{^(}(>o.  :=  where  (4>;p)(.r)  =  p(y)f(y  -  r)dp{y).  and  (i,p)(jr)  = 

p{St~^x)  for  a  group  {5(}(gR  with  =  PH(dtk).  A  €  Then: 

'ipe  L\n.B{n).pff)*  W>t3yp{t'.t)eST[L')  : 

Pt'  =  ^vp  =  tf'p{t'J)o<^,p.  i;v(t',/)l  =  1. 
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1.  Introduction 

The  biogeophysical  ecosphere  is  the  union  of  the  earth's  eco¬ 
systems  and  is  divided  into  soil-hound  or  terrestrial  ecosystems, 
in  aquatic,  limnological,  marine  or  cryogenic  ecosystems,  in  atmo¬ 
spheric  and  finally  in  ecosystems  related  to  volcanic  nature. 
Ecosystems  are  catalytic  feedback  nets  of  mutual  dependences. 
We  consider  here  terrestrial  ecosystems  only,  with  main  emphasis 
on  forests  in  diverse  types  and  specifications.  Our  results 
should  be  applicable  as  well  to  fields,  cultivated  by  tillage  and 
pasture. 

A  forest  is  usually  composed  of  many  living  and  also 
of  anorganic  constituents,  for  example  the  subsystem  of  trees 
of  different  species.  The  observables  of  these  subsystems  are 
biotic  ones,  like  functions  of  the  biomasses  of  certain  spe¬ 
cies,  as  well  as  abiotic  factors,  like  thermodynamic  quantities 
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project  no.  OEF  2019-3,  part  PM  5.  The  content  la  due  to  the  author. 
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(temperature,  humidity  etc.)  and  other  macroscopic  physical  or 
chemical  observables.  like  concentration  of  reactants.  wind 
pressure  and  velocity  or  solar  radiation  intensity. 


To  the  best  of  the  author’s  knowledge,  it  was  first  E.H. 
Kerner  [  1  ],  who  noticed  that  the  interaction  potential,  if 
dependent  on  the  biotic  observables,  instead  of  the  positions 
of  particles  in  a  gas,  can  be  treated  as  in  physics,  leading  to 
a  useful  statistical  mechanics  of  ecosystems,  where  dynamics 
or  equilibrium  of  probability  distributions  on  the  phase  space 
of  those  subsystems  is  considered. 


2.  Subsystem  Dynamics 

The  interaction  of  the  abovementioned  observable  functions  of 
the  biomasses  or  of  related  biotic  observables,  and  the  abiotic 

factors,  all  abbreviated  by  q.,  i  =  1 . 2n.  is  postulated  to  be 

given  by  an  equation  of  motion  of  first  order 


dt 


2n 

y 

i  =  i 


r"’ ), 


d  u 

i  j  d  q  . 


(  I  ) 


where  U  is  the  interaction  energy  from  many-body  potentials, 
and  r  is  an  antisymmetric,  non-singular  matrix.  The  equations 
of  motion  can  be  derived  as  Euler-Lagrange  equations,  from 
well-defined  Lagrangean  [2  1.  containing  the  interaction  ener¬ 
gy  U,  which  turns  out  to  be  an  integral  of  motion,  and  a 
Hamiltonian  flow  does  exist  [  2  1.  is,  however,  not  straight¬ 
forward  to  deduce  from  the  Lagrangean.  It  is  important  to 
note,  that  the  usual  Voiterra  -  Lotka  eco  -  subsystem  -  dynamics 
[  1  ]  is  a  particular  example  of  an  equation  of  type  (  1  ). 
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3.  E]  qu  il  ibrlum  States  and 
ttie  Xtienmodynamlc  Lilmlt 


The  canonical  ensemble  is  defined  by  the  Gibbs  state  of  the 
Hamiltonian.  The  Gibbs  measure  is  associated  to  the  norma¬ 
lized  weight  function 


Z  'expi-pSyllpl.lq)))  (2) 


where  .Sj((p).(q))  is  one  of  the  previously  introduced  Hamilton 
functions  and  the  p's  are  the  canonical  ly  conjugated  momenta. 

In  [  2  ].  and  [3  3.  we  consider,  partially  based  on  t  1  ] 
and  C  -f  ].  finally  three  different  Hamilton  functions,  which  are 
consistent  with  the  principles  of  classical  mechanics.  It  turns 
out.  that  the  equilibrium  states  are  all  unitarily  equivalent,  and 
the  free  energies  are  equivalent  either.  This  gives  with  (21  a 
unique  notion  of  what  is  known  as  ecological  equilibrium. 

Furthermore,  using  the  theory  of  metric  cones  of  interactions 
t  .5.6  ],  we  are  able  to  prove  rigorously  the  existence  of  the 

thermodynamic  limit  for  the  free  energy  and  the  mean  correlation 
functions  in  a  weak,  measure-theoretic  sense,  almost  everywhere 
with  respect  to  the  metric  on  a  very  large  class  of  interactions. 
For  the  particular  Vo  1  terra-Lot  ka  one-body  potentials,  we  give 
explicit  expressions  for  the  limit  free  energy  and  the  limit  Gibbs 
state  [  2.3  ]. 

A  comparison  of  the  equilibrium  Vol  terra-Lotka  probability 
distribution  with  biomass  measurements  in  a  beech  forest  is  given 
in  [  3  1. 
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INTRODUCTION 

Dynamical  models  which  capture  the  primary  features  of  information  processing 
and  adaptive  behaviour  in  hving  nervous  systems  have  often  been  described  by  irre¬ 
ducible  multi-neuron  interactions  of  multiplicative  character  [1,2].  In  fact,  it  is  well 
known  that  s\  napses  not  only  modify  the  membrane  potentials  of  dendrites  but  also 
those  of  other  synapses.  Moreover,  models  with  high-order  interactions  have  impressive 
storage  capacities  increasing  with  a  power  of  the  order  of  the  interactions.  Hence,  the 
stability  of  the  stored  information  is  expected  to  increase  dramatically  if  high-order 
effects  are  taken  into  accoimt. 

1.  THE  MULTI-CONNECTED  NETWORK  MODEL 

The  model  network  consists  of  a  set  of  N  interacting  binary  threshold  units  a, 
which  are  only  capable  to  ttike  the  vedue  -f  1  and  -1  for  unit  i  “active”  or  “non  active", 
respectively.  We  assume  that  each  neuron  i  can  interact  with  A,  other  units  of  the 
network  with  1  <  A';  <  iV  -  1,  while  self- interactions  are  excluded.  The  state  of  neuron 
t  at  time  t  is  then  specified  according  to  the  deterministic  threshold  rule 

<T,(t -f- 1)  =  sgn|/i,(t)j  t  =  l . N  .  (1.1) 

The  net  internal  stimulus  h,(t )  is  defined  in  tenns  of  a  polynomial  A'i-th  order  expansion 
of  the  commonly  used  hnear  siiperposition  of  the  weighted  input  states 

A,(<)  =  c,o  +  ^ 

(jt)  (jl)<.  <(jKi)  (1-2) 

=  Cfl  -t-  Ct(t)  f  ...  -t-  , 

where  the  sums  are  only  taken  over  those  K,  neurons  that  inter,  ct  with  nerrron  t. 

In  order  to  achieve  faithful  storage  of  p  arbitrary  patterns  S’, ...,  S’"  6  {  —  1, 1}^ 
as  fixed  points  of  the  dynamics  (1.1)  the  coupling  coefficients  can  be  determiiied  by  the 
natural  extension  of  the  classical  Hebbian  learning  rule  to  order  Ki  via 

)i=l 


(1.3) 
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Note  however,  that  an  s-order  contribution  in  eq.(l-2)  contains  (^•)  constants.  Due  to 
ttiis  rapidly  proliferating  parametrization  high-order  networks  have  often  been  believed 
to  be  impractable  for  real-world  applications.  In  fact,  optimizing  a  network  with  eJI  pos¬ 
sible  high-order  terms  is  clearly  unfeasible,  although  the  optimization  problem  has  been 
succes.sbdly  attacked  by  admitting  only  a  strongly  reduced  pattern-specific  interconnec¬ 
tivity  [2,3].  In  this  report  we  will  demonstrate  how  suitable  summation  techniques  for 
the  inclusion  of  high-order  terms  can  completely  eliminate  the  proliferation  problem. 

2.  HIGH-ORDER  CONTRIBUTIONS  AND  POLYA  POLYNOMIALS 

It  is  straightforward  to  evaluate  a  modified  s-order  contribution  in  eq.(2.2) 

Ct=  ^  ~  1  (2'1) 

(ji)  .(j.) 

which  consists  of  K‘  terms.  The  auxiliary  quantity  C,  defined  in  (2.1)  contains  “diago¬ 
nal”  terms  specified  as  those  of  which  at  least  two  indices  ji,...,  j*  are  the  same.  These 
terms  are  redundant  since  they  edready  appear  in  lower-order  contributions.  Inserting 
(1.3)  in  (2.1)  and  interchanging  the  order  of  the  summations  leads  to  the  simple  form 

(ii  )■■.(;.)  (h)  .•(i.)»‘=' 

('=1  (i.)  <y.)  M=i  (ii)' 

The  corresponding  desired  s-order  contribution  C,  can  then  be  evaluated  via 

^  S.  a, 0=\ 

(;i)<  .  <(i.) 

with  C,  teiken  from  eq.  (2.2).  The  s  x  s  determinant  in  (2.3)  eliminates  all  “diagonal” 
terms  with  two  or  more  indices  coincident,  while  the  statistical  factor  s!  takes  care  of 
symmetric  terms.  Defining  “generrJized”  overlaps  of  a  current  net  configuration  a{t) 
with  one  of  the  prescribed  patterns  5** 

=  ’  (2.4) 

(j.) 

direct  evaluation  of  the  r.h.  side  of  eq.  (2.3)  yields  the  following  results  for  small  s: 

c.  =E^.''K]  (2-5) 

(*=i 


(2.2) 


(2.3) 


(2.6) 
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^3  =  E  5.- I -  amfm?  +  2m^]  (2.7) 

11=1 

and 

C4  =  E5.^^1(K)"-6("»?)""‘2+8mymJ+3(mJ)^-6m'f]  .  (2.8) 

i‘=i 

For  eirbitrary  s  it  can  be  easily  shown  that  the  quantity  C,  can  be  written  as 

=  O  (2.9) 

t‘=l 


with 

P4m,,-,m^)  =  J|7(oi,-,or,)m“'  (2.10) 

(«)  (=1 

The  sums  in  (2.10)  are  performed  only  over  tho.se  s-dimensional  vectors  a  =  (oj , ...,  a,)  £ 
NJ  whose  components  are  solutions  of  the  partitioning  relation 

^/a,  =  s  ,  (2.11) 

t=i 

while  the  coefficients  7(0,,  ...,a;),  satisfying  the  sum  rules 

^7(ai,  ...,a,)  =  0  and  ^|7(ai,...,Q,)|  =  s!  ,  (2.12) 

(2)  (2) 

are  given  by 

7(„. . a.)  =  s\nfl(-l)-'^'(l-‘)a,\]  .  (2.13) 

(=i 

The  quantitiy  V,(mi,...,m,)  is  a  generalized  Polya  polynomial  [4]  of  the  symmetric 
group  S,,  where  the  signs  of  the  corresponding  cyclic  permutations  (-l)"'"^’  have  been 
included. 

For  arbitrary  s  the  total  number  of  solutions  P(s)  of  (2.11)  can  be  given  in  terms 
of  the  recurrence  relation  [6] 

P(s)  =  -E<^(0P(5-/)  ,  (2-14) 

^  i=i 

where  the  divisor  function  a{l)  is  the  sum  of  the  first  powers  of  the  divisors  of  1.  Note 
that  in  the  large  s-limit  P{s)  behaves  a.symptotically  [6j  like 


P(s) 


1  , 

4.sx/3 


(2.15) 
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Finally,  the  generating  function  of  the  Polya  polynomials  allows  to  calculate  the  sum  of 
all  individual  s-order  contributions,  i.e.  the  total  net  internal  stimulus  hi{t)  eq.(1.2),  in 
the  thermodyTiamic  hmit; 

oc  p  oc 

^  C.  =  ■  (2-16) 

•=0  (i=l  /=J 

Note  however,  that,  though  eq.(2.16)  is  a  beautiful  formal  result,  practical  neural  net¬ 
work  applications  often  work  within  a  fixed  single  order  adapted  to  the  “order”  of  the 
problem  [7]  such  that  the  corresponding  s-order  contribution  (2.3)  is  of  practical  value. 

3.  HIGH-ORDERS  AND  FERMION  DIAGRAMMATICS 

Combinatorial  group-theoretical  considerations  reveal  also  that  there  is  a  one-to- 
one  correspondence  between  an  s-order  contribution  C,  (2.3)  and  certain  s-cell  diagrams 
obeying  fermion  statistics  which  may  be  drawn  in  a  plane.  (Substituting  the  determinant 
in  (3.9)  by  a  permanent  wo\ild  correspond  to  Boson  statistics).  Each  of  these  diagrams 
is  uniquely  defined  by  an  s-dimensional  vector  o  =  (ai,...,Q,)  satisfying  (2.11)  which 
specifies  the  grouping  of  the  s  cells  into  a  product  of  exchange  clusters,  consisting  of 
oi  1-cycles,  aj  2-cycles,  ...  and  a,  s-cycles.  The  magnitude  of  the  statistical  weight 
factor  7(01,.. .,o,)  equals  the  number  of  ways  in  which  s  cells  can  be  distributed  into 
ai  exchange  clusters,  contiuning  I  cells  each,  for  /  =  l,...,s.  Figiue  1  shows  all  possible 
cluster  diagrams  up  to  order  s  =  7  described  by  s  filled  dots  and  the  corresponding 
exchange  lines.  The  latter  only  appear  in  closed  polygons  such  that  those  cells  belong¬ 
ing  to  a  definite  exchange  cluster  are  connected  through  a  closed  loop.  These  cluster 
diagrams  have  also  been  used  in  the  description  of  non-interacting  fermions  or  bosons 
within  the  recently  developed  correlated  density  matrix  formahsm  [6].  The  exchange 
lines  reflect  the  statistical  correlations  imposed  by  the  Fermi-  or  Bose  symmetries  of  the 
wavefunctions  with  respect  to  particle  exchange. 

1*  • 

‘II  ‘31  ‘K  >0  3  ‘G 

■*/;  nV  ”0* 

“O 

‘«0 
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Fig.l: 

4.  CONCLUSION 

We  have  shown  that  the  problem  of  controlling  high-order  contributions  in  net¬ 
works  equipped  with  multi-cell  interactions  can  be  successfully  solved  with  combinatorial 
group-theoretical  tooles  which  have  long  been  known  in  Polya’s  theory  and  the  theory 
of  boson  and  fermion  diagrammatics. 

Computer  simulations  reveal  convincingly  that  the  retrieval  performance  of  the 
network,  especially  its  discrimination  capability,  increases  substantially  if  high  order 
contributions  are  consistently  included,  i.e.  if  redimdant  ’’diagonal”  terms  are  elimi¬ 
nated. 
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All  possible  cluster  diagrams  for  s=2,  s=3,...,  s=7. 
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Abstract 

A  geometric  approach  to  the  generalizing  ability  and  representational  prop¬ 
erties  of  feed-forward  networks  is  established.  Feed-forward  networks  are  con¬ 
sidered  as  mapping  networks.  It  is  shown,  that  any  set  of  training  e.xamples 
induces  a  foliation  of  their  weight  spaces.  This  intrinsic  geometrical  struc- 
tur  allows  deeper  insight  into  the  role  of  different  training  patterns  and  the 
structure  of  the  solution  set. 


1  Introduction 

The  intention  of  our  approach  is  to  e.xtract  those  inatheinatical  structures  inher¬ 
ent  in  feed-forward  networks,  which  lead  to  deeper  insight  into  their  generalizing 
properties,  the  organization  of  the  solution  set.  the  formation  of  internal  represen¬ 
tations.  etc.  For  these  networks  the  foliated  structure  of  their  weight  spaces  and  the 
'orbit'  structure  of  internal  and  other  symmetry  groups  are  of  relevance.  Its  only 
in  a  second  step,  that  these  results  will  be  applied  to  practical  questions  like  the 
developement  of  more  effective  learning  algorithms.  In  this  paper  we  will  reveal  the 
foliated  structure  of  the  weight  spaces. 

We  will  concentrate  on  two-layer  feed-forward  networks  with  continuous,  non¬ 
linear  units.  The  case  of  more  than  one  hidden  layer  will  be  tractable  in  a  straight 
forward  way.  We  consider  these  nets  as  mapping  networks  [1].  Correspondingly, 
in  section  2  we  describe  their  behavior  in  terms  of  input/output  maps  which  are 
parametrized  by  elements  of  the  weight  space. 

In  section  3  it  is  shown  that  associated  with  a  given  set  of  training  examples 
there  is  a  foliated  structure  of  the  weight  space.  The  set  of  all  possible  generaliza¬ 
tions  of  the  training  set  is  characterized  by  a  specific  leaf,  the  solution  set  of  this 
foliation.  The  concept  of  (almost)  independent  training  examples  is  introduced.  For 
an  (almost)  independent  training  set  the  solution  leaf  is  (generically)  a  submanifold 
of  the  weight  space.  It  is  shown  that  a  feed-forward  network  with  a  q-dimensional 
weight  space  can  generalize  at  most  q  independent  training  examples.  In  section  4 
the  relevance  of  the  foliated  structure  with  respect  to  effective  learning  dynamics  is 
shortly  discussed. 
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2  Mapping  Networks 

In  the  following  N(/,  A.m)  denotes  a  two  layer  feed-forward  network  with  I  input 
units,  m  output  units  and  h  hidden  units,  i.e.  a  total  oi  n  =  I h  +  m  neurons.  We 
choose  sigirioidal  transfer  functions  and  the  standard  activation  function;  i.e.  the 
discrete  activation  dynamics  is  given  by 


a,{t  +  1)  +  0,  =  . n  , 


(1) 


j=i 


where  Wij  denotes  the  weight  from  unit  j  to  unit  i,  6,  the  bias,  a,(<)  the  activation 
at  time  t  of  unit  i,  and  o,{t)  its  output  given  by 


o,(t)  :=  cr(o,(t)). 


with  transfer  function 


cT(a)  := 


1 


(2) 


(3) 


1  +  e-'’ 

For  convenience  we  denote  the  bias  6,  in  (1)  by  u',o-  i  e.  by  the  weight  from  unit  0, 
which  denotes  the  bias  unit  (constant  output  1),  to  unit  t.  These  equations  define 
the  standard  setup  for  backpropagation  networks  [2],  but  the  explicit  form  of  the 
learning  rule  is  not  of  interest  here.  Networks  of  this  type  can  be  described  as 
‘mapping  networks’  [1];  If  the  configuration  of  the  net  is  fixed  by  a  weight  vector 
w  €  W  where  W  ss  R’denotes  the  weight  space,  the  behavior  of  the  net  can  be 
understood  in  terms  of  an  input/output  function  /„.  :  R'  D  £>  — ►  R""  from  a  subset 
D  of  /-dimensional  Euclidean  space  to  a  bounded  subset  fu(D)  of  m-dimensional 
Euclidean  space.  The  output  of  the  net  will  be  denoted  by  c  =  €  R”- 

Since  the  behavior  of  the  net  will  depend  on  its  configure’ ion;  i.e.  on  the 
weight  vector  tc  €  H  .  it  is  represented  by  a  function  /  :  U’  x  R*  — >  R™.  the 
characteristic  function  of  the  net.  and  we  have  /ufx)  ;=  f{u\jr).  Here  f{u\x)  is  a 
C^-function  of  both  x  and  u\ 

Under  supervised  learning  the  net  is  trained  on  a  training  set  r  :=  {(.r'',  = 

1 . r  of  r  desired  input/output  pairs.  Thus  the  training  set  is  a  set  of  points 

€  R  X  R™,  and  the  task  of  a  learning  procedure  is  to  adjust  the  weights 
Wij  of  the  net  in  such  a  way  that  the  graph  of  the  function  /  =  /(w.  x)  matches  the 
points  (j",y'')  of  the  training  set.  From  this  point  of  view  learning  is  nothing  but  a 
type  of  curve  fitting  [3].  In  the  following  we  assume  that  r  can  be  perfectly  learned, 
and  we  stress  the  following  geometric  view: 

Definition:  Given  a  net  with  characteristic  function  f  and  a  training  set  r.  .A 
generalization  of  r  is  the  graph  of  an  i/o  function  /^.  matching  the  points  of  r;  i.e. 
it  is  a  subrnmifold  graph(f^)  C  R^  x  R""  with  r  C  graph{fu  ).  The  corresponding 
w  €  VU  is  called  a  solution  for  r.  The  solution  set  5^  is  the  subset  in  IF  given  by 


Sr  :=  {u-  e  U'fr  C  grapkif^.)}. 


(4) 


In  general  a  given  network  will  be  able  to  produce  different  generalizations  of 
a  given  training  set.  They  correspond  to  different  weight  vectors  u)  6  Sr  inducing 
different  i/o  maps  all  satisfying 

=  (.5) 

3  Foliation  of  the  weight  space 

For  the  sake  of  notational  simplicity,  we  restrict  our  description  to  networks  N(/.  h.l), 
i.e.  to  nets  with  only  one  output  unit.  The  results  will  be  strictly  generalizable  to 
nets  with  m  output  units,  replacing  R  valued  functions  on  IF  by  R”  valued  maps 
on  ir.  Let  T  denote  a  given  training  set  and  assume,  that  the  network  N(/,/!,l) 
is  able  to  find  a  solution  for  r.  .\ny  training  example  6  r  induces  a  map 

f‘‘  :  W  — >  7  C  R'  given  by 

r(ic):=  flw.xn.  (6) 

whith  I  :=  (0. 1).  Observe  that  the  map  /"  depends  only  on  the  input  vector  x"  of 
the  example  €  ". 

From  the  network  model  (l)-(3)  it  follows,  that  the  functions  Z**  induced  by  the 
training  examples  are  submersions.  This  follows  from  the  fact  that  df^{w)  ^  0  for 
all  w  €  VI  .  Here  denotes  the  exterior  derivative  of  Z"  (i  e-  df*‘  may  be  viewed  as 
the  metric  dual  of  the  gradient  vector  field  V f‘‘  on  IF  (-}]).  So  every  r  €  /  is  a  regular 
value  of  Z“.  Since  dZ"  is  a  closed  one-form,  it  defines  an  involutive  distribution  P" 
on  VF  given  by  the  kernel  of  df^  and  generates  a  regular,  codimension- 1  foliation  J’*' 
on  VF  [.5].  The  leafs  of  are  denoted  by  AZ.  z  €  I.  Recall  that  the  vector  fields  X 
belonging  to  the  distribution  7?“  are  tangential  to  the  leafs  A'j. 

Furthermore,  it  follows,  that  the  training  example  (x‘',j/'‘)  €  r  defines  a  distin¬ 
guished  leaf  of  i.e.  a  codimension-one  submanifold  A'“  of  VF',  given  by 

A-'':=A',„  =  {Z'')-'(j,'')  ,  (7) 

and  we  have  the  following 

Statement:  Every  training  example  (x‘‘.y‘‘)  €  x  generates  a  codimension-1  foli¬ 
ation  f‘‘.  an  !  defines  a  distinguished  leaf  .V**  of  this  foliation. 

Of  course,  to  every  ir  €  A'"  there  corresponds  an  i/o  map  Zw  •  R"*  whose 

graph  matches  the  training  example  (x‘‘,y^)  €  R*  x  R™. 

Now,  consider  a  second  training  example  (.r*'.!/")  £  t.i/  ^  ft.  The  corresponding 
function  f‘'  generates  a  regular  foliation  and  a  distinguished  leaf  A'".  Suppose 
A'w  PI  y:'  jg  empty;  then  every  ir  €  .V''  n  A'"  defines  an  i/o  map  f^,  whose  graph 
matches  both  examples  (x**, (x".  y")  €  R*  x  R"*, 
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Because  of  dimensional  reduction,  an  interesting  situation  occurs  if  the  two  sub¬ 
manifolds  .V''  and  .V"  intersect  transversally  i.e. 

w  e  n  .v".  (S) 

Here  denotes  the  tangent  space  of  the  submanifold  .V*"  at  the  point  w  6  .V**. 

In  this  case  codirn{X^  O  .V'')  =  codim(N‘')  -I-  cod>m(S‘')  =  2  [4]. 

The  condition  that  the  leafs  .V"  and  .V'  intersect  transversally  means,  that 
df‘‘{w)  and  df‘'{w)  are  linearly  independent  for  all  w  G  .V**  fl  ,V‘'.  Or,  differently 
stated,  the  differential  2-form  d/"  A  df"  on  H'  is  non-vanishing  on  the  intersection, 
i.e,  df"  A  df‘'{w)  ^  0  for  w  €  .V*"'  ;=  .V*"  0  .V".  Here  o  A  J  denotes  the  wedge 
product  [4]  of  differential  forms  o  and  J  on  IT. 

Correspondingly,  with  respect  to  all  r  training  examples  of  r  we  define  the  r-form 
as.sociated  with  r  b\' 

:=df  A...Adr  .  (9) 

If  all  the  leafs  of  the  r  foliations  intersect  transversally  the  r-form  will  be 
non-vanishing  on  H’.  \Ne  will  use  this  differential  form  to  characterize  the  training 
set  r. 

Definition:  A  training  .set  r  =  {(.r"..v‘')}  of  size  r  is  called  independent,  iff  the 


corresponding  one  forms  dp . df  are  linearly  independent  in  every  point  in  €  H'; 

i.e.  iff  ^  0  for  all  w  €  H'.  It  is  called  almost  independent,  iff  -.'-(u-)  ^  0  for 

almost  all  ir  6  H  .  and  dependent,  iff  the  corresponding  1-forms  dp . df'  are 

linearly  dependent  in  every  point  w  €  H’.  i.e.  iff  o-vlu’)  =  0  for  all  u-  €  W. 

Definition:  .\  point  w  €  H'  is  called  a  critical  point  for  r.  iff  =  0.  The 

critical  set  (TV  for  r  is  given  by 

Cr  :=  {u-e  tr|^v((r)  =0}.  (10) 


This  means  of  course,  that  on  the  critical  set  Cr  the  gradients  d/"  of  r  are  linearly 
dependent.  If  r  is  independent  the  critical  set  is  empty:  if  r  is  almost  independent. 
Cr  has  Lebe.sque  measure  zero  in  H'.  If  the  size  r  of  the  training  set  r  is  greater 
than  the  dimension  q  of  the  weight  space  IT.  the  critical  set  is  the  whole  manifold 
W. 

Let  r  =  J/'')}  denote  an  independent  training  set  of  size  r.  Since  v<-v  is  a 

closed  r-form:  i.e.  du-’r  =  0.  it  defines  an  involutive  distribution  P-  and  correspond¬ 
ingly  generates  a  regular  codimension  r  foliation  Tr  of  H  [.5]:  i.e.  the  leafs  are  then 
codimension-r  submanifolds  of  IT. 

If  T  is  almost  independent,  the  di.stribution  'Vr  "'ill  not  be  involutive.  and  the 
corresponding  foliation  Tr  will  be  singular;  i.e.  its  leafs  are  not  of  equal  dimension. 
In  fact  some  of  the  leafs  may  not  even  be  submanifolds  of  IT  [5]. 

The  leafs  A'j,.  of  the  foliation  Tr  are  parametrized  by  r  values  cj, . . . ,  €  /.  In 

fact  a  leaf  A';. is  just  the  intersection  of  the  leafs  .V;, _ _  .V.,.  of  the  codimension- 1 
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foliations  T'‘  [oj  corresponding  to  the  r  training  examples  {(x''.  5/'')}:  i.e. 

-V-.,,,..  = -V-.  n...n.v.,  .  (11) 

In  particular,  if  A jV  denote  the  codimension-one  submanifolds  (7)  asso¬ 
ciated  with  the  r  training  examples  of  r,  then  the  solution  set  Sr  for  r  will  be  given 
by  the  intersection  of  these  submanifolds,  i.e. 

5,  :=  .v‘ n  . . .  n  A'A  (12) 

To  show,  that  5^  is  generically  a  codimension-r  submanifold  of  W,  we  define  the 
map  fr  :  VV  — ♦  F  by 

fr{w):=U\w) . fiw))  .  (13) 

The  solution  set  Sr  is  then  given  by 

Sr:=f;\y^ . /)  .  (14) 

If  T  is  independent,  then  fr  is  a  submersion  and  generates  the  regular  foliation 
Tr.  In  this  case  the  solution  set  .fir  is  a  leaf  of  this  foliation,  i.e.  a  codimension-r 
submanifold  of  IT. 

If  r  is  almost  independent,  then  the  set  of  critical  points  of  fr  is  of  measure 
zero  in  V  by  .Sard's  theorem  [4]:  i.e.  the  generic  situation  is.  that  the  r  target 

values  (^' . y')  €  I'  correspond  to  a  regular  value  of  fr.  But  then  Sr  is  again  a 

codimension-r  submanifold  of  IT. 

Statement:  If  r  is  an  (almost)  independent  training  .set.  then  its  solution  set 
is  (generically)  a  codimension-r  submanifold  of  IT. 

If  T  is  an  independent  training  set  of  maximal  size  r  =  q.  then  the  corresponding 
regular  foliation  Tr  is  of  codimension  q:  i.e.  the  leafs  of  Tr  are  the  points  of  IT. 
This  gives  us  an  upper  bound  for  the  'capacity'  of  the  net  under  consideration: 

Lemma:  .A  feed-forward  network  with  a  q-dimensional  weight  space  IT  can  gen¬ 
eralize  at  most  q  independent  training  patterns. 

In  general,  this  maximal  storage  capacity  will  not  be  available,  since  internal 
symmetries  of  the  net  and  external  symmetries  inherent  in  the  problem  (the  training 
set)  will  reduce  the  dimension  of  the  effective  weight  space  (see  the  last  section  for 
an  example). 


4  Foliations  and  learning 

The  process  of  learning  can  be  described  by  a  dynamical  system,  i.e.  a  vector  field 
y  on  VI  [6].  The  problem  is.  that  IT  is  of  very  high  dimension.  We  may  use  the 
foliated  structure  of  VI  to  reduce  the  dynamics  to  an  effective  weight  space  of  smaller 
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dimension.  The  argument  goes  as  follows;  An  effective  dynamics  shall  move  from 
leaf  to  leaf,  finally  reaching  the  solution  set  5,  on  the  solution  set  St\  i.e.  the  flow 
of  the  vector  field  Y  shall  move  across  the  leafs.  An  interesting  dynamics  then  will 
be  one  on  the  quotient  space 

Ar-^WITr  (15) 

of  H  with  respect  to  the  foliation  Tr-  The  space  Ar  is  defined  by  the  following 
equivalence  relation  /?,  C  U'  x  U': 


(w,w')eR,  ,ff  .  (16) 

.Assume  in  the  following  that  r  is  independent.  The  corresponding  foliation  is 
then  regular  and  the  quotient  space  Ar  can  be  given  a  quotient  manifold  structure  [5]. 
Furthermore  the  foliation  J-r  then  can  be  represented  by  a  submersion  ^  :  W  —*  M, 
where  M  denotes  a  r-dimensional  manifold  and  r  is  the  size  of  r.  Together  with 
the  canonical  projection  jr  ;  IF  — *  At,  given  by  tt  ;  a-  — >  [a],  where  [a]  denotes  the 
equivalence  class  of  vv  with  respect  to  Rj.  we  get  the  following  commutative  diagram 
for  the  bijection  r]-. 


The  submersion  ^  t*  In  our  case  given  by  the  map  /r  ;  IF  — >  R’'  defined  in  (13). 
The  quotient  space  .Ar  corresponds  to  the  set  of  indices  for  the  leafs  of  Tr  and  it  is 
isomorphic  to  the  output  space  M  =  F  C  R’’. 

-A  learning  procedure  is  then  effectively  given  by  a  vector  field  F  on  M.  This 
dynamical  system  {Y,M)  should  be  convergent,  and  the  point  m  =  (yT...,!/’’)  of 
M  given  by  the  r  targets  must  be  an  asymptotically  stable  equilibrium  point  of 
this  dynamics.  Although  this  representation  might  not  be  of  practical  use  (there  are 
non-linear  coordinate  transformations  involved),  it  will  help  to  describe  the  training 
dynamics  in  analytical  terms. 


5  Conclusion 

Although  the  foliated  structure  of  the  weight  space  gives  considerable  geometric 
insight  into  the  general  structure  of  the  solution  set  and  the  critical  set  with  respect 
to  the  given  training  data,  it  will  develop  its  full  strength  when  combined  with 
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symmetry  arguments,  i.e.  with  group  theoretical  techniques.  The  foliated  structure 
will  be  usefull  for  the  construction  of  an  effective  learning  dynamics  for  almost 
independent  training  sets. 
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